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Abstract

Hyperbolic Navier—Stokes equations replace the heat operator within the
Navier—Stokes equations with a damped wave operator. Due to this second-
order temporal derivative term, there exist no known bounded quantities for
its solution; consequently, various standard results for the Navier—Stokes
equations such as the global existence of a weak solution, that is typically con-
structed via Galerkin approximation, are absent in the literature. In this manu-
script, we employ the technique of convex integration on the two-dimensional
hyperbolic Navier—Stokes equations to construct a weak solution with pre-
scribed energy and thereby prove its non-uniqueness. The main difficulty is the
second-order temporal derivative term, which is too singular to be estimated as
a linear error. One of our novel ideas is to use the time integral of the temporal
corrector perturbation of the Navier—Stokes equations as the temporal corrector
perturbation for the hyperbolic Navier—Stokes equations.
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1. Introduction and review of previous works

1.1. Motivation from physics and real-world applications

The Navier—Stokes equations is a prominent system of partial differential equations (PDEs)
in hydrodynamics that has various applications in real world such as fluid mechanics, aero-
dynamics, medicine, and even finance. More than half a century ago, Cattaneo [12, 13] and
Vernotte [47] proposed replacing the heat operator with a damped wave operator to make the
propagation speed of heat transfer finite. This idea was subsequently extended by others such
as Carrassi and Morro [11]. More recently, Couland, Hachicha, and Raugel [19] derived a gen-
eral version of the hyperbolic Navier—Stokes equations by replacing the Fourier law with the
law proposed by Cattaneo. The hyperbolic Navier—Stokes equations (1) of our main interest
in this manuscript is precisely [4, equation (1.6)] by Brenier, Natalini, and Puel, which can be
considered as an approximation of the general version in [19].

One of the most fundamental issues concerning the standard Navier—Stokes equations is the
uniqueness of its global-in-time weak solution that has been known to exist since the pioneer-
ing works of Leray and Hopf [31, 36]. Although the non-uniqueness of Leray—Hopf weak solu-
tion to the three-dimensional (3D) Navier—Stokes equations remains open, recent breakthrough
technique of convex integration has advanced our understanding of this challenging problem.
The hyperbolic Navier—Stokes equations differ from the standard Navier—Stokes equations by
a second-order temporal derivative term and even the global L2-bound remains unknown. The
classical approach such as the Galerkin approximation on a torus to construct a global-in-time
weak solution strongly relies on such bounded quantities. Hence, setting aside the question
of uniqueness, to the best of our knowledge, there is currently no known construction of a
weak solution to the hyperbolic Navier—Stokes equations from non-trivial initial data on an
arbitrarily large time interval.

Considering such a unique difficulty of the absence of any bounded quantities, we turn to the
non-traditional approach, specifically the recent breakthrough technique of convex integration,
and for a priori fixed arbitrary T > 0 and prescribed energy, construct a weak solution with the
prescribed energy on [0, 7] and consequently prove its non-uniqueness. Extending the current
convex integration technique to the hyperbolic Navier—Stokes equations with the second-order
temporal derivative term requires substantial modifications. With several new novel ideas and
optimization over multiple parameters, we achieve this goal. To the best of our knowledge,
this is the

e first construction of a non-trivial solution to the hyperbolic Navier—Stokes equations on [0, 7]
for an arbitrarily large T > 0 a priori fixed,

o first ill-posedness result for the hyperbolic Navier—Stokes equations,

e and first attempt of convex integration on a physically meaningful hyperbolic system of
PDEs with a second-order temporal derivative term.

1.2. Review of previous results

We define N= {1,2,...,}, Ng 2 {0} UN, T¢ £ [~7,7]%, and a fractional Laplacian (—A)™
for m € R to satisfy (—A)"f(x) & Zkezd|k|2"?(k)eik')‘ for d € N. Let us denote by v: R, X
T — R? the velocity field, 7 : R x T — R the pressure field, and 1 > 0 the kinematic vis-
cosity, so that we may write down the hyperbolic Navier—Stokes equations generalized via a
fractional diffusion n(—A)"v as



Nonlinearity 37 (2024) 115014 J Wu and K Yamazaki

YO+ Oy +n(—=A)"v+ (v-V)v+Vr =0, (1a)
V-v=0, (1b)

where v > 0. The case v =0 recovers the generalized Navier—Stokes equations, additionally
considering m =1 recovers the Navier—Stokes equations, and also taking n =0 leads to the
Euler equations. For simplicity, we assume 1 = 1 hereafter whenever 1 > 0. For the Navier—
Stokes equations in case - = 0, taking L*(T¢)-inner products with v under the assumption of
sufficient regularity of the solution leads to the energy identity of

t
v ()12 +2 / I(=2)% vi2ads = v (O)]3. @)

Based on this fundamental property, there is a rich theory of the Navier—Stokes equations over
90 years of investigations starting from the pioneering work of Leray [36].
In sharp contrast, the energy identity (2) fails in case v > 0 due to the extra term

t
5y / Oygsv - vdxds.
0 Jrd

Additionally, taking L*(T¢)-inner products with 9,v and summing the resulting equations cre-
ate a different problem this time due to

15
// (v-V)v-Osvdxds.
0 J1d

Consequently, there are no known bounded quantities for the solution to the hyperbolic Navier—
Stokes equations (1). Very recently, Ji, Li, Tian, and Wu [34] proved that in the spatial domain
R for d > 2, the hyperbolic Navier—Stokes equations (1) possess a unique global-in-time mild
solution under constraints on 7y and initial data, and the solution converges to the solution of
the Navier—Stokes equations as v ~\, 0 in certain Sobolev norms. Nevertheless, rigorous results
for the hyperbolic Navier—Stokes equations in the current literature, in general, are extremely
limited due to the lack of bounded quantities disabling one from following the known clas-
sical approaches on the Navier—Stokes equations. In turn, this presents a unique opportunity in
which a non-classical approach that does not rely on the energy inequality (2) of the Navier—
Stokes equations may be applied to the hyperbolic Navier—Stokes equations instead to shed
light from a different angle to improve our understanding, and a good candidate for such a
technique is the convex integration, that we briefly review next.

Convex integration has its roots in geometry, specifically the famous C!-isometric embed-
ding theorem of Nash [43]. It has seen rapid developments in the past two decades fueled by
the goal of proving Onsager’s conjecture [44], the positive direction being that every weak
solution v € C®(T?) to the 3D Euler equations for o > % conserves its energy and the negative
direction being the existence of a weak solution v € C*(T?) for o < % that fails to conserve its
energy. While Constantin et al [17], and Eyink [25] in 1994 proved its positive direction, De
Lellis and Székelyhidi [21] in 2009, by partially using ideas from [42] by Miiller and Sverak,
proved the existence of a solution v € Ly, to the dD Euler equations for d € N'\ {1} with com-
pact support in space and time, extending the previous works of Scheffer [45] and Shnirelman
[46] that proved analogous results with regularity in L,%x in the 2D case. After further exten-
sions (e.g. [6, 22, 23]), Isett [32] proved the negative direction of Onsager’s conjecture in any
dimension d > 3. The case d =2 was excluded in [32] due to the absence of Mikado flows in

3
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the 2D case; nevertheless, Giri and Radu [26] recently settled the 2D case as well via a new
approach of Newton-Nash iteration.

Via an introduction of intermittent Beltrami waves, Buckmaster and Vicol [8] proved the
non-uniqueness of weak solutions to the 3D Navier—Stokes equations, and it was followed by
many more: [5, 14, 38, 40] on the Navier—Stokes equations; [10] on power-law model; [39]
on Boussinesq system; [3] on magnetohydrodynamics system; [20, 41] on transport equation;
[7, 33] on active scalars. Concerning the non-uniqueness of Leray-Hopf weak solutions to the
3D Navier—Stokes equations which requires higher regularity than weak solutions, Colombo
et al [16] extended the approach of [6] and proved that Leray—Hopf weak solutions to the
generalized Navier—Stokes equations, which is (1) with v=0, are non-unique for m < %
Subsequently, De Rosa [24] utilized some ideas from [32] and extended [16] up to m < %
Finally, more recently, Albritton et al [1] proved the non-uniqueness of Leray—Hopf weak
solutions to the 3D Navier—Stokes equations under some non-zero force.

Despite the seemingly wide applicability, there exist plenty of PDEs to which we do
not know how to employ the convex integration technique. In particular, during a work-
shop ‘Criticality and Stochasticity in Quasilinear Fluid Systems’ at the American Institute
of Mathematics in 2021, one participant suggested an open question of whether one can apply
the convex integration technique to dispersive or hyperbolic PDEs such as the wave equation.
Some workshop participants attempted but came out empty-handed in terms of concrete res-
ults. Nevertheless, in this work we succeed in employing the convex integration technique to
the hyperbolic Navier—Stokes equations (1) and thereby construct a solution with prescribed
energy that is non-unique on [0, 7] for a priori fixed arbitrarily large 7 > 0; we present our
result formally next in section 2.

2. Statement of our main result

Let us present our main result in theorem 2.1; its style of presentation has some similarities to
[10, theorem B]. We define a A b = min{a,b}.

Theorem 2.1. Fix m € (0, %), an arbitrary T > 0, as well as any

e € C'(R;[e,00)) such that ||e||c(—2,m) < € and ||e'||c(-2,m) < &, (Ba)
where 4 < e < e < 00,¢ € [0,00). (3b)

Then there exists a constant 3 = 3(m) € (0, 1) sufficiently small such that the following
holds. There exists a mean-zero function

ve C((0,7);H” (T°)) n ¢’ ([0,7];L° (T°)) @)
such that

(1) v solves the hyperbolic Navier—Stokes equations (1) distributionally; i.e.
T
| [ 60 (60u0 - 06+ (-8)"0 ~ (v 9)) (s.2) s =0,
0o JT
/ v(t)- Vi =0V re|0,T],
T2

for any divergence-free ¢ € C*([0,T] x T?) such that both ¢,0,¢ vanish att=0and t =T,
and any ¢ € C'(T?);
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2)
@)l =e(0) Vre(o,T]. ()

Additionally, if two such energies e; and e, obeying the same bounds e,e, and e in (3)
coincide on [0,1], then there exist corresponding solutions v, and v, that also coincide on
[0, ¢ A T), implying non-uniqueness of distributional solutions for the hyperbolic Navier—Stokes
equations (1).

The lower bound of 4 in (3) is arbitrary and any strictly positive real number suffices in the
proof of theorem 2.1.

Remark 2.1. Initially, we attempted to prove the 3D analogue of theorem 2.1 but faced various
difficulties unable to close several necessary estimates. Using the generalized intermittent jets
in higher spatial dimensions from [37], we investigated to see if the difficulties in the 3D case
could be overcome in higher dimensions but we saw that the obstacles still remained. In fact,
the difficulties we faced in the 3D case interestingly became worse as the spatial dimension
increased. This is very counterintuitive to the theory of convex integration in which in general,
the lower dimension poses more difficulties; e.g. recall that Isett [32] proved Onsager’s con-
jecture for all d > 3 but not in case d =2. In any event, this is how we realized that the only
path forward for us with our current approach is actually the lower dimensional case, namely
when d =2, which finally led to theorem 2.1 after various optimizations over all parameters.
We make further comments on this issue in remark 4.5.

Remark 2.2. Our convex integration scheme will specifically utilize the 2D intermittent sta-
tionary flows originally introduced by Choffrut ef al [15] for the 2D Euler equations, sub-
sequently extended by Buckmaster et al [7] to the 2D surface quasi-geostrophic equations, by
Luo and Qu [38] to the 2D Navier—Stokes equations, and by Yamazaki [49, 51] to the stochastic
case implementing the smooth cut-off function “y introduced in [40, p. 7] (see (198)).

The main result from [38, corollary 1.2] is the construction of a non-trivial weak solution
to the 2D Navier—Stokes equations diffused by (—A)™ for all m € [0,1) that has compact
temporal support which implies non-uniqueness because the zero function is a solution to
the Navier—Stokes equations starting from zero initial data. A zero function also solves the
hyperbolic Navier—Stokes equations (1). Unfortunately, the approach of [38] directly conflicts
with one of our new novel ideas to handle the hyperbolic term (see remark 4.1). Consequently,
we were not able to extend [38] to the hyperbolic Navier—Stokes equations (1). Because further
explanation requires more notations, let us elaborate on this difficulty in remark 4.4.

