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Abstract. We study regularity of general and axisymmetric weak solutions of the
3D MHD equations with dissipation and resistance. A general weak solution is shown
to be smooth if it satisfies a Serrin condition. The regularity of axisymmetric weak
solutions is analyzed through the MHD equations in cylindrical coordinates, whose
concrete form is derived here using Gibbs’ notion of dyadic product. We estab-
lish that it is sufficient to impose conditions on certain components (in cylindrical
coordinates) of an axisymmetric weak solution in order for the solution to be regular.

1. Introduction. We consider the 3D MHD equations with dissipation and resis-
tance 



∂tu + u · ∇u = −∇P + b · ∇b + ν∆u

∂tb + u · ∇b = b · ∇u + η∆b

∇ · u = 0, ∇ · b = 0,

(1.1)

where x ∈ R
3, t ≥ 0, u is the flow velocity, b is the magnetic field, P is the total

pressure, ν is the kinematic viscosity and η is the resistivity. For any prescribed
initial data (u0, b0) ∈ L2(R3), the MHD equations (1.1) have been shown to possess
global L2 weak solutions ([4], [5]). Because of the smoothing effects of dissipa-
tion and resistance, L2 weak solutions are more regular than in the basic class
L∞([0, T ];L2(R3)) ∩ L2([0, T ];H1(R3)). Several regularity results concerning L2

weak solutions of the MHD equations have been established. In [7] the H1−norm
of (u, b) is shown to control derivatives of any higher order and as a consequence
any possible singularity must occur in the first-order derivative of (u, b). In [2]
Caflisch, Klapper and Steele extended the well-known result of Beale, Kato and
Majda ([1]) to the 3D MHD equations to draw the conclusion that the finiteness
of the L1([0, T ];L∞)-norms of the vorticity ω = ∇ × u and the current density
j = ∇ × b implies global regularity. In [8] possible singularity formation is linked
to the development i of special geometric structure of ω and j.

The major results we are about to present in this paper are further develop-
ments on the regularity of weak solutions of the 3D MHD equations (1.1). Theo-
rem 2.1 (in Section 2) states that a general weak solution (u, b) actually belongs to
L∞([0, T ];Hk) for any k ≥ 1 if (u, b) satisfies a Serrin condition over [0, T ] ([6]). Sec-
tion 3 concerns axisymmetric weak solutions of the MHD equations and our study
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of their regularity is motivated by a recent work of Chae and Lee on solutions of
the Navier-Stokes equations [3]. We conclude in this section that an axisymmetric
weak solution (u, b) is regular if certain components of (u, b) in cylindrical coordi-
nates satisfy a generalized Serrin condition. We will defer the precise statement to
Theorem 3.1. To take advantage of the axisymmetry, we use the MHD equations
in cylindrical coordinates rather than in Cartesian coordinates. Our experience of
having difficulty finding the full MHD equations in cylindrical coordinates impelled
us to derive them ourselves and our major tool is Gibbs’ notion of dyadic product.
This is an effective approach and many tedious calculations are avoided. Equations
of both (u, b) and (ω, j) in cylindrical coordinates are presented in the appendix
and the results provided there serve as records for future reference.

2. A general regularity result. The regularity result we are about to present
in this section is valid for general classical weak solutions of the MHD equations
including those with axisymmetry discussed in the next section. We conclude in this
section that a weak solution (u, b) is actually smooth if (u, b) satisfies an appropriate
assumption. We emphasize that this assumption does not involve derivatives of
(u, b) and the precise statement is given in the following theorem.

Theorem 2.1. Let T > 0, p > 3 and q ≥ 2 satisfy 2/q + 3/p = 1. Assume that
(u0, b0) ∈ Lp ∩ H1 and (u, b) is a weak solution of the MHD equations (1.1) with
initial data (u0, b0). If (u, b) ∈ Lq([0, T ];Lp), then

(a) (u, b) ∈ L∞([0, T ];Lp),
(b) (∇u,∇b) ∈ L∞([0, T ];L2).

It has been shown in [7] that any Hk-norm (k ≥ 1) of a weak solution (u, b)
is finite as long as its H1-norm remains bounded. This allows us to draw as a
consequence of Theorem 2.1 the following conclusion.

Corollary 2.2. Let (u, b) be a weak solution of the MHD equations satisfying the
assumptions of Theorem 2.1. Then (u, b) ∈ L∞([0, T ];Hk) for any k ≥ 1.

Proof of Theorem 2.1 We first remark that the seemingly formal steps in this proof
can all be made rigorous by going through an approximating procedure. It is easy
to verify that (u, b) satisfies

1
p

d

dt

∫
R3

[|u|p + |b|p] dx +
4(p − 1)

p2

[
ν

∫
R3

|∇(|u|p/2)|2dx + η

∫
R3

|∇(|b|p/2)|2dx

]

=
∫

R3
(b · ∇b)(|u|p−2u) dx +

∫
R3

(b · ∇u)(|b|p−2b) dx −
∫

R3
(u · ∇P )|u|p−2dx (2.1)

We now focus our attention on the three terms on the right. For the second term,
we have
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∫
(b · ∇u)(|b|p−2b) dx = − ∫

u · [b · ∇(|b|p−2b)
]

dx

≤ (p − 1)
∫ |u||∇b||b|p−1 dx

≤ Cε

∫ |u|2|b|p dx + ε p2

4

∫ |b|p−2|∇b|2 dx

= Cε

∫ |u|2|b|p dx + ε
∫ |∇(|b|p/2)|2dx

≤ Cε‖u‖2
Lp ‖|b|p/2‖2

L2p/(p−2) + ε
∫ |∇(|b|p/2)|2dx

≤ Cε‖u‖2
Lp ‖|b|p/2‖2−6/p

L2 ‖∇(|b|p/2)‖6/p
L2 + ε

∫ |∇(|b|p/2)|2dx

≤ 2ε
∫ |∇(|b|p/2)|2dx + Cε‖u‖2p/(p−3)

