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Abstract

How to construct global solutions of the compressible viscous magnetohydro-
dynamic (MHD) equations without magnetic diffusion even with small initial
data in R3 or T3 is still an extremely challenging open problem. The difficulty
comes from the lack of magnetic diffusion and the fact that solutions to inviscid
equations generally grow in time. Motivated by this open problem, the present
paper focuses on a special case of this MHD system in T> when the magnetic
field is vertical. We establish the global existence and uniqueness of smooth
solutions to this system near a steady-state solution. In addition, the solution is
shown to be stable and decay exponentially in time. The proof discovers and
makes use of the smoothing and stabilizing effect of the steady magnetic field
on the perturbations.
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1. Introduction and the main result

1.1. Model and synopsis of result

In this paper, we are concerned with the large time regularity of the compressible viscous non-
resistive magnetohydrodynamic (MHD) equations, which model the motion of electrically
conducting fluids in the presence of a magnetic field. It can be written as the following system,

Op +div (pv) =0,

p(OV+V-VV)— pAv— (A+p)Vdivv+ VP = (V xB) x B,
OB -V x(vxB)=0,

divB = 0.

(1.1)

Here the unknowns p, v, B, are the density of the fluid, the velocity field, and the magnetic field,
respectively. The thermal pressure P(p) is assumed to follow a polytropic y—law, P(p) = Ap”
for some A >0 and ~ > 1. The parameters p and A are shear viscosity and volume viscosity
coefficients, respectively, which satisfy the standard strong parabolicity assumption,

p>0 and v N+2u>0.

The compressible MHD equations can be derived from the isentropic Navier—Stokes-Maxwell
system by taking the zero dielectric constant limit [14]. Although the small data global well-
posedness on the 2D compressible MHD equations without magnetic diffusion has been suc-
cessfully settled, this same problem on the 3D counterpart appears to be inaccessible at this
moment.

This paper focuses on a very special 2%-D compressible MHD system. The motion of fluids
takes place in the plane while the magnetic field acts on fluids only in the vertical direction,
namely

v=(v'(t,x1,%),V* (1,x1,%2) ,0) & (u,0),

def def
p=p(tx;,x), B=(0,0,m(tx;,x)).

Then (1.1) is reduced to
Op + div (pu) =0,
p(@,u+u-Vu)quuf(/\Jru)VdivquVPJr%Vm2:0, (1.2)
Om + div (mu) = 0.

We are interested in the initial boundary value problem for the system (1.2) in torus T? =

(0,d;) x (0,d,) with the initial condition

(p,u,m) (x’ 0) = (p07u07m0) ()C), xe TZ’
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and the periodic boundary condition
(p,u,m)(x—kd,t)z(p,u,m)(x,t), 120, d:(dlad2)'

To overcome the difficulties arising from the non-dissipation on p and m, we will rewrite
system (1.2). On the basis of the state equations, we reformulate the system (1.2) in terms of
variables P, u and m as

0,P +div (Pu) + (v — 1) Pdivu = 0,
p(8,u—|—u-Vu)—uAu—()\—Fu)Vdivu—i—VP—i-%sz:0, 13
Om+div (mu) =0,
(P,u,m)|,—o = (Po,ug,my) 4 (Apg,ug,mp).
For notational convenience, we write
/ Apl dx &P and / modx & 7.
T

T2

Clearly P is a positive constant. iz is non-zero but not required to be positive.

1.2. Main result
Now we can state our main result in the following theorem.

Theorem 1.1. Assume that the initial data satisfy (Po— P,mo—im)€ H>(T?) and ug €
H?(T?), with

cogpoécal and /pouodxzo (1.4)
’]I‘Z

for some constant cy > 0. Then, there exists a small constant € > 0 such that, if

1(Po = Pymo — )| + [|wol| s < e,
the system (1.3) admits a unique global solution (P — P,u,m — i) such that

(P—P,m—in) € C([0,00); H), ue C([0,00);H)NL*(RT;HY).
Moreover, for any t > 0, there holds

[w (@)l < Cre™, (1.5)

for some pure constant C; > 0.

Remark 1.1. Theorem 1.1 appears to be the first such stability and decay result on this partic-
ular MHD system in bounded domains. Our method exploits the hidden wave structure, which
provides the desired smoothing and stabilizing effect.

3
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Remark 1.2. Our result does not need any assumption that the vertical magnetic field m is
non-negative. What is really crucial here is that the average m is not zero. When the average m
is not zero, the equations of the velocity u and the perturbation of m, namely b = m — m form
a wave structure. As we shall see later,
{a,u+me: o

o (1.6)
O;b + mdiva = - - -,

where, for simplicity, we have used dots to denote other terms. By taking one more time deriv-
ative in (1.6) and making substitutions, we easily see the wave structure in diva and b,

(1.7)

Opdivu — m?>Adiva = - - -,
Oub—m*Ab=---.

(1.7) also reveals that the sign of m makes no difference. This wave structure allows to extract
the designed dissipative effect on b.

When the average m is zero, the wave structure disappears and the zero-averaged magnetic
field no longer stabilizes the perturbation 5. Then the Sobolev norms of b could grow in time
and it becomes impossible to establish the desired stability and decay.

1.3. Difficulties and scheme of the proof

Now, let us explain the difficulty and our idea. Due to the lack of the dissipations on both the
density and the magnetic field, the stability and large-time behavior problem concerned here
is very difficult.

We first remark that stability problem concerned here can not be converted to the compress-
ible Navier—Stokes stability problem. Although adding the equations of p and m may lead to
a density-like equation for p + m, but the pressure term can not be rewritten as a power law.
Furthermore, p + m may not necessarily be positive since m does not have a sign. Therefore the
classical compressible Navier—Stokes approach can not be used to solve our stability problem.