In [9, theorem 7.1], Buckmaster and Vicol constructed a weak solution v(#,x) to the 3D
Navier—Stokes equations such that its kinetic energy at least doubles from time =0 to
t=1:||v(1) ||ii > 2|lv(0) ||z2 This implies non-uniqueness because one can take such a solu-

tion v(¢,x) constructed via convex integration, consider the solution v(0,x) at t =0 as initial
data, and employ Galerkin approximation to it to construct another solution v¥(t,x) such that
v9(0,x) = v(0,x) and [[v5(1)||7, < [[v(0)]|7.. Our first successful result was actually an exten-
sion of [9, section 7] to the 2thyperbolic ‘Navier—Stokes equations. However, in contrast to
the Navier—Stokes equations, this result does not allow us to conclude non-uniqueness because
even if we take the solution constructed via convex integration at time ¢ =0, we cannot con-
struct another classical solution via Galerkin approximation. Although theorem 2.1 with pre-
scribed energy is stronger in various ways, we leave a sketch of the proof of extension of [9,
theorem 7.1] to (1) in appendix D due to its independent mathematical interest.

5
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Finally, Burczak et al in [10, theorems A and B] introduced a very nice approach
to construct solutions to the power-law model with prescribed energy, which particu-
larly proved to be amenable to the stochastic case (e.g. [29, 48]). We adapt the convex
integration scheme of [15, 38] to such a prescribed energy approach from [10] to prove
theorem 2.1.

Remark 2.3. We briefly point out an interesting development in the research area of the convex
integration technique applied on PDEs forced by random noise of relevance to our manuscript.
There are various PDEs forced by random noise that is very rough such as the space-time
white noise, and they have been studied in the physics literature for many decades. The lack
of smoothness of such a force transmits to the roughness of its solution and the product within
the nonlinear term becomes ill-defined according to Bony’s estimates that informally states
that a product fg is well-defined if and only if f € C, g € C for Zle a; > 0. Such PDEs
are called singular stochastic PDEs (SPDEs), and its research direction has experienced sig-
nificant advances due to the recent breakthrough inventions of the theory of regularity struc-
tures by Hairer [28] and the theory of paracontrolled distributions by Gubinelli et al [27].
For example, Zhu and Zhu [52] constructed a local-in-time solution to the 3D Navier—Stokes
equations forced by space-time white noise using these theories. Yet, even these powerful
techniques have limitations: the constructed solutions are local-in-time, and the techniques,
in general, apply only to locally subcritical singular SPDEs, which informally require their
nonlinear terms to be smoother than the noise (see [28, assumption 8.3] for a precise defini-
tion of local subcriticality). Remarkably, Hofmanov ef al [30] were able to employ the convex
integration technique to the 2D surface quasi-geostrophic equations in the locally critical and
even supercritical cases; this was the first construction of any solution to any singular SPDE
in the locally critical and supercritical cases; not only that, the solutions were global-in-time
and non-unique.

In contrast, the hyperbolic Navier—Stokes equations (1) is a physically meaningful system
of PDEs with no known bounded quantities, barring any success in applications of the classical
Galerkin approximation to construct a global-in-time weak solution. Yet, we were able to con-
struct a non-trivial weak solutions on [0, 7] for an arbitrarily large T > 0 a priori fixed and prove
non-uniqueness. The results of [30] and our theorem 2.1 suggest that the technique of convex
integration has proven to be not only a breakthrough technique to demonstrate non-uniqueness
of weak solutions to various PDEs in hydrodynamics but a new technique to construc solutions
for PDEst, although non-unique, when no other means are available.

Remark 2.4. With remark 2.3 in mind, we wish to recall the 2D Kuramoto—Sivashinsky
equation that has applications in diverse areas such as the instabilities in laminar flame fronts.
It can be informally written as

Ou+ u-Viu=—-Au— A%y 6)

solved by u : Ry x T? — R?; we refer to [18, 35] and references therein for details. Due to the
lack of divergence-free property in sharp contrast to the Navier—Stokes equations, the solu-
tion to the 2D Kuramoto—Sivashinsky equation (6) shares the same property as the hyper-
bolic Navier—Stokes equations (1), namely the absence of any known bounded quantities.
Consequently, to the best of our knowledge, global-in-time existence of a solution to the 2D
Kuramoto—Sivashinsky equation starting from an arbitrary initial data remains unknown (see
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[2, 18]). It would be interesting if some ideas from this manuscript can contribute to this
research direction in future.

We summarize some of the novelties and significances of theorem 2.1 and its proof.

e Theorem 2.1 allows us, for the first time, to fix an arbitrary 7' > 0, and prove the existence res-
ult, ill-posed type, of a non-trivial weak solution to the hyperbolic Navier—Stokes equations
on [0,7].

e To the best of our knowledge, theorem 2.1 presents the first convex integration scheme on a
hyperbolic equation with a second-order temporal derivative term J,,. In fact, to the best of
our knowledge, it is the first time that a convex integration scheme with prescribed energy
is applied on a PDE for which we do not even know if it has any bounded quantities at all.

e Within the proof of theorem 2.1, we took a time integral of the temporal corrector of the
Navier—Stokes equations to handle the second-order temporal derivative term in (1). (See
remark 4.1 for details.)

e There are many parameters such as r, 1,0~ !, 1,b and p*, for all of which we had to discover
non-empty intervals and optimize to obtain theorem 2.1 for all m € (0, %) (See (31) and
the discussion thereafter.) We go through details of such derivations of the parameters in
appendices A and B to better explain their optimality.

We also comment that considering that we were able to adapt [10, theorems A and B] and
prescribe energy in theorem 2.1, it is very likely that we can adapt the proof of [10, theorem
C] and construct a solution to the 2D hyperbolic Navier—Stokes equations (1) with prescribed
initial data to give a second proof of non-uniqueness. We choose to leave this to future works.

In what follows, we describe preliminaries and past results in section 3, prove theorem 2.1
in section 4, and leave additional computations in appendix C for completeness. Appendix D
consists of a sketch of proof of the extension of [9, theorem 7.1] to the hyperbolic Navier—
Stokes equations (1). Hereafter, we consider (1) with = 1 for simplicity; the case v € R \
{1} can be attained with straightforward modifications of the following proof.

3. Preliminaries

We write A <, 5 B to imply the existence of a constant C = C(a,b) > 0 such that A < CB; addi-
)

tionally, we write A =, Bif A S Band B S A. We write A S B to indicate that this inequality

is due to an equation (+). Vector components will be indicated by super-indices, and we define

xt £ (—x%,x"). We denote a tensor product by @ while the trace-free tensor product by

- A (f'l8'—3fg f'g? )
f®g_< ! gt —1ifg

for any R2-valued maps f and g. We write for N € Ny and p € [1,00],

Ifler. 2 DY 19Dl e 2 Sl[t)p]llf(S) - ()
s€|0,1

0<nt| o <N

We also define L2 £ {f € L2 : V -f = 0}, reserve P = Id — VA~ !div as the Leray projection
operator, and P, to be a Fourier operator with a Fourier symbol of 1j¢|<,(§) forany r € [0, 00).

7
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Lemma 3.1 (Geometric lemma from [7, lemma 4.2]). Let B.(Id) denote the ball of symmetric
2 x 2 matrices, centered at Id of radius € > 0. Then there exists €, > 0 with which there exist
disjoint finite subsets AT, A~ C S' N Q? and smooth positive functions

v € C™ (B, (Id)), (€ A*,

such that
(1) 5A* C 72,
(2) if ¢ € A%, then —C € A* and e = v_,
(3)
1
R=75 > (x(R) (¢t ®¢t) YREB., (ld), ®)
CeAE

(4) |C+¢'| = 4 forall ¢,¢" € AE such that {+ (' # 0.

We define A £ AT U A~. For convenience, we fix the following universal constants

1
5 2
Ch22 *1(2 3) =| |Aland M2 C : 9
A {67 T+ e) T |A| an A?ERH%HC(B”(M))’ ©))

the reason for this definition of Cy is due to (55). Next, we describe some notations and results
concerning the 2D intermittent stationary flows introduced in [15] (e.g. [15, lemma 4]) and
extended in [38]. For all { € A and any frequency parameter A € 5N, we define b and its
potential 9. as

be (x) £ bex (x) £i¢He A, g (x) £ e n (x) £ TN (10)
(see [15, equation (14)]). It follows that for all N € N,

be (x) = Vi (x), Vb (x) =0, V' be(x) = At (x) = =N (x), (11a)

_ _ (7) (7)

be(x) =b_¢(x), Pe(x)=1vp_¢c(x), bclley < N+ DAY, [gpclloy < (N+1)AV
(11b)

Similarly to [8, equations (3.5b), (3.5¢), and (3.6) on p 111], we consider a 2D Dirichlet
kernel for r € N

D, (x) 2 Zr:—I 3 e with @, 2 {k: (K k) K ezn[-rAfori = 1,2},
ke,
where T denotes a transpose, that satisfies || D,[|;» < =5 for all p € (1,00] and ||D;||> = 27.
The role of r is to parametrize the number of frequencies along edges of the cube (2,. We
introduce o such that Ao € 5N to parametrize the spacing between frequencies, or equivalently
such that the resulting rescaled kernel is (T/\o)?-periodic. In particular, this will be needed
in application of lemma 3.4. Lastly, we introduce p that measures the amount of temporal
oscillation in the building blocks. In sum, the parameters we introduced are required to satisfy

l<r<p<o <\ reN, and A\ Mo e€5N. (12)

8
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Now we define the directed-rescaled Dirichlet kernel by

D, (Ao (C-x+pt) Aot -x) if (€ AT,
¢ (1,6) 20 3 0 (%) £ (Ao (G- ), Ar-x) . ¢ T 313)
N—¢ A0 (1) if Ce A,

so that
1
ﬁamc (1,0) = +(C- V) (1,%) ¥V ¢ € AF, (14a)
Freia=1. and e S5 ¥ pe (1) (140

’]I‘Z

(see [8, equations (3.8)—(3.10)]). Finally, we define the intermittent 2D stationary flow as
WC (t,x) £ WC,NULH (t,x) £ NN, o,r 1 (t,x) bg,,\ (x) (15)

(see [8, equation (3.11)]). We note that Luo and Qu [38, equation (4.15)] called W ‘inter-
mittent 2D stationary flow’ because they adapted the 2D stationary flow introduced in [15] to
an intermittent form. Similarly to the 3D case in [8] it follows that for all ¢, € A (see [38,
Equations (4.16)-(4.19)] and also [8, equations (3.13) and (3.14)])

PPy We = We, (16a)
PearPs s (WeaWy) = We@W,y if (49 #0, (16b)
Py sz (We@Wy) = Porg (We@Wo) , (16¢)
Poone = P agnc. (16d)

Lemma 3.2 ([38, lemmas 4.2 and 4.3]; see [8, proposition 3.5]). Define n¢ and W, respect-
ively by (13) and (15), and assume (12). Then

(1) Forany {ac}cen C Csuch that a_¢ = ag, a function 3.y acWe is R-valued.

(2) forany p € (1,00), k, N € {0,1,2,3},
VYW ry Savap XY o) 5, (17a)
IV e lipery Swvap o) Qo) '3, (17b)

Lemma 3.3 ([15, definition 9, lemma 10], also [38, definition 7.1, lemmas 7.2 and 7.3]). For
f € C(T?), set

Rf£Vg+(Vg) —(V-g)Id, (18)

where g satisfies Ag=f— fr.fdx and f,gdx=0. Then for any f € C(T*) such that
fTZfdx =0, RA(x) is a trace-free symmetric matrix for all x € T2. Moreover, V - Rf = f and

szRf(x)dx = 0. When f is not mean-zero, we overload the notation and denote by Rf £
R(f — [fdx). Finally, for all p € (1,00), |R 1 SLIR|ese, S 1, and ||Rf ||z <

1 LR WP~
[(=A)~2f

Lemma 3.4 ([38, lemma 6.2])). Let f,g € C°°(T?) where g is also (T/k)>-periodic for some
k € N. Then there exists a constant C > 0 such that

lfe

7

_1
2 <|Ifllelle +Ca 2 flla gl (19)

9
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Lemma 3.5 ([38, lemma 74])). Foranyp € (1,00),A € N,a € C?(T?), and f € L7 (T?),

1
1(=2)72 P (aP2af)llz S A"l

f

ellfll- (20)

4. Proof of theorem 2.1

4.1 Proof of theorem 2.1 assuming proposition 4.2

We fix the function e that satisfies (3). We set for g € Ny,
bl 2By -2
A =ad”, 5, 2NN, 2
where
ac 10N, a>ay, 22)

beN,and § € (0,1) will be selected subsequently. It is useful that §; = 1, e.g. in the proof of
proposition 4.1. We set a convention that  *, <r<o¢r=0foranyc, € R. Hereafter, we impose
on ourselves

3<a” (23)

without any significant difficulties because we can take ag as large and 5 > 0 as small as we
wish and still maintain this inequality (23). Then, (23) allows us to define

r 1
tg 224 ) 5 < —5forall g € No @9

0<i<q

1 1
due to Zongq 02 < % The fact that 21@,@ 02 < % due to (23) will also justify the second
inequality in (26a). Hereafter, we denote

Crrg 2 C([tg, ] x T?), Cpyll 2 C([ty,1];L7 (T?)).
For g € Ny we consider on [t,,7]

Onvg + Oy + (—A)" vy +div (v, @ v,) + Vi, = divR,, (25a)
Vv, =0, (25b)

where R, is a trace-free symmetric matrix. We explain our inductive estimates.