Lp

∫ |b|pdx,

where ε > 0 is small and Cε is a constant depending on ε. For the first term, we
integrate by parts to obtain∫

(b · ∇b)(|u|p−2u) dx ≤ ε p2

4

∫ |u|p−2|∇u|2dx + Cε

∫ |u|p−2|b|4dx

= ε
∫ |∇(|u|p/2)|2dx + Cε

∫ |u|p−2|b|4dx.

For p1, q1 and r1 satisfying 1/p1 + 1/q1 + 1/r1 = 1,∫
|u|p−2|b|4dx =

∫
|b|2 |b|2 |u|p−2dx ≤ C‖b2‖Lp1 ‖b2‖Lq1 ‖|u|p−2‖Lr1 . (2.2)

We then choose

p1 =
p

2
, q1 =

3p

p − 1
, r1 =

3p

2p − 5
(2.3)

to get ∫
|u|p−2|b|4dx ≤ C‖b‖2

Lp ‖|b|p/2‖4/p

L12/(p−1) ‖|u|p/2‖2(1−2/p)

L6(p−2)/(2p−5) .

Applying the Gagliardo-Nirenberg inequality and Young’s inequality, there obtains

Cε

∫ |u|p−2|b|4dx ≤ C ‖b‖2
Lp ‖|b|p/2‖1− 3

p

L2

×‖∇(|b|p/2)‖
7
p−1

L2 ‖|u|p/2‖1− 3
p

L2 ‖∇(|u|p/2)‖1− 1
p

L2

≤ ε
∫ |∇(|u|p/2)|2dx + ε

∫ |∇(|b|p/2)|2dx

+Cε‖u‖
2p

p−3
Lp

∫ |u|pdx + Cε‖u‖
2p

p−3
Lp

∫ |b|pdx

(2.4)

We now deal with the last term on the right hand side of (2.1). Obviously,∫
(u · ∇P )|u|p−2dx = −(p − 2)

∫
P (u · ∇u · u)|u|p−4dx

≤ εp2

4

∫
|u|p−2|∇u|2dx + Cε

∫
|P |2|u|p−2dx

= ε

∫
|∇(|u|p/2)|2dx + Cε

∫
|P |2|u|p−2dx. (2.5)
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The second term in (2.5) is similar in nature to and can be handled as the term in
(2.2). In fact, for p1, q1 and r1 defined as in (2.3)∫

|P |2|u|p−2dx ≤ C‖P‖Lp1 ‖P‖Lq1 ‖|u|p−1‖Lr1

≤ C
(‖u‖2

Lp + ‖b‖2
Lp

) (
‖|u|p/2‖4/p

L12/(p−1) + ‖|b|p/2‖4/p

L12/(p−1)

)
‖|u|p/2‖2(1−2/p)

L6(p−2)/(2p−5) ,

where we have used the relation −∆P = ∂i∂j(uiuj) − ∂i∂j(bibj). The estimate of
this term can then be completed as in (2.4).

Combining the above estimates, we find that
d

dt

∫
[|u|p + |b|p] dx + C

∫ [
ν|∇(|u|p/2)|2 + η|∇(|b|p/2)|2

]
dx

≤ C ‖u‖
2p

p−3
Lp

∫
[|u|p + |b|p] dx

Applying Gronwall’s inequality then leads to the conclusion stated in (a).
We now prove (b). One easily verifies that

1
2

d

dt

∫
|∇u|2dx + ν

∫
|∆u|2dx

= −
∫

(∂2
kjP )(∂kuj) −

∫
∂kui ∂iuj ∂kuj +

∫
∂kbi ∂i bj∂kuj

1
2

d

dt

∫
|∇b|2dx + η

∫
|∆b|2dx = −

∫
∂kui ∂ibj ∂kbj +

∫
∂kbi ∂iuj ∂kbj ,

where the repeated indices are summed. We now estimate the nonlinear terms.
Using the following Gagliardo-Nirenberg inequalities

‖∇u‖L3 ≤ C‖∇u‖ 1
2
L2 ‖∆u‖ 1

2
L2 ,

‖∇u‖L3 ≤ C‖u‖
p

p+6
Lp ‖∆u‖

6
p+6

L2 ,

we obtain that for p > 3
∣∣∫ ∂kui∂iuj∂kuj

∣∣ ≤ ‖∇u‖3
L3 = ‖∇u‖1+ 6

p

L3 ‖∇u‖2− 6
p

L3

≤ C

[
‖u‖

p
p+6
Lp ‖∆u‖

6
p+6

L2

]1+ 6
p [

‖∇u‖ 1
2
L2 ‖∆u‖ 1

2
L2

]2− 6
p

= C‖u‖Lp ‖∇u‖1− 3
p

L2 ‖∆u‖1+ 3
p

L2

≤ ε‖∆u‖2
L2 + Cε‖u‖

2p
p−3
Lp ‖∇u‖2

L2

Now we treat the term involving the pressure P . Using the relation

−∆P = ∂jui ∂iuj − ∂jbi ∂ibj ,

we obtain ∣∣∣∫ (∂2
kjP )(∂kuj)

∣∣∣ ≤ C‖∂2
kjP‖

L
3
2
‖∂kuj‖L3

≤ C‖∆P‖
L

3
2
‖∇u‖L3

≤ C‖∇u‖3
L3 + C‖∇u‖L3 ‖∇b‖2

L3 .



