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The three-dimensional incompressible magnetohydrodynamic (MHD) system with only
vertical dissipation arises in the study of reconnecting plasmas. When the spatial
domain is the whole space R3, the small data global well-posedness remains an
extremely challenging open problem. The one-directional dissipation is simply not
sufficient to control the nonlinearity in R3. This paper solves this open problem when
the spatial domain is the strip Q := R? x [0, 1] with Dirichlet boundary conditions.
By invoking suitable Poincaré type inequalities and designing a multi-step scheme to
separate the estimates of the horizontal and the vertical derivatives, we are able to
establish the global well-posedness in the Sobolev setting H® as long as the initial
horizontal derivatives are small. We impose no smallness condition on the vertical
derivatives of the initial data. Furthermore, the H3-norm of the solution is shown to
decay exponentially in time. This exponential decay is surprising for a system with no
horizontal dissipation. This large-time behavior reflects the smoothing and stabilizing

phenomenon due to the interaction within the MHD system and with the boundary.
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1 Introduction
This paper focuses on the following 3D incompressible magnetohydrodynamic (MHD)
system with only vertical dissipation in a strip domain Q = R? x [0, 1],
[ 0,u+ (u-V)u+ Vp=vagu+(b-V)b, xed, t>0,
b+ (- -V)b=ndy3b+ (b-Vu,

V-u=V-b=0,

supplemented with the Dirichlet boundary condition

u|39=0, b|3Q=0, t>0.

Here u(x,t) = (u;(x, 1), uy(x, 1), us(x,t)) and b = (b, (x,t), by(x, t), by(x, t)) denote the fluid
velocity and the magnetic field, respectively, p(x, t) the total pressure, and the parameters
v > 0 and n > 0 represent the viscosity and resistivity, respectively. The MHD system is a
combination of the Navier-Stokes equations of fluid dynamics and Maxwell’s equations
of electromagnetism. They govern the motion of electrically conducting fluid such as
plasmas, liquid metals, and electrolytes, and have a very wide range of applications in
astrophysics, geophysics, cosmology, and engineering (see, e.g., [5, 7, 17, 41]). The MHD
system (1.1) focused here is relevant in the modeling of reconnecting plasmas (see, e.g.,
[13, 14]).

The goal of this paperis twofold: first to solve the global well-posedness problem,
second, to determine the precise large-time behavior of the solutions. The issues put
forward for study here are not trivial and can not be dealt with via existing approaches.
There are three immediate difficulties. The first is that the dissipation in only one
direction is not sufficient to control the nonlinearity. Extra regularizing properties
are needed in order to obtain time-integrable upper bounds for the nonlinear terms.
In the case of whole space R®, exactly due to this difficulty, the small-data global
well-posedness on (1.1) remains a challenging open problem. Clearly, we need to take
advantage of the domain @ and the associated boundary condition in order to solve the
well-posedness problem focused here.

The second difficulty is due to the presence of the boundary. In the process of
estimating the Sobolev norms of the solutions, we can no longer integrate by parts freely

as in the whole space case. This forces us to design a more delicate scheme to avoid the
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The Global Well-Posedness and Decay Estimates 19117

boundary terms. Observing that the horizontal derivatives of the solution are all zero on
the boundary due to the boundary conditions, we need to distinguish the estimates of
the horizontal derivatives from those of the vertical derivatives. In addition, we need to
estimate the time derivatives in order to control the vertical derivatives. This explains
why the estimates on the Sobolev norms of the solutions are much more involved than
those in the whole space case.

The third difficulty arises in the study of the large-time behavior. Powerful
methods have been created to determine the large-time behavior of fully dissipative
systems of partial differential equations (PDEs). Schonbek’s Fourier splitting scheme
has worked very well when the Navier-Stokes, the Boussinesq, or the MHD equations
involve full dissipation (see, e.g., [25, 44]). However, these methods can not be extended to
partially dissipated PDE systems. In fact, no existing method can be adapted to deal with
the MHD system with dissipation in only one direction. This paper intends to develop
new approaches that are capable of extracting the large-time behavior of anisotropic
PDE systems. This paper is able to resolve all three difficulties described here and
successfully establish the desired well-posedness and large-time behavior.

To give a precise account of our main result, we introduce the following notations

and norms,

v, = (v, V), Vpv = (0,v,3,v), Apv=0fv+03v,

2
W lZso =D D, 185122 q)

i=1 0<|u|<s

I DIs = If s + 1glEs, 1T DlEso = I 10 + 1191 Zs0-
Our main result can then be stated as follows.

Theorem 1.1. Assume that the initial data satisfies (ug, by) € H3(Q) with V- uy =0 and
V -by =0, and the zero boundary conditions on 92. Then there exists § > 0 such that, if

luollgsoq) + 1bgllgsoq) <8,
then the 3D MHD system (1.1) admits a unique global solution (u, b) satisfying
t
1@, bENIZs g + 1@ w(®), 3,51 ) + IVDD) I3 g + 2V /0 193u(D) 1500 AT

t
+ 21 /0 193B(0) 1250 g AT < 0(62 + 8% + [1(33uq, d3bp) 151 + ||<a§uo,a§bo>||§,l)
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19118 H.Lin et al.

for any ¢t > 0 and some uniform constant C. In addition, the following decay estimate
holds:

(@), D)l + 1 Bu(®), D@l gy + IVPO g (g < Ce €t (1.2)

for some constants C > 0 and C* > 0.
We make several remarks on Theorem 1.1.

Remark 1.2. The smallness condition on the initial data is only imposed on the L?-
norms of (uy, by) and its horizontal derivatives. There is no requirement on the vertical
derivatives. Therefore, the H3-norm of (ug, bg) is not necessarily small. In this sense,
our result is actually a global well-posedness without smallness assumption on the full

initial H3-norm.

Remark 1.3. The exponential decay estimate for | (u(t), b(t))|lgs in (1.2) is surprising if
we take into account of the fact that the MHD system concerned here has no horizontal
dissipation and the horizontal variables are in the whole space R?. This remarkable
large-time behavior does not directly come from the dissipation in the system, but rather
is a consequence of the smoothing and stabilizing effect of the interactions within the

MHD system and with the boundary.

Remark 1.4. A special consequence of Theorem 1.1 is the global well-posedness of the

3D incompressible Navier-Stokes equations in a strip domain,

hu+ (u-ViYu=-Vp+vijau, xe€Q,t>0,

V-u=0,
(1.3)

u(Xr 0) = uO(X)I

when the horizontal derivatives of u is sufficiently small. More precisely, if
||uo||H3.0(Q) <$

for sufficiently small § > 0, then (1.3) has a unique global solution u € L>(0, oo; H3(R)).

In addition, (u, p) decays exponentially in the sense that, for two positive constants C, C*
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The Global Well-Posedness and Decay Estimates 19119

and forall ¢t > 0O,

”u(t)”H3(Q) + ||8tu(t)”H1(Q) + ”Vp(t)”Hl(Q) < Ceic*t-

We remark that an important work by Paicu and Zhang [39] has investigated the small

data global well-posedness of (1.3) in the anisotropic Besov setting.