Hypothesis 4.1 Inductive Hypothesis at level . We impose on [t,, 7],

Wollei <L |1+ 30 67 | et <3Let, (264)
1<rLg
Pgller, < Ale2, (26b)
o €
||Rq||cr,qL} < 3%5q+2€ (1), (26¢)
3 5
Z5q+1e(t) <e(n)=lvg 7 < Z5q+1€(f)7 (26d)

for a universal constant L sufficiently large to be determined subsequently (see (77)).

10



Nonlinearity 37 (2024) 115014 J Wu and K Yamazaki

Proposition 4.1 (Initial step q=0). Together with 7 =0, the pair (vo,IQ?o) =(0,0)
solves (25) and satisfies hypothesis 4.1 at level g =0.

Proof of proposition 4.1. Equations (25) and (26a)—(26c¢) are all readily verified. Verification
of (26d) follows making use of the fact that §; = 1 due to (21). O

Proposition 4.2 (Step q + 1 assuming the step q). Under the hypothesis of theorem 2.1,
there exists a choice of parameters ay,3, and b (see (34)) such that for all (vq, ;) that
solves (25) and satisfies hypothesis 4.1, there exists (qu,RqH) that solves (25) and satis-
fies hypothesis 4.1 at level g + 1 such that for all t € [ty41,T)

1
[Vg+1 *Vq”C,,qMLf < L(qu et (27)

Next, we prove theorem 2.1 assuming proposition 4.2.

Proof of theorem 2.1 assuming proposition 4.2. We can start from (vo,Ro) = (0,0) in pro-
position 4.1 and then rely on proposition 4.2 to obtain (vq, ;) for all g € Ny that solves (25)
and satisfies hypothems 4.1. By interpolation and that b7*! > b(g + 1) for all b € N such that

b>2,forall 8’ € (0 ’3+ﬁ) and all € [—1,T], we can compute
(27) g B’
ZHVq—H Vq” [ AsH? ) ~ ZL 5 (||Vq+ch([ ];cl)+||Vq||c([7%,T];C;)>
420 420 '
(26b) l B B’ 5 (21) L ,8(175/)
S D DU RO Ly AP Y
g=0

(28)
Identical computations show

_g/\B(1-8’
S vt~ vellenr (g guzy S LA,

420

Therefore, we obtain the limit of a Cauchy sequence v 2 lim,_, . v, € C([—1,T); H?'(T?)) N

26¢
C?'([—4,7];L*(T?)) which implies the regularity in (4). Due to || Ry[|c, ! (g) L 0gqae(t) —
0 as g — oo, it follows that v is a weak solution of (1). On the other hand, taking g — co
in (26d) leads to (5).

Finally, the argument concerning non-uniqueness is as follows. If we start with two dif-
ferent energies e; and e, that satisfy (3) and e; = e; on [0,#AT] for some > 0, then the
corresponding perturbations {w; }sen, and {wg7 +1}qeN, corresponding respectively to e;
and e, are identical on [0, A T] (see (62)). Thus, we can start with identical initial choices
(v, RY) = (v3,R%) = (0,0) according to proposition 4.1 and see that {vi}een, and {7 }qe N,
corresponding to e; and e, are also identical on [0,7A T]. As a result, the constructed limit-
ing solutions vy,v, € C([—1,T];H?"(T2)) N C%'([—4,7];L*(T?)) corresponding respectively
to e; and e, are identical on [0,¢ A T]. This completes the proof of theorem 2.1. O

4.2. Proof of proposition 4.2

We now prove proposition 4.2 which is the heart of the matter.

1
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Remark 4.1. The very first idea of our proof, which ended up not working immediately, is
to consider J,v, as a linear force on the Navier—Stokes equations. In a typical convex integ-
ration scheme, the key ingredient consists of the construction of building blocks and that is
based on the nonlinear term, especially the most technical oscillation term therein (see (98)).
Because the Navier—Stokes equations and the hyperbolic Navier—Stokes equations (1) share
the same main nonlinear term (v - V)v (pressure, the other nonlinear term, is readily handled),
this implies that their building blocks would be the same. Once the building blocks are determ-
ined, a linear force such as the diffusion term (—A)™v, would appear only in the last step of
estimating the Reynolds stress. Hence, our initial idea was to treat 0,v, similarly to (—A)"v,.

The reason why this ended up not working in the 3D case is because the term J;v, is too
singular. We can easily get a glimpse of why this is the case by considering a typical convex
integration scheme for the Euler equations, for which its perturbation can be

W(e) (1.5) = a(g) (1,x) A1 (DD =0 Be i,

where age is a certain amplitude function, B is a certain C-valued vector, and ®; is a solution
to a certain transport equation (see [9, section 5.5.4 on p 208] for details). We can see that if
Oy falls on such a perturbation, then we get )\2 .1 from chain rule which is too large and we
will not be able to close its estimate.

The next idea would then be to turn to intermittency approach using Mikado flows.
Application of intermittency via Mikado flows has been done for the 3D Navier—Stokes
equations in [5]; however, its choice of parameters were

A 13—20m 1 —20m A )\211 lr” 2m—1 25—20m
2.
}’H:>\q+112 5 FL—)\q_ﬁ 5 luiirl :Aq—H )\q+14 (29)
under the constraints of
ri < rp < land ril <K A1 (30

13—

(see [5, equation (2.23) on p 3344]). This choice of r| = S )\ ‘2 . and the constraint of r| <1

immediately requires m > As explained on [5, pp 3343 3344] these parameters are optim-
ized for their specific case e g. in [5], considering /\2"’ from the diffusive term (—A)™ and

ow? v that gives ﬂ , they optimized by matching
A )\Zm lr
A = A Al equivalently p = Zort TN ————as in (29).
V” rl

To fit to our case, we would need to choose a different choice of parameters. Upon this attempt,
we listed all the necessary conditions on all parameters but unfortunately ended up with an
empty range of the parameters.

Then, we realized that simply considering 0,v, as a force is n0t a good idea. The reason

is that the anti-divergence operator R is applied on 9w, = 8”( w, +1 + w4 w® ) in the

g+1 g+1
IRy11llc, 11-estimate (see (62)). Typically, wfﬁgl + w((;;zl is of some form of a curl (because wéizl

is the divergence corrector; see (66)) so that R can reduce a derivative from wé’ +)1 + wg IO

()
g+1

our previous attempts failed. Our novel approach is to consider an integral of the usual w

however, w_ , is not of such a form and this loss of one derivative was the main reason why

(0
g+1

12
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(1
g+l

the hyperbolic Navier—Stokes equations can play the role of 8,w§l?rl for the Navier—Stokes
equations (see (63c)), and fortunately this modification did not destroy any key identity (a
time integral on W;’21 or wfli)l would destroy a necessary identity such as (66)). Finally, even
with this new approach, after completing all the estimates, we ended up with an empty range
of parameters in the 3D case. Yet, upon exploring different spatial dimensions, we finally saw
a non-trivial range of parameters in the 2D case; upon optimizing to gain the largest interval
for m, we were able to conclude theorem 2.1 with m € (0, %) We describe the difficulty in the
3D case furthermore in remark 4.5.

Lastly, let us comment that it is tempting to integrate in time all of w,, the perturbation

for the Navier—Stokes equations, rather than just w{(;}rl. The problem then would be that wé’;)l

would be of an integral form and wépﬁl ® wé’;)l would not be able to cancel out R; as needed

(see (181)).

in the convex integration scheme for the Navier—Stokes equations; this way, our d,w, , for

We start the proof of proposition 4.2 with a remark.

Remark 4.2. As we mentioned already, in convex integration scheme, the diffusive term
does not play any role until the very end. To be specific, verifying that R, satisfies (26¢)
at level 9+ 1 requires |[R,1 lc,prrt < 560443€(2) and in particular, due to (97a), we will
need to estimate ”R(_A)qu“Hc,,HlU;* <K Og43e(t) for some p* € (1,2). Therefore, the

proof becomes more difficult as m becomes larger; in fact, in case m € (0, %}, we can bound
IR(=A)"Wgtille S lwgsille o+ so thatbounding by any small constant multiple of
1,q+15x 1,q+14Lx

6q+3e(t) is straightforward (see e.g. [50, equation (118)]) . Therefore, we present the proof of
proposition 4.2 that applies for m € (3, %), considering that the case m € (0, 1] can be obtained
via a straightforward modification of the case m € (3, 3).
Choice of parameters There are many parameters, namely

rop,0 ' and I < 1,b € Nsuch that b > 2,and p* € (1,2), (31)

where [ is a mollifier parameter, to appear in (36). We need to optimize over r,u, and o~ !,
where the upper bound of m < % appears, and then find the corresponding appropriate range
for the rest of the parameters. The selection of these parameters is crucial and detail will be
explained in the appendices A and B for completeness. The heuristic outline of how we determ-
ined these parameters is as follows.

(1) Considering [ to be arbitrarily small, b to be large, and p* € (1,2) to be arbitrarily close to 1,
we can complete the proof entirely leaving free the specific choices of r, i1, and 0 ~!. As we
will see, the diffusive term will give us a condition of )\;’J’Sl < r(see (104)) while the term

_1 |
involving the second-order derivative in time will require p < )\q ﬁlgfl r—2 (see (124)).
Optimizing together with (12) leads us to our choices of

1lm—5

7
q+1

3m

—1 A7
o = Ak

8m—3
7

A
rs g1

pEN (32)
(see appendix A for details.) It can be readily verified that such r, i1, and o~ satisfy
l<r<p<o <A

from (12) with ‘A> = A,41 as needed. We postpone the verification of the other conditions
from (12) to remark 4.3.
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(2) Once we fix such r,u, and o~!, we can plug them in to our estimates and determine the
necessary choices of /. The following choices turned out to be sufficient:

—3m

A _2112
[= )

_3
i A (33)

(see appendix B for details).

(3) Once such r, s, o~ !, and [ have been fixed, we can take the maximum among all the lower
bounds on b from (71), (88), (93), (103), (106), (115), (120), (127), (133), (139), and (147),
and choose any b € N that satisfies

(42) (56)

b .
o 2—3m

(34)

(4) Atlast, with 7, ;i,0~", 1, and b fixed, we choose

8(112) (11m —5)
s (1, Uim D) 35
p 6(’ 10795m — 5106 (33)

to accommodate the necessary estimates (107), (116), (121), (128), (134), (140), and (148);

the fact that 1 < % can be verified using the hypothesis that m € (3, %)

Remark 4.3. The other conditions of A4, A;+10 € 5N in (12) can be verified by straight-

forward modifications of (32) as follows. Let us point out that our choices of r,x, and 0!
in (32) satisfy 1 < r < << o~ ! < )\ simply by their exponents on a’; i.e. 0 < “”%5 <
8”’7—*3 < % < 1 (and additionally (177)). By denseness of the rationals in the reals, we can
easily choose a rational j—; for d;,d, € N that is arbitrarily close to “’gﬁ

Z—j for d3,ds € N that is arbitrarily close to 37’” so that the required relationship such as
a
Ag+1,Ag+10 € SN in (12) or (177) continue to hold even when r is replaced by A;ﬂrl and 0!
a3
ay

q+

and another rational

is replaced by A% ;. Then we can choose b with the lower bound of (34) to be a natural num-

) ) bll'*'](di) bq+l(1,d,3)
ber that is a multiple of d»d4 so that r =a 2’ c¢Nand \j110=a 4’ € N too; we

refer to the same explanation after [49, equation (68)]. The process of finding other paramet-
ers [,b and p* can be executed much more clearly when the dependence on m is explicit as
in (32). Thus, we will keep the r, i, and o~ !in (32), choose all other parameters, complete the
proof, and afterwards, informally replace “";’5 and 37’" with an arbitrarily close rationals and
choose b accordingly to satisfy the conditions of , \;+10 € SN in (12) to conclude this proof

of proposition 4.2.