REGULARITY RESULTS FOR WEAK SOLUTIONS OF THE 3D MHD EQUATIONS 547

Other terms can be estimated in a similar fashion. For example,∣∣∣∣
∫

∂kbi ∂iuj ∂kbj

∣∣∣∣ ≤ C‖∇u‖L3 ‖∇b‖2
L3 ≤ C‖∇u‖3

L3 + C‖∇b‖3
L3

Gathering these estimates, we obtain
d

dt

∫ [|∇u|2 + |∇b|2] dx +
∫ [

ν|∆u|2 + η|∆b|2] dx

≤ C‖u‖
2p

p−3
Lp ‖∇u‖2

L2 + C‖b‖
2p

p−3
Lp ‖∇b‖2

L2 .

Applying Gronwall’s inequality then implies (b). This completes the proof of The-
orem 2.1.

3. Regularity results for axisymmetric weak solutions. We now turn our
attention to weak solutions with axisymmetry. The axisymmetric u and b satisfy a
simplified version of (A.5), namely

∂ur

∂t
+ u · ∇ur − u2

θ

r
= −∂p

∂r
+ b · ∇br − b2

θ

r
+ ν

(
∆ur − ur

r2

)

∂uθ

∂t
+ u · ∇uθ +

uθur

r
= b · ∇bθ +

bθbr

r
+ ν

(
∆uθ − uθ

r2

)
∂uz

∂t
+ u · ∇uz = −∂p

∂z
+ b · ∇bz + ν∆uz

∂br

∂t
+ u · ∇br = b · ∇ur + η

(
∆br − 1

r2
br

)

∂bθ

∂t
+ u · ∇bθ +

uθbr

r
= b · ∇uθ +

bθur

r
+ η

(
∆bθ − bθ

r2

)

∂bz

∂t
+ u · ∇bz = b · ∇uz + η∆bz.

Because of the axisymmetry, the differential operators in these equations do not
involve partial derivatives with respect to θ. For example, u · ∇ur should read
ur∂rur + uz∂zur and the Laplacian operator ∆ = ∂rr + 1

r ∂r + ∂zz.
The equations for the vorticity ω and current density j with axisymmetry can be

obtained either by setting partial derivatives with respect to θ equal to zero in the
general form (A.6) and (A.7) or by differentiating the equations of u and b above
and utilizing the definitions of ω and j, i.e.,

ωr = −∂zuθ, ωθ = ∂zur − ∂ruz, ωz =
1
r
∂r(ruθ);

jr = −∂zbθ, jθ = ∂zbr − ∂rbz, jz =
1
r
∂r(rbθ).

Either way we find that (ω, j) obeys
∂ωr

∂t
+ (ur∂r + uz∂z)ωr − (ωr∂r + ωz∂z)ur

= (br∂r + bz∂z)jr − (jr∂r + jz∂z)br + ν

(
∆ − 1

r2

)
ωr (3.1)

∂tωθ + (ur∂r + uz∂z)ωθ − urωθ

r

= (br∂r + bz∂z)jθ − brjθ

r
+ ν

(
∆ωθ − ωθ

r2

)
+

1
r
∂z(u2

θ − b2
θ) (3.2)
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∂tωz + (ur∂r + uz∂z)ωz = (ωr∂r + ωz∂z)uz

+(br∂r + bz∂z)jz − (jr∂r + jz∂z)bz + ν∆ωz (3.3)

∂jr

∂t
+ (ur∂r + uz∂z)jr = (br∂rωr + bz∂zωr) + η

(
∆jr − jr

r2

)

+(∂zur∂rbθ + ∂zuz∂zbθ) − (∂zbr∂ruθ + ∂zbz∂zuθ) +
∂z(uθbr − urbθ)

r
(3.4)

∂tjθ + (ur∂r + uz∂z)jθ = (br∂r + bz∂z)ωθ + η

(
∆jθ − jθ

r2

)

+(∂zur + ∂ruz)(∂zbz − ∂rbr) + (∂rbz + ∂zbr)(∂rur − ∂zuz), (3.5)
where ∆ = ∂rr + 1

r ∂r + ∂zz.

Theorem 3.1. Let T > 0, p > 2 and q ≥ 2 satisfy 2/q + 2/p = 1. Assume that
(u0, b0) is in L2(drdz) and (u, b) is axisymmetric weak solution of the MHD equa-
tions (1.1) with initial data (u0, b0). If ur, uθ, br and bθ are in Lq([0, T ];Lp(drdz)),
then ωr, ωθ, jr and jθ are in L∞([0, T ];L2(drdz)) ∩ L2([0, T ];H1(drdz)).