To make up for the missing regularization, we consider a small perturbation of the equilib-
rium P, in for the density and the magnetic field, respectively. In the framework of the per-
turbation, the local well-posedness of (1.3) can be shown via a procedure that is now standard
(see, e.g. [12]). The focus of the proof is on the global bound of (P — P,u,m — in) in H>(T?).
We use the bootstrapping argument and start by making the ansatz that

sup ([|P— Pl + l[all s + llm — | ) <6,
t€[0,7]

for suitably chosen 0 < § < 1. The main efforts are devoted to proving that, if the initial norm
is taken to be sufficiently small, namely

[1Po = Pl + [[wollz + [lmo — m|pe <&

with sufficiently small € > 0, then

sup ([|P— Pl + [[ull s + |lm —ml| ) < 5. (1.8)

t€[0,7]

N>,
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It is not trivial to prove (1.8). Now, let us explain our main idea. Without loss of generality,
we take P = m = 1 in the paper. The starting point is to write the term %V(m —1)? as a new
variable rather than the nonlinear term and define

pEp 1, b1

Then, we can rewrite (1.3) into the following form

Op + ydiva+u- Vp +ypdiva =0,

1
O — pAu— (A + p)Vdiva+ Vp + Esz = Nonlinear terms,

(1.9)
Ob+diva+u-Vb+bdivu =0,
(P,u,b) |i=0 = (o, w0, bo) -
By the standard energy method, we can show that
1d 2 2 . 2
5 3 1w B) s+ [0 + O ) vl
2
< C (I, b)llp + 11 (Vp, VY, V) [[75) (1 (p 0, 5) e (1.10)

from which we can see that (1.10) does not close under small initial data unless some norms
of p, b such as ||p|\2; and Ilei['g occurs on the left. In order to capture the dissipation
arising from the complicated coupling between p and b , our idea is to introduce the new
pressure ¢ as

def 1 2 1
12 1.11
© +aom =5 (1.11)
After an elementary calculation, we find that the new variable (¢, u) satisfies the following

equations

O0ip + (v + 1) divu = Nonlinear terms,
{180 (v ) (1.12)

o — pAu — (A + p) Vdiva + Vi = Nonlinear terms.

Especially, the linearized system of (1.12) has the same structure as the compressible Navier—
Stokes equations. Hence, by exploiting delicate energy analysis, we can capture the damping
effect of  and smoothing effect of win (1.12).

Although we have obtained the damping effect of ¢, another difficulty to prove (1.8) is
that we still cannot get any damping effect of p, or b, respectively. So, the energy estimate
like (1.10) is invalid to our bootstrap argument. We need to make a more dedicated energy
estimate as follows

1d 5 1d p 3 \2 2 .2
—— b — —— | ———(V?p) d A d
3 a0 el =5 g | T (90 et Vulfs + k) vl
2 2 2
<C((1+ 115 )l + il + 0 1 ) 1 o) [ (1.13)

Compared to (1.10), the advantage of the refined energy estimates (1.13) is that the time
integral of (1 [[p(8)|[7s) [w()[ls + ()75 + [l (8) |3 in front of [|(p,w,b)[|2, is time
integrable. This is because the damping effect and smoothing effect on o, u in (1.12).

In the following, we explain some difficulty about deriving the refined energy estim-
ate (1.13). Due to the lack of damping effect or smoothing effect of p,b, we can only use

5
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Le°(H*) norm of p, b in taking energy estimates. Thus, we have to be very careful to deal with
nonlinear terms involved in p,b

/ V(u-Vp))- Vpdx, / V*(u-Vb) - Vbdr, V' (pdiva) - Vipdx,
T2 T2 T2

1
/ V*(bdivu) - V¥pdx, - / VVH? - Viudx. (1.14)
T2 2 T2

For the first two terms

/Vs(u-Vp))-Vspdx, and Vi(u- VD) Vbdx,
T2 T2

we mainly use the commutator argument to transform the derivative from Vp or Vb to u,
see (3.16)—(3.19) for more details. For the last two terms

‘ ‘ 1 ‘ ‘
/ V* (bdivu) - Vipdx, and = [ V*Vb?-Viudx,
']1‘2 2 TZ

we combine them together and also use the commutator argument, see (3.20) for more detail.
However, we cannot use the same strategy as fw Vi(bdivu) - V*bdx to deal with the term
Jp= V¥(pdivu) - V¥pdx other than the pressure P(p) = 3p*. For more general y—law, i.e.

P(p) =Ap" for some A>0 and v > 1, we need to make some new idea to overcome this
difficulty. In fact, we first use the commutator argument to divide this term into two terms

Vs(pdivu)~V‘Ypdx=/ [Vs,p]divu-vspdx—i—/ pVidiva- V’pdx. (1.15)
T2 T2 T2

The term involved in the commutator is easy to control. For the last term in (1.15), the trouble
only arise when we deal with the highest order derivative, i.e. sz pV3divu - V3pdx. With the
help of the Holder inequality, this term will be bounded by

/szV3divu~V3pdx‘ < C|pll e ||V3divu||L2 ||V3pHL2

Cllplle Idivallgs [l

<
< Cllpllz lldivalls - (1.16)
To control the term ||divul|,;;, we have to use the smoothing effect coming from the velocity
equation to absorb this term to the left which will lead to the following inequality

2 . . 2 4
Pll7s lldival s < efldivullys + Cllpl|ps - (1.17)

When we use the continuity argument to close the energy estimates, (1.17) implies that we
have to ensure that the time integral of ||p||i,3 is time integrable, this is a disaster due to the
lack of the dissipation of the equation of p. To overcome the difficulty, we shall make full use
of the density equation of (3.3) to write

_8,p+u-Vp

diva = ,
yp+1)
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from which we can get

1 0 -V
_/ pVidivu- Vipdx = 7/ pVv?3 <W> -V3pdx
T2 v JT p

1 op u-Vp
== V3 ’)~v3 dx+/ v3<>~v3 dx.
’Y/Jrzp <1+p P sz 1+p p

(1.18)

Now, the degree of nonlinearity on the right hand side of (1.18) is higher than the left, which
implies that it is much easier to close the energy estimates in the framework of small initial
data. Combining with the previous steps, we then obtain a self-contained energy estimates.
The last step is to establish (1.8) and close the bootstrapping argument. The energy inequal-
ity obtained in the previous step, together with interpolation inequalities, allow us to show that

| (o) (2) |l < Ce™

when § > 0 is taken to be sufficiently small. In particular, the time integral of

(1 1P @15 ) I Ol + 0 Ol + o @)

in (3.82) is finite,

> 2 2 2
L (1) 1)+ 10 + e (DI ) dr < € < o0
Gronwall’s inequality then yields

1 (p,u,7) (1) [l < Cll (Po, 0, 70) [l

Taking the initial norm to be sufficiently small, we achieve (1.8).

