
3.4 Hermite Interpolation 
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Illustration. Consider to interpolate tanh(𝑥) using Lagrange polynomial 
and nodes 𝑥( = −1.5, 𝑥/ = 0, 𝑥1 = 1.5.
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Now interpolate tanh(𝑥)
using nodes 𝑥( = −1.5, 𝑥/ =
0, 𝑥1 = 1.5. Moreover, Let 1st

derivative of interpolating 
polynomial agree with 
derivative of tanh(𝑥) at these 
nodes.
Remark:This is called Hermite
interpolating polynomial. 



Hermite Polynomial

Definition. Suppose 𝑓 ∈ 𝐶/[𝑎, 𝑏]. Let 𝑥(, … , 𝑥: be 
distinct numbers in [𝑎, 𝑏], the Hermite polynomial 𝑃(𝑥)
approximating 𝑓 is that:
1. 𝑃 𝑥< = 𝑓 𝑥< , for 𝑖 = 0,… , 𝑛

2. @A BC
@B

= @D BC
@B

, for 𝑖 = 0,… , 𝑛

Remark:
(a) 𝑃(𝑥) and 𝑓(𝑥) agree not only function values but also 1st

derivative values at 𝑥<, 𝑖 = 0,… , 𝑛.
(b) The degree of 𝑃 𝑥 is at most 2𝑛 + 1.
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3rd Degree Hermite Polynomial Formula 
• Given distinct 𝑥(, 𝑥/ and values of 𝑓 and 𝑓′ at these 

numbers. 
𝐻H 𝑥

= 1 + 2
𝑥 − 𝑥(
𝑥/ − 𝑥(

𝑥/ − 𝑥
𝑥/ − 𝑥(

1
𝑓 𝑥(

+ 1 + 2
𝑥/ − 𝑥
𝑥/ − 𝑥(

𝑥( − 𝑥
𝑥( − 𝑥/

1
𝑓 𝑥/

+ 𝑥 − 𝑥(
𝑥/ − 𝑥
𝑥/ − 𝑥(

1
𝑓I 𝑥(

+ 𝑥 − 𝑥/
𝑥( − 𝑥
𝑥( − 𝑥/

1
𝑓I 𝑥/
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Theorem 3.9 If 𝑓 ∈ 𝐶/ 𝑎, 𝑏 and 𝑥(, … , 𝑥: ∈ 𝑎, 𝑏 distinct 
numbers, the Hermite polynomial of degree at most 2𝑛 + 1 is:

𝐻1:J/ 𝑥 =K
LM(

:

𝑓 𝑥L 𝐻:,L(𝑥) +K
LM(

:

𝑓′ 𝑥L N𝐻:,L(𝑥)

Where 
𝐻:,L 𝑥 = [1 − 2(𝑥 − 𝑥L)𝐿I:,L(𝑥L)]𝐿:,L1 (𝑥)

N𝐻:,L 𝑥 = 𝑥 − 𝑥L 𝐿:,L1 𝑥

Moreover, if 𝑓 ∈ 𝐶1:J1 𝑎, 𝑏 , then 

𝑓 𝑥 = 𝐻1:J/ 𝑥 +
𝑥 − 𝑥(

1
… 𝑥 − 𝑥:

1

2𝑛 + 2 ! 𝑓 1:J1 (𝜉(𝑥))

for some 𝜉 𝑥 ∈ 𝑎, 𝑏 .

Recall: 𝐿:,L(𝑥) is the 𝑗th Lagrange basis polynomial of degree 𝑛.
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Remark: (proof of 2, 3 on the next slide)

1. 𝐻:,L 𝑥 , N𝐻:,L 𝑥 are the (degree 2𝑛 + 1) Hermite 
basis functions.

2. 𝐻:,L 𝑥 satisfies the following property:

a) 𝐻:,L 𝑥L = 1,     𝐻:,L 𝑥< = 0, ∀ 𝑖 ≠ 𝑗

b) 𝐻:,LI 𝑥L = 0, 𝐻:,LI 𝑥< = 0, ∀ 𝑖 ≠ 𝑗

3. N𝐻:,L 𝑥 satisfies the following property:

a) N𝐻:,L 𝑥L = 0, N𝐻:,L 𝑥< = 0, ∀ 𝑖 ≠ 𝑗

b) N𝐻′:,L 𝑥L = 1, N𝐻′:,L 𝑥< = 0, ∀ 𝑖 ≠ 𝑗

⟹ 𝐻1:J/ 𝑥L = 𝑓(𝑥L), 𝐻1:J/I 𝑥L = 𝑓I(𝑥L).
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1. When 𝑖 ≠ 𝑗: 𝐻:,L 𝑥< = 0; N𝐻:,L 𝑥< = 0.
2. When 𝑖 = 𝑗:
𝐻:,L 𝑥L = 1 − 2 𝑥L − 𝑥L 𝐿I:,L 𝑥L 𝐿:,L1 𝑥L = 1
N𝐻:,L 𝑥L = 𝑥L − 𝑥L 𝐿:,L1 𝑥L = 0

3. 𝐻′:,L 𝑥 = 𝐿:,L 𝑥 Z

[

−2𝐿:,LI 𝑥L 𝐿:,L 𝑥 + \

]

1 − 2^

_

𝑥 −

𝑥L 𝐿:,LI 𝑥L 2𝐿:,LI 𝑥

⟹ When 𝑖 ≠ 𝑗: 𝐻I
:,L 𝑥< = 0; When 𝑖 = 𝑗: 𝐻I

:,L 𝑥L = 0.

