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Divided difference form of Lagrange Polynomial

• Let 𝑃" 𝑥 be the 𝑛th degree Lagrange interpolating 
polynomial that agrees with 𝑓 𝑥 at the points 
{𝑥', 𝑥), … , 𝑥"}, i.e.,  
𝑃 𝑥 = 𝑓 𝑥' 𝐿",' 𝑥 + ⋯+ 𝑓 𝑥" 𝐿"," 𝑥 .

• We express 𝑃" 𝑥 in the following form (divided 
difference): 

𝑃" 𝑥 = 𝑎' + 𝑎) 𝑥 − 𝑥' +
𝑎2 𝑥 − 𝑥' 𝑥 − 𝑥) +

𝑎3 𝑥 − 𝑥' 𝑥 − 𝑥) 𝑥 − 𝑥2 +
…+ 𝑎" 𝑥 − 𝑥' 𝑥 − 𝑥) 𝑥 − 𝑥2 … 𝑥 − 𝑥"4)

• How to find constants 𝑎',…, 𝑎"?
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3

Finding constants 𝒂𝟎,…, 𝒂𝒏

3

Given interpolating polynomial 𝑃" 𝑥 = 𝑎' + 𝑎) 𝑥 − 𝑥' +
𝑎2 𝑥 − 𝑥' 𝑥 − 𝑥) + 𝑎3 𝑥 − 𝑥' 𝑥 − 𝑥) 𝑥 − 𝑥2 +

…+ 𝑎" 𝑥 − 𝑥' 𝑥 − 𝑥) 𝑥 − 𝑥2 … 𝑥 − 𝑥"4)
Ø At 𝑥':  𝑎' = 𝑃" 𝑥' = 𝑓 𝑥'
Ø At 𝑥): 𝑓 𝑥' + 𝑎) 𝑥) − 𝑥' = 𝑃" 𝑥) = 𝑓(𝑥))

⟹ 𝑎) =
𝑓 𝑥) − 𝑓 𝑥'

𝑥) − 𝑥'

Ø At 𝑥2: 𝑓 𝑥' + ; <= 4; <>
<=4<>

𝑥2 − 𝑥' + 𝑎2 𝑥2 − 𝑥' (
)

𝑥2 −
𝑥) = 𝑃" 𝑥2 = 𝑓(𝑥2)

⟹ 𝑎2 =

𝑓 𝑥2 − 𝑓 𝑥)
𝑥2 − 𝑥)

− 𝑓 𝑥) − 𝑓 𝑥'
𝑥) − 𝑥'

𝑥2 − 𝑥'
Ø …



Newton’s Divided Difference

Ø Zeroth divided difference:
𝑓 𝑥? = 𝑓 𝑥? .

Ø First divided difference:

𝑓 𝑥?, 𝑥?A) =
𝑓[𝑥?A)] − 𝑓[𝑥?]
𝑥?A) − 𝑥?

.

Ø Second divided difference:

𝑓 𝑥?, 𝑥?A), 𝑥?A2 =
𝑓[𝑥?A), 𝑥?A2] − 𝑓[𝑥?, 𝑥?A)]

𝑥?A2 − 𝑥?
.

Ø Third divided difference:

𝑓 𝑥?, 𝑥?A), 𝑥?A2, 𝑥?A3 =
𝑓[𝑥?A), 𝑥?A2, 𝑥?A3] − 𝑓[𝑥?, 𝑥?A), 𝑥?A2]

𝑥?A3 − 𝑥?
.

Ø Kth divided difference:

𝑓 𝑥?, 𝑥?A), … , 𝑥?AD =
𝑓[𝑥?A), 𝑥?A2, … , 𝑥?AD] − 𝑓[𝑥?, 𝑥?A), … , 𝑥?AD4)]

𝑥?AD − 𝑥?
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Finding constants 𝑎',…, 𝑎"-revisited

Given interpolating polynomial 𝑃" 𝑥 = 𝑎' + 𝑎) 𝑥 − 𝑥' +
𝑎2 𝑥 − 𝑥' 𝑥 − 𝑥) + 𝑎3 𝑥 − 𝑥' 𝑥 − 𝑥) 𝑥 − 𝑥2 +

…+ 𝑎" 𝑥 − 𝑥' 𝑥 − 𝑥) 𝑥 − 𝑥2 … 𝑥 − 𝑥"4)
Ø 𝑎' = 𝑓(𝑥') = 𝑓[𝑥']

Ø 𝑎) =
; <= 4; <>

<=4<>
= ;[<=]4;[<>]

<=4<>
= 𝑓[𝑥', 𝑥)].

Ø 𝑎2 =
E FG HE F=

FGHF=
4E F= HE F>

F=HF>
<G4<>

= ;[<=,<G]4;[<>,<=]
<G4<>

= 𝑓 𝑥', 𝑥), 𝑥2 .

Ø 𝑎3 =
; <=,<G,<I 4; <>,<=,<G

<I4<>
= 𝑓 𝑥', 𝑥), 𝑥2, 𝑥3 .