1.4. Organization of the paper

The rest of this paper is structured as follows. In section 2, we recall several functional
inequalities to be used in the proof of theorem 1.1. Section 3 proves theorem 1.1. The long
proof is accomplished in five subsections. Section 3.1 explains how to prove the local well-
posedness and initiates the bootstrapping argument. Section 3.2 provides the energy estim-
ates for (P — P,u,m —m). Section 3.3 establishes the energy estimates for (o, u). Section 3.4
explores the dissipation (¢, u). Section 3.5 proves the decay estimate and then closes the boot-
strapping argument.

Finally, we briefly recall some known related results about the compressible MHD
equations.

1.5. Recall some known results

When the effect of the magnetic field is omitted, i.e. B =0, (1.1) reduces to the isentropic
compressible Navier—Stokes system, which has been extensively studied by many researchers,
we refer to [1, 9, 30] and the references therein.

Due to its physical importance and mathematical challenge, the mathematical study of the
compressible MHD equations has attracted considerable attention. When adding Laplacian

7
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term —AB to the magnetic equation, (1.1) becomes the compressible viscous resistive MHD
system. There has been a profuse literature devoted to the compressible viscous resistive MHD
system concerning the global existence of weak solutions [4, 7, 8], local and global well-
posedness of strong solutions with vacuum [6, 15, 34] and large time behaviour [14, 26]. Next
we review some previous results on the case of our consideration, namely the compressible
viscous non-resistive MHD system (1.1). Owing to the lack of dissipation mechanism for the
magnetic field, the mathematical analysis of (1.1) becomes more delicate and relatively fewer
results are available. For weak solutions, Li and Sun [17] obtained the existence and large-time
behavior of global weak solutions in 1D case. In 2D case, they [18, 19] also proved the global
existence of weak solutions for both isentropic and non-isentropic cases. Later on, the global
result of [18] was extended by Liu and Zhang [22] to the density-dependent viscosity coeffi-
cient and non-monotone pressure law. For strong solutions, Jiang and Zhang [10] proved the
global well-posedness of strong solutions for large data and studied the non-resistive limit in
1D case. Wu and Wu [27] established the global well-posedness of small strong solutions in
R? by using the systematic approach. Similar results on T? were obtained by Wu and Zhu [29].
Zhong [33] constructed the local strong solutions with possible initial vacuum but without any
Cho—-Choe-Kim type compatibility conditions in R?. The global existence of smooth solutions
on the horizontally infinite flat layer Q = R? x (0, 1) for the isentropic and non-isentropic cases
was proved by Tan-Wang [24] and Li [16], respectively. Recently, Wu and Zhai [28] proved
the global well-posedness of strong solutions on T under the assumptions that the initial data
is close enough to an equilibrium state, see [20] for an improvement of [28] for the compress-
ible viscous non-isentropic MHD flows without magnetic diffusion. When p = constant, (1.1)
becomes the incompressible viscous non-resistive MHD system, we refer to [21, 23, 31, 32]
and the references therein for related results.

However, as far as we known, the global well-posedness problem on the compressible vis-
cous non-resistive MHD system in R? remains an challenging open problem, even for the small
data. As an attempt to solve this problem, by exploiting the Fourier theory and delicate energy
method, the authors in this paper [3] considered a special 2%-D compressible non-resistive
MHD equations and proved the global existence of strong solutions with small initial data in
the critical Besov spaces. Furthermore, we obtained the solution’s optimal decay rate when
the initial data is further assumed to be in a Besov space of negative index.

2. Preliminaries

First, we describe the notations we shall use in this paper.

Notations : let A, B be two operators, we denote [A, B] = AB — BA, the commutator between
A and B. Throughout the paper, C > 0 stands for a generic ‘constant’. For X a Banach space
and I an interval of R, for any f, g, h € X, we agree that || (£,8,7)ly = I/l + llg]l + k]l and
denote by C(I;X) the set of continuous functions on I with values in X.

Next, we present several functional inequalities in the proof of our main result. We first
recall a weighted Poincaré inequality first established by Desvillettes and Villani in [2].

Lemma 2.1. Let €2 be a bounded connected Lipschitz domain and o be a positive constant.
There exists a positive constant C, depending on ) and 0, such that for any nonnegative func-
tion o satisfying

/9dx:1, 0< 0,
Q
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and any u € H'(Q), there holds

2
/Q(ﬂ—/pudx> dx < C||Vulf%.. (2.1)
Q Q

In order to remove the weight function g in (2.1) without resorting to the lower bound of g,
we need another variant of Poincaré inequality (see lemma 3.2 in [5]).

Lemma 2.2. Let ) be a bounded connected Lipschitz domain in R and p > 1 be a constant.
Given positive constants My and Ey, there is a constant C = C(Ey,My) such that for any non-
negative function o satisfying

Moé/de and /dex<Eo7
Q Q

and for any u € H'(Q), there holds

2
Vul: + (/ Q|u|dx> ]
Q

Lemma 2.3 ([11]). Lets > 0 andf,g € H*(T?) N L>(T?). Then

gl < C(Wlloe [l + [lgllzoe (1Al - (2.2)

Lemma 2.4 ([11]). Let s> 0. Then there exists a constant C such that, for any f € H*(T?) N
Wheo(T?), g € H~1(T?) N L>°(T?), there holds

7 <€

IV°f- Vgl < CUNVAllL< Vel + IVl Vel ) -

Lemma 2.5 ([25]). Lets > 0andf € H*(T?) N L>(T?). Assume that F is a smooth function on
R with F(0) = 0. Then we have

IF ) e < €A [Al) S Al

where the constant C depends on SUp¢ 5112 <[], | F®(£)]| oo .