To place our result in a suitable context of existing research, we describe some
of the closely related work on the incompressible MHD equations. Due to their physical
applications and mathematical importance, the global well-posedness, stability, and
large-time behavior problems on the MHD equations have recently attracted consid-
erable interests from the community of mathematical fluid mechanics. Many recent
efforts are devoted to various partially or fractionally dissipated MHD systems. Since
classical approaches designed for systems with full dissipation no longer work, new
techniques and methods have recently been developed to deal with anisotropic MHD
equations. Significant progress has been made. Existence and regularity results for the
2D MHD equations with various partial or fractional dissipation has been established
(see, e.g., [9-11, 19, 20, 31-33, 46, 54, 55]). Local and global well-posedness on the 3D
MHD equations with standard dissipation or various form of hyperdissipation has also
been obtained (see, e.g., [12, 21, 28, 34, 35, 45, 48-50, 53, 56, 57]). The study on the well-
posedness and stability problem on the MHD equations near the trivial solution or a
background magnetic field has recently gained a lot of momentum. There are substantial
developments (see, e.g., [3, 6, 8, 18, 22, 26, 27, 29, 30, 36, 37, 40, 42,43, 47,51, 52, 58-60]).
Especially, [3, 6, 22, 26, 36, 52] reveal and rigorously confirm the stabilizing phenomenon
observed in physical experiments on MHD turbulence (see, e.g., [1, 2, 15-17, 23, 24]). We
remark that previous work on the 3D anisotropic MHD equations requires either the
velocity equation or the equation of the magnetic field has dissipation in at least two
directions. Consequently, none of the previous approaches can be applied directly to
solve the problems concerned here.

We explain the main idea in the proof of Theorem 1.1. Naturally the proof is
divided into two main parts with the first devoted to the global well-posedness and the
second to the decay estimate. The center piece of the global well-posedness is the global
bound on ||(u, b)||g3. Due to the presence of the boundary, we can no longer integrate by
parts freely as in the whole space case. Our observation is that the horizontal derivatives
of the solution are all zero on the boundary due to the boundary conditions on u and

b. On the contrary, the boundary-values of the vertical derivatives are unknown. To

€202 J8qWBAON 6Z UO J8SN [00YdS MeT - swe( 840N JO Alsieniun Aq Z6EYE0.L/S1 LE1/22/€202/3191e/uiwil/wod dno olwapese//:sdiy Wol) papeojumMo(]



19120 H.Lin et al.

accommodate this observation, we design a multi-step scheme to estimate ||(u, b)||gs.
The first step focuses on the norm of the horizontal derivatives, namely ||(u, b)||g30. With
no boundary terms generated in the process, our attention focuses on how to control
the nonlinearity by the vertical dissipation. To make up for the lack of dissipation in two
directions, we make use of the boundary conditions to derive strong versions of Poincaré

type inequalities such as

||f||L2(Q) < C||83f||L2(Q)r

||f||LOO(Q) = C”agf”HZO(Q),

which are valid for any functions f with zero boundary conditions. More information
can be found in Section 2. In addition, we use various anisotropic upper bounds for triple
products generated from the nonlinearity. After a long process of estimating many terms,

we are able to obtain the following energy inequality,

t
1w, b) 12,0 + min{v, n} /0 (I103u(T) 150 + 1355(0)[1530) d

t
< Cll(ug, b)ll3s0 + C /0 I, BY(D)llgso (195u(T) 1250 + 195D(T)[153,0) d.

Remarkably this inequality is self-contained and involves no vertical derivatives. An
application of the bootstrapping argument then yields a global bound on ||(u, b)|gs.0
as well as on [j 185w() 120 + 103b(r) 1250 dr when the initial norm ||(ug, by)llgso is
sufficiently small.

However, the lack of boundary conditions on the vertical derivatives prevents us
from estimating the norms of the vertical derivatives directly. Our strategy is to rewrite

the equation of w in (1.1) as

—Au+Vp=f, x€Q,t>0,
u(x,t) =0, xedd, t>0, (1.4)
V-u=0, xeQ, t>0.

with

fi==u— @ -VYu+@®d- -V)b— Aju,
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The Global Well-Posedness and Decay Estimates 19121

and the equation of b in (1.1) as

—-Ab=g, xe€Q,t>0,
b(x,t) =0, xe€9d0, t>0, (1.5)
V-b=0, xe€Q,t>0

with
g:= —atb —(u-V)Yb+ b -Viu— Ahb.

The regularity theory on the Stokes system in (1.4) and the Poisson equation in (1.5) then
converts the estimates of the H3-norm of (u, b) into the estimates of the H'-norm of f and
g. In particular, we need to bound ||(3,u, 3,D) || . This is accomplished in the second step.
Naturally, this step is divided into the estimates of ||(9,u, 3,b)||;2 and of [|(Vd,u, V3,D)|| 2.
Moreover, due to the lack of boundary conditions for the vertical derivatives, we need to

further write
1(Vagu, Vob)IIZ, = [|(Vy,d,u, Vi d;b) |17, + 1| (39,u, d59,b) |7,

and deal with the horizontal derivatives and the vertical derivatives accordingly. We are
able to show that

C ¥ 1(33w,d3b) (D)2 4 o d
uglizz + Ibgllge < Ce®lo 1B Olsod (b 312 ) (02uq, 02bo)I2),

192l + 19yl 2 < CeC s (HHITuIDIOIL)lsuab) g

x (I(ug, b) 132 + 1(VdZug, VZby) |l 12).

The final step is to invoke the regularity theory on the Stokes system and the Poisson
equation to establish the desired global bound on ||(u, b)||gs-

The exponential decay estimate (1.2) in Theorem 1.1 is established through three
stages. The first stage proves the exponential decay rate for ||(u, b)l|gso + (33, 3D) ;2.
This is achieved by first deriving an equation for Bt(v||83u||§2 + 17||83b||§2) and then
combining with the equation for 9,||(u, b)||g30 previously obtained in the well-posedness

part. This process leads to a differential inequality of the form

9,X(t)+ CX(t) <0
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19122 H.Lin et al.

for a constant C > 0 and X (t) = ||(u, b)||g3.0 + [1(d3u, 33D)||;2. The second stage focuses on

the exponential decay rate for ||(3;,u, 3;b)|Iz1,
1@, 9,0) @)1 < Ce™, (1.6)

where C > 0 is a constant. (1.6) is verified by first deriving a refined energy inequality

for
1@u, 3b)1 20 + vIId50,ullZ, + 1lld59,b]12,.

The precise inequality and its proof are provided in Proposition 4.2. The final stage
invokes the regularity estimates of the Stokes system (1.4) and the Poisson equation (1.5),
and combines the exponential rates from the first two stages.

The rest of this paper is divided into three sections. Section 2 presents three tool
lemmas to be used in the proof of Theorem 1.1. The first contains three Poincaré-type
inequalities, the second provides several anisotropic upper bounds for triple products,
whereas the third states the the existence and regularity result on a Stokes system
with no-slip boundary condition. Section 3 is devoted to the proof of the global well-
posedness part of Theorem 1.1. It is further divided into four subsections. Section 4
proves the exponential decay estimate of Theorem 1.1. It first derives two main proposi-

tions and then use them to establish the desired decay estimates.

2 Preliminary

This section prepares three tool lemmas to be used in the proof of Theorem 1.1. The first
lemma provides several Poincaré-type inequalities, which allow us to bound the L?-, L>°-
and L*-norms of a function f defined on © in terms of suitable norms of d,f. This is
one of the reasons that we can control the nonlinearity of the MHD system in terms of
the vertical dissipation. They play a crucial role in achieving the time-integrable upper
bounds for the nonlinear terms.

The second lemma presents several anisotropic upper bounds for triple products.
Nonlinear terms in the MHD system emerge as triple products in the estimates of the
norms on the solutions, and this lemma can bound such products by selectively placing
partial derivatives on the components of the products. This helps maximally make use
of the anisotropic dissipation. These type of inequalities have proven to be extremely
important in the study of the 2D anisotropic PDEs (see, e.g.,[10]) as well as 3D anisotropic
PDEs (see, e.g., [52]).
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The Global Well-Posedness and Decay Estimates 19123

The third lemma states the existence and regularity result on a Stokes system
defined on @ with no-slip boundary condition. It will be used to estimate the vertical
derivatives of the solutions such as [|03u||g2(q)-

We now state and prove the first lemma that contains several Poincaré-type
inequalities. Standard Poincaré inequalities require the gradient, but what we need here

is mainly the x;-directional derivative.

