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Stability and optimal decay for the 3D magnetohydrodynamic
equations with only horizontal dissipation

HAIFENG SHANG, JIAHONG WU AND QIAN ZHANG

Abstract. This paper develops an effective approach to establishing the optimal decay estimates on solutions
of the 3D anisotropic magnetohydrodynamic (MHD) equations with only horizontal dissipation. As our
first step, we prove the global existence and stability of solutions to the aforementioned MHD system
emanating from any initial data with small H !_norm. Due to the lack of dissipation in the vertical direction,
the large-time behavior does not follow from the classical approaches. The analysis of the nonlinear terms
are much more difficult than in the case of full dissipation. In particular, we need to represent the MHD
equations in an integral form, exploit cancellations and other properties such as the incompressibility in
order to control terms involving vertical derivatives.

1. Introduction

Stability and large-time behavior are among the most essential properties of partial
differential equations (PDEs) modeling incompressible fluids. This paper intends to
understand these crucial properties for the following 3D anisotropic magnetohydro-
dynamic (MHD) system with only horizontal dissipation

oru+u-Vu=—VP +vAu+b-Vb, xeR3 >0,
ob+u-Vb=nApb+b-Vu,

V.u=0,V-b=0,

u(x,0) = up(x), b(x,0) = bo(x),

(1.1)

where u and b represent the fluid velocity and the magnetic field, respectively, P =
p+ % |b|? denotes the total pressure,and v > Oand n > 0 are the viscosity and magnetic
diffusivity, respectively. Here, Aj, = 812 + 822 denotes the horizontal Laplacian.

Anisotropic dissipation arises in the modeling of various fluids and geophysical
fluids such as in the Prandtl equation as well as in the study of turbulent flows in
Ekman layer [31]. Anisotropic magnetic diffusion is relevant in the study of several
astrophysical phenomenon such as the modeling of magnetic reconnection (see, e.g.,
[32,33]).
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The main goal of this paper is to provide optimal upper bounds on the decay rates of
solutions (u, b) to (1.1). In addition, we will also reveal some remarkable large-time
behavior of (u, b) such as the accelerated decay rates for the vertical components u3
and b3 of u and b, respectively.

The lack of full dissipation in (1.1) prevents us from applying the powerful tools
designed for PDEs with full dissipation. The Fourier splitting method of Schonbek
has been very successful in understanding the large-time behavior of various fully
dissipative PDEs modeling fluids (see, e.g., [1,36,37]). But unfortunately, this method
does not appear to apply to the anisotropic dissipation case.

This paper presents a new approach that can effectively extract the large-time behav-
ior of solutions to (1.1). Inspired by a recent work of Ji et al. [19] on the 3D anisotropic
Navier—Stokes equations, the approach and techniques of this paper are not merely a
parallel extension from the Navier—Stokes to the MHD equations. This paper offers
several improvements. For example, the smallness requirement on the initial data in
this paper is imposed only on the H'-norm instead of higher regularity norm as in
[19]. Furthermore, this paper reveals some unusual decay properties of (u, b) to (1.1).
The third components u3 and b3 of u and b, respectively, actually decay faster than the
corresponding horizontal ones in the Sobolev setting. This phenomenon was first re-
markably observed by Xu and Zhang in the Besov setting [47]. It reflects the enhanced
dissipation in the vertical components due to their special evolution structures of u3
and b3. We are able to recover this property in the Sobolev setting with no elaborated
conditions on the initial data.

The main result established in this paper is summarized in the following theorem.

Theorem 1.1. Let k > 1 be an integer. Assume (ug, by) € Hk(RS) withV -ug =0
and V - by = 0. Then, there exists a constant ¢ > 0 such that, if

luoll g1 w3y + Iboll g1 w3y < €, (1.2)
then system (1.1) has a unique global solution (u, b) satisfying
(u, b) € L®(0, 00; HX(RY)), Viju, Vib € L*(0, 00; H* (R?))

and, for any t > 0,

t
w136 + 16O 156 + /0 VR @2 + 1 Vab(D13,0dT
< CluolZx + ol

where C > 0 is a constant proportional to the initial norm ||u0||%1k + ||b0||§_1k.
Furthermore, if (g, bo) € H*(R?) with s > 3 satisfies, for % <o <1,

g
2

A} %uo, A, %bo, A;°d3u0, A% d3bo, A7 A; uo, A7 A; by € LA(RY),

(1.3)
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then the global solution (u, b) of (1.1) satisfies

luOll g1 @3y + 16O g1 g3y < Ce.

(@)l s 3y + 16O s w3y = C-

AL T u®ll 2gsy + 1A, bO 2R3
HIAL T Bu®ll 2@y + 114,730l 2wy =< C.

() 2 @) + 16O 23 + 183u@ll 23 + 18360 | 23 < CL+D72.

(1.4)
Va0l 2y + IVRBO 2@y < C(1+ 175 (1.5)
lus @l + 13l 2 < €A+~ (1.6)
Vsl 2 + Vb3l 2 < C(1 41~ CF+D, (1.7)

Theorem 1.1 reflects the enhanced regularity and decay rates in the vertical compo-
nents of u and b. The decay rate for the L>-norm of the vertical components 13 and b3
in (1.6) is higher than that for (u, b) in (1.4). Similarly the rate for V,u3 and Vb3 in
(1.7) is also higher than that for Vju and V;,b in (1.5). In addition, the rates for (u, b)
in (1.4) and (1.5) are the same as those for the anisotropic heat equation

9 F =ApF, xeR3 >0,
F(x,0) = Fy(x)

with Fy satisfying similar assumptions as those for (uq, bg). Consequently, the rates
obtained in Theorem 1.1 are optimal.

Well-posedness and stability problems on the MHD systems have recently attracted
considerable interests, and significant progress has been made (see, e.g., [3—18,20-
24,26-28,34,35,39-42,44,45,48-52,54-58]). The references listed here are by no
means exhaustive. We shall not attempt to detail these results, but instead describe
two closely related work on the 3D MHD equations with anisotropic dissipation. Wu
and Zhu [46] investigated the 3D MHD equations with horizontal dissipation and
vertical magnetic diffusion and were able to establish the global well-posedness and
stability near a background magnetic field. In a preprint submitted for publication
[29], Lin, Wu and Zhu considered the 3D MHD equations with velocity dissipation
in only one direction and magnetic diffusion in two directions. They showed that any
perturbation near a suitable background magnetic field is globally stable. When the
dissipation is only in one direction, the velocity nonlinearity does not appear to admit
a suitable upper bound when the spatial domain is R?. By exploiting the symmetric
structures in the vorticity formulation to encounter the derivative loss problem as well
as the stabilizing effect of the background magnetic field, [29] was able to solve this
difficult well-posedness and stability problem. The large-time behavior of the global
solutions obtained in [29] and [46] remains open. It is hoped that the method developed
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in this paper will help solve the large-time behavior problem on the MHD systems
considered in [29] and [46].

We outline the main steps in the proof of Theorem 1.1. The proof is naturally divided
into two main parts: the stability part and the part for the decay estimates. Assuming
that the initial H!-norm is small, we show that the H!-norm of the solution is uniformly
bounded by the initial H'-norm. Through an inductive process of controlling the H*-
norm via the H*~!-norm, we further show that any H*-norm is bounded uniformly and
proportional to the initial #¥-norm. We remark that the initial H*-norm with k > 2
is not assumed to be small. The decay estimates are shown via the bootstrapping
argument (see [38, p.21]). We assume the smallness of the initial H'-norm as well as
the negative Sobolev setting, namely (1.2) and (1.3). In particular, we have

Yo = 1A, T uoll72 + 1A, boll 72 + 1A, 7 dsuoll 72 + 1A, 7 dsboll7 > < oo.

We note that yy is not assumed to be small. Let (u, b) be the corresponding solution.
We make the ansatz that, for t € [0, T] with T > 0,

1AL w72 + 1A, 7672 + 1A, 03u@)l72 + 14,7 35072 < 3y0.

The initial time interval [0, 7'] is guaranteed by the local well-posedness. Our main
efforts are then devoted to proving the improved inequality, for all ¢ € [0, T'],

1AL u® 72 + 1A, 7B, + 1A, d3u®)72 + 1A, 335017, < 2y0. (1.8)

Then, the bootstrapping argument implies 7 = oo and that (1.8) actually holds for
any t < oo. The proof of (1.8) requires considerable efforts and is divided into five
steps. The first step computes the decay rate for Vu(¢) and Vb(¢), while the second step
estimates || Vu(t)|| ;2 and || V4 b(¢)] ;2. The third step reveals enhanced dissipation and
higher decay rates for the vertical components «3 and b3 and their horizontal derivatives
Vinus and Vjb3. The fourth step obtains upper bounds on ||A_"u||i2 + ||A_"b||%2
and ||A ™7 03u ||i2 +|AT° 83b||i2 in terms of the derivatives of u and b. The final step
invokes the decay rates for the derivatives from the first three steps to establish (1.8).

