Math 60850, Final Exam
Dec 6, 2017. Due Monday Dec 11, 2017 at 10:00 am

Instructor: Bei Hu Name: IA‘ hS (J\J"Q m -

There is a total of 150 points on this exam. There is a total of 8 problems. Hand
in your exam paper to either the instructor at 17/ HURL or to Kathy Phillips
at 153 HURL when completed.

Rules: You may consult books and class notes, go to libraries and search online,
use calculators and softwares. The work should be your own. You cannot ask
for help from anyone other than yourself. If you need clarification on a problem,
consult your instructor.

When you quote a theorem or a result, give the page number and identify it.
e.g., (3) Theorem on page 256. you must show your work. WNo credit will be
given if no work is shown even if the answer is correct.



1 (20 points). A pair of fair dice is tossed. Let X; be the value of first dice, X3 be the value
of second dice, and X = X; + X, be the total of two dice. Obviously P(X =2) = P(X =

el Le A
6 6 36
(a) Find P(X = k) for 2 < k < 12. ‘

P(X=2)=P(X=12) = 3¢
Pix=3=TPlx=u) = 3¢

=

P(X‘;LH:P(X:Hﬂ = BL
P(X=5)=P(X=9)= 3%
POX=L}=P(x=8) ==
P(X=7) =%

(b) Find EX, VarX.

EX=E(X+X,)=EX+EX,=2EX| =2 1.7
Since Xy and X, ar Inde;rehq}fwf‘ -
VQY'X =\/ar(X\+>(z) '=VQYX| . 2 VQY XZ= QVGber — -Z—

(c) Which of the three pairs a), (X1, X2); b), (X, X3); ¢), (X, X,) are independent? Circle
your answer.

a) independent, y not independent;

not independent;

b) independent,

¢) independent, (" not independent;

Find conditional expectation E(X:|X = 7).

(d)
Sl\v\c-e_ E(X| ,X=:I,> = E(XL, X=7> l?)’ 5‘/'“m€t"}'.

E(X|X=7)= SEX|X=7) + E(% |X=7)]
=1 E(xi¥e|X=7) = %
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2 (18 points). A coin with head probability P(X = 1) = p and tail probability P(X =0) =
g = 1 —p. The coin in thrown repeatedly until exactly n heads are obtained. Let Y = “total
number of tosses” . Obviously, P(Y =n) =p™.

(a) Find P(Y = k) for k=n,n+1,n+2,n+3,-

Figt R-1 Tosses wust )mcluze 7-| heods, Hhe
lagh one must a head

P(Y-—-&)—( AR N
( )/p“ i&_ f=n, ntl,

w‘(b)F 1:;5 ierating function Gy (s). " ) " oo 'y
(= Z PR = (ﬁ.‘)P "= (3) gn(ﬁ:‘)‘z

we obtmn E(ﬁ’_‘)% _ (%-)mz (%\“- Vo<g<l.

oo ! vl 'ﬁ.-
’*‘“5& 5) = %5 POyt =2 St

_[; n|>(3%3k1 (.L) _ \-Si,>n P _( _I;%“'

(¢) Find EY.

EY= G4
—
%

--(x..



3 (18 points). Two factories A and B manufacture drones. Factory A produces 256% of the
drones and factory B produces 75% of the drones. The defective rate for factory A is 1 in

100 and the defective rate for factory B is 4 in 100.

a) What is the probability a randomly selected drone is defective?

P(ekrf) P (det [rom AYPGrom A) - Pdef |§rom BYP(rniB)

A &
— \doO 0.25 + \ 0O ©.75

13
400

L
——

(b) Given that a drone is defective, what is the probability that it is from factory A?
( &e‘f and Prom A )
Plfrom Aldet) = =
P e

_ it | ) Pefem
Y (detf)

-1L~025 L

- 13 - 13
00

(c) A shipment of 100 drones is received. Let X be the total number of defective drones.

Find EX,VarX.
A drone s defective

'_h X\, 1O o‘f)\erw\se
e X = X4 Xy X3+ + Koo
QMAX\,Xx,\“,X‘oo o€ \:V‘Q\'Q\E”Q\.ew

Thas 13 _ 13
EX =100EX,= 100 g5p = & e
2, [0}
VarX = 100 VarX, =100- (12 _ (32} )= Teoo
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4 (18 points). The random variable X takes non-negative integer values. Suppose G(s) is
the generating function of the random variable X.

) Find F(X*) in terms of the function G.

EX G'(), E(X(X-N)= 6r(|)
E(X(x—\)(x-z)) @’"(\ E(X(X=) (x(%-3))= q 0.

Sol\hr\%'ﬂ\ese e%u Tons
= 0 v 46" ) 36 0) + 60)

)1 G(s/2)+ G(s/3)
6(1/2 + G(1/3)

\(65. This s & ?ovoev seris of S wnth coeﬁ\o\-e#s
S@ﬁ“\ﬂj

(V) Muon-ne 005'\\/@

(W) Qﬁ\du.ﬁ‘lbi.

a generating function? Justify your answer.