3. The proof of theorem 1.1

This section is devoted to proving theorem 1.1. The proof is long and is thus divided into
several subsections for the sake of clarity.

3.1. Local well-posedness

Given the initial data (Py — P,ug,mg — in) € H>(T?), the local well-posedness of (1.3) could
be proven by using the standard energy method (see, e.g. [12]). Thus, we may assume that there
exists T > 0 such that the system (1.3) has a unique solution (P — P,u,m —in) € C([0, T]; H>).
Moreover,

1
560 <p(t,x) <2¢;", foranyt € [0,7]. (3.1
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We use the bootstrapping argument to show that this local solution can be extended into a
global one. The goal is to derive a global a priori upper bound. To initiate the bootstrapping
argument, we make the ansatz that

sup ([|P = Pl + [[ull g + [lm — ]| ) <0, (3.2)
t€[0,7]

where 0 < § < 1 obeys requirements to be specified later. In the following subsections we
prove that, if the initial norm is taken to be sufficiently small, namely

[Po — Pl + [[wol| e + |lmo — | <e,

with sufficiently small € > 0, then

N>,

sup ([P — Pl + [[ul o + [lm — ]| ) <
t€[0,7]

The bootstrapping argument then leads to the desired global bound.

3.2. Energy estimates for (P — P,u,m —m)

We first show the energy estimate which contains the bound for u only. Without loss of gen-
erality, we let P = m = 1, and define

pdéfP—l, adéfp—h bdéfm—l.

Then, system (1.3) is equivalent to the following system:
Op +vdiva+u-Vp+ypdiva =0,
dm —div (ii(p) Vu) — V (A (p)divu) + Vo =1,
Ob+diva+u-Vb+bdivu =0,
(P,u,b) |i=0 = (po, w0, bo) ,

(3.3)

with

def 1 5 1 def b 5, \def AN
p=P—1+_m —=, [p(p)==
2 2 P

and

A —u-Vu+1I(a)Vo+ u(VI(a) Vu+ (A + p) (VI(a)) diva.

We comment that the velocity equation written in (3.3) is slightly different from (1.3),. This
avoids the appearance of the bad term —I(a)(pAu+ (A + p)Vdivu).
In this subsection, we shall prove the following crucial lemma.

Lemma 3.1. Let (p,u,b) € C([0,T];H*) be a solution to the system (3.3). There holds

1d 2 1d p 3.3\2 2 L2
5 D) — 57—~ v dx \Y% A d
23w = 5o g [T (V) dvr pl|Vul (o aivul

2 2 2 2
< C (14 1ol ) Nulls 1217 + € (Il + Il + 0 s ) 1 o ,5) s (3.4)

10
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Proof. Let s =0,1,2,3. Applying operator V* to the equations of (3.3) and then taking L?
inner product with ( %V‘Yp, Vu, V*b) yield

2

1d 1Vsp, Vu, Vb — | Vidiv (i(p) Vu)- Viudx— [ V'V (X(p)divu) - V'udx
2 dt vy 12 T2 T2
= —1/ Vi (u-Vp+qpdiva) - Vpdx — [ Vidiva-Vpdx— | V'V Viudx
Y JT2 T2 T2
+ / Vfi Viude— [ V¥(u-Vb+bdiva)- Vihdr— | Vidivu- Vbdx. (3.5)
T2 T2 T2
Due to

Vo =Vp+ Vb+bVb

and the cancellations
Vidiva- Vipdx + V*Vp - Viudx =0,
T2 T2

Vidivu- VPbdx+ [ V°Vb-Viudx =0,
T2 T

we can further rewrite (3.5) into

2

1d 1v‘p,v‘u, V'b —/ V'div (i(p) Vu) - Viudx — [ V*V (X(p)divu) - V'udx
2 dt Y 12 T2 T2
:—1/ V(- Vp+qpdive) - Vpdx— [ V*(bVD) - Viudx
7 Jr2 T2
—/ AV (u~Vb+bdivu)~V‘dex+/ VY - Viudx. (3.6)
T2 T2

By using the commutator argument, the second term on the left-hand side can be written as

f/ Vidiv (i (p) Vu) - Viudx = | V°(a(p) Vu) - VV¥udx
T2 T2

:/ ﬂ(p)VVSu-VVSud/H—/ [V, i (p)] Vu- VVudx.
T2 T2
3.7

It follows from (3.1), for any ¢ € [0, 7], that
_ s s —1 s+1 2
/zu(p)vv u-VVudr > ¢y ' p ||V |, (3.8)
T
For the last term in (3.7), we can further rewrite this term into
/ Vi (p)] Vu-VViudy = [ [V, i(p) — p+p]Va- VViudx
T2

T2

= —/ V¥, ul(a)] Vu - VViudx. (3.9)
T2

1
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Bounding nonlinear terms involving composition functions in (3.9) is more elaborate.
Throughout we make the assumption that

1
sup  Ja(t,x)| < = (3.10)
teR+, xeT? 2

which will enable us to use freely the composition estimate stated in lemma 2.5. Note that
as H?(T?) < L>°(T?), condition (3.10) will be ensured by the fact that the constructed solu-
tion about a has small norm. It them follows from lemma 2.5 that the following composition
estimate holds,

(@) ||m < Clla||ps, for anys > 0. 3.1
Moreover, in view of a = (p + 1)% — 1, we can use lemma 2.5 again to deduce that
lallz < Cllplz - (3.12)
Then, with the aid of lemmas 2.4, 2.5 and (3.11), we have

