Section 4.3 Elements of
Numerical Integration



Numerical quadrature: fff(x)dx ~ YN f(x)a;.

Iiv=0 f(x;)a; is the quadrature formula.

Idea for deriving quadrature formula
1. Let the interpolation points be given as:

(xo,f(xo)), (xl,f(xl)), (xn, f(xn)). Herea = x3; b = xy.

Jix)




2. By Lagrange Interpolation Theorem (Thm 3.3):

(x —xg) -+ (x — xp)
(N +1)!

FG) = 2 FODLy () + O ()

3f flx)dx = f Yizo f () Ly (x) dx +

[} Ge = x0) =+ (o = xp) f N (& (a))dx

(N+1)'
» Quadrature formula: f;f(x)dx ~ YN oa;f(x;) witha; = ff Ly ;(x)dx.

* Error (Remainder): £ (f) = f (x —x9) -+ (x — xp) FNTV(E(x))dx

(N+1)'



Definition (quadrature formula)

Let f(x) be an arbitrary continuous function in [a, b], then a
(N + 1)-point quadrature formula for the integralf; f(x)dx is an

approximation of the form YV f(x;)a;.

Here the x; are called the quadrature nodes (abscissas) and the a; are

the quadrature weights.

Remark: For a given set of quadrature nodes {x;}, the quadrature

weights are uniquely determined via a; = f(f Ly;(x)dx



The (2-pts) Trapezoidal Quadrature Rule

* Obtained by first degree Lagrange interpolating polynomial. (Figure 1)
*let xo =a; x;y = b;andh=b —a.

fff(x)dx — %[f(xo) + f(xl)] — ?—Zf(z) (£). Error term

* Trapezoidal rule: f: f(x)dx = g[f(xo) + f(x1)] withh=b —a.
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Figure 1
Trapezoidal Rule



Example 1. Derive the 3-ptslquadrature formula for
[ Foax
0

. 1
using quadrature nodes x, = 0; x; = ~1 Xy = 1.

Answer: folf(x)dx ~ %[f(O) + 4f G) + f(l)]



The (3-pts) Simpson’s Quadrature Rule

* Obtained by second degree Lagrange interpolating polynomial.

a+b b—a
* Let x5 = a; xlzT,xzzb;andhzT.

b h 5
[ reax =21 Go) + 4G + F Gl - e

* Simpson’s rule: f: f(x)dx =~ g[f(xo) 4f(x1) + f(x,)]

/Nx)

f)

Xg = a X1 Xy = b
Figure 2 Simpson's
Rule



Example 2. Compare the Trapezoidal rule and Simpson’s rule
approximations to fozf(x)dx when f(x) is:

(a) x% (b) (x + 1)



Measuring Precision

Definition 4.1. The degree of accuracy or precision of a quadrature formula
is the largest positive integer n such that the formula is exact for x*, for
eachk=20,1,:-,n.

Remark: If a quadrature formula has degree of accuracy n, then the error of
approximation is zero for all polynomials of degree < n. But is not zero for
some polynomial of degree n + 1.



* Trapezoidal rule has degree of accuracy one.
1).f;x°dx =b—a; %[1+1] =b —a.

—Trapezoidal rule is exact for 1 (or xY).

x* p_ bz—a b—a __ b*-a?
2). f xdx == | ;S [a + b] = ”
—Trapezoidal ruIe IS exact for x.
b ooy X _ b= bmay 5 o0 b=
3).faxdx—3|a— —; —[a® + b°] #

—Trapezoidal rule is NOT exact for x?.




Example 3. approximate fl x3dx using Simpson’s rule.

0

Remark: Simpson’s rule has degree of accuracy three.

Example 4. Let h = b%a,xo =a, x;=a+h, x, =b.Find degree of

precision of quadrature formula f;f(x)dx = zhf(xl) + %hf(xz).



Closed Newton-Cotes Formulas

eleta= xp; b= x,;;and h = b—;a. X; = Xg + th,fori =0,1,---,n.
* The formula: f;f(x)dx ~ Y- ga;f (x;) with a; = f; L, ;(x)dx is called
Closed Newton-Cotes Formula. Here L,, ;(x) is the ith Lagrange base

polynomial of degree n. A

/ X 0 X ] X ;) X 3 X 4 cee ,\:7\,*

Figure 3 Closed Newton-Cotes Formulas



Theorem 4.2 Suppose that Y1, a;f (x;) is the (n+1)-point closed Newton-Cotes
1=0 *"1 l

formulawitha = xy; b = x,,;and h = b%a. There exists ¢ € (a, b) for which

h”+3f("+2)(5)
(n+2)!

fff(X)dx = Dicoaif(x;) + fO" t2(t — 1) (t —n)dt, ifnis

even and f € C"*%[a, b], and fff(x)dx = Yioaif(x;)+

hn+2f(n+1) (E)
(n+1)!

fon t“(t—1) - (t —n)dt ifnisodd and f € C"*[a, b].

Remark: n is even, degree of precision isn + 1; n is odd, degree of

precision is n.



(4-pts) Simpson’s Three-Eighths rule

3h°

[ FGoydx = = (f(xo) + 3f(x1) + 3£ (x2) + £ () — 5= F D (§)

X3—X0

where xy < ¢ < x3;h = ;

* Degree of precision is 3 for Simpson’s three-eighths rule, which is the
same as Simpson’s rule.



Open Newton-Cotes Formula

See Figure 4. Let h = g; and xo =a+h. x; =x9 +ih fori =0,1,---,n.

This implies x_; = a; and x,,,; = b.

The formula: f;f(x)dx ~ YN o a;f(x;) with a; = f;";’l L, ;(x)dx is called

open Newton-Cotes Formula. L,, ;(x) is the ith Lagrange basis polynomial using
nodes xg, ..., X,,. **Endpoints are not included as nodes**
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Figure 4 Open Newton-Cotes Formula



Theorem 4.3 Suppose that ).~ a; f (x;) is the (n+1)-point open Newton-
Cotes formulawitha = x_{; b= x,,,1;and h = 222 There exists & €

n+2
(a,b) for which fff(x)dx ~ Dimo &if (x) +

n+3 r(n+2)
L (£+2), €) f_nlﬂ t*(t — 1) .- (t —n)dt,ifnisevenand f € C"*?[a, b],
and

b pnt2 f(n+1) +1 .
fa f(x)dx = Yioa;f(x;) A (£+1)! &) ffl t2(t — 1) -+ (t — n)dt, if

nisoddand f € C™"1[a, b].



Examples of open Newton-Cotes formulas

* n = 0: Midpoint rule (Figure 5)

f;_ll f(x)dx = 2hf (xp)
b—a

5

‘n= 1:fx2 f(x)dx =

b
X_q < & < x,. h =22

irle)
— (&) where x_; < § < x;. h=

[f(xo) + f(xl)] + —f(z)(f) where
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