Lemma 2.1. Let @ = R? x [0, 1]. Assume f|,5 = 0, f € H'9(Q) and 3;f € H>°(Q). Then

for some constant C > 0, we have

”f”LZ(Q) = C||a3.f||L2(Q)r (2.1)

“f”LOO(Q) =< C”asf”HZ,O(Q), (2.2)
1 1 1 1 1

fllzay < CIFIS IVLFIZ, 18517, < CIVAFIZ, 185F1) 2. 2.3)

Proof of Lemma 2.1 According to the one-dimensional Poincaré inequality,

Iflzz, < CloaFlz,

Squaring each side of the inequality above and integrating over (x;,x,) € R? yield

Due to f];o = 0, by Hoélder's inequality and Poincaré’s inequality, we have

1 1
fllzge < V2IF1Z 105f11%, < Clldafllyz -
X3 Lx3 LXS X3

By Minkowski's inequality and the Sobolev imbedding inequality,

il = | Wl

o =l

'X1.X2

2
LX3

=c|iosflg [, =Closflen.
x1x2 L3,
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19124 H.Lin et al.

Similarly,
3 1
Flze = |IFlsg, |, = [Py Nofly
X1 ,X9
i
=c|ifig,, |7, 102515
X3
o, 1ol | oyt
<
- L L3 13, 12
1 1
< CIF IV S 2 135 1 < CIVAF I 10oF 1
This completes the proof of of Lemma 2.1. |

The second lemma presents several anisotropic inequalities for triple products,
which play a crucial role in establishing the global bound for ||(w, b)||gs0.q, and for the
decay estimates. This lemma can be shown by means of the proof in [52] together with

Poincaré inequality ||f||L003 < Cll95f ;2 for fl,q =0.
X X3
Lemma 2.2. Let Q = R? x [0, 1]. Assume f|,q = 0. Then,

1 1 1 1

1 1 1 1 1

1

The last lemma of this section states the existence and regularity result on a
Stokes system with no-slip boundary condition. This lemma is taken from Beirao da
Veiga [4].

Lemma 2.3 (Stokes estimates). Let @ = R? x [0, 1] be the strip domain. Let f € H*(Q)

with k > 0 being an integer. Assume v € H!(Q) is the weak solution of the Stokes
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The Global Well-Posedness and Decay Estimates 19125

equations

—Av+VP=f, inQ,
V.-v=0, in €, (2.7)
v=0, onof.

Then (2.7) has a unique strong solution (v,P) € H*2(Q) x H**1(Q) and the following

estimate
||VV||Hk+1(Q) + ||VP||Hk(Q) = C”f”Hk(Q)l (2.8)

holds for some positive constant C.

3 The global well-posedness

This section proves the global well-posedness part of Theorem 1.1. Since the local well-
posedness can be shown via a standard procedure (see, e.g., [38]), our attention will
be focused on the global bounds. As aforementioned in the introduction, we need to
distinguish the estimates of the horizontal derivatives from those of the vertical ones.
In addition, we also need to estimate the time derivatives in order to achieve suitable
bounds on the vertical derivatives. The whole process involves the estimates of many
terms and is very lengthy. For the sake of clarity, we split the proof into four parts. The
first focuses on the estimates of ||(u, b)||g30, the second bounds || (u;, b,) |z, whereas the
third presents the estimates on ||(u, b) || y3. The last part assembles the energy inequalities
from the first three parts, establishes the desired global bounds on (u,b) and thus
finishes the proof on the global well-posedness. Naturally, we divide the rest of this

section into four subsections.

3.1 Estimates for ||(u, b)llgs.0

This subsection estimates the horizontal derivatives of the solution. We use the crucial
fact that, due to the boundary conditions on u and b, the horizontal derivatives of u and

b are also zero on 92, namely
k k
9 ulyg = 0;blyg =0

foranyi=1,2and k=1,2,3.
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19126 H.Lin et al.

Proposition 3.1. Assume (ug, by) € H39 and let (u, b) be the corresponding solution to
(1.1). Then, (u, b) satisfies

t
I(w, b)[143,0 + min{v, n} /0 (193u(0) 1250 + 135b(T)[125,0) dt

t
< Cll(ug, b) %0 + C /0 1w, DY) g0 (105w 20 + 13550 2s0) dr. (3.1)

Proof of Proposition 3.1 Taking the L?-inner product of (1.1) with (u, b), integrating by
parts and applying V- u = V- b = 0 and the boundary conditions, we find

1d

5 dt(nuniz + 11112 + (vlIdzull3 + nlldzbl3) = o. (3.2)

Since the norm |(u, b)||gs0 is equivalent to |[(u,b)ll;z + [[(w, b)llgs0 in 2, it suffices to
establish the estimate on ||(u, )| z30. Applying 8? (i = 1,2) to (1.1) and taking L?-inner

product of the resulting equations with afu and 8i3b, respectively, we obtain

2 2
1d
52 2 (107wl + 107b1%) + X (viafosullZ, + nlo}a;b1%; )
i=1 i=1
=L 4L+ 4+, (3.3)

where
2
I =—- Z/af(u -Vu) - 8i3u dx,
i=1
2
I, =z/[a§(b -Vb) —b- Vbl dPu dx,
i=1
2
Iy =— Z/af(u.vzp) -93b dx,
i=1
2
I, =Z/[ai3(b -Vu) —b-Vaiul - 37D dx.
i=1

Here, we have used

/8i3u~8i3Vde:0 and /b~V(8i3u~8i3b)dX=O
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The Global Well-Posedness and Decay Estimates 19127

by integration by parts, V-u = V-b = 0 and the boundary conditions 8i‘°’u|m = 3i3b|asz =0.

To bound I;, we write u - Vu = uy, - V,u + ugd;u to decompose I; into two parts,

2 2
/- —2/83<uh VW - fudx — z/ag(us dau) - %u dx
i=1 i=1

= Il,l +Il,2‘

By Leibniz’s formula, we further split I; | into three terms according to the order k of the

derivative.

2 3
k [ ok, 43—k 3 o
Ly=-> >0 / Oup - 97 "Vpu-djudx =111 + 115+ 1115
i=1 k=1

By Hélder's inequality, Vjulyq = Viulyg = 0, and (2.1) and (2.2),

2 2
L1+ 3= —32/ o;uy, - 8i2th . 8i3udX — Z/ 81-3uh -Vyu- 8i3udX
i=1 i=1

2
3 3
C O IVpuplie I Viull 2193wl

i=1

IA

< Cll9sVyupllgzolldguligsollullgso

< Cllullgsolldguls,- (3.4)

Applying the anisotropic inequality (2.4) and the Poincaré-type inequality (2.1), we have

2
I ,=-3 Z/al?uh - Vpdiu - 3udx
i=1

1 1

2
1 1 1
2 2 2 2 2 3
C > 107ulZ, 1020, ull % 19; V5wl % 118,0; V5l %1183 05ull 2
i=1

IA

< ClIViullzl95ViulZ,. (3.5)
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19128 H.Lin et al.