4. N𝐻′:,L 𝑥 = 𝐿:,L1 𝑥 + 2 𝑥 − 𝑥L 𝐿:,L(𝑥)𝐿I:,L 𝑥
⟹ When 𝑖 ≠ 𝑗: N𝐻′:,L 𝑥< = 0;When 𝑖 = 𝑗: N𝐻′:,L 𝑥L = 1.



Example 1. Use Hermite polynomial that agrees 
with the data in the table to find an approximation 
of 𝑓 0.5
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𝑘 𝑥b 𝑓(𝑥b) 𝑓′(𝑥b)
0 0 1 −1
1 1 1

2
−
1
4

2 2 1
3 −

1
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Hermite Polynomial by Divided Differences
Suppose 𝑥(, … , 𝑥: and 𝑓, 𝑓′ are given at these numbers. 
• Define 𝑧(, … , 𝑧1:J/ by 

𝑧1< = 𝑧1<J/ = 𝑥<, for 𝑖 = 0,… , 𝑛
• Construct divided difference table, but use 

𝑓I 𝑥( , 𝑓I 𝑥/ , . . , 𝑓I 𝑥:
to set the following undefined divided difference: 

𝑓 𝑧(, 𝑧/ , 𝑓 𝑧1, 𝑧H , … , 𝑓 𝑧1:, 𝑧1:J/ .
Namely, 𝑓 𝑧(, 𝑧/ = 𝑓I 𝑥( , 𝑓 𝑧1, 𝑧H = 𝑓I 𝑥/ , …

𝑓 𝑧1:, 𝑧1:J/ = 𝑓I 𝑥: .
• Next, proceed consecutive to find 

𝑓 𝑧( , 𝑓 𝑧(, 𝑧/ , 𝑓 𝑧(, 𝑧/, 𝑧1 , … , 𝑓[𝑧(, 𝑧/, … , 𝑧1:J/]
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• Finally, the Hermite polynomial is 
𝐻1:J/ 𝑥

= 𝑓 𝑧( + K
bM/

1:J/

𝑓 𝑧(, … , 𝑧b 𝑥 − 𝑧( … (𝑥 − 𝑧bh/)
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Example 2. Use divided difference method to 
determine the Hermite polynomial that agrees with 
the data in the table to find an approximation of 
𝑓 0.5
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𝑘 𝑥b 𝑓(𝑥b) 𝑓′(𝑥b)
0 0 1 −1
1 1 1

2
−
1
4

2 2 1
3 −

1
9

𝐳 𝒇 𝒛 𝒇𝒊𝒓𝒔𝒕 𝒅𝒊𝒇𝒇. 𝒔𝒆𝒄𝒐𝒏𝒅 𝒅𝒊𝒇𝒇. 𝒕𝒉𝒓𝒊𝒅 𝒅𝒊𝒇𝒇.
𝐳𝟎 = 𝑓 z( = 𝑓 z(, 𝑧/ = 𝑓 z(, 𝑧/, 𝑧1 = 𝑓 z(, 𝑧/, 𝑧1, 𝑧H =
𝐳𝟏 = 𝑓 z/ = 𝑓 z/, 𝑧1 = 𝑓 z/, 𝑧1, 𝑧H =

𝐳𝟐 = 𝑓 z1 = 𝑓 z1, 𝑧H =

𝐳𝟑 = 𝑓 zH =



Example 3. The cubic Hermite polynomial

𝐻H 𝑥 = −1 + 2𝑥 −
3
2
𝑥1(𝑥 − 2)

interpolates two points on the graph of function 𝑓(𝑥) Hermite 
polynomial 𝐻H 𝑥 is constructed based on the divided difference 
table below.
a) Complete the table.
b) Find 𝑓I 0 , 𝑓I(2). 
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𝐳 𝒇 𝒛 𝒇𝒊𝒓𝒔𝒕 𝒅𝒊𝒇𝒇. 𝒔𝒆𝒄𝒐𝒏𝒅 𝒅𝒊𝒇𝒇. 𝒕𝒉𝒓𝒊𝒅 𝒅𝒊𝒇𝒇.
𝐳𝟎 = 𝑓 z( = 𝑓 z(, 𝑧/ = 𝑓 z(, 𝑧/, 𝑧1 = 𝑓 z(, 𝑧/, 𝑧1, 𝑧H =
𝐳𝟏 = 𝑓 z/ = 𝑓 z/, 𝑧1 = 𝑓 z/, 𝑧1, 𝑧H =

𝐳𝟐 = 𝑓 z1 = 𝑓 z1, 𝑧H =

𝐳𝟑 = 𝑓 zH =