Throughout the rest of the proof, if not described otherwise, we will always assume that
1€ [tg41,T]. We let {¢c }eso and {@, } e~ respectively be families of standard mollifiers on R?

o

and R with mass one where the latter has compact support in (0, d,+1) and mollify (v,,R,) in
space-time to obtain over [f,41,7]

v 2 (vgxe ) 2o, Ri2 (ii'q * ¢1) % p1, where ¢;(-) £ ll2¢ <7> ()= %90 (*) :

It follows that (v;,R;) satisfies over (tg+1,T)
O+ O+ (—A)" v+ div (v, @ v)) + Vi = div (Rl + Rcom) 37)

14
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where
Reom = vi@v; — (vg®v,) *x ¢1 % 01, (38a)
mEm, *x¢1*t¢1*%(|w|2*|vq\2 *x Ok Q1) - (38b)
We obtain basic estimates for the mollified velocity as follows: for any N > 1,

(26b)

_1
= villcrppnzz S g =villen s Sllvgller, ., = INeE, (39)
(26‘1) 1 1
||VlHCx,q+|L§ < quHCz,qulLf < L1+ Z o7 e’, (39b)

I<r<g

where we used Young’s inequality for convolution and the fact that the ¢ and 1) have mass one.
Now we define for €, > 0 from the lemma 3.1,

p(t,x) e\ P+ R (1,2) >+ (1), (40a)

71 (1) £ (%0 01) (1), where ~, (1) 2 2(2;) e (1=0,42) = v OIZ] . @0p)

By (26d), we see that

3
a0l <) (1= 35,01 ) foratls€ 7). 1)

On the other hand, considering (23) and that b > 2 due to (34) immediately allows us to verify
that

3
0g+2 < Z(Sq-i-l- (42)

Considering (41) and (42) together shows that

> 0. 3)
As ; > 0, this implies by definition of ~y; from (400) that

v 2 0. (44)

We note two immediate consequences:

R R R (44) R
d— (Id_l>‘: 1 | (40a) ! < ! <e,, (45a)
p P 5"\ B+ R 2+ &P+ R

p(t,x) > max {5 L e R (1,0)] 1)} (45h)
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Proposition 4.3. The function p defined in (40a) satisfies

_ 2 5 2,5 B
||pHC,,q+1L£ < E'Y 1 (l (2’]1’)1’ + ||R1HC,’1]+1L£) —+ (271—)17 §6q+le7 (46&)
1ol Gy S 1764128, (46b)
||pHCf") ol S l_5N+15q+25 VNeN. (46¢)

Proof of proposition 4.3. First, let us observe that
42) /3 (26d) (26d) 5 B
0 < (45q+1 - 5q+2) e(t) < e(t)(1—=10442) = [Ivg (Z)Hi% < Z(Squle_ 47

This allows us to estimate for all p € [1,00),

(40a) ,
1Pl < & 1+ 11

R S

(o)) . 2,5
<G (10 H Rl ) + (2m)F 7 200112, (48)

which is (46a). Next, for any N > 0 and ¢ € [t,41, 7], we have due to W31 (T?) — L>°(T?),

o N (26¢)
Rillev. S > NODRillg,, e S 1 V64100 (49)

tx,g+1 ™
0<n+|al<N

We apply (49) and straightforward estimates of max{l, 8,11} < [738,4 for 8> 0 sufficiently
small and a sufficiently large to deduce (46b). Finally, to prove (46¢), we first compute by [6,
equation (130)],

- (49) N
H 2+ |R[? S I3 NS e+ 17 WD (1745, e)” STV, e (50)
e+l
Using (50) and a straightforward estimate of [=V&,41 < I7V15,,,, we compute
Wa)(50) N
lolles, ., = 0o+ N halle,,
(40b) (47)
S N e+ 1N, e STV, e (51)
This completes the proof of proposition 4.3. O

Next, we define the amplitude function

A sl i R )
a¢ (1,x) = ag g41 (1,x) = EP(WC)Z ol (Id— pl((:;))> ) (52)
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where v, (Id — Ri(x) is well-defined due to (45a). For convenience, let us compute the fol-
¢ p(1,%)

lowing identities making use of b ®@b_ = (*+ ® (* — 11d whereas be @ b_¢ = (@ (*, (8),
as well as szng =1 from (14b):

S ac(t)ay (1) ][ We & W (f)dv = —Ri (1) + p (1) 14, (53a)
¢ e T

° 2
> ac(t)ay (1) ][Tzwgéwﬁ (dx=—R/ (1) +p(r) [ 1— éZVC (Id_ 1;((;))) 1

¢ven CEA
(53b)
(see [8, equation (3.15)], [49, equation (83)], and [38, equation (5.4)]).
Proposition 4.4. The function a; defined in (52) satisfies
gl i < 3058t 757 (s4a)
lacllcy S17162,58, (54b)
lacles  SITV=352,,e8 VNeN (540)

tx,g+1
where M is the constant from (9).

Proof of proposition 4.4. Along with a straightforward estimate of / < % by taking 5 >0
sufficiently small, we verify (54a) as follows:

52)(45a) 1
lacl iz < o1, leleqs. ao)

1
1] _ _ € _ 5 |1/ M1 M
<= e (6,4mem® + 26 25 = )Y os et (55
2[67 (“‘” T q+1e)+8q+1e] (CA) 2o C e O

Next, we estimate

(52)(45q0) @) 4
lachwsr S 101 e elco, an) S 305122,

which verifies (54b).
Finally, to verify (54c) for N € N, we compute relying on [6, equation (130)], (45b),
and (46c¢), for any k € {0,1,...,N—r}and r € {0,1,...,N},

Hl 51_2 {Z—S(N—r—k)-l—la ze} 4 - (N=r—kt1) [1—45 +2e]N r— k<l—5(1v—r—k)—16q+zé_
Pllei
(56)

This leads to, for any r € {0,1,...,N},

° N—r

R o))

= ZHRIHC,W s e, (57)

Pllevr k=0 Pller




Nonlinearity 37 (2024) 115014 J Wu and K Yamazaki

We can furthermore compute for all r € {0,1,...,N},

N—r (26¢)

||Dthl| Ct)[q+| ~ (l_4||R ||C[ q+lLl) S Z—S(N—r)’ (Sga)
k (45a) || 1 N—r  (45b)
% . ’ s (58b)
p CI-,X,q+] p Cz.x,q+1
(46¢) » Ner s
||Dtxp\|c,w+] N (l 1) +2€) <1 . 580

Combining (57) and (58), we can deduce by another application of [6, equation (130)], for
any r € {0,1,...,N},

Rz
(d_>H + ||sz I‘Crvq+1
ST I
R N=r (45b)(57)(58)
I —6(N—r)—
+ 2 IDeplles”,, S e (59)
Cirx,g+1

Finally, we can compute by another application of [6, equation (130)], forall r € {0, 1,...,N},

(45b) i, , (56¢) ol 1
o 5 Aol + 8 Mol S 000t (60)

tx,q+1 ~J

At last, we are ready to conclude that for all N € N,

(56b)(59)(60) (45a) 1
(Id - ) H < I7V=85z e (61)
N

1,x,q+1

Ha<;||cfv”+

1rq+]

O
Next, we recall 1¢,n¢, We, and p respectively from (10), (12), (13) and (15), and define the

perturbation

Wyt1 = w[(]'fgl + W[(;zl + wglland Vg1 Ly + Wyt1 (62)
where

Wl £ acWe, (63a)

CeA
W 23"V (aene) e (63b)

CeA

t
w2 | 3 Y P [ (@Paic)ds (630
CEA+  (EA— Ig+1

Remark 4.4. We come back to continue from remark 2.2 in explaining why we cannot follow
the proof of [38, corollary 1.2] and deduce the existence of a non-trivial weak solution to the
hyperbolic Navier—Stokes equations with compact support in time. Luo and Qu defines

N, (S) £ {t€[0,T] : there exists s € Ssuch that |t —s| < €}

18
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in [38, equation (2.21)] and included an inductive hypothesis of

supp,vg+1 U supp,IOQH 1 CNs,, (supptvq U supp,i'\’q) (64)

in [38, equation (2.17)]. Given any smooth divergence-free vector field u(z,x) that is mean-
zero and € >0, the authors completed the inductive step g =0 with vo =u. As v, — v in
C([0,7);L*(T?)) and R, — 0 in C([0,7]; L' (T?)) and

0o b28

o0 (o) —
Yo=Y NP <Y ai= L
q=1 q=1 g=1 l-a

2
EY: <€

for B > 0 sufficiently small so that

supp,v C N (supp,vo) = N (supp,u) ,

taking u = 0 allowed them to deduce a solution with the compact temporal support. Now, in
order to verify (64) at level g+ 1, Luo and Qu defines a temporal cut-off function ®, as a
smooth function such that supp®,(r) C N;(supp,R;’) where R} £ R;+ Reom in [38, equation

(5.1)] and then a¢ éA%Jq%HWC (A_légﬁllt)%f(t,x))@q(t) 50 that supp,ac C N(supp,R;) for all

¢ € A (see [38, equation (5.2)] for details) which in turn leads to
supp,we+1 C Uceasupp,ac C Ny (SUPPJ?Z‘ ) ; (65)
here, the first inclusion crucially relies on their choice of
W= (3 - 3 e (@),
CEAT  CEA-

In contrast, our choice of wé?rl in (63c) does not lead to (65) because
supp [} (a2P272C)ds ¢ Ucensuppiac.
We have the identity of

+1

c (11a)(15)
(wé?l —&—Wéﬁl) (t,x) = v+ Zag (t,x)ne (6, x) ¢ (x) | (66)
CeA

It follows that w4 is divergence-free and mean-zero. By (13) n¢ is (T/A,+10)*-periodic,
while by (10) and (11) b¢ is (T/Ag41)>-periodic. It follows that W in (15) is (T/\g410)*-
periodic. Thus, we can apply lemma 3.4 to deduce

(17) (63)(19) _1
Wil oz < D laclle,mz2lWelle, iz + € Ogr10) 2 llaclle, e Welle,, 2
CeA

(17a) (54a)(54c) M 1 1 1
< Aloa-82, 2t + ON fo T G] et (67)

Now the process of determining the optimal choices of parameters based on the minimum
constraints from (12) and (31) starts here. First, for the subsequent estimates (73) and (77), we

19
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need to bound this ||w |c, .12 by a constant multiple of 6 162 We notice that 1 < A\jq10

q+1|
from (12) making \ o+ 10 3 < 1, and therefore, as long as [ satisfies

1
Ao <, (68)

we can conclude from (67) that

||Wq+1HCI(]+1L N(Sz Ei (69)

without imposing any condition on the precise choice of o ~! because d,+» < &, 1. Our choices
of r,u, and o—! in (32) will be determined in appendix A after collecting all the conditions
similarly. Second, in order to determine [ after choosing r, i, and o~ in (32), let us observe
that due to (32) and (68) is implied by

2—3m

IR P (70)

Again, our choice of [ in (33) will be determined in appendix B after collection all such con-
ditions similarly. Third, in order to determine b after choosing [ in (33), let us observe that

2—
applying our choice of [ =\ ™ i Ay 3 from (33), the estimate (70) holds if
pplying q+1

168
2—3m

< b; (71)

thus, we incorporate this condition to our choice of b in (34) to claim (69).

P W  and w( ) , defined in (63) satisfies for all

Next, we can show that the functions w7\, w, 7,

p € (l,00)and t € [ty41, 7],

(63) (17a)(54¢) | 3 21
Wl © sup Sl IWe @l S okl iet, (720)
s€[tq+1I<EA
(63) J_
ey < sup SNV (acne) ()|l e
s€ltg+1:t] cep
WDATHH s
S Al T R o] (72b)
(0 %) —1 2 2
Wyl S| D0 = D0 | PPro (aZPromi() (720)
CEAT  (CeA- Crg+1L%
1 , , (h)(54) A
Sut Y llacllg,eellnclly, | S HT el P v (72d)
CeA
It follows from (62), (69) and (72b)—(72d) that
_2 _ —3 —
qu+1||ch+]1‘z§5q+le +)\q+15’+2e I~ [l 2 Ngpior| + o0l e, (73)
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For subsequent estimates in (78) and (79), we need to bound this by a constant multiple

1
of 4, +1E%- In fact, for our subsequent verification of the inductive hypothesis (26d) (pre-
cisely (173)), it would be convenient that we dominate all these terms by d,4 so that

. 1
W Nl az + W iz < Fgr2 < 02 (74)

for ay sufficiently large and /5 > O sufficiently small, and therefore we shall impose
I < Mgt IMior< 1, plir«, (75)

to deduce for 8 > 0 sufficiently small

1

A 5; DT By, 0T 0r < Ggra, i Byl 18 < Gy, (76)
respectively. In the last inequality of (76), we used the fact that ¢, < 1 for all g > 1. We note
that none of the conditions in (75) imposes any constraint on our choice of o, r, or 11~ !, because
or < land p~'r < 1from (12). In order to determine [ after r, 2, and o~ ' from (32) are chosen
in appendix A after collecting all their constraints, we see that the first condition /=% < A\, 41

in (75) is implied by [~ l« /\ +1 from (70) while we plug in (32) to the second and third
conditions of (75) to see that they are implied by
3m—2

10
NG <1, N <

which are both implied by (70), respectively. Therefore, applying (76) to (73) we obtain by
choosing the universal constant L > 1,

3 1
[IWg+1 HCuqulLf < ZL(S‘;"']eZ' a7
It now follows that
(©2) (30b)(77) A
Wgrillco < Wille e+ Warillc e < L1+ > 6 e (78)

1<r<g+1

which verifies (26a) at level ¢+ 1. We can also verify (27) as for all 7 € [t,1,7], we can
compute

g1 (8) = vg (D2 < lwga (D] + [[vi (£) = vg (1) 2
(77)(39a) 3
< 4L(5 lez —l—Cl)\ e <L52 E? (79)

assuming that

N, <1 (80)

and taking /3 > 0 sufficiently small after the b is already fixed so that Cl)\3 L52

q+1- he

estimate (80) can be satisfied by our choice of [ = )\q—an Ay 3 from (33) if

168
2—3m

<b,
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()
g+

ing from (63a); for simplicity we will not keep track of bound by e because such C; 44 1-
norm estimates are for the purpose of verifying (26b) which is independent of e anyway.
We compute

which is same as (71), to claim (80) and therefore (79). Next, we estimate ||w,”’, ||Crl ,, start-

)

willer, L,

<Y llacler IWelles,, + laclzzs, . IWeller
CeEA

(S4) () (17a) /1 L .
< (5qz+zl ) r+ (5qz+2l 2) g1+ Agriorp]r S 62,072 Mg par[1+orp
1)

where we assumed that [~ < Ag+1 which follows from /=% < A, from (75).
Next, we compute from (63)

(c)

wller

S llaclle, e linelie. e lvele +lacle, eillnclle,,..cllve]

CeEA

Cx

¢
e

clnclle pucillvele.