For I, ,, we split it into two parts,
2

2 2
I ,= —Z C'§/ 8fu3 af*kasu dudx — Z/ Bugydgu - Pudx,
i=1 k=1 i=1

=I5+ 29

An argument similar to (3.5) and (3.4) yields

2 2
1 1 1 1
k 2 k 2 3-k 2 3—-k 2 3
Ipy < C D 0fugl 2 100, ugl % 1107 05 ull % 1197 0,05l 21107 05 ul 2
i=1 k=1

2
< Cllullgsolld3 Vi tllgzo,

and

2 2
Lo, =Z/8f83u3u~8i3udx+2/8i3u3u-8?83udx
i=1 i=1

2
3 3
< CY 110305ull g2 llull g 193wl 2

i=1

< ClIVadgull 2195wl 2o | Vaulz < Cllullgsolldsul s, (3.6)

where we have used integration by parts for I, , ,. Collecting all the estimates above

yields

I) < Cllullgaolldgullss,o- (3.7)
I,,I3, and I, can be dealt with similarly. For I,, we first rewrite it as

I

/a}“b -337*Vb . p3udx

2 3
ot s 32305 [ oty fuda
i=1 k=1

2 3
2.2.6
i=1k=1

2 3
2.2.63
i=1k=1

= I2,1 + 12'2.
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Furthermore, we split I, ; and I , in terms of the index k to get
2 3
I LR AT
i=1 k=1
=haathazt s
2 2 2
Ly=> Zcé‘/ by 92 *a,b - 83udx + Z/ 9%by 05b - 8u dx,
i=1 k=1 i=1

=Iy1+1p59:

A direct application of (2.2) gives

2
Ly 41,3 <C O IVblie I Vabl2 103 ullz

i=1

< CIVibliz (195 ViulZ; + [V5,93b1520)-

As in (3.6), integration by parts and (2.2) yields
2 2
i=1 i=1

2
< > (19393D 1 2 11bll < 183wl 12 + 193D 2 11bll o< 193 05w 2)
i=1
< C||V233b||Lz||33b||Hz,o lwell 3o + C||b||H3,0||33b||H2,0||33u||H3,0
< Cllw, B)llgzo (1956l 70 + 193b11530)-

By (2.4) and (2.1), I, ; , and I, , ; can be estimated as

2 2 2
Lo+l = SZ/aizbh-vhaib.afudx+ZZc§/a}“b3 937 Ka,b - 9udx
i=1 i=1 k=1

2 1 1 1 1
< C D 1107blI % 11970,b1| 2,119, V3, 11959, V3, b1| % 119 05wl 2
i=1

2. 2 1 1 1 1
+C> > 195D511 2, 1089, bsll %1103 05b11 2, 193 7%9,05b11 2%, 1183 05 ull 2
i=1 k=1

< ClIbligao(185ullZa0 + 19351 %3,0)-
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19130 H.Lin et al.

Consequently,
I, < Clw, b)ligao(1d3ul®s0 + 133b11250)- (3.8)

Using a similar argument as in the estimates of I} and I,, we can show
Iy + I, < Cll(w, b) g0 (185Ull a0 + 195DlI7a.0)- (3.9)

For the convenience of the readers, we give some details. First, we still split them as

2 3
L+I=-) chf/(aikuh - 337*v,b — okby, - 37 Fv,w) - 9%b dx
i=1 k=1

2 2
-> Zcé‘/(a{“us 927 Ka,b - 83b — 0kby 83 Fo3u - 93b)dx
i=1 k=1

2
- Z/Ra(afus d3b - 33D — 83by d3u - 37b) dx
i=1

=1I341,1 + 13412 T 13413 T 3421 T 13422

where I, ; , Tepresents three terms of the first integral term in terms of the derivative k.

AsinlIj j, I3, through I3, ; 5 can be bounded by

2
Iogyp+ 13405 < C D (10wl 107 Vibligz + 1195 o0 107 Viyull2) 1193 b1l 2
i=1

2
+C D (103 ull 21 Vbl + ClIOZBII 2 I Vyull o) 193 b1l 2

i=1
< Cllw, b)llgso(ld3ullZs0 + 1351130,

2 1 1 1 1
Ipg 15 < C D 07Ul 21070, ull 510, V5bl 2 19, V5,0,b1 2 197 05D 2

i=1

2 1 1 1 1
+C D 1107bII % 11970, b1 2 110; Vi ull 2 110,05 Vi ull 2 103 95b ) 12

i=1

< Cllw, b)l|gso(ld5ullZs0 + 135blI%0)-
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Similarly to I, ,, we have
Nk (5 1ok 1 5 13—k b 43—k 7 193
Ingp1 < C D D I10Fusll% 190, ugll % 1107 0511 %1107 0,05b11 % 103 95D 12
i=1 k=1
ok 1} paka o yEaaka sk 2 13
+C DD 110Dyl 11050, byl 2 107 0gull 2 107 0,05ull 21107 0B 2

i=1 k=1

< Cll(w, D)l g0 (195wl 2.0 + 19501153.0)

and
2
Iyygz = Z/(a§a3u3 b-33b+83u; b-9%93b) dx
i=1
2
- Z/(a§a3b3 u-33b+82byu- 839,b) dx
i=1

2
< D (19305ull21193bl 2 + 193wl 2 103 5b1l 2) 1Bl oo
i=1

2
+C D (10793l 2193B1I 2 + 103121197 03b112) [ wll o

i=1

< Cllw, b) | gao(ld3ullZa0 + 135D11530),

which, together with the estimate for I, ; ; through I, ; 3, gives the desired bound (3.9).

Inserting (3.7), (3.8), and (3.9) in (3.3) and combining with (3.2), we obtain

1d

2
> 2 (10 DIZ: + 3107w, 9301172 ) + co 19wl Fso + bl fso)
i=1

< Cll(w, B)llggao (135l %0 + 135511 250). (3.10)

where we have used the fact that ||3;v| 3.0 is equivalent to

2
195112 + D 1197 05v I 2

i=1
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19132 H.Lin et al.

in Q. Then integrating (3.10) over [0, t] for any ¢ > O yields the desired estimate. This
completes the proof of Proposition 3.1. |

3.2 Estimates for ||(u¢, by) |l

The first subsection has obtained an energy inequality involving (u,b) in H%Y, i.e., the
horizontal derivatives of (u,b). To establish the well-posedness in H?, we also need a
bound for ||(33u, 93b) || z2. Unfortunately, [|(d5u, 95b) |52 can not be estimated directly due
to the lack of boundary condition on the vertical derivatives of (u, b). A key observation
is to resort to the elliptic regularity theory and the Stokes estimates to achieve the
goal. To do so, we need to establish an upper bound on ||(u,, b)llz1. This is shown by

Propositions 3.2 and 3.3 below. To shorten the notation, we sometimes write f; for d,f.

Proposition 3.2. Let (u,b) be the solution of the system (1.1). Then, for some constant
C >0,

C [E11(03u,83D) ()12 4 o d
lugllgz + lIbyllge < CeJo 10 HDOlsod™ (b2, + 1103 ug, 83bo)lz2).- (3.11)

Proof of Proposition 3.2 Applying 9, to the system (1.1) yields

Izu+ (u-Vyw), + Vp, = vigqu, + (b- V)b),,
attb + ((u . V)b)t = 7133sbt + ((b : V)u)t/
V-u,=V.-b =0,

(3.12)

_ut|as2 = bylyq = 0.

Taking the L?-inner product of (3.12) with (u;, b;) and applying the boundary conditions

Uslyo = bylyqg = 0, we have

1d
> 7 e b2, + (vIdgull?; + nlldgb,lI%;)
= —/(u -Vu), - uth—i-/(b -Vb), - u,dx — /(u -Vb), - bth—i-/(b -Vu), - bydx

=J 4+ Jy (3.13)

€202 J8qWBAON 6Z UO J8SN [00YdS MeT - swe( 840N JO Alsieniun Aq Z6EYE0.L/S1 LE1/22/€202/3191e/uiwil/wod dno olwapese//:sdiy Wol) papeojumMo(]



The Global Well-Posedness and Decay Estimates 19133

By u;lyq = 0, integration by parts, and the inequalities (2.2) and (2.6),

J, =— / duy, - Vyu - udx — / d;ug 03U - U dx

1 1 1 1
2 % 1z 1z z
< IVhtlpse lugllze + Cllozuelizz 193wl 2119 93l 2 | 9203 ull 12 10; 9293wl 2 [l 2

< Cllo3Vpullgzollugllz2[19suslizz + Clldguyliz2 103wl 20 [l ll 2

v
< Clldgulaollul?, + ;L||asut||§2, (3.14)

where we have used the fact ||u,|l;2 < C||d3u;ll;2 (the Poincaré-type inequality (2.1)). With

a minor modification of (3.14), we get
v
J3 = Cllasbllgzaolibelizz + 5 1352 72- (3.15)
Also,