Proof of Theorem 3.1. Multiplying (3.1) by ωr, (3.4) by jr, (3.2) by ωθ, (3.5) by jθ,
summing the results, and integrating with respect to drdz over [0,∞) × (−∞,∞),
we obtain

1
2

d

dt

∫ ∫
(ω2

r + ω2
θ + j2

r + j2
θ )drdz

+ν

∫ ∫
(|∇ωr|2 + |∇ωθ|2)drdz + η

∫ ∫
(|∇jr|2 + |∇jθ|2)

+ν

∫ ∫ [
(ωr)2

r2
+

(ωθ)2

r2

]
drdz + η

∫ ∫ [
(jr)2

r2
+

(jθ)2

r2

]
drdz

= ν

∫ ∫
1
r

[(∂rωr)ωr + (∂rωθ)ωθ)] drdz

−
∫ ∫

((ur∂r + uz∂z)ωr)ωr drdz

+
∫ ∫

((ωr∂r + ωz∂z)ur)ωrdrdz

+
∫ ∫

[(br∂r + bz∂z)jr − (jr∂r + jz∂z)br] ωr drdz

+
∫ ∫

(br∂rjθ + bz∂zjθ − ur∂rωθ − uz∂zωθ)ωθ drdz

+
∫ ∫

ωθ

r
(urωθ − uθωr + bθjr − brjθ) drdz

+η

∫ ∫
1
r

[(∂rjr)jr + (∂rjθ)jθ] drdz

−
∫ ∫

((ur∂r + uz∂z)jr)jr drdz

+
∫ ∫

(br∂rωr + bz∂zωr)jr drdz

+
∫ ∫

jr [(∂zur∂rbθ + ∂zuz∂zbθ) − (∂zbr∂ruθ + ∂zbz∂zuθ)] drdz
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+
∫ ∫

jr ∂z(uθbr − urbθ)
r

drdz

+
∫ ∫

(br∂rωθ + bz∂zωθ − ur∂rjθ − uz∂zjθ)jθ drdz

+
∫ ∫

jθ [(∂zur + ∂ruz)(∂zbz − ∂rbr) + (∂rbz + ∂zbr)(∂rur − ∂zuz)] drdz

For notational convenience, we label the terms on the right hand side of the
above equation as R1, R2,· · · , and R13 in the order they appear on the right hand
side. To obtain bounds for these terms, we use extensively the Hölder inequal-
ity, the Gagliardo-Nirenberg inequality and the Young inequality. We may not
explicitly mention the particular inequality used in a certain estimate when it is
fairly clear which inequality is utilized. We will also omit the bounds and drdz in
the integrals below since it is understood that they are with respect to drdz over
[0,∞) × (−∞,∞). In addition, ‖ · ‖Lp should read ‖ · ‖Lp(drdz).

R1 ≤ ν

2

∫ ∫ [
(ωr)2

r2
+

(ωθ)2

r2

]
+

ν

2

∫ ∫ [
(∂rωr)2 + (∂rωθ)2

]
(3.6)

R7 ≤ η

2

∫ ∫ [
(jr)2

r2
+

(jθ)2

r2

]
+

η

2

∫ ∫ [
(∂rjr)2 + (∂rjθ)2

]
(3.7)

Integrating by parts and using ∇ · u = 0 and ∇ · b = 0, we obtain

R2 = −
∫ ∫

ur

r
ω2

r ≤
(∫ ∫

ω2
r

r2

) 1
2

(∫ ∫
u2

rω
2
r

) 1
2

≤ ε

∫ ∫
ω2

r

r2
+ ε‖∇ωr‖2

L2 + Cε‖ur‖
2p

p−2
Lp ‖ωr‖2

L2 (3.8)

and similarly

R8 ≤ ε

∫ ∫
j2
r

r2
+ ε‖∇jr‖2

L2 + Cε‖ur‖
2p

p−2
Lp ‖jr‖2

L2 , (3.9)

where ε > 0 is small and Cε is a constant depending on ε. To estimate R3, we split
it into two terms R31 and R32. Integrating by parts and recalling ωz = uθ/r+∂ruθ,

R3 = R31 + R32 = −2
∫ ∫

ur(∂rωr)ωr +
∫ ∫ (uθ

r
+ ∂ruθ

)
∂zur ωr

and

R31 ≤ ε

∫ ∫
(∂rωr)2 + ε‖∇ωr‖2

L2 + Cε‖ur‖
2p

p−2
Lp ‖ωr‖2

L2 .

We further split R32 into R321 and R322.

R32 =
∫ ∫

uθ

r
∂zur ωr +

∫ ∫
∂ruθ ∂zur ωr = R321 + R322

and

R321 ≤ ε

∫ ∫
ω2

r

r2
+ Cε‖uθ∂zur‖2

L2 ≤ ε

∫ ∫
ω2

r

r2
+ Cε‖uθ‖2

Lp‖ωθ‖
L

2p
p−2

≤ ε

∫ ∫
ω2

r

r2
+ ε‖∇ωθ‖2

L2 + Cε‖uθ‖
2p

p−2
Lp ‖ωθ‖2

L2 .
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For R322, we integrate by parts and obtain

R322 = −
∫

(∂r∂zuθ)urωr −
∫ ∫

ur(∂ruθ)(∂zωr)

=
∫ ∫

(∂rωr)urωr −
∫ ∫

uθ∂rur(∂zωr) −
∫ ∫

uθur∂r∂zωr

= 2
∫ ∫

(∂rωr)urωr −
∫ ∫

uθ∂rur∂zωr +
∫ ∫

uθ∂zur∂rωr.