’ /T [Vl (@)] V- VVSudx‘

S CIVViull (IVI(a) || VPl 2 + [[Vul| o [V (@) 2)

—1
<O p |9l + € (I9al < 190l + llal lull)

—1
C s 2
< 7% p|| VL + Cllplliz lullzs - (3.13)

Inserting (3.9) and (3.13) in (3.7) leads to
—1
e s C s 2
—/2 Vidiv (i (p) Vu) - V'udx >°7u v+, = Clplls ullfe . (3.14)
T
The third term on the left-hand side of (3.6) can be dealt with similarly. Hence, we obtain

1d 2 _ s 2 _ P
5, ‘|’C()]HHV+1“||I; +Co](/\+,u)||v divulf;
2det 12

1
(vsp, Veu, v%)
5

1 A ) s s s
<Clplip ol = > [ 95 Tpac— [ ¥ (pdiva) - Vpas

— [ V*(bVb)-Vudx— [ V’(u-Vb+bdivu)-V'bdx+ | Vfi-V'udx.
']I‘Z

T2 T2
(3.15)

To bound the nonlinear terms in (3.15), we first use commutator’s estimates to write

/ Vi(u-Vp) - Vpdx= [ (V'(u-Vp)—u-VV’p) - Vpdx+ [ u-VV’p-V'pdx.
T2 T2

(3.16)

T2
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It follows from lemma 2.4 that

[ (@ @5 —u v, VSpdx| < OV u-Vpll VPl
'H‘Z

< C([[Vull o VPl 2 + V| 2 (VP ) VPP 2
2
< Cllullg 1Pl - (3.17)

By integration by parts, we have

u-VVp-Vipdx
’]1‘2

2 2
< C|Vul| o [[V°plIz < Cllullgs [Ip [l

from which and (3.17), we get

V(0 V) Vpdr < Cllulln Pl (3.18)
Similarly, there hold
V? (u-Vb) - V¥bdx < Cllul s [|6]|5 (3.19)
’H‘Z

and
/ AVl (bdivu)~V5bdx+/ V¥ (bVb) - V'udx
T2 T2

:/ [V‘V,b]divu-V‘dex+/ [V*,b] Vb - Viudx
T2 T2

+/ bV‘Ydivu-Vsbdx—i-/ bV°Vb - Viudx
T2 T2

= / [V*,b]divu - Vobdx + / [V*,b] Vb Viudx + / bdiv (V*bV*u) dx
T2 T2 T2

:/ [Vs,b]divu~Vsbdx+/ [V¥,b]Vb-Vudx— [ V°bV'u-Vhdx. (3.20)
TZ TZ TZ

In view of lemma 2.4, we have
/ [V*,b]diva- V'bdx < C||[V?,b]divul| . | V°D|
T2

< C(||Vul| e [V*B]| 2 + [|V¥ull 2 [|VB]| ) V2B 2
< Clullp 1613 (3.21)

and
[ (9,019 FPuds < €[ (9, VB [Vul
']1‘2

< C|Vb|| 1 VD2 [ V| 2
2
< Cllullgs (165 - (3.22)

13
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For the last term in (3.20), it is direct to see that

- [ 7o Tha < T [l (0],
TZ

< Cllullp 1675 - (3.23)

Hence, combining with (3.19)—(3.23), we obtain

/V‘Y(u-Vb+bdivu)~Vsbdx+/ V¥ (bVb) - Voudx| < Clull,p [1BI (3.24)
T2 T2

Next, we have to bound the most difficult term

— [ V(pdivu)- V’pdx.
T2

We first use the commutator to rewrite this term into

—/ V* (pdivu) - V'pdx = — / [V, pldiva-V'pdx— [ pV'diva- V’pdx. (3.25)
’I[‘Z ’]I‘Z ’I[‘Z

The first term on the right hand side of (3.25) is easily controlled from lemma 2.4 that

- [ 19 ldive Tpas < IV pldival [

< C([IVull e [V°pll 2 + VPl 2 (VPN ) VP 2
< Cllulls Pl - (3.26)

Then, we deal with the last term on the right hand side of (3.25). In fact, fors =0, 1,2, we can
bound this term directly as follows

’—/szvsdivwvspdx < C|pll e IV3divul|,2 | VP2

< Cliplge [1divall g [|p[l
< Cllull 1Pl - (3.27)

However, for the highest regularity s = 3, the same strategy as (3.27) is invalid. Otherwise, we
get by a similar derivation of (3.27) that

’—/szv3divu-v3pdx < C|pll= |V3divu|[ . ||[V3p]|,. < ClIpll7s ldivul s (3.28)

Moreover, to control the term ||divu/|,;, we have to use the smoothing effect coming from the
velocity equation to absorb this term to the left which will lead to the following inequality

Ip |17 lldivul ;< <|divul 3 + Cllplly (3.29)

When we use the continuity argument to close the energy estimates, (3.29) implies that we
have to ensure that the time integral of || p||i,3 is time integrable, this appears to be impossible

14
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due to the lack of the dissipation of the equation of p. To overcome the difficulty, we deduce
from the first equation of (3.3) that

8,p+u Vp
yp+1)

diva =

from which we have

_/ pV3divu-V3pdx:1/ pV?3 (W’) -V3pdx
T2 Y JT2 p

1 op u-Vp
S V(== Vpdx / v3<>-v3 dx
v/zp (Hp) Pt sz L+p P

=D+ D;. (3.30)

For the first term D; we have

1 19)
DIZ/PV3(1 P )v?)pdx
v J1 +p

1 1 1
=— | LV} 0p) Vpdx / CiV opVv3- f( >~V3 dx
/H‘21+p @p)-Vpdx+ | p Z P ) VP

5
1 P_ 5, (v3p) dx+l/pZC§V€8,pV3_e (1>~V3pdx
T2y ul4p v 4o l+p
1 d p 312 1
=—— [ —(V’p) dx— ———0p(Vp
2y dt T21+P( ) 2y Je (14 p) ( )
1 1
+ CiV oV f( >~v3 dx. 3.31
,y/szZ P ) VP (3.31)