The rest of this paper is divided into two sections. Section 2 proves the stability part
of Theorem 1.1, while Sect. 3 presents the decay estimates in Theorem 1.1, as outlined
in the previous paragraph.

2. Proof of the stability part in Theorem 1.1

We split the proof of Theorem 1.1 into two main parts. The first part establishes the
stability result and is presented in this section. The second part verifies the decay rates
and will be given in the subsequent section.

First, we state two lemmas to be used in the proof. The first lemma provides an
upper bound for the L?-norm of a one-dimensional function, which serves as a basic
ingredient for anisotropic upper bounds. A proof can be found in [53].
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Lemma2.1. Let2 < p < oo. Let s > % — %. Then, there exists a constant C =

C(p, s) such that, for any ID functions f € H*(R),

4(1-4) L )
In particular, if p = 0o and s = 1, then any f = f(x3) € H'(R) satisfies
1

1 1
1 oo < CIFI 2 105172 -

The second lemma provides an anisotropic upper bound for the integral of a triple
product. It is a very powerful tool in dealing with anisotropic equations. A simple
proof of this lemma can be found in [46].

Lemma 2.2. The following estimates hold when the right-hand sides are all bounded.
1

1 1 1 1 1 1
A; | fghldx S NF12: 0011175l 1 2 028 125 171 25 193k .
1 1 1 1 1 1
fR3 | fghldx A1 10111102 f 1 18102 £ 15 1811 1838117 1Al 2
With these two lemmas at our disposal, we are ready to prove the stability part of

Theorem 1.1.

Proof of the stability result in Theorem 1.1. Since the local well-posedness of (1.1) in
H* with any k > 1 follows from a standard approach such as Friedrichs’ method (see,
e.g., [2,30]), this proof focuses on the global a priori bounds.
Taking the inner product of (u, b) with the first two equations, integrating by parts
and using V - u = V - b = 0, we obtain
%%(nuniz +1161172) + vIIVaull72 + 0l Vabll3, = 0. 2.1)

Integrating in time yields, for co = min{v, n},

t
w72 + 1572 + co /0 (VR (@N72 + IVab (I3 2)dT

2 2
=< lluollz2 + llboll72-

Applying 0; (i = 1, 2, 3) to the first two equations of (1.1), dotting the results by 0, u
and 9; b, respectively, integrating over R3 and adding them up, we obtain

3 3
1d
5 77 2 (Norull gz + 00:D1T2) + 3 18 Vaull 2 + 1119; Vabl72)
i=1

i=1

3 3
= —Z/ai(u-Vu)-aiudx—i-Z/ai(b-Vb)-aiudx
i=1 i=1
3 3
—Z/E)i(u~Vb)-8ibdx+2/8i(b~Vu)~8,~bdx
i=1 i=1

= A1+ Ay + Az + Ay
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Using V - u = 0, we have

3 3
A :—Z/Bi(u-Vu)-aiudxz—Z/8,~u-Vu-8iudx
i=1 i=1
3 3
= — Z/ 3,'uh . th . Biudx — Z/ 8,~u383u . 8iudx
i=l1 i=l1

=A+Ap.

By Lemma 2.1,

3
1 1 1 1 1 1
At < CY 012519191 2, 11 Vaaell 25 103 Vi 2, 110507 1020012,
i=1

2
= Cllull g IVl -

To bound A2, we further divide it into two parts and then apply Lemma 2.1 to obtain

3
Ap =— Z/Siu383u - Q;udx
i=1
2
=— Z / 0ju3d3u - djudx — [ 03u303u - d3udx
i=1

2
= - 2/85u383u - ojudx + / Vi - uposzu - 03udx
i=1

1 1 1 1 1 1
< CI Va3 1125 1193 Vaues |1 2 1950l 2, 191 830l 2, [ V2, 1102 Ve

1 1 1 1 1 1
+ CIVatenl) 25 1133 Viun |25 183ull 2, 11 03ull 2, 183l 2, 19203 2

2
= Cllull g IVl -

Therefore,
A1 = Cllull g IVaul?, .

Similarly,

3 3

Az = Zfa,-(u - Vb) - dibdx = Z/Biu Vb - d;bdx
i=1 i=1
3 3

- Z[&iuh-Vhb~8ibdx+2/8iu383b-8l~bdx
i=1 i=1

3 1 1 1 1 1 1
< CY Nunll 251003 25 [ VablI 25 183 Vabll 25 18112, 19,0: 112,
i=1
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3 1 1 1 1 1 1
+C Z 9;u3ll; 5 11039;usll ;2 193b11 5 118133D11 5 19:B11 5 11829; 11 ; 2
im1

< Clullggr + 161 ) UIVRulG + [VabIG,)-

Due to
/b~V8ib~aiudx+/b~V8iu~8ibdx=O,

we have

3 3
Ay + Ay = Z/a,-(b . Vb) - djudx +Zf3,~(b~Vu)3,~bdx
i=1 i=1
3 3
=Z/B,-b-Vb-Biudx+2/3ib~Vu~8,~bdx
i=1 i=1
3 3
:Z/B,-bh-V;,b~8iudx+2/8ib383b~8iudx
i=1 i=1
3 3
+Z/8,~bh.th-8,~bdx+2/8ib383u48,~bdx
i=1 i=1

1

3 1 1 1 1 1 1
< C S 0bul 19135l 2 Vb 2 135Vl 2 1351 2 295
o

1

3 1 1 1 1 1 1
+C Y Naibs Il 18300311 2, 1336117 19183511 1yl | a2
i=1
3 1 % 1 1 % 1
3 100wl 25 191851 o | Vit 25 185 Vil 25 1955112 1020751 2
i=1

3 1 1 1 1 1 1
+C Y 10iball 2 1930:b3 | 22 1103l 2, 19150 2, 105112, 1120:)
i=1
< Clull gy + 161 ) U Vnull5 + IVabI3).
Combining the estimates above, we obtain
1d
2 dt
2 2

< C(lullgr + 161 g UVRullZ + Vbl 0)-

(ullZy + 151130 + I Vaull%, + 0l Vabl%,

Adding (2.2) and (2.1) up yields
d
Tl + 16170 + 201Vl + 2001 Vabllg,
< Cllullgr + 161 ) AIVaulF, + [VabI30).
Integrating in time, and choosing ¢ in (1.2) small enough such that

1 .
luoll g1 + boll g1 = € "co,  co = min{v, n},

12

2.2)
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we obtain

t
lu @3, + 15151 + co /0 IVhu(OI5,1 + 20 Vab (D)3, dT
< lluoll, + Iboll31-

Next, we prove by induction on k that

t
w156 + 16O 156 + /0 VR @26 + 1 Vab(|13,0dT 03

< CluollZx + ol

where C(J|ug ”i]" + |1bo ”i[") is a constant depending on the initial norm || (uq, bo) || g«
only. Clearly, (2.3) holds for k = 1. Assume that for any integer k > 2, we have

t
lu 131 + 16O 13 + /0 VR @ + Va3 )dT o

< Clluolze-1 + Iboll-)-

Applying 81." (i = 1,2, 3) to the first two equations of (1.1), dotting the results by af‘u
and 8{‘ b, respectively, integrating over R? and adding them up, we obtain

3 3
Uofullz, + 185b172) + Y Wl Vaull7, + nllof Vibll?,)
t L L L
i=1

i=1

| =
Q.l&

3 3
=_Z/a{<(u.vm-a{‘udx+Z/8{‘(b-Vb)~3fudx
i=1 i=1

3 3
—Z/Bik(u~Vb)8ikbdx+2/aik(b-Vu) - 9%bdx
i=1 i=1

=K1+ K> + K3z + Ky.