Yeller + llaclle, edinelle,, e

delle +llacller, e

cll¥clle. +llacller,
Yelle,

+llaclle, et lncllc, e, c.

+laclc, e llnelle,, e nelle, e llvelle,

77<||c1

tq+1

+llaclle.mellnclle , e

Lg+17x

+llaclc,yc

(54)(17b)(11b)

2
S 5q+2

+l_]4arzu+l_%)\q+102r3u}. (82)

{l*zor)\qjl N AT e DV SN D WY i

For a subsequent estimate in (90), we would like to bound this by a constant multiple of

1
5;+2l’ 3 Ag+1 ar2[1 + orp]. In order to do so, we observe that r < o~ from (12) so that ro < 1
and consequently

e <« l714r7 17%)\q+102r3 < 17%)\6,_,_10}’2.

Concerning rest of the terms, because ;1 < A, from (12), we only have to impose % <
Ag+1, Or more strongly

I3 < Ay (83)
to assure

Yol p < 17 A 107 (84)
Finally, it follows from (70) that we assumed already that

6(%))\71

—14
LI o+

172007}

14
o+ (S

Applying such estimates already gives us

1
g 2 —14 -3 2 -3 2.3
Wil S0 [+ 0P +17 3010 r,i}.
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Moreover, because 1 < rand A\;10 > 1 from (12), it does not cost any additional constraint
on o,r, or i~ ! to ask for

7% < Agyior, (85)
which would imply [~ 4r < I~ 3 Ag+107° and therefore

1 3
wiiller, | 02l Ao [1+ o). (86)

T

Now, in order to determine [ after r, i, and o~ 1in (32) are already selected, we observe that
plugging (32) into (83) and (85) leads to

m4-4

77 <A (87)

_2=m 3
In order to determine the condition on b after [ in (33) is chosen, we plugin =X " A; *
from (33) to see that (87) is satisfied if

(75) (56)

9im+14 > (88)

we incorporate this condition upon choosing b in (34) to claim (87) and hence (86).
Finally, we give up A | for € > 0 arbitrarily small to bound I in C, and compute

wilille .,
< N 2 [laclcnnn laclie, e el gl Il ne]
CeEA
(s40)(17) X s ®) s
S TNl P [1—7 +Aq+1o—r} < NGl P (89)

where the last inequality used an assumption that
_2
77 K Ngqor

and we notice that this is same as (85). Thus, we conclude

Wonla € vale .+ e+l + 1wl
g+1 Crogrr NG g g+H1IC g+1IC g+11IC
(26b)(86)(81)(89) 3 1 3
S Mg+ 0,0l 2 A [+ oyl

1 3
02l N0 [ orp] + p T A 5000

1
SO0l N grrr (L orp] + p T A TS840 P (90)
where the last inequality used the fact that or < 1 due to (12).

We continue from (90) to verify (26b) at level g+ 1 using our choices of r,y, and o~!
in (32); some experience with convex integration suggests that this should not depend on the
choice of r, 1, and o', informally because the upper bound of A}, | in (26b) at level g + 1 is
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so large that this verification is expected to not create any significant difficulties. We compute
for any € > 0,

(90)(32) ; 17m—16
Vel ., S 5;+2l_7)‘ |:1+)\q+1 } +)\q+l T 5q+2l_3
< % 3 1m+2 €+29m7 0 _3
SOqal PG T AT gl oD

which can be further bounded by Ag +1é% if / satisfies

19—11m
9 m_6

<ALT and I3 < )\q+1 . 92)

ru\m

I~

2—
Applying our choice of [ = )\7 “2 Ag * from (33), and choosing e.g. € = {; shows that (92)
holds if

3(1176)

2870 — 1617m ©3)

and we incorporate this condition to our choice of b in (34) to claim that (26b) at level g + 1
was verified.

Lastly, for p € (1,00) we compute the W, -norms of the perturbation for the purpose of
subsequent estimates (100). First, we estimate using (66)

(r)
g 1+Wq+1”cr,q+lwi*"

S laclle,, o clnclle, o allécle, + laclle,. . Inclle, . werllvcllc,
CeA

+llaclle, oo Incllicelvellc
(54)(17b) (11b) 1

;20 1 3 -2 2 1-2,-1 —3\ 1-2
S <5q+zl ) Iy (5q2+2l ‘)(/\qHW) r ”)‘q+1+(5q2+2l z)r P Ag+1

<52 13 Do i | <oz A 94
SOl 2 Ao TP A | SO0 0T A 94)

where in the second to last inequality we assumed that [~ 7 )\q +1 S Ag+1 which follows from
7 < Ag+1 that already appeared before (83), while the last inequality used the fact that
r< o~ due to (12) so that 027>~ 7 = (or)zrl_l% < r'77. Second, we estimate

(63)
il w17 Sl llaclc,erlnl,
CeA

+I

(s4)(7) s 2 [ ) \ i
S w7 [177 FAg10r| SpT 0gqal  Agrror

=

95)

where the last inequality relied on the previous assumption (85).
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We now verify (26¢) at level g 4 1. We write using (25), (62), and (37),

diVRq+1 - V’]Tq+1

= (=A)"wyp1 +8,< Wi 4—wf]l1 +wf]ll) +div(vi @wyp1 +wyt1 V)

divRiin 14V 7Tin 1

0 (W + i ) div (Wi +wid)) @wpsr + ) @ (widy +wil, ) )

divRyin 2 divReor+V Treor
+div (wl), @wl), + Re) + 0w}, +divReom — Vi (96)
divRose+V Tose

ie.

diViqurl - Vﬂ'qul =div (Rlin 1+ Riin 2 + Reorr + Rose + Rcom) -V (ﬂ-lin 1+ Teorr + Tose + 771)

where
Riin 1 éR(—A)qu+1 +R3,( (p)l +wq+1 +w§11) +v1®wq+1 +wq+]®vl, 97a)
Thin 1 =V Wat1, (97b)
Rin2 2R0, (wl, + i, ). 97¢)
Rwr:( i) dwgn & (Wl i), ©7d)
Teor éi [( (L)l +w((]3rl) Wt +Wfﬁ21 . ( (L)l +w§11>} ) (97e)

Concerning Ry that is arguably the most technical, we can write

1 1
R SR\ 5 D Econty D D Cvanthatds], (98a)
¢, 9€A C0ENk=1,3,4
]02 2
Mose &7 qu+1|2+p 1~Zv< <Id—p> (98b)
CeEA

t3 Z Po (acaﬂp L] (ncflﬂ/\qucW)) Letoz0
¢, 9€EN

+= Zagﬂl’ngng ATV YD =D | Prod (aZP o)
2 Cent Cen-

where £¢ .1 can be found in (183a), & 2,1 in (188a), and A, and A3 are defined
in (192b)-(192¢). We leave the detailed derivation of (98) in appendix C for completeness.
Considering (96) we define

Tg+1 = T — Tlin 1 — Teor — ToscaNd Ioqurl £ Riin 1 + Riin 2 + Reor + Rose + Reom- 99)
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Proposition 4.5. Rj;, | defined in (97a) satisfies for ay sufficiently large and 3 > 0 sufficiently
small

||Rlin 1 ||Ct,z/+11£* < 5q+36‘ (I) .

Proof of proposition 4.5. First, we estimate the diffusive term, recalling the m € (%7 %) due

to remark 4.2:

”R(_A)m Wa+1 ||Cr,q+lL,lv)*

< w 2—2m ) w 2m—1 .
S w227 19w 2,
OO L, 1 2]
S Bt (A or) gl P
51 A P WA EE b
g2l T T Agri i 0g42 q+107 7
1 3 2 _ _ 2 2—2m
N {(quﬂl_”1 T gl p*}
—1 (101)
1 31—z _1 _3 32 2m—1 ( 1 _é * 1
X [5;+21 D VNI M e WY } < il TN

(100)

where we used that or < 1 due to (12), and )\ ! l_* <1 due to (83) in the second to last
inequality and also assumed

pol6s rir<

1
IS, e L e S (101)

in the last inequality, none of which implies condition on y,o, or r because p~'r < 1 and
ro < 1 dueto (12) so that u~ 720 < 1. Now, after r, i, and o~ ! have been selected in (32) in

3rn72
order to determine /, let us observe that due to (32) and (101) is equivalent to A q +1 0 p Jr2l <1
which is implied by (70), and
3
)\qill 2 <. (102)

After r, yu, and 0~ ' in (32) and [ in (33) have been selected, we see that the estimate in (102)

can be satisfied by our choice of / = )\q—an Ay * from (33)if

9(56) _
58 —3m

(103)

holds, as well as by taking 8 € (0, 1) sufficiently small after b in (34) is fixed; we incorporate
this condition to our choice of b in (34) to claim (102) and hence (100).

Now that we have claimed (100), considering rl_ﬂ%‘)\ﬂf in (100) for p* > 1 arbitrarily
close, we now impose

—1\2m—1
AT <L (104)

In fact, let us make a stronger assumption that

mhTT <
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or equivalently due to (32)
=2
I~ 3A 7 <L (105)

2—
~ Ag ? from (33)if

The estimate (105) can be seen to be satisfied by our choice of / = A g+

9(112)
b 106
582 —3m) = (106)
and we incorporate this condition to our choice of b in (34) to claim (105).
At last, with all the parameters chosen thus far, let us make our argument continuing
from (100) formal by selecting the appropriate p* € (1,2) in (35) and making use of the fact
that e(7) > e > 4 due to (3): for gy sufficiently large and 5 > 0 sufficiently small

m
IR (-8 wsill,
(100)(33)(32) , 2—3m 3 tm—s 1= 5% _—
< 112 7 m
~ </\q+1 A ) (/\qul ) A1
(34)  aasm—224  32-3m) L 9 ( 2—3m )+]1m757(”m_5)l 11065m—5286 _ (1lm—5)2
224 224 (42)(56) 7 TP 14(224) o
S A ~ A < byuze(r) (107)

where the last inequality is because “0]63(’545)286 (11'" =92 20 if and only if p* <

% and this holds due to our choice from p* in (35).

Second, we estimate

(c) ()
”Rat < q+1 +Wq+l +W )HC qHU’ =X ”Raf < q+1 +W )HC +le *+ ||Raqu+chw+lL{;* .

