3.4 Hermite Interpolation



Illustration. Consider to interpolate tanh(x) usmg Lagrange polynomlal

and nodes xo = —1.5,x; = 0,x, = 1.5.

Now interpolate tanh(x)
using nodes xo = —1.5,x; =
0,x, = 1.5. Moreover, Let 1%
derivative of interpolating
polynomial agree with

derivative of tanh(x) at these il

nodes.

Remark:This is called Hermite O

interpolating polynomial.

02}
04}
06}

08

1F

08
tanhix)

06} \

0.4

02

0F
P2(x)

-1

1 1 1 1 1
-15 -1 0.5 0 05 1

1:5

INew Interpolating [:lolyru:umialrr- —i

1 1 1
0.5 0 0.5



Hermite Polynomial

Definition. Suppose f € C1[a, b]. Let x,, ..., x,, be
distinct numbers in [a, b], the Hermite polynomial P(x)
approximating f is that:

1. P(x;) = f(x;), fori=0,..,n
V., dP(x;) _ df(x;)

dx dx

, fori =0,..,n

Remark:

(a) P(x) and f(x) agree not only function values but also 1%
derivative valuesat x;,i = 0, ..., n.

(b) The degree of P(x) is at most 2n + 1.



3'd Degree Hermite Polynomial Formula

* Given distinct xy, x; and values of f and f' at these
humbers.
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Theorem 3.9If f € C1[a, b] and xy, ..., x,, € [a, b] distinct
numbers, the Hermite polynomial of degree at most 2n + 1 is:

Honia () = ) f()Hn 0+ ) f(3) Bl s (6)
Where " "

Hn,j (X) = [1 R Z(X R xj)L’n,j(xj)]Lgl,j (x)
Hp;(x) = (x — x;) L3 ;(x)

Moreover, if f € C%"*2[a, b], then

f(x) = Hyppor (%) + (x - x"(gn +(2x)'_ X ) £@n+2) (£ (x))

for some &(x) € (a, b).

Recall: L, ;(x) is the jth Lagrange basis polynomial of degree n.



Remark: (proof of 2, 3 on the next slide)

1. H, ;(x), Hy ;(x) are the (degree 2n + 1) Hermite
basis functions.

2. H, ;(x) satisfies the following property:
a) Ho,i(xj)) =1, H,;j(x)=0,Vi#]j
H,i(x)=0, H,(x)=0,Vi#]j

3. Hnj(x) satisfies the following property:
a)Hn]( )—O ﬁnj(x-)=OVi¢j

/\

b)Hn]( )—1 Hi(x)=0,Vi#]
:>H2n+1( ) f (), H2n+1( ) f(x).




1. Wheni #j:  Hy;(x;) =0;Hy, ;(x;) =0.
2. Wheni = j:
Hpj (%) = [1 = 2(; — %)L j (x) | L5, ]( j)=1
i (%) = (5 = %) L3, (%;) = 0
3. H'pi(x) =Ly ;(x) [—ZLn,j(xj)Ln,j(x) + (1 — Z(x —
xj)L;,Lj(xj)) 2L’nj(x)]
= Wheni # j:H'), ;(x;) = 0; When i = j: H’n]( )—O.
4, H nj(x) = L -(x) + Z(x — x-)Lnj(x)L’nj(x)
= Wheni # j: H',, ;(x;) = 0; When i = j: Hn]( )—1.
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Example 1. Use Hermite polynomial that agrees
with the data in the table to find an approximation

of (0.5)




Hermite Polynomial by Divided Differences

Suppose Xy, ..., X, and f, f are given at these numbers.
* Define zgy, ..., 25,41 DY
Zoi = Zojr1 = Xi, fori =0,..,n
* Construct divided difference table, but use
o), f(x),, f(xp)
to set the following undefined divided difference:
flzo, 211, flzz, 23], - flZon, Zon41]-
Namely, f|zo, z1] = f'(x0), flz2, 23] = f'(x1), ...
flzan, Zon+1] = F1(x).

* Next, proceed consecutive to find

flzol, flzo, 211, fl2zo, 21, 23], ..., f 20, 21, o) Zop41]



* Finally, the Hermite polynomial is

Hyp 1 ()

= f[z,] + 2 flzo, oo 21 J(x — 2g) . (X — Zp— 1)
k=1

2n+1

Table 3.16

f@

First divided
differences

Second divided
differences

0 =X

21 = Xp

IN
Il
Ay

9
)

Il
&

flzo]l = f(x0)

flz1] = f(xo)
flz2l = f(x1)
flzsl = f(x)
flzal = f(x2)

flzs] = f(x2)

flzo.21]1 = f'(x0)

flarzy) = L1221 = &l

2 — 2

flza.z3]1 = f'(x1)

_ flz)— flz]

4 — 23

flz3.24]

flza.z5]1 = f'(x2)

flz1.22] — flzo.21]

20,221,221 =
flz0.21.22] —

flze. 3] — flz1, 22]

f[ZI-.Zl.Zg,] =
33—
flz2. 23, 24] = flzs. 2l — fl22. 23]
U4—D

flza.25] — flz3, 24]

flz3.z4.25] =
5 — 23
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Example 2. Use divided difference method to
determine the Hermite polynomial that agrees with
the data in the table to find an approximation of

£(0.5) =-——

1
1 1 1
2




Example 3. The cubic Hermite polynomial
3
Hy(x) = -1+ 2x —Exz(x - 2)

interpolates two points on the graph of function f (x) Hermite
polynomial H3(x) is constructed based on the divided difference
table below.

a) Complete the table.

b) Find £/(0), f'(2).
-————

ZO:Zl f[ZOJZLZz] f[ZO:ZLZZrZB]
1= f Z1,2Z5] = f[Z1:22;Z3]

| = f:22:23: =
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