The first term of R322 can be estimated as before. In estimating the last two terms
of R322, we use the inequalities

‖∇ur‖Lp ≤ C‖ωθ‖Lp , ‖∇uθ‖Lp ≤ C‖ωz‖Lp

valid for any p > 1. We obtain

R322 ≤ ε

∫ ∫ [
(∂rωr)2 + (∂zωr)2

]
+ ε

[‖∇ωθ‖2
L2 + ‖∇ωr‖2

L2

]

+Cε‖ur‖
2p

p−2
Lp ‖ωr‖2

L2 + Cε‖uθ‖
2p

p−2
Lp ‖ωθ‖2

L2

Collecting the estimates for R3, we obtain

R3 ≤ ε

∫ ∫ [
(∂rωr)2 + (∂zωr)2

]
+ ε

[‖∇ωθ‖2
L2 + ‖∇ωr‖2

L2

]

+ε

∫ ∫
ω2

r

r2
+ Cε‖ur‖

2p
p−2
Lp ‖ωr‖2

L2 + Cε‖uθ‖
2p

p−2
Lp ‖ωθ‖2

L2 . (3.10)

We combine R4 and R9 to eliminate certain terms. Using ∇ · b = 0 (∂rbr + ∂zbz +
br/r = 0 in cylindrical coordinates) and jz = bθ/r + ∂rbθ, we obtain

R4 + R9 =
∫ ∫

br

r
jrωr −

∫ ∫
jr(∂rbr)ωr −

∫ ∫ (
bθ

r
+ ∂rbθ

)
(∂zbr)ωr.

Integrating by parts in the second term of R4 + R9, we can handle the first three
terms of R4 + R9 as before. Recalling that jr = −∂zbθ and integrating by parts,
the last term of R4 + R9 becomes

−
∫ ∫

∂rbθ ∂zbr ωr =
∫ ∫

bθ (∂r∂zbr)ωr +
∫ ∫

bθ∂zbr∂rωr

= −
∫ ∫

bθ∂rbr∂zωr +
∫ ∫

jr∂rbrωr +
∫ ∫

bθ∂zbr∂rωr

which can be handled as the term R322. Thus

R4 + R9 ≤ ε

∫ ∫
j2
r + ω2

r

r2
+ ε

(‖∇ωr‖2
L2 + ‖∇ωθ‖2

L2 + ‖∇jr‖2
L2 + ‖∇jθ‖2

L2

)

+Cε‖br‖
2p

p−2
Lp

(‖ωr‖2
L2 + ‖jr‖2

L2

)
+ Cε‖bθ‖

2p
p−2
Lp

(‖ωθ‖2
L2 + ‖jθ‖2

L2

)
(3.11)

We combine R5 and R12. Integrating by parts and using ∇ · u = 0 and ∇ · b = 0,
we obtain

R5 + R12 =
∫ ∫

br

r
ωθ jθ − 1

2

∫ ∫
ur

r
(ω2

θ + j2
θ ),

which can be easily treated. In fact,

R5 + R12 ≤ ε

∫ ∫
ω2

θ

r2
+ ε

(‖∇ωθ‖2
L2 + ‖∇jθ‖2

L2

)
+ Cε‖br‖

2p
p−2
Lp ‖jθ‖2

L2

+Cε‖ur‖
2p

p−2
Lp

(‖ωθ‖2
L2 + ‖jθ‖2

L2

)
. (3.12)
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We now turn to R6 which can be directly bounded as follows.

R6 ≤ ε

∫ ∫
ω2

θ

r2
+ ε

(‖∇ωr‖2
L2 + ‖∇ωθ‖2

L2 + ‖∇jr‖2
L2 + ‖∇jθ‖2

L2

)

+Cε‖ur‖
2p

p−2
Lp ‖ωθ‖2

L2 + Cε‖uθ‖
2p

p−2
Lp ‖ωr‖2

L2

+Cε‖br‖
2p

p−2
Lp ‖jθ‖2

L2 + Cε‖bθ‖
2p

p−2
Lp ‖jr‖2

L2 (3.13)
We split R10 into four terms: R101, R102, R103 and R104.

R101 =
∫ ∫

jr(∂zur)(∂rbθ) = −
∫ ∫

bθ∂r∂zurjr −
∫

bθ∂zur∂rjr

= −
∫ ∫

(∂rur)j2
r +

∫ ∫
bθ∂rur ∂zjr −

∫
bθ∂zur∂rjr

Using ∇ · u = 0,

R102 =
∫ ∫ (

∂rur +
ur

r

)
j2
r

We perform similar procedure on R103 and R104. Therefore

R10 ≤ ε

∫ ∫
j2
r + ω2

r

r2
+ ε

(‖∇ωr‖2
L2 + ‖∇ωθ‖2

L2 + ‖∇jr‖2
L2 + ‖∇jθ‖2

L2

)

+Cε‖ur‖
2p

p−2
Lp ‖jr‖2

L2 + Cε‖br‖
2p

p−2
Lp ‖ωr‖2

L2

+Cε‖uθ‖
2p

p−2
Lp ‖jθ‖2

L2 + Cε‖bθ‖
2p

p−2
Lp ‖ωθ‖2

L2 (3.14)
Using ωr = −∂zuθ and jr = −∂zbθ, we can rewrite R11 as follows.

R11 =
∫ ∫

jr

r
[−ωrbr + uθ(∂zbr) − bθ(∂zur) + urjr]

≤ ε

∫ ∫
j2
r

r2
+ ε

(‖∇ωr‖2
L2 + ‖∇ωθ‖2

L2 + ‖∇jr‖2
L2 + ‖∇jθ‖2

L2

)

+Cε‖ur‖
2p

p−2
Lp ‖jr‖2

L2 + Cε‖br‖
2p

p−2
Lp ‖ωr‖2

L2

+Cε‖uθ‖
2p

p−2
Lp ‖jθ‖2

L2 + Cε‖bθ‖
2p

p−2
Lp ‖ωθ‖2

L2 (3.15)
We now estimate the last term R13. Using ∇ · u = 0, ∇ · b = 0, ωθ = ∂zur − ∂ruz

and jθ = ∂zbr − ∂rbz, we have

R13 =
∫ ∫

jθ

[
(2∂zur − ωθ)

(
−2∂rbr − br

r

)
+ (2∂zbr − jθ)

(
2∂rur +

ur

r

)]

= 4
∫ ∫

jθ(∂zbr ∂rur − ∂zur ∂rbr) + 2
∫ ∫

jθ

r
(ur∂zbr − br∂zur)

+2
∫ ∫

jθ ωθ∂rbr − 2
∫ ∫

j2
θ∂rur +

∫ ∫
jθ

r
ωθbr −

∫ ∫
jθ

r
jθur

Integration by parts in the first term yields

4
∫ ∫

br∂zur∂rjθ − 4
∫ ∫

br∂rur∂zjθ

and we then have no difficulty bounding the terms in R13.