Set ¢ = srfis; By V- u =0,

3
K| = —Z/Bl-k(u - Vu) - 3Fudx
i=1

3k
=3¢ | 8/u-vo T u- ofudx
i=1 j=1
3k ) ) ) 3k ) ) )
:_ZZC,ffa{uh.vhai"*fu.a{‘udx—Zch’/ajMaﬁfﬂu.a,.kudx
i=1j=1 i=1j=1
= K11 + K12
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By Lemma 2.1,

3k
K== | 8w Vid u- o udx
i=1 j=I

3k
1 1 1 1 1 1
0T A i 12 e ak—J 132 k=j w2 1ak, 12 11a.ak,02
< CY D N8 wnl o100 wnll 25 1 V0; T ull 25 103 Va0; w2 l10ful 2, 110205 w2,
i=1 j=1
< Cllull gr IVl gr—1 [ Vau |l g

o
= 16 IVnullige + Cllull e I Vaul e
and
3 k ) ) )
Kn=-> > ¢ / 8/ uz030) " u - 3 udx
i=1 j=1

3k

. 1 . 1 . 1 . 1 1 1

J 2 J 2 k=j w2 k=j 12 k. 2 ko2

< C S 107 usl 2 1838 usll 2 1030) 7 ull 5 1101039) w2, ok ull, llo2ofull
i=1 j=1

IA

Cllull g IVRull =1 [ Viull e

co 2 2 2
< 1 IVl + ClullG | Vel e,

where we have used the fact, dueto V- u =0,

3
D N0/ usllz2 < CAUVusl2 + 185 usll2)
i=1
. -
< CUIVusllz2 + 18] Vi - unll2).

Similarly,

3
K3 = Z/a{‘(u.w).aikbdx
i=1

3k
= Zch/ai’u.vaf‘fb.a;‘bdx

i=1 j=1
:ZZC,{/al!uh.vhaf‘fb.al.kbdx+ZZc)j/aifu3a3a{“fb.a{<bdx
i=1 j=I i=1 j=1

3

. 1 . 1 . 1 . 1 1 1

2 J 2 k=jin2 k=ji 12 pakp2 k2

< C 3 110]unll 2519107 unll 5 11940) b1 2, 185V40 bl 2, 1856112, 132056112
ij=1

3 . 1 . 1 . 1 . 1 1 1

\ L R \ \

+C 18] usl 2,01959; usll 2, 19505 b1) 2, 191959F b2, 1856112, 18205 6112
i, j=1

CQ o
< anhuni,k + anhbnzk + CUlull + b1 UVl + 1 VabI3-0).-
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Due to
/b-va{‘b-a{‘udx+[b.va{‘u-a{<bdx=0,
we have
K> + K4
3 3
:Z/a{‘(b-w;)-a,."udx+2fa{‘(b-w:)-3i"bdx
i=1 i=1
3k . _ 3.k , .
=ZZC;/8i’b~V8f7’b~8,-kudx+ZZC,£/8i’b~Vafﬁu'aikbdx
i=1 j=1 i=1 j=1
3k . . 3. k. . .
=ZZc,{/a;bh.vha{“fb-a{‘udx+ZZC,§/3,!b3838,-’“’b'8f‘udx
i=1 j=1 i=1j=l

3k 3k
+ZZC,§/agbh.vha{“fu.afbderZZc,gfa{b3a3a{“fu.a{<bdx

i=1 j=1 i=1 j=1

S S R FUE I k=jp 2 ak % qa Ak, 13

< C Y 10 bull 1919 ball L 1V40E b2, 105 V40) b1 2 19K ull 5 10205 ] 2
i j=1

3jljlk_jl ko d e

+C Y19 b3l 2, 19307 b3 112, 1830 b1 181830, bl 19ful 2 13205l

i,j=1

3

1 1 1 1 1 1

J 2 j 2 k=j 12 k—=j 12 nakn2 k2

)08 bl 21918 il 2o VRS, ull 25 183 Vad;  ull 2, 1108 b1I 25 1820 b1l 2,
ij=1

3 . 1 . 1 . 1 . 1 1 1

~ ~ k— =~ k— ~ ~ =~

+C 3 19/ bsl12, 11858 3112, 1950F 7 ull 2, 101050! w2, 105611 2, 19295B11 7,
i,j=1

co o
< 1 IVnullige + T IVab I3 + Clllz + 161350 U Vit s + 1 Vbl )

Combining the estimates above, we derive that

d 2 2 2 2
T (el + 10130 + coll VaullG + 194b17) 05
< CUlull + 16150 U VAl 3t + 1 VablI3)-

Adding (2.5) to (2.1) gives

d
7 (el + 16170 + oI Vaull gy + IVabI70)

< CUlull3 + 1613, U Val 3 + 1 VablI2 ).



J. Evol. Equ. Stability and optimal decay Page 11 of 41 12

By Gronwall’s inequality and (2.4),

t
Il + 1617, + fo (Va5 + I Vab(OII7,0dT

2 2\ C Lo Va2 o HIVab@I? )T
< (ol + bl ke ket

2 2\ Cllluoll? . +llbol%,,_;)
= (||’40||Hk + ||b0||Hk)e Hk—1 k-1

< CluolZx + Iboll30)-

We have thus established (2.3). This finishes the proof of the stability part. U

3. Decay estimates

This section establishes the decay estimates in Theorem 1.1. First, we state two
lemmas to be used in the proof.

We need two elementary facts. The first fact, stated in Lemma 3.1, is Minkowski’s
inequality. It is an extremely useful tool that allows us to estimate the Lebesgue norm
with larger index first followed by the Lebesgue norm with a smaller index. The
following version is taken from [2, p.4] and a more general statement can be found in
[25, p.47].

Lemma 3.1. Let (X1, 1) and (X2, o) be two measure spaces. Let f be a nonneg-
ative measurable function over X1 X X». Forall 1 < p < q < oo, we have

HLfCoxD e x ”Lq(xz,m) < |IF 1 ) zaxa ”LP(XI,;“) :

In particular, for a nonnegative measurable function f over R™ x R" and for 1 <
D =g =09

1 £ 1l zp ey | Lagny = £l Lo @) Lp(Rm) -

The second fact provides an exact L? — L7 decay estimate for the generalized heat
operator associated with a fractional Laplacian. The following lemma and its proof
can be found in [43].

Lemma3.2. Letoc >0, >0,v>0,1 < p <g < oo. Then,

N _o _d(1_1
IA7 e fll ey < C 17 5 ”)“f”L”(Rd)'

We are now ready to prove the decay estimates in Theorem 1.1.

Proof of the decay estimates in Theorem 1.1. The framework of the proof is the boot-
strapping argument. The H L_norm of the initial data (ug, bo) is assumed to be small,
namely

luoll g1 + lbollgr < ¢
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for some sufficiently small ¢ > 0. Due to the condition (1.3) on (uq, bg), we write
0 = 1A, uoll3 > + 1A, boll 72 + 1A, dsuoll?> + 1A}, 7 d3boll7, < 00, (3.1)

We note that yy is not assumed to be small. Let (u, b) be the corresponding solution.
We make the ansatz that, forr € [0, T] with T > 0,

1AL u® 72 + 1A 7B, + 14,7 d3u®)72 + 1A, 33017, < 3y0. (3.2)

We remark that the initial time interval [0, 7] is guaranteed by the local well-posedness.
Our main efforts are then devoted to proving the improved inequality, for all ¢ € [0, T'],

1A, u@®72 + 1A 7bON7, + 1A, dBsu@)|72 + 1A, 836072 < 2y, (3.3)

Then, the bootstrapping argument then implies 7 = oo and that (3.3) actually holds
for any ¢ < oo.

The rest of proof is devoted to showing (3.3). The proofis very long and thus divided
into five steps for the sake of clarity.

Step 1. Decay rate for Vu and Vb. More precisely, we show that

lu@ll2 + 16Dl 2 + 103l 2 + 18360 12
+HIVau®ll 2 + IVab @)l 2 < CA+10)77. (3.4)

Applying 93 to the first two equations in (1.1), and then taking the inner product with
(03u, d3b), we have

li(na wll 2y + 133b0122) + vIIVidsull?, + 1l Vadsbl|?
Zdt 3 LZ 3 L2 hO03 LZ 77 hOo3 L2
=—f83(u-Vu)-agudx—l—/83(b-Vb)-83udx

—/83(u~Vb)~83bdx+/83(b~Vu)-33bdx
=M1+ My + M3 + My.
We now bound M through M4. By V- u =0,

M =/33(M-Vu)~83udx=/33u~Vu~83udx

= / ozup - Vyu - oz3udx + / 03u303U - 03U dx
= My + Mi.

By Lemma 2.1,

M = / ozup - Vyu - 03udx

1 1 1 1 1 1
< C103un 5 19131 Vil 2 193 Vi) 2, 1 B3ull 2 1182030 2

1 3
< Cll3sull 21 Vhull 2, 1 Vadsu] 2

< Cllazull 2 (IVaull3 > + | Vadsul3,).
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ByV.-u=0,
My = / 03u303u - Budx = — / Vi - upd3u - Budx

1 1 1 1 1 1
< ClIVaunll 105 Vinun I 13sull 181850l 1dsull | 8250l

1 3
< Clsull 21 Vaull 2,1 Vadzu 2
< Cllsull .2 (IVaull > + 11 Vhd3ull3 ).

Thus,
My < Clldsull 2 (I Vaully > + V3 d3ul3,).