Using the first equation of (3.3), we can bound the second term on the right hand side of (3.31)
as

1 1 2 1 1 2
—— | ——=0p(Vp) dx=— | —— (u- Vp+rpdiva+~divu) (V3p)” dx
2 e (14p) v'7) 27 Jr (14p)° v'e)
2
< C((L+ [Pl ) IV oo + V] ]l ) [ 3R]
SC(L+Iple) lull s ol - (3.32)

By the Holder inequality, the last term in (3.31) can be controlled as

2
1 ) s—ef 1 3 s—ef 1
C3V 0ipV- -Vpdx < C \% P
V/TZPZ P T+ p p;) +0),

(3.33)

Recall that

<Clpllz (3.34)

2
1
3—¢
P2V <1+p>
£=0 L
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and
0Pl < Cllu- Vp+vpdiva +rdivul| . < C([[afl + [ull 1p]s) - (3.35)

Hence, we have

1 Ol 3—¢ 1 3 3
V V -Vpdx < C(1+ 5) [a . .
5 /sz E 3V op 140 14 ( (P11 ) 0l (1P| (3.36)

Combining (3.32) with (3.36), we get

1 d

3 2 2
dx c(1 ) . 337
< L (o) e (1ol ol . 337

For the term D,, we infer that

u-Vp 3
D :/pv3( )-Vpdx
2 T2 1+p

1
= =—Viu -Vp) -V dx+/ CiVi(u-Vp) V3~ ”( >~v3 dx
/’H‘21+p (u-Vp)-V’p Tp% (u-Vp) T p

=Dy +D>p.

We can use the commutator to rewrite D; | into

p 3 3 3 14 3 3
Dy = —— (V’(u-Vp) —u-VV?) - V'pdx+ ——u-VV’p-V’pdx. 3.38
21 /Tz 1er( (u-Vp)—u p)-Vp T " p-Vp (3.38)

Thanks to lemma 2.4, we get

/TZ Ty (V’(u-Vp)—u-VVp)- V3pdx‘

HHPH 15701l 91,

< C(IVullye [[Vop]] 2 + ([ V2] 2 1VPll=) ([ VPP 2
< Cllullys Ipll7s - (3.39)

By using the integration by parts, we have

- %U' Vv3pvgpdx’ < C’

div <pu>
1+p L

C(IVull e + ull V2] || V3P|

2
Il

NN

2
C+lpllp) [l 11

from which and (3.39) we get
D2y < C(1+[Iplle) I[ull g 12117 - (3.40)

16
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Thanks to the Holder inequality and (3.34), we can get

1
DM_/ch‘vZ u-Vp) V3" 4<1+ )-V3pdx

1
C 3—¢
";;;V (1+p>

4
< Cllullg oIz

Ju-Vpl VP 2
LOO

which combines with (3.40) implies that

2 2
Dy < C(1+ [l ) Il 1 (3.41)

Inserting (3.37) and (3.41) into (3.30) leads to

1d
Vidivu- V3pdx < / Vi) dx+C(1 2 2 (342
/Tz iva-V3p T T21+p( ) + ( +||p|\m) [all g 1Pl - (3.42)

Consequently, taking the estimates (3.26), (3.27) and (3.42) into (3.25), we get

. 1d 2 2
— [ V*(pdivu) - V*pdx < V)’ dx c<1 ) .
v tive) - wpas< 5 [ (90 v 0 (1) il Il
(3.43)
In the following, we have to bound the terms in f| of (3.15). To do this, we write
stl -Vsudx:Al +A2 +A3 +A4 (344)
’H‘Z
with
def s s def s s
Alz—/V(u-Vu)~Vudx, Ay = /V(I(a)Vga)-Vudx,
T2 T2

AE /Tz V' (u(VI(@) Vu) - V'udx,  AyE /Tz V(A +p) (VI(a))divu) - VVudr.

We now estimate A, A, A3, A4 one by one. The term A; can be bounded the same as (3.17)
)
Al <C|Vul o [VVul 2 -
For s = 0, we can bound the rest terms A,,A3,A4 directly as

[A2] + |A3] + [Ad| < CllI (@) ]| (1Yl + [ Vall2) [[ull

CllaHm (el + ulle ) 1l e
Co ,U

IN N

N

lullze + Cliple (el + Il ). 349

Due to [, pudx =0, one can deduce from lemma 2.1 that

I (v/pw) (1) 17 < ClIVu ()17,

17
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which combines with lemma 2.2 further implies that
la (1) 17 < ClIVu () |17.- (3.46)

Hence, we can infer from (3.45) that

’Az’ + ’As’ + |A4‘ <

e (Il 7 + ullza)
For s = 1,2,3, by lemma 2.3 and (3.11), we have
45| < <uwnm 1 @) g1 + 190 e [ (@) |2 ) |95 [
< Co " |95+ |7, + CllalZ oIz + Cllallz Nl 17
< % IVl + Clipls el

Similarly,

43| + |4 < (IIVI(a) = [IV*ull2 +11V7 (@) 1= [ V|2 |

'

<@L |\v a7, + ¢ (I Valide Va3 + all full
o u

<@L |Vull + Clpl ul

Inserting the bounds for A; through A4 into (3.44), we get

Vﬁ %

(Il + Il ) el 347

Finally, inserting (3.18), (3.24) and (3.47) into (3.15) gives

1d

1d
S (., b)llpe = 5~ (V)" dx+ pe[| Va3 + (A+ o) [|divu|
2 dt 2~ dt

1+p
2 2 2
C(1+1pl7 ) Ml I+ € (1l + s+ 1o ) 1 prw,) e

This finishes the proof of lemma 3.1.