J2+J4=/bt-Vb~uth—i—/bt-Vu-bth

n
= CUI3ulFa0 + 193Dl 5720) |y DOIZ2 + 5 195Dy 1 72- (3.16)

Substituting (3.14), (3.15), and (3.16) into (3.13), we obtain

d
&n(ut,bt)niz + (VI1dguellZ + nlldghsl12) < CAUl9zulZs0 + 1105b11550) 11 (g, BHIZ.
Then, Gronwall’'s inequality implies
C [E11(03u,d3b) ()12 4 o d
gz + lIbgllgz < Ce®Jo 1O AP o™y b2, + 1103 ug, 83b0)l2).-

Here we have used

l(w;(0), b(0)ll 2 < C(Il(wg, bo) 152 + 1135 ug, 35by)lI12),
which follows from

3,u(0) = —ug - Vug — Vpg + 05ug + by - Vb,

3,b(0) = —ug - Vby + 32bg + by - Vuy,
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19134 H.Lin et al.

with the pressure determined by the elliptic equations
—Apy =V -(uy-Vug—by-Vby), x€Q, Vpy-n=20diuy-n, x € Q.

This completes the proof of Proposition 3.2. |

Proposition 3.3. Let (u, b) be the solution of the system (1.1). Then, for some constant
C=>0,

L+HI(Vu, VB)(0)12, ) | @31, d3b) ()11

3,097

t
192z + Vbl 2 < Ce“ho

< (I(ug, bo) 52 + (V3Zuq, VAZbo)llz). (3.17)

Proof of Proposition 3.3 Taking the L?-inner product of (3.12) with (u,b,) and
(Apus Apb,), respectively, integrating by parts, and applying the boundary conditions

for u, b, we have

%%(vnasutuiz +00193b411%2 + 1(Vhuyg, VibIIZ2)
(11 be) 122 + V113 Vgl + 103 Vybyl12 )
= —/(u~Vu)t-utth+/(b~Vb)t : uttdx—/(u-Vb)t-bttdx
+/(b -Vu); - by dx+/(u -Vu), - Apu, dx — /(b -Vb), - Ayu,dx
~|—/(u -Vb), - Apb,dx — /(b -Vu); - Apb, dx
=K, +---+Kg, (3.18)

where we have used

/th-utth=0 and /th~Ahuth=0.

Firstly, K, can be written as

Kl:_/ut.Vu.uttdx—/u-Vut-utth.
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By the anisotropic inequalities (2.5), (2.1), and (2.2),

1 1 1 1 1
2 4 4 2 2
K = Cllogugll 2 1105wl 1210205 ull 2 1 VUl 210, Vil o gl + Cllwlipee IVugll 2 llugll 2

1 1 1 1
< Clldgusll 210505l 12 I VUll 2 19 Vill 2 1wl 2 + Clldgullgzo Vgl g2 gl 2
< CA + VU205l 4o Vit 12 + (= 18,052, 12 + ~ 122,112
< CQL+ VUl 105ull2o I VUelzz + (7519203t 72 + 7 tkelz2 )

where we also have used
3 3
18, Vuullf2 < Clldzdy ul juo-
Similarly, we have
n 1
Ky < C(L+ [VBIE) 0551320l YDyl + (3 10295Del %2 + 7 el ).
3 3 3 3
Ky < Clloguuyll 2110505l 2 VDIl 2 10, VDI 2 1Byl 2 + Clldaull g2 | VDl 2 1Byl 2
v 1
< CL+ IVBIE) (05U, 05D a0 I (Vuy, VEOIE: + (35 102051172 + 3104l 22 )
3 } 3 }
K, < Clld3b, 2 110503b4ll 2 1 Vull 2 19; Vil /2 1Byl 2 + Cll9bll gz | Vgl g2 1Byl 2
n 1
< C + IVul%) (33w, 33b) 1250 | (Vuy, VD) 12, + (gnazagbtniz + annniz).
To deal with K5, we decompose it as
Ky = —/tht -Vu - thtdx—/ut -VViu - thtdx—/th -Vu, - Vyu,dx

Applying (2.6), (2.4), and (2.2) to Ks51.K55, and Ks 3, respectively, and combining with (2.1),
we get
i i i i
K51 = CllogVpullpz IVull 210, Vull 2 19, Vull 2110, 9 Vull 2 | Vi ugll 2

2 2 v 2
< CllogullgaollVuelya + %”%tht”Lz, (3.20)

1 1 1 1
2 2 2 2
Kiy = Cllugllp2 118y ugll 2 IV VRl 2110,V Vi ull 121193 Vi tg l 2

v
< ClldsViull 2ol Vu 2, + %naavhutniz,
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19136 H.Lin et al.

and

K53 < [IVpullpee VUl 211 VR Ul 2 < CllO3 ViUl g2oll VU li2 1103 ViUl g2

2 2 v 2
=< C||83th||H2,0||Vut||L2 + %”asvhut”Lz- (3.21)
Thus,
Ky < Clogul 20l Vi1 + — 1185 Vit 12
5 = 3Ulig3.0 thr2 10 3Yh*tlig2-

By a similar argument as the one for K5, we can show the estimates for the rest of terms
in (3.18). First,

Kg+Kg = / Vb, - Vb - Vyu, +/bt - VV,b - Vyu, + / Vb - Vb, - Vyu,
+ / Vhbt -Vu - Vhbt + / bt . Vth . Vhbt + / Vhb . Vut . Vhbt. (322)
Then invoking (3.20), we obtain

/Vhbt -Vb- tht =+ / Vhbt -Vu - Vhbt

< Cl3u, 33D) 125,01 (Vuy, V)12 + - 1185Vy,byl12.

2
24
Similarly to Kj,,
/bt : VVhb~tht+/bt - VVu - Vb,

< Cll3Vatt, 33Vid) 20 IVDel 22 + (551105 Vel 22 + 55 105VbylF2)-

Also, by (3.21)
/Vhb~Vbt-tht+/Vhb-Vut-Vhbt
< Cl105 Vbl a0 (Ve YOOI + (5510 Vnuel + 2105V, %)

Consequently, we have

v n
Ko+ Kp = Cll05u, 055) a0l (Vup, Yoz + (55105 Vatel 22 + 3 105Vaby 2.
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Analogously,

K7=—/tht-Vb-Vhbth—/ut-VVhb-Vhbth—/th~Vbt-Vhbth

IA

v n
Cll @514, 35D) sl (Vaty, VBOI 2 + (15105 VitelFe + 3105 Ve )-

Substituting all the estimates above for K; through Kj into (3.18), we have

d
= (V105uelZ2 + nll3sb 7z + 1(Vhuy, Vibol2)
+ (1 e 12 + V1103 V5 Ul + 11133 V,b) %)

< C(L+ [1(Vu, VD)) (3w, 335) 1 25,0 1 (VUy, VB2,
Using the inequality |ug - Vugllgn < C ||u0||12qZ in the equation of (u,(0), b,(0)), we have
1(ws(0), by (Ol g1 < C(II(wg, bo)lI52 + (VZug, VIZbo)llL2). (3.23)

Gronwall's inequality with (3.23) then leads to the desired estimate of Proposition 3.3H

3.3 Estimates for | (d3u, 93D)||2 and ||(u, b)|lgs

This subsection presents the estimates for [(d;u, d3b)|ly2 and thus for ||(u,b)|gs. The
approach here is to invoke the elliptic regularity theory and the Stokes estimates. For the
sake of clarity, we state the results in two propositions with Proposition 3.4 containing
the H?-bound and Proposition 3.5 the H3-bound.