Similarly,
M3 = / 03(u - Vb) - 03bdx = / o3u - Vb-03bdx
= / ozup - Vpb - 03bdx + / 03u3d3b - 03b dx

< Cll3unll 221191512 Vb 22195 Vb 2 133011 13203D 1
+ Cllasus 251535112, 1855112, 191 3D 12, 195112 19235512,
< Cllasull 2, 185512, 1 VabI1 2, [ 93325 [ Vadsbl 2
+ CllAsbl 2 IVl [ Vsl 5 1 Vb 2

1 1
< C(I193ull?, 11935112, + 193511 .2)
< (IVaull 72 + I VablI72 + 1 Vadsull? 2 + [V433b117,).

Due to
/b-V83b~83udx+/b~va3u~83bdx:0,

we get
M2+M4=/33(b~Vb)-33udx+/33(b-Vu)~a3bdx
=/83b~Vb-83udx+/33b-Vu-83bdx

1 1 1 1 1 1
< Cl13bn )1 2511913354 1 25 [ Vab I 2, 185 V4b11 2, 103l 2, 19203

1 1 1 1 1 1
+C1183b311 11830353 1, 1183511, 1181835112, 19311 25 3203l
1

1 1 1 1 1 1
+C 11035125 19133bm 1 25 [ Vaiall 2 185Vl 2, 1935112, 192936112,
1

1 1 1 1 1 1
+C1103b3 11, 1183033 1 103l 2, 1191331 25 19361 2, 1825011

1 1 1 1
< Cllasull 2, 15511 2, [ Vabl 2, 11 V4d3ul 1 V4dsbl 2
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1 1
+C 18361l 2| Vauel| 2, | Vi d3u ]| 25 | Vi d3b ]l .2
< C(l133ull 2 + 113351l 12)
< (IVaull2, + 1 Vabll3, + IVadsull 2, + Vi d3b13,).

Combining the estimates above yields
ld 2 2 2 2
5 g7 03Ul + 183b172) + viIVadsullzs + nlVadsbliy

1 1
< C(I93ullz2 + 193l 2, 119351 75 + 119351 2)
x (IVaulls + 1 Vabll72 + IVad3ull 72 + [ Vad3bll72).

Adding this to (2.1), together with the Young inequality, we obtain

1d
Ea(nuniz + 116112, + 193ull7> + 11335117 2)

+VlIVaulls + 0l Vabll32 + vIIVadsull, + nllVadsbl7
< C(1sull 2 + 1935l .2)IVaulF > + 1 Vabl3 > + I Vadsullss + 1V403b175).

Then, for sufficiently small ¢,

d
(Il + IBIZ, + 195, + 193b1172)

+co(IVaull®s + IVibI2s + IVhdsulZs + 10403612 )

=<0,

where cp = min{v, n}. Applying the Gagliardo-Nirenberg inequality, together with
(3.2), we obtain
el 22 = Mlull g2 1122,
1 o
< AL ull 37 Il 57 I,

(3.6)

1 a
— T+o T+o
< CIA;ull 75 1Vl 57
o
< ClIVhul 5.

Similarly, we have

Ibllz2 < CIVabIl 37,

I93ull 2 < ClIVAd3ull |37
13bll,2 < ClIVAdsbll 37 - (3.7

Inserting these estimates in (3.5), we obtain, for a positive constant Cy > 0,

d
E(”M”iz +11b117 > + N183ull > + 11835117,)
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140
+ Colllull3, + 16113, + 19327 > + 11335117 2)
<0.
Integrating in time yields
@72 + 16N> + 133u@II7> + 183672 < CA+07°. (3.8)

Applying V}, to the first two equations in (1.1), and dotting with (V,u, V;b) yield
Ld vl V;,b||? Vau)? V2b|2
Zdt(” wtll72 + ViDL + vIIViull 2 + 0l Vbl
= —/Vh(u -Vu) - Vyudx + / Vi(b-Vb)-Vyudx

—/Vh(u-Vb)-Vhbdx+/vh(b-Vu)~Vhbdx
=L+ 5L+ 6L+ 14

ByV.-u=0,
I =/Vh(u-Vu)~thdx:/th-Vu-thdx

:/thhovhu'thdx+/th3'83u~thdx
=1+ L2

By Lemma 2.1,
I :/thh -Vyu - Vyudx

1 1 1 1 1 1
< CIVhunl 25190 Vit 11Vl 25 192 Ve 25 1 Vuall 1185 Ve 2
3 1
y |
< ClIVaull 2, IV 3unll 2183Vl
2 2 2. 12
< CIVhull 2 (IVull? 2 + 193 Vil + [ V3u]122).

By V.-u = 0and Lemma 2.1,

I = / Vihusz - 03u - Vau dx
1

1 1 1 1 1 1
< ClIVhu3ll} 1185 Vhus| 25 1930l 25 191 03ull 1| Vel 2 1192 Va2

1 1
< ClIVaull 21 Viunll 211930 2, 101832,
1 1
< CIIVaull 25 1030l 2, (1 Vaull 72 + 19103117, + [Vjull7).
Thus,
Iy < C\Vull 2(IVaull3 > + 1Vadsull, + [ Viul35).
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Similarly,

]3:/Vh(u-Vb)~VhbdxZ/th~Vb-Vhbdx
=/thh-Vhb-Vhbdx+/th3-33b-Vhbdx

1 1 1 1 1 1
< ClIVRunll 25 103 Viun |2, [ VablI 251101 Vbl 25 [ Vabl 2, 132 Vab ) 2
1 1 1 1 1 1
+ ClIVausll 2, 183 Vaus | 2, 133b 1 25 101935112, [ Vabll 25 182Vabl 2
< C(IVull 2 + IVD] 12)
X (IVaull2s + I Vadsulls, + IViull3 + 1Vabli3 2 + IVad3bl12, + [V2DII3 ).

Due to
/b'vvhb~vhudx+/b~vvhu'Vhbdx=0,

we infer that
L+ 14

=fvh(b‘Vb)~thdx—|—/vh(b~Vu)-Vhbdx
:/Vhb-Vb-thdx+/Vhb~Vu-Vhbdx

< ClIVbi 12 10y Tl 2 1Vl 2 185 Vb1 2 [l 2 185 Vel 2
+ ClIVabs 25135 Vbsl 2, 185112, 1813361 2 1 Ve 2, 18, Vil
- CIIbs 25 195Vba L 1952 2 9350l 25 1V b1 2 12V

< Cllaul 2413501 22 |Vl 2, 1905201 2 1 V331 .

1 1
+ ClIO3b I 2 Va2 1 Vad3ue] 2, [ Vadsbll 2
< C(IVullp2 + Vbl 2)
X (IVaul3 > + IVadsulls + IViul2, + 1 Vabli2, + I Vadsbl12, + [ VEbII2,).
Therefore,
1d o .12 Vi b2 V2,12 V2pI12
5 27 UVhulZ + IVkbIZ2) + v Viul g2 + 0l Vbl
< C(IVullp2 + Vbl 2)
X (IVaul3 s + IVadsull2, + IViull2, + 1Vabll2, + I Vadsbll2, + I VEbIIZ,).

Adding this to (3.5) and using |[ul| g1 + [P g1 < Ce withe < %’, we have

d
— (el + IBIT: + Nosullgs + 10sbI7 + [ VaullZs + IV4b172)

+ co(IVaull2s + 1Vabl2, + I Vadsull2, + 1Vadsbl|2, + I Viul2, + IVibl12,)
<0,
(3.9)
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where cp = min{v, n}. Applying the Gagliardo-Nirenberg inequality, together with
(3.2), we obtain

IVhullz2 = 11 Vaull 22,

140

2¥o0 2+o0
= ClllAy, MII 7 IIthll 153

= Cla,° IIH"IIVh Il”"

1+o

< ClIVull ;3

< CIVZul T, (3.10)
where we have used the fact éig > 17 Jm and ||V ullz2 < C in the last inequality.

Inserting (3.10) with (3.6)—(3.7) in (3.9), we find, for a positive constant C; > 0,

d
E(Ilulliz + 1161175 + 183ull7> + 1835175 + I Vaull> + IVabll7,)

1+o
+ Cr(llulls + 16113 + 183ull3, + 1835175 + I Vaullss + IVabli75) @
<0.

Integrating in time gives
||Vh14(t)||i2 + ||Vhb([)||%2 <CA+1)"°. (3.11)
We have thus obtained (3.4).

Step 2. Improved decay rates for | V,u(¢)| ;2 and || V,b(t)| ;2. More precisely,
we show, for% <o <1,

140
V() 2 + 1Vab@ 2 < CA+1)7 2 (3.12)

To this end, we rewrite the first equation in (1.1) in the integral form

t
u(x,t) = e"2y +/ 2P Vb — u - Vu)(t)dr, (3.13)
0

where P = I — VA™!V. denotes the Leray projection onto divergence-free vector
fields. Applying V;, to (3.13) yields

t
Vau(x, t) = Vae" 2 ug + f Vie 2 "OP(b - Vb — u - Vu)()dr.
0
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Taking the L? norm, we obtain
t
IVau(@®)ll 2 < 1Vae" ugll 2 + / Ve 20U "DP(b - Vb — u - Vu) (7) | 2d T
0
t
< IVhe" " ug |l 2 + / IVhe 20D (b - Vb) (1) || 2dT
0

t
+/ Ve 200~ (4 . Vu) (1) 2dT
0

=L+ Ly+ Ls.