R13 ≤ ε

∫ ∫
j2
θ

r2
+ ε

(‖∇ωθ‖2
L2 + ‖∇jθ‖2

L2

)

+Cε‖ur‖
2p

p−2
Lp ‖jθ‖2

L2 + Cε‖br‖
2p

p−2
Lp ‖ωθ‖2

L2 (3.16)
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Combining the estimates (3.6),(3.7),(3.8), (3.9), (3.10),(3.11), (3.12), (3.13), (3.14),
(3.15) and (3.16), we obtain

d

dt

∫ ∫
(ω2

r + ω2
θ + j2

r + j2
θ )drdz

+ν

∫ ∫
(|∇ωr|2 + |∇ωθ|2)drdz + η

∫ ∫
(|∇jr|2 + |∇jθ|2)

+ν

∫ ∫ [
(ωr)2

r2
+

(ωθ)2

r2

]
drdz + η

∫ ∫ [
(jr)2

r2
+

(jθ)2

r2

]
drdz

≤ Cε

(
‖ur‖

2p
p−2
Lp + ‖uθ‖

2p
p−2
Lp + ‖br‖

2p
p−2
Lp + ‖bθ‖

2p
p−2
Lp

)

× (‖ωr‖2
L2 + ‖ωθ‖2

L2 + ‖jr‖2
L2 + ‖jθ‖2

L2

)
.

Applying Gronwall’s inequality then leads to the conclusion sought. This completes
the proof of Theorem 3.1.

Appendix. The MHD equations in cylindrical coordinates. We use the
notion of dyadic product introduced by J. W. Gibbs to derive in a uniform fashion
the equations for (u, b) and (ω, j) in cylindrical coordinates. This approach of
deriving equations in cylindrical coordinates is effective. The full MHD equations
in cylindrical coordinates can be rarely found in textbooks and the results provided
here serve as records for future reference. To offer a clear presentation, we divide
the appendix into four parts.

A.1. Dyadic product. We now give Gibbs’ definition of the dyadic product of
two vectors. Let i, j and k be an orthonormal basis of a coordinate system and c
and d be two vectors with coordinates (c1, c2, c3) and (d1, d2, d3), respectively. The
dyadic product of c and d, denoted cd, is given by

cd = c1d1ii + c1d2ij + c1d3ik

+c2d1ji + c2d2jj + c2d3jk

+c3d1ki + c3d1kj + c3d3kk.

Such a product is neither a dot nor a cross product and has no geometric signifi-
cance. But when it operates on a vector or a vector operates on it, it gives a definite
geometric quantity: another vector. More precisely, if f is dotted to cd, then f·(cd)
= (f·c) d. Note that the order of the dyadic product and the operating vector must
be preserved. That is, f·(cd) �= (cd)·f.

A.2. ∇, ∇·, ∆ and u · ∇v in cylindrical coordinates. In this subsection we
derive the expressions of ∇, ∇·, ∆ and u · ∇v in cylindrical coordinates. We
will use er, eθ and ez to denote the standard orthonormal basis of the cylindrical
coordinate system. One easily checks by geometric means that

∂er

∂r
=

∂eθ

∂r
=

∂ez

∂r
= 0,

∂er

∂z
=

∂eθ

∂z
=

∂ez

∂z
= 0, (A.1)

∂er

∂θ
= eθ,

∂eθ

∂θ
= −er,

∂eθ

∂θ
= 0 (A.2)
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and that the gradient operator ∇ in cylindrical coordinates is given by

∇ = er
∂

∂r
+ eθ

1
r

∂

∂θ
+ ez

∂

∂z
.

Let u be a vector field with cylindrical coordinates ur, uθ and uz. Then

∇ · u =
(
er

∂
∂r + eθ

1
r

∂
∂θ + ez

∂
∂z

) · (erur + eθuθ + ezuz)

= er ·
(
er

∂ur

∂r + ur
∂er

∂r + eθ
∂uθ

∂r + uθ
∂eθ

∂r + ez
∂uz

∂r + uz
∂ez

∂r

)

+eθ
1
r · (er

∂ur

∂θ + ur
∂er

∂θ + eθ
∂uθ

∂θ + uθ
∂eθ

∂θ + ez
∂uz

∂θ + uz
∂ez

∂θ

)

+ez ·
(
er

∂ur

∂z + ur
∂er

∂z + eθ
∂uθ

∂z + uθ
∂eθ

∂z + ez
∂uz

∂z + uz
∂ez

∂z

)
Using (A.1) and (A.2), there obtains

∇ · u =
∂ur

∂r
+

ur

r
+

1
r

∂uθ

∂θ
+

∂uz

∂z
.