3.3. Energy estimates for (p,u)

Lemma 3.2. Let (p,u,b) € C([0,T];H®) be a solution to the system (3.3). Then

1d .
S 1 )||H3+ B IVullzs + A+ ) dival|

¢ (Il + 1 (p, @) e+ (1 1Bl ) 1Bl ) o s (348

18
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Proof. We start with the L2 estimate. To break some technical barrier, it is convenient to rewrite
system (3.3) in terms of variables (¢ and u. Precisely, one has

du—div (i(p) Vu) =V (X(p)diva) + Vi = fi,
Op+ (v+ 1)diva=f, (3.49)
(W,¢) |i=0 = (w0, %0) ,

with

A€ —u-Vu+1I(a)Vo+u(VI(a) Vu+ (A p) (VI(a))diva,

2—
A u. Ve —yediva+ =L (b2 +2b) divu.

Taking inner product with u for the first equation of (3.49), % for the second equation
of (3.49), respectively, then adding up the result together, we then obtain

1d . 3 .
3a (Il + = el ) - / div (7i(p) Vu)-udv— |V (A(p)divu) -ud
2 dt T2 T2

=/ h ~udx+7/ fpdx, (3.50)
T y+1 /e
where we have used the following cancellations

Vgo-udx—l—/ divu- pdx=0.
T2 T2

For the last two terms on the left hand side of (3.50), we get by integration by parts and (1.4)
that

—/ div (i(p) V) -udv = | fi(p)Vu-Vade > ;| Vull, 3.51)
’]I‘Z

T2

—/ V(X(p)divu)mdx:/ X(p)divu - divadx > ;' (A + p) [[divul[3, . (3.52)
2 T2

Next, we shall estimate each term on the right hand side of (3.50). First, it follows from integ-
ration by parts and the Holder inequality that

3¢, ,u
| [ o] <220 (9l € (1l + 101 + 015 ) 1

3¢t
< 20wl 4 (1) s + 161 ) o - (353)
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Thanks to lemma 2.5, the Holder inequality and the Young inequality, we have

]/ u.w.udx\ <C|Vul . [u
’]I‘Z

[ 1@V udd < @ [Vl ul,

—1
Co Mo 2 2 2
< g~ lulli: + Cllall ll 1l
—1
Co M 2 2 2
< 5= IVulli + Cllallie 1 7
. ' 2 2 2
| [ 1@y vu (vr@)ava) -uar| < vl + 9l ol
from which we get
3¢y ' 2 2 2
| fi-was| < IVl o+ Cllaliys ) (3.54)

Inserting (3.53), (3.54) into (3.50) and using (3.51), (3.52), we arrive at a basic energy
inequality

1d Sc; ' )
5 3 Wz + =5 [Vl + (A + ) [[divel,
2 dt 8
< C (@ b) s+ 10) 5 ) N, w) s (3.55)

Next, we are concerned with the higher energy estimates. Applying V* withs = 1,2,3 to (3.49)

and then taking L* inner product with (V*u, -1 V*¢) yield

2

lg S 1 S _ S 13 — S _ S Y . S
53 <V u,—erlV <p) . /TZV div (i (p) Vu) - V'udx TZV V (A(p)divu) - V'udx
- / V- Vude+ —— [ V- Vpd. (3.56)
T2 ’Y+1 T2

The last two terms on the left hand side of (3.56) can be dealt from (3.14) that

1
vs‘ , VS
( " v+1 S0)

<C\\p||ip|\u|\f,3+c/ V‘nyVSudx—&—C/ V' - VVpdr. (3.57)
T2 T2

2

1d _ ¢ 2 — S 112
5 d: +CUIMHV‘+1“HL2 +eg (A ) [[VEdival|
2dt 12

We now estimate successively terms on the right hand side of (3.57). We first get by a similar
derivation of (3.47) that

—1
s s Co M 2 2 2 2 2
/T Vi Vude < T Vulf+ C el 4+ € (e 5+ lulfe ) Il 3:59)

20
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For the first term in f;, we get by a similar derivation of (3.18) that
s s 2
7@ 90 9par < uly o - (3.59)
T

For the second term in f>, it follows from lemma 2.3 that

. V* (pdivu) - Vi dx < C((|divul|ze[[o]lg + [[dival|g][oll=) [V
<& “uv 12 + € (lulls + ll2) o 1 (3.60)
Similarly,
[V (baiva) - Ve < Claivau ol + v Bl [V 1
<& M|\V“||H3+C|\b||m [EIF (3.61)

/2 V¥ (b*divu) - Vipdy < C (||diva| e |0? (| + [|diva][]|6* || ) Vi |2
T

(1 1815 ) 16l o - (3.62)

Collecting (3.59)—(3.62), we can get

190l + € (luln + 0l + (14 1615 ) 1515 ) 1, w)
(3.63)

3 —1
/V‘sz.vxgodxé “
- 16

Plugging (3.58) and (3.63) into (3.57) and combining with (3.55), we arrive at the desired
estimate (3.48). This completes the proof of lemma 3.2.

O
3.4. Dissipation estimates for (¢, u)
Next, we find the hidden dissipation of the unknown good function .
Lemma 3.3. Let (p,u,b) € C([0,T]; H?) be a solution to the system (3.3), there holds
1d ’y +1 2
5&”(% Gl + ||‘P||H3 + [ Va3 + ||VG||H3
2 2
¢ (Il 3+ ||u||H3 + (1+ 11515 anm) (e 7+ 1Vullz) (3.64

Proof. Define

de

AY —u-Vu+I(a) Ve —I(a) (pAu+ (A + p) Vdiva)

21
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we can transform (3.49) into the following form

O+ (v+ 1)diva=4,
o — pAu— (A4 p) Vdiva+ Vo = f3.