(108)
We can compute separately
)
1RO (w0 +9E ) e S S0l lncll, o
CeEA
lacli, oo l0mclle, g il
(1)) | e \
SR e [ R s T (1094)
(1) 63 —1 2 2
||Ratwq+1||crvq+]1‘g* S llw Z - Z PP (agP;eongC)\lcmng*
CeAt  (eA-
(72d)
S T Sl T (109b)

Applying (109) to (108) gives us

4 2
||R3t< (p)1+w()l+wg(1t+])|‘cq+ly N5q+2r ol 14)‘ atr Sour| +u” gpal 270
(110)
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Concerning the first term § : +2r “Eld paying attention to only the dominant term

g+

2 .
r Ay Jil for p* > 1 arbitrarily close, we see that the first term does not impose any
condition on r,u, or 0! because 1 < rA,41 due to (12). Similarly, for the second term

PN Jr2r Pl*l*%a,ur, P (our) < 11is expected to hold for p* > 1 arbitrarily close to 1 due to

p < o~ from (12). Finally, for the third term M—15q+21—3r2*%, we canrely on ;1! < 1 due
to (12). Therefore, bounding (110) by a small constant multiple of 6q+3e(t) does not impose
any additional conditions on our choice of 7, y, and o~

That being said, in order to see the conditions on /, let us continue to estimate from (110)
using (32) as follows:

c t
IR8, ( wl +wl)| +W((F)H> e, onrz”

(11(2(32) )\(%)(1 ) |:l—14/\ | l_%)\m:m )\ 7 1—3)\<Hm i)(z_%)

~ q+1 q+1 q+1 q+1 q+1
(11/1175>(1 ) 3 lm—i6 —8m _3 (llm s)(z_)T)
SApet [P S P ' (111)

where in the last inequality we assumed that

25 17m—2

P (112)

]7m 16

_ 1 _3
so that /=14 o S S

we see the need to 1mpose

. Thus, assuming p* € (1,2) to be taken is arbitrarily close to 1,

)\(llm 5)( 1)

441 l_'f)\ << land A

<l (113)

or equivalently
_3 St5m Bm—3
RSO W and [7° < >\q+1 (114)

respectively.
After our choices of 7, i1, and o~ in (32) and thereafter [ in (33) are determined determined,

in order to find the conditions on b, we observe that the estimates (112) and (114) can be
2—3m

satisfied by our choice of [ = )\_ 17N 3 from (33) if

21(200)
— 115
347m — 82 (115)
and we incorporate this condition to our choice of b in (34) to claim (112) and (114).

We now use all our parameters chosen and make these arguments precise, continuing
from (111) by formally selecting the appropriate p* € (1,2) from (35), making use of the fact
that e(7) > e > 4: for ag sufficiently large and 5 > 0 sufficiently small
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() (1)
||’R8;( Wt +W11L+I +Wq+1) ”c,,,,JrlLf*

_ m—5) 2 m 3 m— —8m m 3 m— m—>5
(111)(23)(32) )\(]17717 5))\7(117 5) ()\ ”3 3 >z)\|7 14]6+>\;+7i (A 112 \i ) )\(11 5)2>\7(117 S)]%*

~ q+1 q+1 q+1 q+1 q+1 q+1 q+1
(34) mm—s _(lm=5) 2 30Q=3m) 9] 2-3m Im—16 —sm  32—3m) 9| 2=3m_ 1im—5 _(lm=s\ 2
< A TN ( 7 )p* A 2012) )\ [(42)(%)]A 4 +)\ 7 P AZ [(41’)(55)])\( 7 )2A ( 7 )h*
~ q+1 g+l q+1 q+1 q+1 q+1 q+1 q+1 q+1
2867((3711—)2) —( Ilm—S)i 3001»7(1 1)478 ( llm i> 2
14(224 7 p* 14(112 p*
~ A TN "L Ogqze(t) (116)

where the last inequality used the fact that 2¢7Gr=2) — (Um= 5)

14(224) 7
30%’{’1_15‘78 — (H2=3)2 <0 due to our choice from (35).

Third, we estimate

<0 as m<§ and

HVZ(éWqul + W‘]+1®Vl||cz,q+ll‘g*

») (c) ®
Slvllar (||wq+l||c,yq+,w* + ||wq+luc,,q+,yg 1w, o)
@60)(72) a2
S (e R +Aq+lar} TP, 117)
Concerning the first two terms )\21* 3175 and )\3)\ 7 -1111 Gl , paying attention to only

_2 . o e
r'77, when p* > 1is arbitrarily close to 1, we see that no condltlon is imposed on r because

r~1 < 1 due to (12). Similarly, the third term /\3/\#11 ! pl*/\qur = )\fll’%orzfri* does
not cause an additional condition because o < 1 due to (12). Finally, the fourth term
Aopt? 77 does not require any additional cond1t10n on y because ! < 1 due to (12).

In order to determine conditions on / after 7, i, and o~ ! are determined in (32), we continue
from (117) with our choice from (32) as follows:

HW@W:JH JrWq+l(§>"l||ct_’q+11‘§*
(117)(85) )
< /\2 (l_%r1 o +’\q+l P /\qHUr—i—,u 1l_3r277*>
32 ]lm 5 _z Hm=5Y(]_ m—10 lm=5Y(p_ 2
C )/\3 <l_)\( )(1 p )+l_%)\(5+17 )( ))\ 7 _,’_)\ = l_3)\( )( » )>

g+1 q+1 q+1
1lm—5 2 3—8m m—
< (12 AT |y e, (452 (- >> (118)

5o

where in the last inequality, we used % " < 1. Considering p* > 1 arbitrarily close to 1, we

q+1
impose additionally
3 3 5—1lm 3 3
Al 2>\q+l <1, )\q)\q_HI < 1 (119)

_2=m 3
The estimate (119) can be satisfied by our choice of [ = /\qul”2 Ag * from (33) if

21(56)

361m 166 = (120)

and we incorporate this condition to our choice of b in (34) to claim (119).
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Now let us use our choices of parameters and make this argument precise, continuing
from (118) as follows by formally selecting the appropriate p* € (1,2) from (35), using the
fact that e(¢) > e > 4 due to (3): for ay sufficiently large and 8 > 0 sufficiently small

HV[@WLH»I + W‘]+1®Vl||c1,q+lu’z*

(118)(33) 2 3m 3 ]Im—S_(Ilm—S)L 3_8m 2=3m 37\ 3 (l]m—S)z_(l]m—S)i
< 3 112 7 7 Jp* 112 7 7 )p*
~ )‘ ()‘qul Ag ) )‘q+l +)‘q+l /\q+l Ag )‘qul
34)  3(2=3m) 2-3 1m—5 1im—5 3—8m | 3(2—3m) 2-3 2(11m—5) 1im—5
(< A 2(112) +%((42)(§é))+ ”; _( n7 )L* /\ 7 T "" ((42)(%))"" 7 _( n7 ),%*
q+1
—306+682m_(11m—5)i 71474+2995m_(llm75)i
~ 4(112) 7 p* 4(112) 7 *
~ A A 7L Syyae(t) (121)

: P —3064-683 1m=5) 2 — 147442995 1m=5 2
where the last inequality is de to 4(ﬁ2) # —(F572);x <Oand ]4('1"]2) 2= (T ) <
0 due to our choice of p* from (35).

We are now able to conclude that for g sufficiently large and 8 > 0 sufficiently small

(97a) .
1Riinllc, ozt < IR(=A )" Wartllc, ey + HR(?,( qu)l +Wz(1421 —l—qu) gt
. . (107)(116)(121)
+ [vi@wgsr + wer@ville, i < Ggg3e(t). (122)

O
Proposition 4.6. Rj;,, defined in (97¢) satisfies for ay sufficiently large and 3 > 0 sufficiently
small

||Rlin 2||C1,q+lLf* < 5q+3e (I) .
Proof of proposition 4.6. We come to the unique term that we must estimate for the hyper-
bolic Navier—Stokes equations. This term is singular due to the second derivatives with respect

to time variable ¢ and creates constraints in the choice of parameters, and ultimately the upper
bound of m < %, as it will be explained in detail appendix A. We estimate

HR@U ( q+1 +Wq+l) ||Cr q+1L

(66)
< S0 fac (b me (1:x)] 0 W, o

CeEA
S (I0uacliconyiilincle,. i + laolc.smcle,, o )
CeEA
(54)(11b) (17D) 1 1
S (o5 P (070073 Qo ) L (123)

The first term in (123), in which we only pay attention to the dominant term P 411 , does

not require any additional condition on r because 1 < A 7 due to (12). However for the
second term in (123), paying attention to only (A4 am)zrlﬂ%* )\q]:] when p* > 1 is arbitrarily
close to 1, we obtain a new condition of

pEN o (124)
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in (32), in order to find conditions on /, continuing

After having selected r, u, and o
from (123), we estimate by using our choices from (32) as follows

1R (W, 4w Ve,
0 (I]m i)(l z) 3 17m 2 (”'"*5)(1_%)
<5qz+2l Ag+t +5q+2l At gl Aptr (129)

Considering p* > 1 arbitrarily close to 1, this requires that we impose additionally
(126)

S—lm
A A <1,
17Tm—2 1 2 —1lm
as well as [ 3 Agth Mgt )\q 1 < 1, but this condition is implied by (70)
After [ has been determined in (33), in order to find conditions on b, we use our choice

from (33) and see that (126) can be satisfied if
(127)

30(28) -
59m —2

and we incorporate this condition to our choice of b in (34) to claim (126)
Now with all the parameters chosen, let us make these arguments precise continuing

from (125) by formally selecting the appropriate p* € (1,2) from (35) and utilizing the fact
that e(#) > e > 4 due to (3): for gy sufficiently large and 5 > 0 sufficiently small,

(c)
HRan ( q+1 +Wq+1) ||Cr,q+]L£*
]Im—S_(]lm—S)L 3 iz ]IIH—S_(]lm—S)L
7 7 * —F 7 7 * 1
()‘qj&lzl Ag ) /\q+7l )‘q+1 )‘q—i-l

2

45 (e ) Tem—2- (1572 &

~ g+1

~

(125)(33) 2= 3m 20
< ()\ M )2 ) )‘q+1

2

(34) 5(2 3m) +30( )+ 1m 12_( 1im 5)
(42)(56) 7 *
~ q+l ' + )\q-‘rl
391m—522 _( llm75)i 231m 6122 (lim=5) 3
7(56 7 * 14) (224 7 p*
=AY AL "L Gype(t) (128)
where the last inequality is due to 391’2’56)522 (Hm=3 )1% < 0 which is immediate because m €
(3,3), and ]2(31]%“2222])22 (Hm=s ),T* < 0 due to our choice of p*.
Hence, we conclude that for aq sufficiently large and 5 > O sufficiently small
(97c
1RO (W + Wi ey yorns < Byse (). (129)
O

[ Riin2llc, iz

Proposition 4.7. R.,, defined in (97d) satisfies for ay sufficiently large and 3 > 0 sufficiently

small,
”Rerc,,qulLﬁ* K bg3e(1).
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Proof of proposition 4.7. We estimate

) ) (c) (0
||( +Wq+])®wq+l+wq+l®( qL+l +Wq+])||C,,q+1Lf*
®
< (Wl + Il )
(c) O

x (qu+1 HC,,HIL?’* + ||Wq:-l HCr,qHLf”* + lwgi HCI’%FIL%F*)

< ()\qjll_’frl_f* [l_% + )\q+10r} +u"l_3r2_f*)
x (173 ST R o] ). (130)
Considering the dominant terms for p* > 1 arbitrarily close to 1, we see that it suffices that
25 . . ., .

/\q_Jrl 7+ Ag+ jor] + /f‘ r < 1; thus, this does not impose any condition on our choices of
r, 1, or o~ ! because or < 1 and p~'r < 1 due to (12).

After u,r, and o~ ! are determined in (32), in order to determine the conditions on I, we
continue from (130) with our choices from (32) as follows:

[[(w t(]Sz +Wc(14)rl)®W61+1 +W§[21®(W((121 + Wc(jtJ)rl)HC, e

<130>%2><85> (A,H‘IIA Hn=2)(1- % % 141 +Aq+71’1 3A(<]+1 (2 m)

(z—‘A( P o T T T 5“2‘))
S ORI )

<“A§ii 5)(17”%)“%78{"1* Aéffs)(z”l*))- (131)

Considering p* > 1 arbitrarily close to one, we see that we need to impose

m—10 3m—2

172,15 < land [~ 2\ o <1 (132)

so that ()\qill*U\qi_‘l)l 2 < 1 and (/\q+1 I~ gAqH )73 < 1, respectively.

After [ is chosen in (33), in order to determine the conditions on b, we see that the estim-
_2=3m _ 3
ate (132) can be satisfied by our choice of [ = )\q+1”2 Ag * from (33) if

(27) (56)
b 133
B32—3m) = (133)
and we incorporate this condition to our choice of b in (34).
Now with all the selected parameters, let us make these estimates more precise continuing
from (131) and formally selecting the appropriate p* € (1,2) from (35): for ay sufficiently
large and (§ > 0 sufficiently small,
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(w42 i (o2 40|

Crgti
(131)(33) 23 333 20Im=5)  2(1m=%) | m—10 PN 3m=5) _ 2(1m=5) | 3 8m
T\ 7 T* 7 m )2 7 ¥ 7
~ </\q+1 /\q> /\q+1 + ()\q-',-l Aq) )‘q—H
2—3m 3\ 0 4(]]!;1—5)72(]Im—5)+2(3;8m)
2 )2 *
+ (AT ) Mg
34 3(2=3 2—3m 2(11m=5) | m—10 _ 2(1lm—5) 9(2—3 2—3m 25m—12 _ 2(1lm—>5)
(<) A l]2m>+%((42)(56))+ ¢ 7 24 w (7:* A (224M)+%((42)(56))+ T (7:*
~ g+l q+1
3(2—3m) 2-3 28m—14 _ 2(1lm—5)
+A2,° " +9( Ginyisey )+ T — X
q+1
1635(3m—2) _ 2(11m—5) 10795m—5106 _ 2(11m—5) 3001m—1478 _ 2(11lm—>5)
~ (14)(112) F (28)(112) T (14)(36) T
~ At T A + At < Ogt3e(t) (134)

where the last inequality is due to 16(31%?'1"1;)2 ) 2(1;';,:5)

2(1%#5) < 0and 30?1141’;(516‘;78 — 2(1;;'[:5) < 0 due to our choice of p* from (35).