The definition of dyadic product applies not only to two vectors but also to
a vector operator and a vector. We now derive an explicit expression for ∇v in
cylindrical coordinates, where v is a vector with cylindrical coordinates vr, vθ and
vz. After applying (A.1) and (A.2), we obtain

∇v =
(
er

∂
∂r + eθ

1
r

∂
∂θ + ez

∂
∂z

)
(ervr + eθvθ + ezvz)

= erer
∂vr

∂r + ereθ
∂vθ

∂r + erez
∂vz

∂r

+eθer
1
r

∂vr

∂θ + eθeθ
1
r

(
vr + ∂vθ

∂θ

) − eθer
vθ

r + eθez
1
r

∂vz

∂θ

+ezer
∂vr

∂z + ezeθ
∂vθ

∂z + ezez
∂vz

∂z

(A.3)

We now calculate the dot product u · ∇v. Using er · (erer) = (er · er)er = er,
er · (ereθ) = (er · er)eθ = eθ, etc., we have

u · ∇v = (erur + eθuθ + ezuz) ·
[
erer

∂vr

∂r + ereθ
∂vθ

∂r + erez
∂vz

∂r

+eθer
1
r

∂vr

∂θ + eθeθ
1
r

(
vr + ∂vθ

∂θ

) − eθer
vθ

r + eθez
1
r

∂vz

∂θ

+ezer
∂vr

∂z + ezeθ
∂vθ

∂z + ezez
∂vz

∂z

]

=
(
ur

∂vr

∂r + uθ

r
∂vr

∂θ + uz
∂vr

∂z − uθvθ

r

)
er

+
(
ur

∂vθ

∂r + uθ

r
∂vθ

∂θ + uz
∂vθ

∂z + uθvr

r

)
eθ

+
(
ur

∂vz

∂r + uθ

r
∂vz

∂θ + uz
∂vz

∂z

)
ez

=
(
u · ∇vr − uθvθ

r

)
er +

(
u · ∇vθ + uθvr

r

)
eθ + (u · ∇vz)ez,

where we have used u · ∇ to denote ur
∂
∂r + uθ

r
∂
∂θ + uz

∂
∂z .
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Since ∆u can be seen as a dot product of ∇ and ∇u, we can derive in a similar
fashion an explicit formula for ∆u in cylindrical coordinates. In fact,

∆u = ∇ · (∇u) =
(

er
∂

∂r
+ eθ

1
r

∂

∂θ
+ ez

∂

∂z

)
· (∇u) (A.4)

Inserting the gradient formula (A.3) (with v replaced by u) in (A.4), we obtain
after some simplification that

∆u =
(

∂2ur

∂r2 + 1
r

∂ur

∂r + 1
r2

∂2ur

∂θ2 + ∂2ur

∂z2 − ur

r2 − 2
r2

∂uθ

∂θ

)
er

+
(

∂2uθ

∂r2 + 1
r

∂uθ

∂r + 1
r2

∂2uθ

∂θ2 + ∂2uθ

∂z2 + 2
r2

∂ur

∂θ − uθ

r2

)
eθ

+
(

∂2uz

∂r2 + 1
r

∂uz

∂r + 1
r2

∂2uz

∂θ2 + ∂2uz

∂z2

)
ez

=
(
∆ur − ur

r2 − 2
r2

∂uθ

∂θ

)
er +

(
∆uθ + 2

r2
∂ur

∂θ − uθ

r2

)
eθ + ∆uzez,

where ∆ denotes ∂2

∂r2 + 1
r

∂
∂r + 1

r2
∂2

∂θ2 + ∂2

∂z2 .

A.3. Equations of (u, b) in cylindrical coordinates. Using the building blocks
in the previous subsection, we can now rewrite the equations of (u, b) in cylindrical
coordinates as follows.

∂ur

∂t + u · ∇ur − u2
θ

r = −∂p
∂r + b · ∇br − b2θ

r + ν
(
∆ur − ur

r2 − 2
r2

∂uθ

∂θ

)
∂uθ

∂t + u · ∇uθ + uθur

r = − 1
r

∂p
∂θ + b · ∇bθ + bθbr

r + ν
(
∆uθ − uθ

r2 + 2
r2

∂ur

∂θ

)
∂uz

∂t + u · ∇uz = −∂p
∂z + b · ∇bz + ν∆uz

∂br

∂t + u · ∇br = b · ∇ur + η
(
∆br − 1

r2 br − 2
r2

∂bθ

∂θ

)
∂bθ

∂t + u · ∇bθ + uθbr

r = b · ∇uθ + bθur

r + η
(
∆bθ − bθ

r2 + 2
r2

∂br

∂θ

)
∂bz

∂t + u · ∇bz = b · ∇uz + η∆bz

(A.5)

A.4. ∇× and equations of (ω, j) in cylindrical coordinates. We now turn
our attention to the equations of the vorticity ω and current density j in cylindrical
coordinates and we start with the expression of ∇× u.

∇× u =
(
er

∂
∂r + eθ

1
r

∂
∂θ + ez

∂
∂z

) × (erur + eθuθ + ezuz)

= er × ∂er

∂r ur + er × eθ
∂uθ

∂r + er × ∂eθ

∂r uθ + er × ez
∂uz

∂r + er × ∂ez

∂r uz

+eθ × er
1
r

∂ur

∂θ + eθ × ∂er

∂θ
ur

r + eθ × ∂eθ

∂θ
uθ

r + eθ × ez
1
r

∂uz

∂θ + eθ × ∂ez

∂θ
1
r uz

+ez × er
∂ur

∂z + ez × ∂er

∂z ur + ez × ∂eθ

∂z uθ + ez × eθ
∂uθ

∂z + ez × ∂ez

∂z uz.