Denote
¢ 1
G Qu--A"'Vp.
v
Then, we find out that G satisfies

1 1
0,G — vAG = %@H@fg + ATV

(3.65)

(3.66)

For s = 0,1,2,3, applying V* to the above equation, and taking the L2-inner product with V*G

give
1d s 2 5 2
S d@ VG| +’/HV +1G||L2
gc/ v%@u.vscdwc/ Vs’1f2~Vsde+C/ Vi Qfs - V3G dx.
T2 T? T?
For s = 0, we get by the Young inequality and the Poincaré inequality that
1d 2 2
E&||G||L2+V”VGHL2
<C Qu-de—i—C/ A—Isz-deJrc/@g-de
T2 T2 T2
v 2 2 - 2 2
<SGl + Clulliz + €[ ATV + ClIAl
v 2 2 2 2
< IVGlz: + Cllufle + Cllllm + Cllfsl

which implies that

1d 2V 2 2 2 2
XT Gz + F IVGIlE: < Cllullie + CllAllp + Cllfs -

For s = 1,2,3, with the aid of the Young inequality, we deduce from (3.67) that

1d

4 IV*G|7, + % HVSHGHZ < C(Hvs—lQuHiz +]|V2

2 o 2

T ||V lf3||L2>
2 2 2

< Cllulg + Clltallgn + Cllfsllze -

Combining (3.68) with (3.69) and using (3.46), we get for s = 0,1,2,3 that

1d, _, , o — s

L8 osGi + 296l < o (v @l + [Vl + 7R
< ClIVul + Clfalln + Cllf e -

By using the fact

divQu = divu,

22
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we infer from (3.66) and the first equation in (3.49) that ¢ satisfies a damped transport equation
Orp + ’YTHQO =—(y+1)divG +f.
For the above equation, we get by a similar derivation of (3.70) that
3 dt IIV ol +— IIV ol =-(r+ 1)/ VdivG V%O®C+/ Vify - Vipdx.

By the Young inequality, there holds

’— (v + 1)/ VidivG - vsgpdx’ < CIVUdivG| . (v + 1) V¥l 2
TZ

1
\7+ \IVS¢||L2+CV||VS“G||L2 (3.71)

The second term on the right hand side of the above equality can be bounded the same as (3.63)

[ v vipds< (Il + ol + (14 15120 ) 1513 ) o)

which combines (3.71) implies that

3c0 W

7+1 s 5
2dt IIV ol +— V¥l < IVul3s + Cv ||V “GHLZ

2 2
+C@ﬂmHMW+Q+MMNWMMwmmﬁ

(3.72)
Multiplying (3.70) by a suitable large constant and then adding to (3.72) lead to
1d
35 1@+ L el + % IV 61,
gaﬂﬁwﬂ#+qu;+qw@+am%
€ (Il + ol -+ (1 10150 ) 181 ) o)l o

Using the fact that H?(T?) is an Banach algebra, the nonlinear terms in f,f; can be estimated
as follows
2 . 2 . 2 2 5. 2

Cllu- Vgl + ipdival + C [baival, + [[pdivull,

2 2 2 2 2 2 4 2
Cllullzs oWl + Clle e [[Vallys + ClIbl [Vl + 1604 [ Vall

2 2 2 2 2 2
< Clullys Il + € (14 1615 ) 1515 + e 1 ) 197wl (3.74)

Ifall7

<
<

23
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2 2 2 2 2 2
Cllullz [Vl + Cllally Vel + Cllallp [[Vall
2 2 2 2
Cllp, Wl 1Vl + Cliplles e [l - (3.75)

Inserting (3.74) and (3.75) into (3.73) leads to

2
153112

NN

S @G+ L ol + 2 IVGIE,

3¢
<< = £ +c> IVul +C (1. w )l + (141815 ) 1515 ) [ Vul

+C (Jlulls + 1o wsip) 3 + (14 110 ) 611 ) o) 5 (376)

Thus, multiplying (3.48) by a suitable large constant and then adding to (3.76), we can
finally get that

1d

Sq e, )HH3+ ||90||m+u|\VU||m+ IVG ]z

c(lIp.u.9) ||H3 ol s (1+ 115 ||me) (ke 1+ 1vully ) (377)

where we have used (3.46) once again. In view of
o=p+= (b2 +2b),

one has

2 2 2 2
Il < Cliplis +€ (1411815 ) 18]

from which we can arrive at the desired estimate (3.64). Consequently, this completes the proof

of lemma 3.3.
O

3.5. Bootstrap argument

In this section, we complete the proof of theorem 1.1. Under the assumption of (3.2), we infer
from (3.64) that

1d v+1
5 3 10 )+ =l + 1l Vulf + 5 VG
<CS(BP+0+1) ||¢||H3 +C5 (8B 45+1) \|Vu||§,3. (3.78)
Denote
& (1) =(.0,6)3

and

7+

(1) = o 17 +MIIVUHm+ IVG |7 -
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Then, choosing § small enough in (3.78) implies that
d 1
—E(t)+=-2(1) <0.
LEW+52()

It’s straightforward to check that
&)< C(1)

from which we get
d
—& (1) +c& (1) 0.
dr

Solving this inequality yields
& (1) < Ce™ .

Hence, we get

[ (ol + a0l + (1) e < .

Duetocogpgco_l,wehave

1 S
<——<
Co T (o)

Hence, there holds

L, 2 1 p 312 2
Sl - — [ 2 dy >
ol = o [ T2 (7%0)° @ Clly

from which and the lemma 3.1, we have

!
2 2 2 2
19.8.5) 5 < oo b0) € (1 1ol ) e e 0

(3.79)

(3.80)

(3.81)

t
2 2
¢ [ (1wl + 5o+ 1o ) Do b) o G52

Thus, exploiting the Gronwall inequality to (3.82) and using (3.81) imply that

t
2 2 2 2 2
I u.b)3 < C||(P0au0,bo)||mexp{c (1 1) bl + ol + e ) df}

< Ce2.

Taking e small enough so that Ce < 6/2, we deduce from a continuity argument that the local
solution can be extended as a global one in time. This completes the proof of our main theorem.
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