Therefore, we conclude that for gy sufficiently large and 8 > 0 sufficiently small,

2 1~ 10795m—5106
<0Oduetom < 3 while W —

< (5q+3€ ([) .

||Rcor||C;,q+1Ll CromL)
(135)

=

(W1 + ) g+ (w5 + L2,

O
Proposition 4.8. R, defined in (98a) satisfies for ay sufficiently large and 5 > 0 sufficiently
small

||RoscHC o < (5q+3€ (l‘) .
t,q+15x

Proof of proposition 4.8. First, we estimate using lemma 3.5

1
e

¢PEA Cogii
(183)(20) | :
S NheT S (laclle,eilaolic, +laclc, i llaslic,  oc ) Wl o IWoll e
¢, 9€EAN
(54)(17a) s
S Ao Sl AT (136)

For p* > 1 arbitrarily close to 1, this does not impose any condition on our choice of 7, i, or
o~ ! because /\qj:]a_l < 1 due to (12).

After selecting r, i, and 0~ ! in (32), in order to find conditions on [ we continue from (136)
with our choices from (32) as follows:

1 (136)(32) B 3m s (Lm=s -2
R 2 Z €¢0,1 N )‘qﬁl)‘q2+154+21 At =)
¢UEA Ct,q+lL!;*

(137)

Considering p* > 1 arbitrarily close to 1, this implies that we need additional condition of

—143 55

M TP <L (138)
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_2-3m 3
To see the necessary conditions on b, we plug in our choices of / = \ g+ Ag * from (33)
and see that (138) can be satisfied if

56 (165)
b 139
572—3m) = (139)
and we incorporate this condition to our choice of b in (34) to claim (138).
We now use our choice of parameters to make these arguments precise, continuing
from (137) by formally selecting the appropriate p* € (1,2) from (35): for aq sufficiently large
and 3 > 0 sufficiently small

1 (137)(33) g 2-3m 3\ 3 (llm75)27(m)i
2 112 2 7 7 p*
HR 2 Z 5@971 S /\q+1 (/\q+1 /\q> >\q+l
¢, 9eA Crgnill"
(34) M+55(273m)+@[ 2—3m ]+2(11m—5)7(11m—5)i 12085m759667(11m—5)1
2 2(112) 4 [ [@2)(36) 7 7 o 28(112) 7 *
S’ )‘q+1 "o~ )\q+1 " K 5q+3€ ([)
(140)
where the last inequality is due to 12055(”}1_25)966 — (1%=2) % due to (35).
Second, we estimate
I
) ¢,9,2,3 i
¢UEA Crop1 L}
(188¢)(20) |
< Z A (laclle,ocllaslic,. o +llacllc,. o llaslic,,, )
[QUISN
, (54¢) (1) (17b) s, 2
X ||77C||CW+IL'§”* |7719HC,,L,+1L§”* )\q+1|\¢<\ Cy ¢19‘ [oN ~ )‘q+1§q+21 ER A
(141)
We mention that in the application of (20), it is required that ’\‘]’0“ € N which is the reason why

we chose to impose a € 10N. For p* > 1 arbitrarily close to 1, this term does not impose any
condition on our choice of r, i1, or o~ ! because >\q_+11 < 1.

Hence, in order to see conditions on other parameters, we continue from (141) using or
choice of r, ;1, and ! from (32) as follows:

4nE) 5/ lmosy 2=
S Al F (NG ) T a4

HR % Z Eew23

[QUIN

«
Crg+1 L%

The right hand side of (142) is bounded by the right hand side of (137) and thus we immediately
conclude that for ay sufficiently large and 5 > 0 sufficiently small

< Gyyze(t). (143)

*
Cl,qung

||R % Z Econ3

¢9EA
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Third, we compute

HR % Z Econ,1

¢,9€eA
(1884)(20)

S > N lacleellaslic,, . + laclle,. g llaslic,,..c) Ibclicllbsllc,
¢, 9EN

«
Crg+1 L%

x (Va2 Inolle,, e + Il e 900, )

(54¢) (11b)(17b) 6 a2
< Gl for R, (144)

Considering p* > 1 arbitrarily close to 1, we see that this term does not impose any additional
condition because or < 1 due to (12).

After r, ., and o~ ! in (32) are selected, in order to determine /, we continue from (144)
with our choices from (32) as follows:

(144)(32) o e lnes\ 3
S Gl A (,\qg1 ) . (145)

1
||R 3 Z Econl
C9EA

"
Crg+1L%

Considering p* > 1 arbitrarily close to 1, this leads to additional condition of

—1 s () a ()
Flenn T =08, (146)

1lm—
7

_m 5
sothat [~ A 3N ] < 1.

After [ in (33) is selected, in order to determine conditions on b, we apply our choice of

2—3m 3
= )\;JFI‘T Aq * from (33) and see that (146) is satisfied if

3(42)
2m+1

<b, (147)

and we incorporate this condition to our choice of b in (34) to claim (146).
We now utilize our choice of parameters and make these arguments precise, continuing
from (145) as follows: for aq sufficiently large and 5 > 0 sufficiently small,

1 (145)(33) =3 3N S m (11'”7—5)3_(11";7—5)1*
112 2 2 p
R 2 E 54719,2,1 S ()\q+l /\q) )‘q+1)‘q+1
¢, 9eA Crgi
34 43(2—=3m) | 129 _2—3m —21m+6(11m—5) 1m—5Y\ 2
(<)>\ 2(112) +T[(4z)(5b>])\ 14 *( I; ),T*
~ g+l q+1
8145(3m—2) 7( ]lm—S)L
= 3
~ AT < byae1) (148)

where the last inequality is due to m < %
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Fourth, we compute

HR % Z Ecv2.4

[QUISHN

(1884)(20)

S >‘q+1 Z (HaCHC,,qulCﬁ
¢veA

< (IVnelle, ,, i

(54¢)(11b) (17b) 8 3
< Ogal” Zor ™. (149)

p*
Cz,q+le

asllc, i + llaclle g llaslic, . c2)

molle, o+l o 1Vm0lle, ol ollc,

The upper bound of (149) is identical to that of (144) and hence we are immediately able to
conclude that for aq sufficiently large and 5 > 0 sufficiently small

1
R 3 Z Eco2a < bgq3e(t). (150)
SES Ct,q+1L§*
Finally,
||R(A2+A3)”Cr'q+11j;*
(192)(20) 1 1 2
S Z()‘IHIU) [HaCHC,,HlCiHaCHCr,x,wl+“ HaCHCr],qﬂCi”aCHC”X’”‘ HnCHCrﬁlLip*
CeEA |
(340)(176) s _ _557 o2 -1 - -3 2z
< AqJ:N l[5q+zl T ol z}r " 5/\q+11‘7 gl 2177 (151)

where the last inequality used the fact that 4 ~! < 1 due to (12). We realize that the bound
in (151) is identical to that of (136) and hence we conclude that for a¢ sufficiently large and
B > 0 sufficiently small

IR (A2 +A3)ll¢,, o < Ogr3e (D). (152)

At last, we deduce that for ag sufficiently large and 5 > O sufficiently small

(98a) 1 1
IRoscllc, ozt < [R {5 D e I EDID IR
¢, 9EN Crgt1L! C,0€EAKk=13,4 CrgtiL!
(140)(143)(148)(150)(152)
+ R (A2 +43)| ¢, s < bgp3e(r). (153)

O
Proposition 4.9. R, defined in (38) satisfies for ay sufficiently large and 3 > 0 sufficiently
small

||Rcom||ctyq+]L',r,* < 5q+3€ (I) .
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Proof of proposition 4.9. We estimate

(26a) (26b) ;
||Rcom||C,,{,+1L‘ S l||vl]HCI]’”/+]quHCNH,[L% 5 lLE)\q (154)
The condition on / that we obtain from (154) is l)\z7 < 1 which is same as (80); thus, we con-

clude that for ay sufficiently large and 3 > 0 sufficiently small

||R00m||C,,q+|LL < 5q+3e(t). (155)

O

Finally, combining Propositions 4.5—4.9, we have proven that for a¢ sufficiently large and
B > 0 sufficiently small

. (99)
IRg+1llc, i < lRintlle, izt + [[Rin2lle,, ot + IReorlle, iz

(122)(129)(135)(153)(155)
+ ||ROSC||Cr,q+]L}( + HRcom||C,,q+1Lx1 < 5q+3e(t) : (156)

This concludes the proof of (26¢) at level g+ 1.

Remark 4.5. In order to find the appropriate choice of parameters in (32), we just described
lower and upper bounds on p. It is here that we faced difficulty upon attempting similarly
using the 3D intermittent jets from [9, section 7.4]; we explain briefly with notations from
[9, section 7.4]. Here, we emphasize that r| and r below are different from r in (117). For
example, analogous computations to (123) on Ry, » gave us

2
<l TLdgtih
q+1 L ” r”

HR@,, (wf]ﬂ)l +w((;+)1>

Cl,q+lL,

so that for p* = 1, considering only the dominant terms leads us to

3 3

_3 1 _3 3
NprrLry i < i p <A (157)

On the other hand, analogous computations to (130) on R . gave us

C © ° C t
H( 2421 q+1> @Wgt1 +W§'21® (Wf(]le +W1(]J)rl)‘ o +1Lp*

_ i e RIS 1 -2 -1
l 2 2,; r‘zlp —|—l 12 2p rﬁp +N ll 4 2p ﬁp

so that for p* = 1, considering only the dominant terms leads us to requiring

_1 _1
u_lrllr” > L lie., rier L e (158)

Considering (157) and (158) leads to a requirement of

1 3 3
J_ ” <<)\q+1rJ_ VH

which is equivalent to

3
2

rl>\q+1 < I’” . (159)

37



Nonlinearity 37 (2024) 115014 J Wu and K Yamazaki

Unfortunately, rI' < Agy1 from (30) so that 1 <r;Ayy and r <1 from (30) imply
that (159) is impossible.

At last, faced with such a difficulty, we actually attempted analogous approach in higher
dimension d > 3 using the generalized intermittent jets in higher dimension from [37, section
3]; however, it led to a requirement of

—4+4 -4 P et Bt
N SKEK AT i

which is an analogue of (157) and (158); this reduces to

5—d

5—d s
rr A < rzl, (160)

which is an analogue of (159). Unfortunately, the constraints that we need in such general-
ized intermittent jets in higher dimension is the same as (30). Thus, for any d > 3 we real-
ize that (160) is impossible again because 1 < r A\, while r < 1. However, this is where
we come to the crucial observation. Because r| < 1 from (30), the condition (160) becomes
increasingly more difficult as d rises; this is the reason why we realized that the only pathway
possible for us with our current approach is the case d =2, which led to theorem 2.1 after
optimizing all the parameters thereafter.

Proposition 4.10. Define
GE(1) = (1) (1= 0442) = [[vgs1 (01172 (161

Then, for all t € [ty41,1]

SE(1) < %5q+2e 1) (162)

so that (26d) holds at level g+ 1.