Ø 𝑎D = 𝑓 𝑥', 𝑥), … , 𝑥D .
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Interpolating Polynomial Using Newton’s (forward) 
Divided Difference Formula

𝑃" 𝑥
= 𝑓 𝑥' + 𝑓 𝑥', 𝑥) 𝑥 − 𝑥'
+ 𝑓 𝑥', 𝑥), 𝑥2 𝑥 − 𝑥' 𝑥 − 𝑥) +⋯
+ 𝑓 𝑥', … , 𝑥" 𝑥 − 𝑥' 𝑥 − 𝑥) … (𝑥 − 𝑥"4))

Or
𝑃" 𝑥

= 𝑓 𝑥' +J
DK)

"

[𝑓[𝑥', … , 𝑥D] 𝑥 − 𝑥' … (𝑥 − 𝑥D4))]

Remark: 𝑎D = 𝑓 𝑥', 𝑥), … , 𝑥D for 𝑘 = 0,… , 𝑛
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Table for Computing (Table 3.9)

7

…



Example 1. Construct the interpolating 
polynomial of degree three for the following 
data using Newton’ forward divided difference 
formula:
𝑓 0 = 6, 𝑓 1 = 3, 𝑓 2 = 2, 𝑓 3 = 1.5.

8



Theorem 3.6 Suppose that 𝑓 ∈ 𝐶"[𝑎, 𝑏] and 
𝑥', 𝑥), … , 𝑥" are distinct numbers in [𝑎, 𝑏]. Then 

∃𝜉 ∈ 𝑎, 𝑏 with 𝑓 𝑥', … , 𝑥" = ; X (Y)
"!

.

Remark: When 𝑛 = 1, it’s just the Mean Value 
Theorem. 
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Algorithm 3.2: Newton’s Divided Differences

Input: 𝑥', 𝑓 𝑥' , 𝑥), 𝑓 𝑥) , … , 𝑥", 𝑓 𝑥"
Output: Divided differences 𝐹',', … , 𝐹","
//comment: 𝑃" 𝑥 = 𝐹',' + ∑?K)" [𝐹?,? 𝑥 − 𝑥' … (𝑥 − 𝑥?4))]
Step 1: For 𝑖 = 0,… , 𝑛

set 𝐹?,' = 𝑓(𝑥?)
Step 2: For 𝑖 = 1,… , 𝑛

For 𝑗 = 1,… , 𝑖
set 𝐹?,_ =

`a,bH=4`aH=,bH=
<a4<aHb

End
End
Output(𝐹',',…𝐹?,?,…,𝐹",")
STOP.
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function F = divided_diff(x, y)

% initialization
n = length(x)-1; % # of points -1
Q = zeros(n+1, n+1); % a matrix store all the divided diff. coef. Fij
F = zeros(n+1,1); % a vector store Fii

% STEP 1
for i = 0:n
    Q(i+1, 1) = y(i+1); % MATLAB used 1-based indexing
end

% STEP 2
for i = 1:n
    for j = 1:i
        Q(i+1,j+1) = (Q(i+1,j)-Q(i,j))/(x(i+1)-x(i-j+1));
    end
end

% STEP 3: output
for i = 0:n
    F(i+1) = Q(i+1,i+1);
end

return

Not enough input arguments.

Error in divided_diff2 (line 4)
n = length(x)-1; % # of points -1

Published with MATLAB® R2019a

1

divided_diff.mD.D. coef. (function .m file)
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Example 2 (MATLAB). Apply Newton’s divided 
difference formula to implement the 4th Lagrange 
interpolating  polynomial for 

𝑓 𝑥 = )
)A2c <G

on the interval [−1, 1] using 5 uniform nodes  𝑥' =
− 1, 𝑥) = −0.5, 𝑥2 = 0, 𝑥3 = 0.5, 𝑥d = 1. Plot the 
function. On the same figure, plot the original 
function 𝑓 𝑥 and the interpolation nodes.
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% function and interpolation nodes
f = @(x) 1./(1+25*x.*x);
n = 4;
xNodes = linspace(-1,1,n+1);
yNodes = f(xNodes);

% the points to be evaluated at
m = 1001;
xGrid = linspace(-1,1,m);
pGrid = zeros(size(xGrid)); % the interpolation values

% STEP 1: the divided differences coefficients
F = divided_diff(xNodes,yNodes);

% STEP 2: loop over points
for k = 1:m
    xk = xGrid(k); % the point to be evaluated at
    % nested arithmic
    tmp = F(n+1);
    for i=0:n-1
        tmp = tmp*(xk-xNodes(n-i))+F(n-i);
    end
    pGrid(k) = tmp;
end

plot(xGrid, f(xGrid),'b', xGrid, pGrid, 'r', xNodes, yNodes, 'ko',...
    'LineWidth', 4)
legend('F(x)', 'P(x)','Nodes')
set(gca, 'FontSize',24)

1

Newton formula  (script .m file)
lagrange_divided_diff.m
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% function and interpolation nodes
f = @(x) 1./(1+25*x.*x);
n = 4; % degree 4 interpolation
xNodes = linspace(-1,1,n+1);
yNodes = f(xNodes);

% evaluate function at 1001 uniform points
m = 1001;
xGrid = linspace(-1,1,m);
pGrid = zeros(size(xGrid));

for k = 0:n
    yk = yNodes(k+1);
    phi_k = lagrange_basis(xGrid, xNodes, k); % k-th basis eval @
 xGrid
    pGrid = pGrid + yk*phi_k;
end

plot(xGrid, f(xGrid),'b', xGrid, pGrid, 'r', xNodes, yNodes, 'ko',...
    'LineWidth', 4)
legend('F(x)', 'P(x)','Nodes')
set(gca, 'FontSize',24)

Published with MATLAB® R2019a

1

The figure (run ≫ lagrange_divided_diff on command window) 