Inserting (A.1) and (A.2) in the above expression, there obtains

∇× u =
(

1
r

∂uz

∂θ
− ∂uθ

∂z

)
er +

(
∂ur

∂z
− ∂uz

∂r

)
eθ +

1
r

(
∂(ruθ)

∂r
− ∂ur

∂θ

)
ez
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We now recall the equations of (ω, j) in Cartesian coordinates for the purpose
of comparing with their equations in cylindrical coordinates,

∂tω + u · ∇ω = ω · ∇u + b · ∇j − j · ∇b + ν∆ω

∂tj + ∇× (u · ∇b) = ∇× (b · ∇u) + η∆j.

Taking the curl of (A.5) and using the above expression of ∇×, we find that ω
satisfies the following equations in cylindrical coordinates.

∂ωr

∂t + u · ∇ωr = ω · ∇ur + b · ∇jr − j · ∇br

+ν
(
∆ωr − ωr

r2 − 2
r2

∂ωθ

∂θ

)
∂ωθ

∂t + u · ∇ωθ + uθωr

r = ω · ∇uθ + ωθur

r + b · ∇jθ − j · ∇bθ

+ bθjr−brjθ

r + ν
(
∆ωθ − ωθ

r2 + 2
r2

∂ωr

∂θ

)
∂ωz

∂t + u · ∇ωz = ω · ∇uz + b · ∇jz − j · ∇bz + ν∆ωz

(A.6)

To rewrite the equation for j in cylindrical coordinates, we start with the term
∇× (u · ∇b).

∇× (u · ∇b) =
(
er

∂
∂r + eθ

1
r

∂
∂θ + ez

∂
∂z

) × [ (
u · ∇br − uθbθ

r

)
er

+
(
u · ∇bθ + uθbr

r

)
eθ + (u · ∇bz)ez

]

= er

[
1
r

∂
∂θ (u · ∇bz) − ∂

∂z

(
u · ∇bθ + uθbr

r

)]

+eθ

[
∂
∂z

(
u · ∇br − uθbθ

r

) − ∂
∂r (u · ∇bz)

]

+ez

[
1
r

∂
∂r (ru · ∇bθ + uθbr) − 1

r
∂
∂θ

(
u · ∇br − uθbθ

r

)]
We intend to write ∇ × (u · ∇b) as a sum of u · ∇j and a term to be determined
below. Since

j = ∇× b

= er

[
1
r

∂bz

∂θ − ∂bθ

∂z

]
+ eθ

[
∂br

∂z − ∂bz

∂r

]
+ ez

[
1
r

∂(rbθ)
∂r − 1

r
∂br

∂θ

]
.

u · ∇j = er

[
u · ∇jr − uθjθ

r

]
+ eθ

[
u · ∇jθ + uθjr

r

]
+ ez[u · ∇jz],

we obtain after a tedious calculation

∇× (u · ∇b) = u · ∇j

+er

[
∂u
∂θ · ∇bz − ∂u

∂z · ∇bθ + ur

r2
∂bz

∂θ − uθ

r
∂bz

∂r − br

r
∂uθ

∂z

]

+eθ

[
∂u
∂z · ∇br − ∂u

∂r · ∇bz − bθ

r
∂uθ

∂z

]
+ ez

[
1
r

∂(ru)
∂r · ∇bθ

− 1
r

∂uθ

∂θ · ∇br − u · ∇ (
bθ

r

)
+ bθ

r2
∂uθ

∂θ + 1
r

∂(uθbr)
∂r − ur

r2
∂br

∂θ

]
.
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One can derive the expression of ∇ × (b · ∇u) in cylindrical coordinates in a
similar fashion. In cylindrical coordinates the current density equations can then
be written as follows.

∂jr

∂t + u · ∇jr = b · ∇ωr + η
(
∆jr − jr

r2 − 2
r2

∂jθ

∂θ

)
+ Rr(u, b),

∂jθ

∂t + u · ∇jθ = b · ∇ωθ + η
(
∆jθ − jθ

r2 + 2
r2

∂ur

∂θ

)
+ Rθ(u, b),

∂jz

∂t + u · ∇jz = b · ∇ωz + η∆jz + Rz(u, b),

(A.7)

where Rr(u, b), Rθ(u, b) and Rz(u, b) are given by

Rr(u, b) =
[

∂b
∂θ · ∇uz − ∂b

∂z · ∇uθ + br

r2
∂uz

∂θ − bθ

r
∂ur

∂z − ur

r
∂bθ

∂z

]

− [
∂u
∂θ · ∇bz − ∂u

∂z · ∇bθ + ur

r2
∂bz

∂θ − uθ

r
∂br

∂z − br

r
∂uθ

∂z

]
,

Rθ(u, b) =
[

∂b
∂z · ∇ur − ∂b

∂r · ∇uz − uθ

r2
∂bz

∂θ

]

− [
∂u
∂z · ∇br − ∂u

∂r · ∇bz − bθ

r2
∂uz

∂θ

]
,

Rz(u, b) =
[

1
r

∂(rb)
∂r · ∇uθ − 1

r
∂bθ

∂θ · ∇ur − b · ∇ (
uθ

r

)

+uθ

r2
∂bθ

∂θ + 1
r

∂(bθur)
∂r − br

r2
∂ur

∂θ

]
−

[
1
r

∂(ru)
∂r · ∇bθ − 1

r
∂uθ

∂θ · ∇br

−u · ∇ (
bθ

r

)
+ bθ

r2
∂uθ

∂θ + 1
r

∂(uθbr)
∂r − ur

r2
∂br

∂θ

]
.
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