Proof of proposition 4.10. The following computations follow those of [29], and have sim-
ilarities to previous estimates. Not surprisingly, the constraints on the parameters [ and b we
have already determined in previous sections turn out to suffice. Therefore, we will not men-
tion new constraints and simply use the parameters / and b respectively from (33) and (34) and
complete this proof. We compute using (40b) and (62)

OE (1) = |7 ()2 2" + / vy OF = (O =200 - W, () =20 (0)- (wi + il ) (0

5
< Zlk
=1

(163)

_ \w‘(ffgl (;)‘2 _ 2Wf1121 (1) - (w;fgl —&—w;tj_l) (1) — |(w((121 +W;2-1) (l)|2dx
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where
12 g (n22m) = e 01| (164a)
IZ—H( “i+wi) () i (164b)
L22 (v1+wg’21> ( <c>1+w§11)(t)dx‘, (164c)
'/ v w? (164d)
A ‘/WM O = v (t)|2dx’. (164¢)

For I, we use the fact that ieq and therefore Ici’l is trace-free to write using (63a) and (53a),

W (O = (2= D" (acay) (1) TP (We @ Wy) () +2(p (1) =9 (1)) (165)
¢9EA

This leads us to
I <265 (2m) 14265 R (1)1 +2.(27) [ (1) — 9 (0)]

1y

¢, 9€EN

/ acaﬁ TI‘P750 (WC X Wﬁ) ( )dx (166)

We estimate the first term of (166) using the fact that e() > e > 4, for qq sufficiently large and
B > 0 sufficiently small,

(33)

2¢51 (2n)* 1= e*lsmqﬂm A< XN e (t) = 0440e (1) (167)

We estimate the second term of (166) by

_ine e (26¢) 1
26 IR (Ol <2657 M1R; (Dl < g

dqg+2e(1). (168)
We estimate the third term of (166) using the fact that e(f) > e > 4, for a sufficiently large
and 3 > 0 sufficiently small,

, (3)(40)
22m) 0 = O < e+llvglic,,aellvlle,, iz
(20 (304

2—3m
SN S Aﬁlq( ™) « Sa2e(1). (169)

Next, we take

4073m — 1670
M>—— 170
” 32— 3m) (347) (170)
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and estimate the fourth term of (166) by

>

¢, UeEN
(16¢)(54) il N (e 1 iy

S Y (Fiagaet) (M reraet) o) MWl sl Wollc, s
¢UEN

(17a)(32)(33)

/ <a<aﬂ><r>1ﬁﬂb¢o<vV<e@vvﬂ><r>dx\

19

2—3m oM+ = —3m m—
5 )\'11; )\% M )\(22z )(_M)/\“7 2
q+2 \ Ng+1 N q+1 q+1

34 2—m —a T\ M+E 5y, e
(<)(5 A i +3 [ | ’ )\(%)(—M)+¥
~ Vg2 Mg+l q+1

(2—3m) (347)M + 4073m—1670 (170)

STy W B S ae(h). (171)

Applying (167)-(169), and (171) to (166) gives us now for 3 > 0 sufficiently small,

1
I < gOgrae (1). (172)

Next, we are able to take advantage of previous estimate (74) make quick work of

(164b) ¢
B (i i)
(164¢) .
B <2 (il otz + 1w ey yitz) (19504t + 105 o2

@B)(69) , | o, © ® (74)
S (Let 4078 ) [, + WL ] € G2 0), (173h)

2 (© 0) )
o S (Wil + il ) < dsae (), (1730)

for ay sufficiently large and 5 > O sufficiently small.
Next, to estimate I, from (164d), we take € > 0 such that

9m—42
ozt 174
< 8im—3) ° a7

and estimate from (164d) for ay sufficiently large and 3 > 0 sufficiently small,

(26b)(72a)(33) 4 3(2=3m) | ( lim—5
24 S (=2 ) (—1+4€)
LSlloalfl o5 oAb

~ 1q+1Cx 117 g+1 = ~ 9 g+l

t,q+14x
(34) g[ 2—3m ]+3(273M)+32(HM75)(71+6) 2-9m+8(1m=5)e (174)
2 | @) (56) 2(112) U S —
S Agt ~ A < Sypae(t). (175)

Finally, we estimate from (164e), for a sufficiently large and 3 > O sufficiently small

(26a)(26b)(33) 7(2]71?") P
Vq”c,',X,qul S At Ag PNy
D\ CEilans] - (B
S At A K Ogqae(1). (176)

Is S vglle, 2!
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Applying (172), (173), (175), and (176) to (163) we are finally able to conclude that

5
Zlk q+2€ (1)

for ay sufficiently large and (>0 sufficiently small; this completes the proof of
proposition 4.10.
O

Proof of proposition 4.2. We proved (27) in (79), (26a) in (78), (26b) in (91) together
with (92), (93), (26¢) in (156), and (26d) in proposition 4.10, completing the proof of
proposition 4.2. O
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Appendix A. Derivation of r, 1, and o~ from (32)

Let us explain our choice of 7, i, and 0 ~! from (32). Recall from remark 4.2 that we consider
only m € (27 3) We need )\2'” '« rfrom (104) while 1 < A +10’ /=% from (124). We have

r>1and Ay > 1 from (12) so that )\q+~1r > < 1. These imply that we need

(104) (12) (124) (12)

moll L < /\qu ri <ot < Ayt 177)

g+1

We optimize and choose

1 1 1
= r()\q+10 1= ) =i\ o (178)
so that (177) reduces to
_1 _1
A < r <A o <A 0T <o < g
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We furthermore optimize from this to choose

1

2m—1 Ly m—— 1
\/Aqﬂ (Fagho ) =Xrmira ot

. . . 7.3—m 1
which implies r$Aj ;" = 0~ % and hence

3 —4m _
P = (179)
From (177) we know we need o~! < \,+1 which implies that we require r )\ +1 Q.
3
or equivalently r < )\ 7 +1 2 ). From (177) we know we need )\2”’ '« rand thus we optimize
. lm—5
over 2= ])+27 (m—3) _ 12=3 and hence define 7 = A} . Applying this choice of rto (179)

1lm—5

Atlast, we apply this definition of r = A_ | “ando ! = q+1 to (178)

-1 _
leadsustoo ™" = )‘q+1
8m—

to conclude 1 = )\q+1 .

Appendix B. Derivation of / in (33)

We have conditions on [/ from (70), (80), (87), (92), (102), (112), (114), (119), (126), (132),
(138), and (146). In short, all of these conditions boil down to /\,3] < I7! from (80) and I ! <

2—3m

A g f, from (70) assuming that b € N is sufficiently large and yet to be determined; thus, we
optimize and select

2—3m 2—3m

AT =AE A

as we did in (33).

Appendix C. Derivation of (98)

We sketch the derivation of (98). In contrast to previous works such as [38, 49], our divRs +
VTosc consists of @,w o+ instead of 8,w +1’ we designed our wflt}rl in (63c) so that this dif-
ference does not create major dlfﬁcultles in the following computations (see [49, equations

(101)—(115)] for details). First, we write
. . 1
div (w), @wlr),) =div (wll w2, ) + VS w2, (180)
while

(53

63
(p) ®W(p) +R ) Z agag]P)> Aq_Ha (W<®W19)

¢ 9€EN

2
+p 1—*2% (Id—) 1d (181)

CeEA

42



Nonlinearity 37 (2024) 115014 J Wu and K Yamazaki

due to (16). The identity (181) leads to

diV( 51121®WE]+1 ) Z <q91+2 Z 5(192

qﬁA CHEA

2
+V|{p 177274 <Id> (182)

CeA
where
Eeon 2P0 (V (acay) - P, pusse (WedWo + WoWe))., (183a)
5471972 £ P#O (agagv . (W(@Wﬁ =+ WgéWg)) s (183b)

in which we used symmetry. Now for any ¢, € A C S!, we can compute
(¢t @t +0t @) (C+9) = (CH- 9+ —1)1d(¢C+9). (184)
It follows from (10) and (184) that
V- (be®@by + by®bc) (x) =V (Aoy 1%ty (x). (185)
Consequently, via (15) and (185),
V- (We@Wy + Wy@We) = (be®by + bg®bc) -V (11¢ns) + (nems) V (Mg 4 1tocts) - (186)

After splitting dcwene o2 = %(Zc,ﬁeA: cr92£0 Tt 2oc9en: cr9=0)E¢,0,2, this allows us to
write

1 (16b 183b 186)
2 Z 5471972 = Z Zgg 9,2,k (187)

COEN: CHI£0 2 e
where

Ecw21 = Pro (acaﬂpg% [(be@by +bs®bc) -V (nc%)]) Le 490, (188a)

Ecv22 5 VP (acaqsIF’Z L (77c77«9>‘§+1¢c¢19)> Leto20, (188b)

Ec023 % —Pao (V (acap)P_ i (ncnﬂ/\ﬁﬂwcwﬂ)) L¢oz0, (188¢)

éfﬂﬂAfé‘*P¢0<acaﬁp>j%i(‘7Oknﬂ)A§+1¢C¢ﬂ))1C+0¢0- (188d)

On the other hand, in case ¢ + 19 = 0 we have V(A Hz/)cqp ¢) (_0) Hv( el Ma+1(¢—0) ™)

= 0, while we can multiply (14a) by 27 to deduce p~'0;|n¢|> = £(¢- V) |ne |2 for all ¢ € AT
and hence

) (15)(185)(10)

V- (WeRW_e + W_ oW, 20 R¢CHVnE = Vg F2u " (0m) ¢ (189)
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This allows us to write

1 (1835)(189) 1
3 Z Eeop = 3 ZV (czZ~I["2 Aqtluné) P (Va%]P’) xqtla%)

¢ 9EA: C+9=0 CeA
D0 = D) | 0P o (aiPso (nEC))
CeAt  (eA-

— ]P’;,go (8,6121?2 Ng4+19 (772())

2

(190)

where we also used that ]P’> X410 77% = ]P);é()’r]g. At last, we obtain by using the definition of

P=Id—VA~'V.

4
1 63)(190
DT e o

COEA: CH9=0 k=1
where
1

A2 5 ZV (a%IE”2 Aﬁ,ané) ,

CeA z

1
A2 =23 P (VaéP} airo ng) ,

CeA :
w2 [ 3 =3 e (0P, e (20).
CEAt  CeA- :

Ay £_VA~lV. ,u71 Z — Z ]P);,g()a, (G%P?g()’r]%C) .

CEAT (CeA-

Therefore, combining (180), (182), (187), and (191) gives us

div (w(”) ® wf]’jgl +1°el> + 8,,w§21

a+1
1 1
=3 Z Ee1 +5 Z Z Ecoak+Ar+A;s
¢9eA COENK=13,4
LN 2
1 1 R;
ceA P

1
+5 Z P (agaﬁﬂ”’%] (ﬁchéﬂPc%)) Letwv0
CoeA

1
e SRl VR DI o LR

CEA CeEAtT  (CeA-

which finally leads us to (98).
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Appendix D. Construction of a solution to (1) that doubles its energy

Here, we briefly sketch the proof of the construction of a solution that doubles its energy from
initial time by time # = 1 in belief of its independent mathematical interest.

Theorem D.1. Fixm € (0,3 ). Then there exists a constant 3 = 3(m) € (0, 1) sufficiently small
such that the following holds. There exists a mean-zero weak solution v € C([0, 1]; H?(T?)) N
CP([0,1]; L*(T?)) to the hyperbolic Navier-Stokes equations (1) such that

v (Dllz2 > 2[[v (0) |- (193)

The existence time interval of the solution is taken to be [0, 1] in theorem D.1 for simplicity
and can be replaced by [0, 7] for any T > 0 fixed a priori.

We sketch the proof of theorem D.1. In contrast to (21), we can set simply define )\, =
abq,éq = )\;25; i.e. it is no longer necessary that 6, = 1. Requiring a 2% < ﬁ assure that
ty < —%. We can consider the same iteration (25) with 7= 1. We can simplify the induction
hypothesis (26) as follows: on [z,, 1]

1
gl <L {14+ > 67 ], (194a)
I<r<g
gller,, <L2AS, (194b)
IR, 11 < cRLS 41 (194c)

for a universal constant cg > 0 and L sufficiently large so that

4 +8)7(49)
(7?+2)( L (195)
Cr
The step g = 0 will become more complicated than proposition 4.1 as follows:

Proposition D.2 (Initial step q =0). Define

e 2 (sin (x2)>

2\ 0
and then
o N L% 0 — COS (Xz) m
Ry (t,x) = 27 \ —cos () 0 +R(=A)"vo (1,x).

Then (vO,ID?(J) solves (25) with T = 1, satisfies (194) provided
<4wﬁ+ 8) 49 < (47r V24 8) @B < cxlLt
moreover, vy satisfies

rL2
V2

Next, proposition 4.2 is replaced by the following:

Ivo ()2 = <L (196)
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Proposition D.3 (Step g+ 1 assuming the step q). Let L >0 be sufficiently large so
that (195) holds. Under the hypothesis of theorem D.1, there exists a choice of parameters a,b,
and (3 such that for all (vy,R,) that solves (25) and satisfies (194), there exists (vq ,Rq_H)
that solves (25) and satisfies (194) at level g + 1 such that for all t € [ty11,1]

1.1
Vg1 —vglle, iz S L2624 (197)

The main difference in the proof of propositions D.3 and 4.2 is that we would let x be a
smooth function such that

a1 itze[o1],
x(z){Z i 2e2.00) (198)

and z < 2x(z) < 4z for z € (1,2) and thereby define
p(t,x) = dcgdgr1Lx ((CR(SqulL)_l |R1 (t,x)|) )

Proof of theorem D.1. We only highlight the difference from the proof of theorem 2.1,
namely (193). We can compute

N\_.

v () =vo (D2 <D _IIvgr (1) = v (¢ ||y Zmz (199)
q=0 q=0
1
Recalling [[vo()||z = ’L722 for all 7 € [0, 1] from (196), we are ready to conclude
2|y (0)[lz2 < 2[vo (0) |2 +2[v (0) = vo (0) |2
(190)(199) [} L3 L}

S 3<5% g Ivo (1)l = (1) = vo ()2 < Iy (V).
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