(c) Find Zs P(X >n) 1ntermsofG()

ZS P(X>Y\) S Z ?(X—-&

g-n.-H
_ 2'_ %: " Pix=4)
DO \—'S{i v —
— -%2_\ -————-—\_S \’(X—a>



5 (20 points). Here is a simple random walk. Let S, = Sp,_1+ X, if1 < S,y < N -1,
where X; are independent, and takes the value —1,1. Assume

PX;=1)=p, PX;=-1)=¢q, p+qg=1.
We further assumne that
(1) N is an absorbing barrier, i.e., the process stops if it reaches N.
(2) 0 is an reflecting boundary, i.e., if S,_; = 0, then S, is assigned to be 1.

Let Ji be the mean duration of the walk.

(a) Show that Jy =0, Jo =1+ Ji.

Jy =0 since Hhe Process 3“6‘];5 when it Yeaches N\
&6 & s dabt sk O, v(: wll Yeach sie 1 n 1 time
U Ths = 1+J;

(b) Find the equation for J.

C,m\o(,&wmc{ on The ’f\Yﬂ'
= (1+ JKH >/P T (""Jk—l)% =# IH ?)J‘

OY.' /PJKﬂ + Cg\Jk-

(b) Suppose p > ¢. Find Jj.

a) As‘:m'\j \)k ~9K “+hen 'H\e }\OW\O@Q”OM Pmd\

—_——

o ( p0 - 9+cb> =0. Thw, §=1, @L*qo

so tHeal ik‘

(V)  Padhi oy SO]U\+D?\ JP = At:

A - Ak ""J;A('k -))=-1. Tl"“skA %"
i) “The C)fhf“‘& 3“‘”*“’“ Jye =C, +C‘<%) %—P
\%&Mé omd G, USINg ~tur bomdawj conbiRams

N-k N L
= g (ZP-%)‘((%) "(‘B>



6 (20 points). Let {X(¢)} be a simple birth-death process, i.e., the birth intensity A\, = n\
and the death intensity p, = nu. Let p;(t) = P(X(t) = 7).

(a) Find the differential equation system for p;(t) ( =0,1,2,3,- ).

(hwlly r work)

P(AT 27l
(+) = )(3 \W@ A8+ Pt /Pyl&) ~ bep) ) '}ejz‘é)

42 \

"a

(b) Find EX(¢) for all ¢, assuming that X (0) = 1.

(show all your work)

”j(f)—EX&) sahsfies Yor=t, and
Att) 3PO<(+ 3)—2,”@)

W (Jc)- {M’Y‘W{\ @) ﬂu@ -+ 5 ﬂ’% j .
(7 (t\=o> -Z'M,a—\) . () +z ) pﬁﬂf) Z(w\»\ P.it)

— J | |
@ + 23':07\(3-0%_\&) - % H(@Jr\)’%ﬂft)

= (-pIyw
This Mty = T

i




7 (18 points). Suppose that X; (j = 1,2,3,---) are independent, identically distributed
continuous random variables with density f(z), f(z) = 0 for —oco < z < 1. Define Y,, =
(X1 Xy Xn)Y™. Please quote the theorems in the book, do not start from the beginning.

a) suppose that nX;) = z) In{z)dz < oo, show that Y,, converges in distribution.
S hat E(In X flz)l d h hat Y, in distributi
1

B o= S 1o+ WXt v XY
Sine BaXy, baXe o, Add aad E@X)
s finit=
Y, -2 p=EGX)
‘ (Theorom 2 on pade 193)
(W) Thas
Wy e ol
(Thedrem & on pe 214)
(b) Find a condition on f(z) so that ¥, converges almost surely.
3—@ vcu C()\A,O—\-"Q Thorem 3 on )aage 32.6, 4

Avow *reshww«a

E ( (_an\)}— \ = QT%)(()Mx)L Jdx < D°

3,6 v cb\m'\‘e Theorm | on P e 329, ™
oald sl o\ssw‘ﬁ s AR weqessoxv%.



8 (18 points). Let {W;} be the standard Wiener process (W, = 0, EW, = 0, EW? = t)
(a) Let 7 > 0,0 > 0 be positive constants. Let X, satisfy the geometric Brownian motion,

ie.,

dX
7: = rdt + o2dW,.

Using Ité’s formula, find
d(In|Xy[)

(show all your work)

W's ’(‘Wm’&, Theaem 2 on i 545
= A L
A (4nXe) ={ TR @XO Jot
+ —l— <CY X,t> d\/\/t
-::(Y____)d,'t'\- G'L&\f\/

(b) Let ¥; = (1 + t?) cos W;. Find dY;.

(show all your work)

M6 s rﬁxm\& Thevrem & o™ ))&34 {Ls
O, = {2t eos\W, —§ (1wt os We Jt
- (H'-tz)Sl:vsV\/_t Ql\f\/_t