Proposition 3.4. Let (u, b) be the solution to the system (1.1). Then, we have

IVullg: + IVPllzz + 1bllg2 < C(10gw, 9D) 2 + (Vi Vb ligro (IVullgn + 1VBIgn)

+ 1(ARU, Apb)iz2). (3.24)

Proof of Proposition 3.4 We can then rewrite the velocity equation and magnetic
equation of (1.1) as
—Au+Vp=f, x€Q,t>0,
u(x,t) =0, xe€ed, t>0, (3.25)
V.u=0, xeQ, t>0,
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19138 H.Lin et al.

and

—-Ab=g, xeQ,t>0,
bx,t) =0, xe9Q, t>0, (3.26)
V-b=0, xe, t>0,

respectively, with

f=—du— (W -Vu+ @ -V)b—A,u,

g:=—0b—(u-V)b+ (b -V)u— Ayb.
It follows from the Stokes estimates (2.8) that
IVullgr + IVpllgz <C(I18:ulizz + 1w - Vyulgz + (B - V)blizz + | Azullz).
By Hoélder's inequality, (2.3) and Sobolev’s imbedding inequality,

I - Vyullpz <llupliza | Viullge + lusliza 1 95ulle
2 3 o202 2
<CIIVupllZ 133upl% 192Ul 135 V,ullZ

1 1
+ ClIViusli 72 195usll 7> 105wl

=ClIVpulgro [IVUllgr, (3.27)
where we have used the divergence-free condition for u. Similarly,
(b - V)bllg2 <ClIVybligio VDI
Thus,
IVullgr + 1IVpllz =CUI0ullzz + IVpullgio IVUllgr + IVRbllgio IVBlg + [ Apullz2). (3.28)
The bound for b can be obtained by applying the classical elliptic regularity theory,

1Bl <C(10,bllz2 + (Vs Vblgno 1(Vee, VB lgn + 1 Apbll 2 ) (3.29)
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after we have applied the bounds

(- V)bllzz <CUIVpulzz + IVEDIL2) (IVullz2 + VBl ),

(b - Vyulzz <C(IVybligz + 1 Viullz2) (VB2 + [ Vullg),
which follows from a similar argument as (3.27). The estimates in (3.28) and (3.29) lead
to the desired bound. This completes the proof of Proposition3.4. |

Proposition 3.5. Let (u, b) be the solution to the system (1.1). Then we have

IVUullgz + VPl < Cllugllgn + 1wl + 15152 + 1Ay ulg0),

16llgs < CUIbellig + Iullg2 VBl + 16 g2[IVullgr + [ ARbIg10).

Proof of Proposition 3.5 The Stokes estimates applied to (3.25) yield
IVullgz + IVPllg < Cliugdlg + 1w - Vullg + 116 - Vbl + [Apullg)
< Clluglign + lulz + 1B15: + 1 Apulgio + 1952, ullz2).

By integration by parts, Holder's inequality and Young's inequality, the last term on the

right side above can be estimated as

1

3 1 1
103 Apull2 = (/Bgzvhu.thhudX) < 05 Vyul % 1 ViullZ
1 C, 3
< 55195 Vaullzz + 1V ulze. (3.30)
Therefore,

IVUllgz + VPl < Clluglgn + Nl + 15172 + 1Ay ullg10)-

Next we show the estimate for ||Vb| 2. Applying the classical elliptic regularity theory
to the equation (3.26) and using Sobolev’s inequality, we have
Ibllgs < CUIDellgn + lw- VOlgn + 116 - Vullgn + [1ARDlIg1)
< CUIbeligr + llullpoo VDI + 1Bl IVUllgr + 1 ARDIg10 + 193A,DlI12)

< CIbellg + lullg2 VBl + [1bllg2 IVulig + 1ARDI g0 + 195 A,b112).
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As in (3.30), we also have
1 .2 C o3
135 8nDlz2 < 5= 105 Vpblipz + 7 1 V3blIzz.
Then, we obtain
1bllgs < CUIbellgn + ullg2lIVblign + I1bllg2 | Vullg + | Apbligo).

This completes the proof of Proposition 3.5. |

3.4 Proof of the global well-posedness part of Theorem 1.1

This subsection completes the proof of the global well-posedness part of Theorem 1.1

by combining the energy estimates obtained in the previous three subsections.

Proof of the global well-posedness. First we apply the bootstrapping argument to (3.1)
in Proposition 3.1 to establish a global bound for |(u,b)|/gs0 and the time integral of
185u(t) 25,0 + 193b(1)[1%5, under the condition that the initial H*%-norm is sufficiently
small.

Denoting

t
E®) = sup (|u(m)Zs0 + 1BDI%e0) + /O (103u(D) 1530 + 1135D(D)I230) d,

Oo<t<t

we obtain from (3.1) that
3
E(t) < agE0) +a,E2(t) (3.31)

for some constants a; > 0 and a; > 0. We assume that the initial norm is sufficiently

small, say

1 M
I (g, b0)||H3,0 <6 < E a_ (3.32)
0

To apply the bootstrapping argument, we make the ansatz that

1
E(t) <M := —. (3.33)
4a7
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Our goal is to show that E(¢) actually admits a smaller bound, say
E) < M
= 2 .

By (3.31), (3.32), and (3.33),

E() = agE(O) + 0, EFDE®) < a8 + B0,

or

2 M
E(t) < 2a08” < =, (3.34)

which shows that E(t) actually admits a smaller bound. The bootstrapping argument

then asserts that (3.34) holds for any time, namely,

t

(1wlZs0 + 1b11Zs0) + /0 (193w 530 + 1855(D)I25,0) dT < €. (3.35)
Next we combine (3.35) with the energy estimates in Propositions 3.2 through 3.5 to
establish a global bound for ||(d;u, d3u)|z2 and thus |(w,b)|ys. It follows from (3.11)

that

C [E11(93u,83b) (D)% 4 o d
Iuglizz + Ibllgz < Ce®lo 10D Olsode (b 312, 4 11(82ug, 82Do)lz2) (3.36)

< C (Il (ug, b4z + 103uq, 33bo)l12),

for a uniform constant C (independent of §). Invoking the estimate (3.24) along with (3.35),

we have
IVullgn + I9Plgz + 1Bllgz < (e Bllzz + 51V Ullgr + 19Blgn) + (At Apb)liz2).
Then, for § sufficiently small, we find

IVullgr + 1Vpllgz + 1bllgz = CAI(ug, bpllz + 1(Apu, Apb)li2), (3.37)
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which, together with (3.36) and (3.35), implies
VUl + IVPllzz + [1Dllg2 < C + 8% + (331, 3350)”?[1 + 1103 ug, 32bg) ll;2) (3.38)

for some constant C > 0. Furthermore, by (3.17), we obtain the uniform bound for
I(Vug, VB 12,

IVUliz2 + 1VB,llz2 < C(ll(ug, b)lIZz + (V5 ug, VO3bo) I 12). (3.39)
As a consequence, by Proposition3.5, (3.35), (3.36), (3.38), and (3.39), we derive

IVullgz + IVPlm < Cluglm + 1w, b)llgz + [ Apulig10)
< C+ 8% + [1(33uq, d3bo) 151 + 03ug, 95bg)lIg1),
1bllgs < C(UIbellgn + Iullgz + 1 ApDllg0)

< C(8 + 8% + 11(d3uq, d3bo) %1 + 1103 ug, 35bo) 1)

This completes the proof of the global well-posedness part in Theorem 1.1. |

4 The decay estimates

This section is devoted to proving the decay estimates in Theorem 1.1. This is
accomplished in three steps. The first step establishes the exponential decay rate for
|(w, D)l g30 and [[(d3u, d3D)||;2. An energy inequality involving these norms is derived in
Proposition 4.1 to serve this purpose. The second step shows the exponential decay rate
for ||(u;, bpllgo and ||(95u,, d3b,)|I;2. This step involves a key energy inequality stated in
Proposition 4.2. The final step applies the Stokes estimates and the elliptic regularity
theory to obtain the decay rates for ||(u, b)|zz and ||Vp|z.
We start with the Proposition 4.1 and its proof.

