3.3 Divided Differences



Divided difference form of Lagrange Polynomial

* Let P,(x) be the nth degree Lagrange interpolating
polynomial that agrees with f(x) at the points

{X0, X1, ) Xp }, i€,
P(x) — f(xo)Ln,O (X) paliii o f(xn)Ln,n(x)-

* We express P,(x) in the following form (divided

difference):

P(x)=ay+a(x—xy) +
ay(x —xp)(x —x1) +
az(x —xp)(x —x)(x —x) +
wta(x—xp)(x —x)(x —x5) . (X — x5,_1)

* How to find constants ay,..., a,,?



Finding constants ay,..., a,
Given interpolating polynomial B,(x) = ag + a;(x — xy) +

az(x —x0)(x —x1) +azg(x —x)(x — x1)(x — x3) +
ot a, (o —xg)(x —x)(x —x5) . (X — X—1)

> At xo: ag = Py(xo) = f(xo)

> At xq: f(x0) + ag(xq — x0) = Py(xq) = f(x1)

_ ) — f(xo)

X1 — Xo

aq

> Atxy: f(xo) + L)/ Lro) (X2 — x0) + az(xz — x0) (X2 —

X1—Xp

x1) = PBy(x2) = f(xz)
fx) = f(xq) . f(xq) = f(xp)

X2 — X1 X1 — X
X2 — Xp

=>a2=




Newton’s Divided Difference

» Zeroth divided difference:
flxil = f(x;).
» First divided difference:

f[xi;xi+1] — f[x)i:j :ii[xi] :

» Second divided difference:
flxive xiv2] = flxi Xi41]

Xi+2 — Xi

f[xi; Xi+1) xi+2] —

» Third divided difference:
flxive Xivo Xigs] — f1x0 Xi41, Xi42]

Xi+3 — Xj

flxi Xiv1, Xi42, Xi43] =

» Kth divided difference:

flXi41 Xivo o Xivk] — FIX0 Xit1s oo Xigk—1]

Xi, Xi e, Xi =
f[ UAL+L l+k] Xirr — X;



Finding constants a,,..., a,,-revisited

Given interpolating polynomial B,(x) = ag + a;(x — xg) +
az(x —x0)(x — x1) + az(x — x0) (x — x1) (x — x3) +
ot a, (o —xg)(x —x)(x —x5) . (X — X—1)

> ag = f(xo) = flxo]
> a, = fa)—f(xo) _ flxal=Flxol _ i

X1—Xo X1—Xo

Xo, X1].

fx2)—f(x1) flx1)—f(x0)
X2—X1 X1—XQ flx1,x2]=f[x0,%1]

> Ay = X=X — Xy—2Xg — f[xObexZ]-

> a3 — f[xlleJxS]_f[xOlele] — f[

Xo) X1, X2, X3].
X3—X 0,41, A2, 3]

> ay, = flxg, X1, ) Xi ).



Interpolating Polynomial Using Newton’s (forward)
Divided Difference Formula

(%)

flxol + flxo, %1 ](x — x0)

+f xo»x1;x2](x Xo)(x —x1) + -
f

Xoy o X ] (X — X)) (X — 1) .. (x — Xpn—1)
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Or
P, (x)
= flxol + Z[f[xo, ]G = %) (8 = i)
k=1
Remark: a;, = f|xg, x4, ..., x| fork =0, ...,n



Table for Computing (Table 3.9)

x | f(x) [ 1st Div. Diff. 2nd Div. Diff.
xo | f[xo] f f
f[x0,x1] = [X;I]_X(EXO]
x1 | flx] fx0, X1, x) = LB ’Xi)]:ic[)xo’)(l]
fx1, xo] = flxo]—fx]
X2 —X1
| fba Flxa, xo, 0] = Tl
flxo, xa] = teel=lhal
x3 | flxs] f[xp, X3, xa] = flxa sX;jzgxz,Xa]
fIxs. xa] = [Lal=Tx]
' X4 —X3
% | flal Flis, xa, 5] = [zl e
f[xa, x5] = f[x)fj:gx"’]
x5 | f[xs]




Example 1. Construct the interpolating
polynomial of degree three for the following
data using Newton’ forward divided difference

formula:

f(0)=6,f(1) =3,f(2) =2,f(3) = 1.5.



Theorem 3.6 Suppose that f € C"[a, b] and
Xg, X1, ..., Xy, are distinct numbersin [a, b]. Then

(n)
3¢ € (a, b) with f[xg, ..., x,| = %)

n!

Remark: Whenn = 1, it’s just the Mean Value
Theorem.



Algorithm 3.2: Newton’s Divided Differences

InPUt: (XO, f(xO)); (xl' f(xl))) Ll (Xn, f(xn))
Output: Divided differences Fy g, ..., Fj,
//comment: P, (x) = Fyo + Xieq[Fii(x — x0) .. (x — x3-1)]
Stepl:Fori=0,..,n

set Fio = f(x;)
Step2:Fori=1,..,n

Forj=1,..,1
F" '_1—F'_1’ i1
set Fl] = — )
’ Xi—=Xij—j
End

End
OUtpUt(FO’Q,---Fi,i;---;Fn,n)
STOP.



D.D. coef. (function .m file)

divided_diff.m

function F = divided diff(x, y)
% initialization
n = length(x)-1; % # of points -1
Q = zeros(n+l, n+l); % a matrix store all the divided diff. coef. Fij
F = zeros(n+l,1); % a vector store Fii
% STEP 1
for i = 0:n

Q(i+l, 1) = y(i+l); % MATLAB used l-based indexing
end
% STEP 2
for i = 1:n

for j = 1:1i

Q(i+1,3+1) = (Q(i+1,3)-Q(i,3))/(X(i+1)-x(i-+1));

end

end

% STEP 3: output
for i = 0:n

F(i+l) = Q(i+1l,i+1);
end

return




Example 2 (MATLAB). Apply Newton’s divided
difference formula to implement the 4t" Lagrange
interpolating polynomial for

flx) =

1+25x2

on the interval [—1, 1] using 5 uniform nodes x, =
—1,x;y = —0.5,x, = 0,x3 = 0.5, x, = 1. Plot the
function. On the same figure, plot the original
function f(x) and the interpolation nodes.



Newton formula (script .m file)

lagrange_divided diff.m
function and interpolation nodes
1./(1+25*x.%x);

Hh o°
Il
™
—_—
b
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xNodes = linspace(-1,1,n+1);
f (xNodes) ;

<
=2
0o
o}
0]
0]
I

% the points to be evaluated at

m = 1001;

XGrid = linspace(-1,1,m);

pGrid = zeros(size(xGrid)); % the interpolation values

% STEP 1: the divided differences coefficients
F = divided diff (xNodes,yNodes);

% STEP 2: loop over points
for k = 1:m
xk = xGrid(k); % the point to be evaluated at
% nested arithmic
tmp = F(n+l);
for i=0:n-1
tmp = tmp*(xk-xNodes(n-i))+F(n-i);
end
pGrid(k)
end

tmp;

plot(xGrid, f(xGrid), 'b', xGrid, pGrid, 'r', xNodes, yNodes, 'ko'
'LineWidth', 4)

legend('F(x)', 'P(x)', 'Nodes')

set(gca, 'FontSize',b24)




The figure (run > lagrange_divided_diff on command window)
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