(3.14)
By Lemma 3.2,

A A
Ly = Vhe"  ugll 2 < NIVae ™ uoll 2 l 2.
_l4o _
< CA+07F AT w0l 2 + ol 22

_ 140 _
<CA+0"2 (1A, uoliz2 + lluollz2)
<c( 4+

Foro <§ <1,
t
L2=/ Ve 20D (b - Vb) (1) || 2dT
0
t
< [ 190 0, i) @)l
0
t
+ [ 19D a0 2
0
! A
o R R T
O 3
t
+ [ W90 Gatab) @) g de
0 1
d 4
= [(t= 0l Vb o iy de
0 L
! _ip
+C =0 Fhbasab @z iz dr.
0 L

To proceed, we need to provide suitable bounds for

Loy = lllbp - Vab(©)ll 2 Iz and Loy := [[1b3930(0) 1| 2 I -
L 3 L
We provide a detailed estimate of Ly; and L»;. By Lemma 2.1,

25 ez,

Loy = by - Vabll 2
Lh
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< CJ|b Vb

= Cll hlth% IVibl 22,

< CIIIIthIL% e IVabIl 2
h

< Clllballzgl 2 IVablip2
5l 3
h
3 3
< Cliliball;> 103bpll;, I 2 IVADI L2
X3 oOLp
1 1
2 2
< ||||bh||L% l %””%bh”@} I (IVibll L2
1
< ||||bh|| || L2, 19361l /2 IVl 12

1 1
< C||||bh||26 A e P LA PA AP
X}

1
<Cllbhll 2IIVhthI 21193512, 1 Vabll 2
1
<Cllbll 2IIVthI 21193b11Z,. (3.15)
Similarly,

Ly = ||||b333b|| 25 ||L2

1
= Cllbzll 3 Vb3 19331 2 193D 11 2
1
= Cllbsll 3 IIVhb3|| Vb 22 193011 2
=< Cllbll 3 IIVthI 183 -

Incorporating these upper bounds, we obtain
! L 6—3 3
L,<C (t—f) 2ol IIVthI |I33bII ,dt
/(t—f)*fllbll 2IIVthI ||33b||L2df-
Similarly,
t
Ls =f Ve 200 =D (. Vu) ()| 2dT
0
t t
< / Ve 10 (- Vi) (0]l 2 + / 19" 40 (u3ds0) (1) | 2 d T
0 0
t
= [ 9 - Vi Ol 313, d
0 X

t
+/ Ve =0 u3d3) (D)l 2 12, d
0
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! 148
< [(= 0l Vil s iz e
0 L
! 14
+C | =07 T llusdsu@l 2 N2 de
0 Lh+ 3
! ESET I S _ !
scﬁa—w T flunll > (Va5 103unll 25 | Vaull 2d T
! 148 s—1 _ 1
+CA<r—w T Nluslly o 2 (1 Vauslly 5 193usll 2, 103ul 2d T
! NET I _ 1
scﬁa—w 2wl 2 IVAul35° 03ul 2, d
t
+C/u—w“*wn2an 1930l 2d .
0
Inserting these estimates in (3.14) leads to
1
Va2 < CA+073 +q/u—ﬂ“ﬂwmﬂwwn|@w;m
t
fu—n“ﬂW|ﬂwwn|wwgw
+C/a—rr7ww;ﬂan wder
t
+C/a—w“ﬂw|WWM||mwum.
(3.16)

Now, we turn to bound V;,b. We rewrite the second equation in (1.1) in the integral
form

t
b(x,1) = e"™'by +/ 2D (b VY —u - Vb)()dT. (3.17)
0

Applying V}, to (3.17) yields

t
Vib(x, 1) = Ve p +/ Vie 2D (h . Vu — u - Vb)(v)dr.

0

As in (3.16), we have
148 ! N ET S W I—s 1
Vbl 2 < CA+1)" 2 +C/ (t =) 2 bl " Vb5 133D, I Viull 2dT
/(l—r)’*llbll EIIVhbllzz 33ull 2dT
_1 1
+C/ (t—r)’TllullezIIth||1L§5||83ullzzIIVthIdeT

0

! _lys 51 3.5
+C/0 t—1) 72 ||M||Lz2||VhM||Zz 103Dl 2d.
(3.18)
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Adding (3.16) and (3.18) gives
1y
IViu N2 + IVl g2 = CA +1)" 2
d _ s s—1 2-8
+C A (t =) 2 (lullz + 16122)° " 2 VaullL2 + I Vabllg2)
1
x([[03ullg2 + 1193bl2) 2 dT
d _ 18 s—1 3.5
+C A (=72 (lullg2 + 16122)° "2 Vaull 2 + I Vabllg2)2
x([03ull g2 + 193b1 1 2)d 7. (3.19)
Invoking (3.8) and (3.11) implies, foro < § < 1,
IVhu@) N2 + IVRD(@)| 12

t
<Ccl+n"7" + c/ (—1) T (1+1) 30D+ 1)~ 3291 4 )" Fdr
0

t
+ C/ (r— 7)7%(1 + 7)7%(87%)(1 + r)f%(%*a)(l + 1) 2dt
0

I+o

<CU+0"F +C+n G

< C(1+n~EFD),
(3.20)
To improve the decay rate, we implement an iterative procedure. For notational con-
venience, we set

51
aw==-+0—=,
073 2

Inserting (3.20) in (3.19) and using (3.8), we derive that
IVau@)ll 2 + IVab @) 2 < CA+ 1) 2 4+ C(1 4 1)~ minlen- 57

where

o 3
0[1:06()4-(0{()—5) 5—5 .

Repeating this procedure # times leads to

I+o

IVau@)ll 2 + IVab @)l 2 < CA 4172 4+ C(1 4~ mnlen 571 321)

where

ap = o +(a _Z) E—8
n = &0 n—1 ) ) .

We claim that by choosing n > 1 sufficiently large and § > o close to o,

140

a, >
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In fact, by the iterative formula,

3 3 2 3 "
oy = ao+ (a0 = ) <5—8+(5—5> +-~~++(§—8) )

S oL (3 1YV(3 1-(3-9)
==-+40—= -+ === - — _—
2 27272 2)\2 5—1

Since% <o <§ < 1, we have

3
0<-—-46<1,
2
Therefore, as n — o0,
o, — a(d)
with
P +8013551_1
=TT T T2 T 2) 2 2
Note that
@) =1+2
a(o) = —.
2
Thus, if § is close to o, then «(§) would be close to a (o) and «(§) > HTU Therefore,

for sufficiently large n, o, > H'T" Then, (3.21) implies

_lio
[Vau@ll2 + IVab@®)ll 2 = CA+0)" 77,

which is (3.12).
Step 3. Enhanced dissipation for the vertical components. We show in this step
that

30
lus@)ll 2 + 1b3@) 2 < C(L+1)" 7+, (3.22)
IVaus()ll 2 + IVab3 ()] 2 < C(1+ )~ CFFD). (3.23)

To this end, we rewrite the equation of u3 in (1.1) in the integral form
13
uz(x, 1) = " ugs +/ M= (b Vb —u - Vuz — 03 P)(v)dr.  (3.24)
0
Multiplying (3.24) by u3 and integrating over R3, we have
ls )12, < / gy - u3 (1)dx

t
+/ /e“AW—f)(b ~Vbs —u - Vuz — 93P) (1) - uz(t)dxdr.
0
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By the Young inequality,
t
les@I2, < e ugs]2, +2 / / =D (b Vbs) (1) - u(t)dxde
0
t
+2f / "2 (4 Vuz) (1) - us(t)dxdt
0

t
—2/ / "2 9 P(T) - us(r)dxdrt
0
= F1 4+ F> + F3 + Fy. (3.25)
We estimate F; through F4. By Plancherel’s theorem,

—vEplt A 12
Fi = [le" 312,

240 A
e 2 05 (8) P dE

3

—_—

T —2v|&, 21 A
&2 103 8) 2 + / 2161 1oy ) 2

31=I8nl &31>18n]

&2 8, 2 |67 |8, | 727 3| ko3 (6) Pl

31<énl

_ 2 B o - R
T € IR |21 2042 16519 63 72|85, | 7202 63] O |&3di03 (€) |2 dE
31>1Sh

- 2 - - 0
e 2T 8 1716|727 16317 lito3 (§) P dg

e

=

—

|&31=<&nl

+ f e 2V, 1398, 727 |37 Jidgy, (£) [2dE
|&31>1&n|
<cl+n % /R &2 183177 |fi03 (6) |2 d&
rCcden-¥ /R 1641727 16317 Liion (6) [2d&