Proposition 4.1. Assume (u, b) is the solution of the system (1.1). Then,

d
a(vnasuniz +0ll5b112%) + (lugll + 16411%2) < Cll(w, B)I510 (195ul%s0 + 135511 550).  (4.1)

for some constant C > 0.
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Proof of Proposition 4.1 Taking the L2-inner product of (1.1) with (u,, b,), and using the

boundary condition u, = b, = 0 on 92, we have

| &

(vlIdgullZ, + nlldsbliZ) + (luelZs + 15,172

N =
QU

t

=—/u~Vu-uth—|—/b~Vb-uth—/u'Vb'bth—i—/b-Vu'btdx.

Invoking the anisotropic inequality (2.5) and (2.6) yields

—/u~Vu-uth=—/uh~th~uth—/u383u~uth

1 1 1 1 1
2 2 2 3 %
< Cllupll 2110, up | 721103 Vil 21102 Vil 1210293 Vi ull 2 gl 2

1 1 1 1
z 1 1 1
+ C||33u3||L2||33u||L2 ||3133u||L2||3233u||L2 ||313233u||L2||ut||L2

2 2 1 2
< Cluluolldsullfzo + Iz,

where we have used the fact [|9,V,ul;2 < Cl|930,V,ullz2. With a similar argument, the

other integrals can be bounded as

1
/ b Vb Uy = ClbIZ 010551500 + 5w,
1
—/u Vb by < Cllulfuolldblfeo + 41072,

1
/b +Vu by < Clblignolldgtligzo + 5 1D z2-
Therefore, we have
d 2 2 2 2 2 2 2
=5 (V195ullZy + nl93BIIT2) + (172 + 1BI2) < Cllw, D)o (1034l F0 + 133D 120)-

This completes the proof of Proposition 4.1. |

The second proposition presents a sharper estimate on ||(u;, b,)|lz. A different
estimate on |[(u;, b,)||;1 was obtained in Proposition 3.2 and Proposition 3.3. This upper

bound is needed to extract the desired decay rate.
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Proposition 4.2. Let (u, b) be the solution of the system (1.1). Then,

d
(1 b0 + V105Ul + 1050172 ) + (v105uglFo +n05belFn0 + e, b2 )

< C(”(agu: d3b)[lz2 + ||(u,b)||H2,0) (83 Vyu, 33Vhb)||§[2,o I(Vuy, Vbt)”%z (4.2)
for some constant C > 0.
Proof of Proposition 4.2 By (3.13) and (3.18), we have

1d
Eauuut,bt)niﬂ,o +vl10gugll?s + nlldsby %) + WllzuelZe + nlldsb 20 + 11Uy, by 1)

;=J1+...+J4+K1...+K8,

where J; through J, and K, through Kg are defined as in (3.13) and (3.18), respectively.

By the anisotropic inequality (2.4), J; can be bounded as

J, = —/Btuh : th-utdx—/Btu3 du - u, dx
% % 1 1 1 1
< Clgugllyz (VAU 1210, Viul > + 195wl 2 10,0500 2, ) kgl 210, 1
; } } }
= Clsuel Z (I ullzno + 195wl 721950500172 ) 19, el

< CUIViulZio + 185ul?) 195 Vaul 20l Vugli?, + %nagutniz,
where we have used
lugliz < Clldguglizz, IVaullgio < ClldgViullgio
due to u; = 0 and V,u = 0 on 9. Similarly, for J, through J,, we have

Jy +Js+Jy < c(||<vhu, Vib) 410 + 1 (0gu, agb)niz)u@mu, 3 Vib)IIZ10ll(Vuy, Vb2,

v 2 2
+ (15wl + S lasbel% ).
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Now we bound K, through K,. By the anisotropic inequalities (2.5) and (2.6),

Kl:—/ut-Vu-utth—/uh-tht~uttdx—/u383ut-uttdx

1 1 1 1 1
2 1 1 2 2
< Cllo3ugllz2 19ougll 7210205l 2 IV Ul 7211y VUl 72 1 Ugll 2

1 1 1 1 1 1
z z z z 3 3
+ Cllup 218y upll 2 192w |2 191 Do up ll 2 I Vit ll 22 195 Vi tg Il 22 gl 2
oo Lo }
+ C'||83ug||Lz 9514 ”LZ 1050514 ||L2 ||33ut||12,2 19, agut”Lz lugllz2-

Due to d,u; = 0,9,u = 0,9;9,u;, = 0 on 92, we can apply the Poincaré-type inequality
(2.1) to obtain

1 1 1 1
2 2 2 2
Ky = Cllogugliz2 182030l 72 VUl p2 118y VUl z2 [ty i 22

1 1 1 1
2 2 2 2
+ Cllull g 1939wl 1,0 1 VUl 22 1103 Vit N 2o w2

< Cc(|Vull% |V, V|2 2 18V, w2 O IVLl2, + (o l18.V w2, +
< CUIVull2IVEVullzz + lullgn 193 Vi ull guo) I Vuglizz + 36|| 3 hut”L2+4

2
erlZ:)

2 2 2 v 2 1 2
< Cllullg 195V uli o llVullzz + (%”%tht”Lz + leuttlle),

where we have used ||V, Vull;2 < C||d3V,ullg0 in the last inequality. Similarly,

n 1

K, < ClIblIZ195V,blI%1 0l VD12, + (ﬂnagvhbtniz + Z””tt”§2)'
K., < C(|Vb||% ||V, Vb3, || Vu,|? 2 102V ull%1 01V, |12

5 < CUIVBIEIIVEVDIZ IVugllZ, + IullZ 185 Vaul 20l VB 1I%)

v n 1
+ (%n%vhutuiz + 24103 Vibel2 + annniz),

K, < CUIVUl® 1V, Vull2, VB2, + [1D1%1 185 VRb 12 o VUgll%,)

4 = 12 h 12 tir2 gL1Y3 Yp¥ligLo tilg2

v 2 n 2 1 2
+ (35195 VatelZz + 5 105Vab Iz + J1beele)-
Therefore, we have

K, + Ky + K3 + Ky < C(l|ullZ: + [1B15)105V,u, 33V,b) 120 (Vuy, Vb (12,

v n 1
+ (510 VnuelFa + 2105 Vb2 + 511 e, By 122)-
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Recalling (3.19), we have
K; =—/tht~Vu-thth—/ut-Vth-thtdx—/th-Vut-thth
= Ks) + K5y + K.

By (2.6) and Poincaré-type inequality (2.1),

1 1 1 1
4 z 4 4
K5y < CllogVpuglip2IVull 21102 Vull 2119, Vil 2 189Vl 2 [ VR Ul 2
1 1 1 1 3
< ClIVull 219 Vull 21191 95wl oo I VRN 21103 Vit 1
2 2 v 2
= ClVullpzlull g2 1195 Vi ull gz VU2 + %Hagvhutnlp
Similarly,
: ; : ]
K3 < ClIVyull 2110, Vil 2110, VR ull 211019, Vil 2 I VUl 121105 Vi gl 2
1 1 1 1 1 1 1
4 4 4 4 Vi Vi Vi
< ClIVRull 2110, Vaull 2 10, VRl 21919 Vi ull 2 Vgl 1 (1036l f2 + 1103 VUl /) 105 Vil 2
2 2112 2 v 2
= ClIVpullgnolldg Vi ulli ol Vugllz: + %”331%“111,0,
1 1
where we have used ||tht||]f2 < C||83tht||£2 in the second inequality. The estimates for

Ks5, is more complicated. By integration by parts, (2.4) and (2.5) and invoking [ull;2 <

Cllogu,llz2 and [|[Vyullz2 < ClIVy,5u,llz2, we deduce

Kgp = —/Btuh Viu- Vyu, dX+/83u3t Vyu - Vyu, dx+/u3t Vyu - 33 Vyu, dx

1 1 1 1
2 2 o2, 2 2.2
< Cllugll 2119y uell 2 Vi uli 2119 Vi ull 121103 Vi Uyl 22

1 1 1 1
2 2 2 2
+ Clloguell /2119195yl L2 VRl 210 Vi wll 121195 Vi ugll 2

1 1 1 1 1
2 4 4 2 2
+ Cllogusll 210Ul 210205 Ull 2 VR Ul 2110, Vi ull 121103 VUl 12
2 2.2 2 v 2
< ClIVpullG0 103 VG Vitgl2 + 51195 Vit e

Thus,

v
Ky < c(nVuuLGunHz + ||vhu||§1,o)||83vhu||§[z,o||Vut||§z + 75 195Uelpr0-
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As in (3.22), Kz + Kg can be split into six parts as
K¢ +Kg = / Vpb, - Vb - Vyu, dX+/bt -VVpb - Vyu, dX+/Vhb - Vb, - Vyu, dx
+ / Vib; - Vu - Vyb, dx + / b,-VVyu-Vyb,dx+ / Vb -Vu, - V,b,dx.
Similarly to K5, K5,, and Kg5, we have

/Vhbt . Vb . tht dX + / Vhbt -Vu - Vhbt dX
< CI(V, VD)2 |, B 421 B Vit 85 VD) 200 (Vg VB 12,

v 2 n 2
+ (35193 Va2 + 55195 Vabl2),

/bt . VVhb . tht dX + / bt . Vth . Vhbt dX

v n
< Cll(Vatt, Vb 10105 Vit 03VED) 101 Vby 72 + (55 105 Vel 22 + 57195 Vabel2 ).

and

/Vhb - Vb, - Vyu,dx + / Vpb - Vu, - Vpb,dx

< ClIV3bl 10105 VED I (Vg VBOIZ + (351031110 + 55103050
Consequently,

K + Ky = C(I (Vi VD)2 |, ) gz + 1 (Vtt, VD)l 510

v n
X 1133Vt 03 VD) 20 | Vg, VBOIZ + (T 105%el Zno + 2 105bel Zno ).
Finally, K, can also be bounded by

K; = C(IVBlblge + | (Vhtt, Vb2 )

v n
X 1133 Vatt, 33 Vab) a0 | (Vitg, VBOIZ + (5 1350 + 3 135belFo ).
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Collecting all the estimates above for J; through J, and K; through Kg, we obtain

d
(1 b0 + V105U + 050172 ) + (v105uglFo +n05belFn0 + e, b2 )
< (11, VB 21l B) g2 + 10324, B5b)IZ + 1124, B) 2 )

X 1135V, 33V D) 12201 (Vug, VD) 12

= C( 05w, 85D lzz + 111, D)0 ) 103 Vit 33 V4d) 20 | (Vity, VDI,

where we have used the uniform bound for |(u,b)|gz. This completes the proof of

Proposition 4.2. |
Next we prove the decay rate in Theorem 1.1.

Proof of the decay estimate in Theorem 1.1. As aforementioned, the proof of the decay
estimates is divided into three main steps. The first step shows the exponential decay
for ||(w, b) |l gso + 11(d5u, 33b) |2 by making use of the estimate in Proposition 4.1. Adding
(3.10) and (4.1), and invoking the global bound in (3.35), we have

2
d
(1w )IE + 37 167w, 9D, + vildsull?s + nlosbi, )
i=1

+ (2covl185ullZa0 + 2¢onlld5b11 50 + Uy, b I%)
< Co(Il(w, D) lIgao + 1w, D)I%10) (195601250 + 135D11%0)

< Co(8 + %) (I10gull?s0 + 193b]%30).-

If we select § to be sufficiently small such that Cy(§ + 82) < min{2cyv, 2¢cyn}, then, for a

positive constant C,

d

2
2 (1w ) + 37 107w, 9D, + vilagul?s + nlosbi, )

i=1

+ C(135ull?s0 + 1135bl%50) < O.
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Due to u|yq = blyq = 0, by virtues of (2.1), we have

2
1w, D122 + D 103w, 03b) 12, < lulZs0 + 161550 < CUI95ullZs0 + 105D11530)-

i=1

Then, for some constant C, (v, n) > 0,

iX(t) +2C,X(t) <0,

dt
where
2
X() = (w,b)1Z + D 103w, 03b)[1%, + vIdsulZ, + nlldsbl|2,.
i=1
Therefore,
X(t) < e 201X (0)
or

[(w, D) gz0 + [(dzu, I3b) [I12 < Cefc‘t(ll(uo,bo)llm,o + 1(33ug, 93bg) I 2)- (4.3)
The second step verifies the exponential decay rate for ||ullz1 + |b;ll 1, for any ¢ > 0O,
Il + 1Byllgn < Ce™ 3t (4.4)

We relies on Proposition 4.2. Adding (3.10) and (4.2), and using (4.3), we deduce that, for

a constant C,,

2
d
a(n(u, D)2 + D 103w, 93D)IZ, + 11wy b 200 + vIidsuglZ: + n||33bt||§2)

i=1
+ C, (103w, 33b) | 30 + 11 (D51, 33D 1510
< C(I1(d3u, 33b) [l 2 + 11w, b) | g3.0) (B3, Bgb) [155,0 (| (wg, D150 + 1)

< Cre” O (85u, 33b) %50, (4.5)
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where we have used the uniform bound of ||(u,, b;) ”12L11' We choose T > 0 satisfying
Cw,n,T):=C,n) — Cre 1T > 0.

Then (4.5) implies that, fort > T,

2
d
a(n(u,mnig + D 1w, 3D)Z, + 1wy, D150 + vIdgugllZ, + n||83bt||§2)

i=1

+ C, 0, T)([ (03w, 33b) 550 + 115y, 33b,) [ 51,0) < O.

Due to the Poincaré-type inequality (2.1), we have

2
1w, B)IIZ2 + D 103w, 03b) 112, < 1w, b)[13s0 = Cll(d3u, 33D) 15,0,

i=1

(s b0 < Cll(Bguy, d5b) 1500

and thus

2
1w, D122 + D 103w, 03b) 12, + 11wy, bl 710 + V119wl + 1lld3b, 112

i=1

< CI@3t, 335350 + 1105uy, 33D 1210)-

Combining (4.6) and (4.7), and setting

2
V() = [(w,b)1Z + D 103w, 03D) 1% + 1wy, bl 10 + v1dauglZ, + 1lldgb, 1%,

i=1

we obtain, for a constant C5 > 0,

d
YO +265Y() <0,

which yields

Y(t) < e” Sty (0).

(4.6)

(4.7)
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That is, fort > T,
lugllgn + Ibllgn < Ce™ % (Il (ug, bo) 132 + 1(Viug, Vabo)llzz + 105Uy, 33bg) 1) (4.8)
For 0 <t < T, by (3.36) and (3.39), it is easy to see that
gl + 1Bl < Cll (g, bo) 22 + 1(03ug, 95bg) ) < Ce™ ¢ (4.9)

for some constant C depending on the initial data. Then (4.8) and (4.9) give the desired
estimate (4.4).

The final step of the proof is to derive the exponential decay rate for |(u, b)| s
using the decay rates from the first two steps, and the Stokes and elliptic regularity

estimates. Invoking the estimate (3.37) yields
195 Vullzz + 193Vblz2 < CUIWy bllyz + I1(ARu, Apb)lly2) < Ce G,
for a constant C, = min{C;, C5}. Furthermore, according to Proposition 3.5, we have

193V2ullz2 + VDl < CUlwgllgn + 1w, b) gz + 1ARUllg0) < Ce™ .

185V?bll 2 < C(llbgllgn + 11w, D)z + [ Abllgu0) < Ce™ .

This completes the proof of the decay estimate in Theorem 1.1. |
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