30 -z,
< CA+D7T A7 Ay 2 iiol72

where we have used the divergence-free condition &3tig3 = —&p, - tig;, and the fact
e 215,207 < C.By V-u =V - b = 0, Holder’s inequality and (3.12),

t
F,=2 / / "2 (b Vb3) (1) us(t)dxdt

0

t
=2 f / "M, L (bpb3) (1) us(t)dxdT
0
+2 / "2 53 (bab3) (T) us(t)dxdt

0

|
t
2 / f "2 (b ba) (1) - Viyus(t)dxdt

(=}
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-2 /0 t / V2D (bab3) () d3usz(H)dxdt
<2 /0 t "= (bb3) (D)l p2d || Vauz (1) ] 2

+2 /0 t 1”272 (b3b3) (T) || L2d T || Vaun (1)l 2
<cl+n¥ /O t 1”410 (byb3) (1)l 2d T

t
Lo+ / 172400 (b3bs) (0) | 2 d T
0
= 1 + Fp.
By (3.4) and (3.12),

t t
— _1
/ le"24 =0 (byb3) ()l 2d < € / (t = )72 Mlbwbsll 12, d
0 0
1
_1
=< C/ =) 2Mbnll 22 MIb3N 2l dT
0 X3 h 3
13
_1
SC/ ¢ =) bl 21BN 3 Nl 2T
0 3
! 1 1 1
< Cfo & =) 2 bl 2ll1b3ll > 1035311, 1l 2dT
X3 X3 n

! 1 1 1
=< C/o (t =) 2Nball 21631}, 11036311 ,d T

t 1 1
scfo (6 = 0 H bl 2 b3 L 1 Vbl e
1 1 1 1
< C/O (t = ) lbal 2 1B 112, [ Vbl
! 1 _3o _lio
sC/(r—r) H 4+ F 0+ Far
0

Cl+0"C9,  iflco<3

<lca+ntm(+0, ifo=3
c(l+1)72, ifo >3,
<C+4177.
Therefore,
P < C( +t)7% <C( —i—t)JTU.
Similarly, .
Fyn<C(l+1)"2.
Thus,

F <C(l —i—t)JTa.
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F3 has the same bound as F», namely

Fy<C(+0)"%.

Since
BP =RBAT'V-(b-Vb—u-Vu),
we have
Fy = 2/ /e“Ah<f—f>a3P(r)u3(t)dxdr
0
= 2/ /emh“*”agA”v.(b-Vb)(r)u3(r)dxdz
0
+2/ /e”AW DoA™V - (u- Vu)(z) - us(t)dxdr
O
=2 f VARI=DG AT (b - Vb) (1) d3u3(t)dxdT
0
/ VARE=DG AT (4 Vi) (7) d3us(t)dxdT
0
Fy1 + Fyo.
ByV-b=0,
3 3
Vo(b-Vby=Y > 0;0i(bibj)
i=1 j—l
_ZZa 3; (bib; )+Za3a (bib3).
i=1j=1
Then,

Fy < 2/ levAn =) ZZa 0 AT (bib ) (Dl 21 d3u3(0) | 2d T

11]1

+2 / flevan(= ”ZasaA L (ib3)(0) || 219303 (1) || 2d
i=1

<ca +¢)**/ levAn (= ”ZZB %A (bibj) (D) f2dT

lljl

+C(1+z)—*/ || Ant= ”ZasaA (bib3)(7) | 2dT
i=1

= F411 + Fa12.

12
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By Planchrel’s theorem, together with (3.4) and (3.12), then for 20 — % <y < %

/ le —v|Ep 2t — g |§h|ZZ(bb )() I 2dT

i=1 j=1

¢ 302
_ 20— —1 P
5ch e S g 30 3 Bib (@2 N 2d

—1

i=

~

<C/ Mgy, Jle~vIEn = f’|sh|22(bb YOIzl zdt
j=1

i=1

(98]

B
>

Gib) Ol lzde

d 2 1
<C / lle™" g2
; )

i=1,

-
I
N

2
> Gib)H@ligl 2de

Mw

t
< c/o (=0 5 1E Y

i=1 j=1
<C/<r—r> z||||ZZA YD b))y, dr
i= 1] 1
t
scfoa—r) “”ZZW)(T)“ i Ny dr
i=1 j=I

<C/<r—r) ||||b<r)||2 5l de

+2

1 3— 2
<C/ (f—f)_fllllb(f)ll VIIVhb(T)II ||L2

t 142y M
/ (= O B Ib@I, 2 Vb2 dr

(140)(3-2y)

§C/ (t—1)"% e T e e O
0

<C( 4+ D,

Here, we have used the simple fact

D=

-1 —
MEI N2 = 1&nl" 2.
&

Thus,

_(il+l) _ 30
Fimp<C+pn " 27¢ <Ccl+n" 2.
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By (3.4) and (3.12),

3
/t ”evAh(t—r) Zi:l a3ai (blb?))
0

A (D)l 2dT

t
_Yr
S A R [T CT e
0 Lh+y 3

! Ly _1 - 1
SCA(%4)2MﬂZﬂWWﬂHW%mMNMuW

3_

! _r +3
sCA@—r)WMLﬂwwmﬁﬂr

(1+0)3-»)

t
gc/ G- 504+ 30D 04" dr
0

c +t)—<y“—%>, ifo<%t4+1
S{CU+n" 2 +0),ifo=5+1,
c+n77, ifo>%+1

for any % < y < 1. By choosing y near 1, we obtain

I+o

+y _ 30
T In(l+) <C(+1)" 7.

_(31_,_1) _
Fap < CA 407278 +C+1)

Therefore,
30
Fi<C+1 2.

Inserting the bounds for F through Fy in (3.25), we obtain
30
luz@)|2, < CA+1)77.

To bound ||b3(t)]|; 2, we rewrite the equation of b3 in (1.1) in the integral form

t
b3(x, 1) = " b3 +/ 2= (b Vyus — u - Vbs)(t)dx.
0

This equation is similar as (3.24). It is simpler than (3.24) since it does not have the
pressure term. Therefore, a similar process leads to

30
Ib3()II7, < CA+1)" 7.

We have thus obtained (3.22).
Now, we turn to (3.23). Applying V;, to (3.24) yields

t
Vauz(x, 1) = Vie' 2 ugs + / Vye" 21U (p . Vby — u - Vuz — 33 P)(t)dT,
0
Taking the L? norm, we obtain

IVaus(®)|17, =[Vh€VA”tuo3 - Vpus(t)dx

t
+/ /vhe”Ah“—f)(b - Vbs —u - Vuz — 33P)(t) - Vyus(t)dxdr.
0



12 Page 28 of 41 H. SHANG ET AL. J. Evol. Equ.
By Young’s and Holder’s inequalities,
2 2 !
IVhusl72 < Vae " uoall72 +2 / f Vae" 8D (b - Vb3)(1) - Vyus(t)dxdr
0
t
—2/ /vhe“AW—f)(u - Vuz)(t) - Vius(t)dxdr
0

t
—2/ /vhemh“*”agp(r)-vhu3(t)dxdr
0

:= By + By + B3 + Bj.
(3.26)
As in the estimate of Fj,

Apt 2

By = [|Vre" " ugs]l7 2
—1yvA 2
< C(1+ D)7 "B gy 2,

<CU+07 e a7,

< CA+0"T AT AL T Fiol?
<C(+1)~F+D,

Similar estimates as those for L, and F>; above, together with (3.8) and (3.11), yield
t
By =2 / f Ve 210D (h . Vb3)(T) - Vausz(t)dxdt
0

t
<2 / 15" 800D (b . Vb3) (0)] 2 | Vi (1) | 2
0

2 A
—2 / 19" 816D (b - T3) (0 2 | Vs (O] 2
0

t
+2 / Ve 20D (b - Vb3) () || 2d T | Vius (1) || 2
2

e [2 B 1 1
<CA+n"2 / (& — O 1ball 510354112, 11 Vab3 | 2d T
0

_l4o 2 — 3 3
+C+nT / (t — )M 16311 ;1830311 18353 2 d T
0
_1te ! _lio -1 — 3
+CA+n" 2 ﬁ(t—f) z ||bh||222||Vhbh||2zo||a3bh||zz||vhb3||L2dT
2

_1te ! i _1 B 1
+CA+1" 2 ﬁ(l—f) 2 ||b3||222||Vhb3||1LzG||33b3||22||33b3||L2d7:

2

< C(l +1)~F+D,

Similarly,
By < C(1+1)~(F+D,
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To estimate By, we replace P = —A"lv. (u - Vu) and divide it into four parts,
13
By = —2/ /Vhe”Ah(’_f)a_gP(r) - Vyus(t)dxdrt
0
t
= —2/ fAhe”AW—”P(r) Vi - up()dxdt
0
t
:2/ /Ahe”Ah“*f)A*lv.(u - Vu)(t) Vi, - up(Hydxdr
0
t
—2/ /.Ahe“A’l(t”>A’1V~(b-Vb)(r) Vi - up(t)dxdt
0
t
2 VAR (1—T) A —1
=2 Ape’th ATV (u-Vu)(t)Vy -up(t)dxdr
0

t

+2/ /Ahe“Ah(’—”A—lv.(u-w)(r) Vi - up(t)dxdt
t
2

% A 1
—2/ /Ahe” WA= (b Vb) (1) V), - up(t)dxdt
0

t

—2/ fAhe“AW—f)A—lv-(b-Vb)(r) Vi - up(t)dxdt
t
2

= By41 + Bap + Bs3 + Bus. (3.27)
To estimate B4, we further distinguish the horizontal derivatives from the vertical

ones to write

t
2
By = 2/ /v,fe”Ah“—”A—lv (u - Vu)(t) - Vaup(t)dxdt
0

I3 3 2
= 2/2 /v,%e“Ah“*f) D0 00 A (wiu)(7) - Vaup(t)dxdr
0

i=1 j=1

I3 2
2
+2/ /v,femh(f*”E 330; A (wju3) (1) - Vaup (H)dxdr
0

i=1
!
2
+2/ /v,fe”Ah<f—f>a3a3A—‘(u3u3)(r).vhuh(t)dxdr
0

= B411 + Ba12 + Bai3.

As in the proof of Fu11, we have, for 20 — % <y < %,

B411 + Barz

L 3 2
2
< 2[Vaun(0)|l 2 / AR =D N7 80 A i ) (D] 2d T
0 i=1 j=1
% 2
+ 2/ Vaun(®)|l 2 / 1ARe" D " 930; A~ (ujuz) ()l 2d T
0 i=1
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t

r 3 2
o 2 —
<Ccl+n" 7" / le a1 g 2SS i) ()] 2d T
0

i=1 j=1

r 3 2
_l4o 2 _ 204 —1 3 — <
<Cc+1) /0 [ I D) S OThICT P

i=1 j=I

‘ 32
_lte [2 -1 g (=) £ 13 Ty
<C+1 /0 &1 IIL§3||€ 1&nl ;_1jE_l(”’”f)(T)”L%”Lﬁdr

t

_lto [2 g 2 (— 5 —
<Cl+n2 / Hle™ 5812 3 7S i)l ll2d
0 i=1 j=1 ’

L 3 2
_lto [ 2 —(]+% _(y—1 —
<C(l+n72 /0 (=0 N "D YD i@l llpde

i=1 j=1
<C(1+n D,
By Lemma 3.2,
t
2
B3 = 2/ /Ahe“AW*f)aﬁgA*l(u3u3)(z) V- up(Hdxdr
0
2 VAL (—T) -1
< 2||thh(f)||L2/ |Ane 0303A7 (u3u3)(v)|l2dt
0

3

2 3
< 2% Olz [ F =0l e
| _

1o [3 _3 3 3
=C+n 2 (r =) 2llusl 2 [103u3]l ;> lusll 2dT
0

<CU+1)"F+D,

Therefore,
36 | 5
By <C+1)" (7T,

Similarly,
By < C(1+1)~ 3+,

t
B> :2[ /Ahe“AW—”A—IV-(u.Vu)(r)-vh cup(t)dxdr
’ t
< 2| Vaus (1)l 12 / | ARe" 2D ATIV - (u - Vu) (1) | 2d T
§
_1ie [! _lto
<CU+1) z[(r—r) FNVa@ @I 2 iz,
2 h

t 1 1
_l4o _1to o—5 1— 5
=C+n 2 [(t—f) 2 llully o 2 IVRull 5 N9sull I Vaull2de
2
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<C(+1)"F+D,

Similarly,
Bys < C(1+1)~(F+D,

Inserting the estimates above in (3.27), we obtain
Bi<CO+0)"FD o+ F+
<C( +1)"F+D,
Substituting the bounds of Bj, Bz, B3 and By into (3.26), we have
Va2, < C(1+ 1)~ F+D,

Similarly, we have
30
IVib3 (D)2, < C(1L+ 1)~ FFD,

This completes the proof of (3.23).

12

Step 4. Estimates of || A, 7 u ||i2 +1A,D ||i2. More precisely, we show that (u, b)

1
obeys, for 5 <0< 1,

d _ _
E(IIAh“ulliz +1A;,7b1132)

o—1 — i —
<], ||Vhb||2 7asbl 2 | AL ull 2

3o

+ CIBIC 2 IbI 2 7 183l ATl
+ Cllul s VI3 sl 2 Al
T+ Clull Sy 2Vl sl 2 AT w2
- Cllly 2 IVl 57 135l 22 1 Vil 21 A7 bl
- ClullSy IVl asbl 2147 7Bl

_1 1
+Clpll}, 2IIVthI _U||83b||22”th”LQHA;gb”LZ
+Clbll;, . IIVthI 101l 2 1A, 7l 2,

d _
TIAT dsull

(Y 1)(1—0)

< CllasblI % * I9bll, fnwagbuﬂ |

+ClblS; 2||Vhb||2 T sl 2 IVABSBI L I AT Bsull
+ CIBITT E I3 103 bl A Bsull 2
T Mt N e A et

|a§+‘b|| Sl A, d3ull 2

(3.28)

1
1 25 -
it ull 51,7 B3ull 2
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_1 1 1
+C||u|| 2IIVhMII S|I3zu||22IIVh3§u|I22I|A;°33u||Lz
1
+CIIMII 2IIthII Y|I8Y+1ullzzllA;”33ullL2 (3.29)
and
d _
—IIAh”33b||iz

(s— 1)(1 o)

< Cllosull}, % IVhull, > IIVhb||L2||Vh83uI|Lz |I3S+1| 2l A7 93Dl 2

+ Cllull} = IVl ||33ullzzllvth|LTﬁ ||Vha§b||zz||A;U33b||L2

s=1 1
+ Cllull} 2IIVhMII “I1Vabll, 5 II3§+1bIISzlll\_”83bI|L2

(s— l)(l—n)
+C||3%b|| ;% Vil ||V11M||L2||Vh33b||Lz |I3§+lbll S 1A, 703Dl 2

+CIBI bl *”nazbn%uvhung||vha§u||§z||A;“aaanz
_1 1
T CIBIST 2 IVAbI S IVl 5 185wl 2 A Bsbl 2.
(3.30)

We first prove (3.28). Applying A} to the first two equations of (1.1), and taking the
L?-inner products with A; “u and A; ? b, respectively, we obtain

1d _ _ _ _
M(HAh“uniz F AT + vIAL T ull2, +nllA, b2,

= /A;"(b -Vb) - A %udx — / AL (u-Vu) - A %udx
—/A,;”(u.wy).A;“bdx+/A;“(b.W).A,;"bdx
=Nh+ L+ 3+ Js (3.31)
Using Holder’s inequality and the Hardy—Littlewood—Sobolev inequality, we have
Ji = f A (b -Vb) - A u
<AL B - VO 2 lA, T ull 2
= ARG VD)2l 1A, ullp2
< CUMbn - Vabll 2 llr2 + 630351 2 llp2 DA, ullz2
Lh+a X3 th+0 X3
= CUn + Ji)IA ull 2.
As in the estimate of (3.15), we have, for % <o <1,
Jie = bn - Vbl 2 |12
Lo 3
h

<
< Cllllbhlthg IVabli21l2,
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<Cllllbhll 2 lLg2 [IVabll 2

=< CIIIIthIngII 2 Vbl 12
LO'
h
2 :
< Cllliball> 103ball 2 1| 2 IVebll L2
L§3 ng Ly L
1 1
< llbnll? by l? Vib
= hIIL;%II %IIII 3 h||L)2C3||L2|| nbll 2
1
= ||||bh|| |I 2 1036111 2 1Vabll 2

< C||||bh||2“ GBI, 1930 2 1Vl
< ClIbuI ] *INbalL 57 302 19301
< CIbIT; 19abI3? sl

Similarly, we have

Ji2 = IllIb39311 2 llz2,
Lh )

_1 1

< Clbsll}, 2IIVhb3I|l_"I|33b3||22||33b||L2
1

< Clbsll}, 2IIVhb3I| TIVaball; 2 193511 .2

< Clbll}, zIIVthI “1193bll 2.

Therefore,
1
J1<C||b|I 2IIVthI 710361 /2 Vbl 2 1A, T ull 2
3o

+Clbll, IIVthI 12 193bll 2l A, Tull 2.

Similarly,

J=— f AL u-Vu) - A %u

IA

1
CIIMII 2IIthII TN0zull LA, T ull 2
+ CIIMII 2IIVhMII ||33u||L2||A;Uu||L2-
J3 can be similarly bounded as Ji,

J3=— / A;“(u -Vb) - A;"b

AL - VD)l 2 |A, 7 bl 2
AR G- VD)2l 1A, 2

IA

12
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-0
< C(llup - VthIL% IILg3 + |I||u333b||L% IIL§3)IIAh blig2
h h
= C(J31 + )N bl 2.
J31 and J3; are bounded as follows.

31 ”” h h ” h'% ”l}%3
= ”” h” ’;%”;h ”[%”133

<
< Clllluhlthg lLse IVAbIl 2

= CllllunliLss IILg IVibll 2
h
5 >
< Cllllunli ;> 133unll5 I 2 1IVabllg2
3 3 L7

1 1
=< ||||uh||z§ I 20471||||33uh||z§ 2 IVabIl 2
3L, 3

1 1
< ||||u 2 1%, 103unll 2 | Vabll; 2
< h”Lhz"i" ||L§3 103unll ;2 IVabIl L

1 1
20—1 2202 2
< Cll{lunll | Vaull 72 W9sunll ;2 IVab|l 2

L? L2 L2, L2 L

o—1 1— 3
< Cllunll o * IVpunll 27 193unll 2 [ Vabll 12

o1 - 1
< Claell 5 2 IVl 157 13301 25 [ Vbl 2

and
J3 = ||||u333b||LH% ez,
] 3
_1 1
< Cllusll > 2 1Vausll 57 1dsus ) 2, 1183 2
= 32 hU3ll; 2 3U3l 2110301 L
o1 - 1
< Cllusl, 2 1Vhusll 50 [ Vunl 2, 19561 2
o—1 3o
< Cllull2 *IVauly, 19351 2.
Thus
o—1 1— 1 —
J3 < Cllullyn * I Vaull 2 103ull 2 I Vabll 2 1A, 7 bl 2
o—1 30 _
+ Cllull o *1Vaull;, 10301 211A, 7 bll 2
Similarly,

Jy = —/A,;“(b -Vu) - A bdx
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1 B 1 B
SCIIbII(7 2IIVthI1 U||33b||zz||th||L2IIAthllLZ
+C||b|| 2IIVthI “10sull 211 A, bl 2

Inserting the bounds for Ji, J5, J3 and J4 in (3.31), we obtain (3.28).
Now we prove (3.29). Applying A, ° 35 to the first two equations of (1.1), and taking
the L%-inner products with A;“ d3u, we obtain

1d
——||A “03ull2, + vl A, B3ull?,

= / A, 703(b-Vb) - A, " HBudx — / A, 03(u - Vu) - A% d3udx
= N1+ Nj. (3.32)

By Holder’s inequality and the Hardy—Littlewood—Sobolev inequality,

N1 = [A;083(b~Vb)-A;“83u

< 1A, 783(b - VD)l 2l A, 7 dzull 2

= (1A, ° @3b - VB[ 12 + A, (b - V33D 12) | A}, dsull 2

< CUIA,7 @3by - Vi)l 12 + 1A, 7 (33b303b) |1 12 + 1A, (bn - Vadsb) |2
+ 1A, 7 (b303b) 11 .2) [ A, 7 d3ull 2

= C(N11 + Ni2+ Ni3 + N1 | A, 7 d3ull 2.

As in the estimate of J;q,
N1t = [|A, 7 (33bp - Vib) |l 12
1
=< C||a3bh|| . IIVh33bh|| 7 93by 720 Vnbll 2.

Further invoking the interpolation inequalities,

Vrd3bpll2 = CIIVhthI IVhagbhll

L2 | L2’

12Bull 2 < Cllasball 3 183" Bl 7,

we obtain

~1)(1-0)
Nip < C||33bh|| . IIVhthI * I VRd3by, ||
(: 1(1—0)

< Cllasbll} 2SIIVthI ' ||Vha3b||Lz ||3‘+1bllfz

Lz “losball 5 |av“bh|| Vbl 2

Similarly,
Niz2 = ||A, 7 (33b303D) | 12

_1 1
< Cl133b117, * [Vad3b1L57 1930112, 13331 .2
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s—=D(—0) l—o

SCII33bII IIVthI ' ||Vh33bh||L2 ||33b| |I3S+lbll 2 [IVabnll 2

s—1)(1—0)

< Cllasbll > 5 ||Vhb||L2 ' ||Vh33b||
Ni3 = A, (by - Vadsb)|l 2

o) %

L2 | L2

_1 1
SCMMUNWMM“W%MMAW%MH

1 =1 !
<Cllbhll 2IIVhthI ||33bh||22||Vhb||L‘§ Vao3bll;,

<Cllbll 2IIVthI T||33bll 2I|Vh33b||Lz,
Nia = 1A, (0303D) I 2
_1 1
< ClIbs11%, 2nvwbsnl‘“na3b3nzzna§anz
1 s=1 1
< C||b3|| 2IIVhb3|| “N103bsll 2, 11933115 193F b3l
1 1
< Clibsll}, ﬂwwﬁ T 0y sl
1
o1 1
<CIIbII 2IIVthI a3t
Incorporating these upper bounds yields
T e i Ao
Ny = Cl93bll,, AIIVthI ’ IIVhagblle ll93 bII Sl A, 03ull 2
+C||b|| 2IIVthI 2 7?||33b|| 2||Vh8§b||§2||A;"83u||Lz
1
T+ CIBIST 2 IVabI S 1O bl A Bl .
Similarly,
Ny = — / A3 - Vu) - A, Budx
2 +(A 1)(1—0) sl 2L o
<C||?)3MI| WWVaull, ||Vh83“||L2 03 ull 21 A, " O3ull 2
1 = =
+C||uI| 2IIVhMII ‘||33MI|22IIVhaéull,izllA;"awlle

1
—O—{asHl Y A
+C||u|| 2IIVhMII2 103 ull ;L 1A% 3ull 2.

Inserting the above bounds into (3.32), we obtain (3.29). Since (3.30) can be proven
similarly, we omit the details.

Step 5. Completion of the bootstrapping argument. This step finishes the boot-
strapping argument and proves (3.3). Integrating (3.28) over [0, t] with 0 < ¢ < T,
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together with (3.4) and (3.12), we obtain

IA,Tu@® N7, + 1A, b3,
< IA; 7 uoll2, + 1A, 7 boll?> + C sup (JIA

O<t<t

x € / (a+0° T
0

o2 . (140)(3 ~0)
+ DT )

ZCu@ 2 + 1A, 7))

drt
<A, uoll72 + 1A, 7boll72 + C sup (A, u(m)|7,

0<t<t

t 3420
+ ||A;“b(r)||iz)e50/ (1+ 1)~ —0gr

< 1A, %uoll2s + 1A, boll2, + Ce® sup (1A, u(@) + 1A, b)),

0<t<t

(3.33)
where we have used the fact ||u(¢)||;2 + [|b(¢)||;2 < Ce, and §p > 0 is chosen small
enough such that % —

8o > 1, which is certainly achievable due to the assumption
1

5 < o < 1. Integrating (3.29) over [0, t], together with (3.4) and (3.12), we obtain

fors > 3,

1A, d3u()]7,

< 1A, % dsuoll2, + C sup (1A, 3u()]2,)

0<t<t

! 02 a a s— —az
xe%f ((1 + o) (T E 0 (1 4 )T
0

2 _s0) ()0 )
A+ 2 (A + 1)

U+Uﬂ**0**)
F ) EE0( 4 r)_zi)dr

< 1A, 33uoll7, + C sup (A} 03u(v)]72)

0<t<t
! 2 o lto , —D(1—0?)
xe%/ A+1) T E01 4 1) T+ e
0

< A3l + CE sup (18,7 dsu (D). (3.34)
<t=<t

where §p > 0 is chosen small enough such that "2—2 —

4L+1+T‘7+w_30 > 1
K Ky :
Similarly, we have
A, 33b(D1I72 < 1A, d3uoll7, + Ce® sup (A, 3b(0)]175) (3.35)
0<t<t
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with % <o < lands > 3. Adding (3.33), (3.34) and (3.35), together with (3.1), we
obtain

1AL w72 + 1A, 7B, + 14,7 d3u®)72 + 1A, 336017,
<0+ Ce% sup (|A, u(O)72 + 1A, D)7, + 1A, d3u(0))7,

0<t<t

+ 1A, 7 33b(D)13,).

By choosing ¢ sufficiently small such that Ce% < min{%, %yo}, then this inequality,
together with the Young inequality, yields (3.3) for all # € [0, T']. Then, the bootstrap-
ping argument implies that 7 = oo and (3.3) holds for all < co. This completes the
proof of Theorem 1.1. d
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