T Available online at www.sciencedirect.com _—
Journal of

T ScienceDirect Differential
’ S Equations
ELSEVIER Journal of Differential Equations 425 (2025) 300-341 _

www.elsevier.com/locate/jde

Stability and enhanced decay rate for 3D anisotropic
Boussinesq equations near the hydrostatic balance

Jianfeng Cheng*, Ruihong Ji®, Ling Tian**, Jiahong Wu ¢

a Department of Mathematics, Sichuan University, Chengdu 610065, PR China
b College of Mathematics and Physics, Geomathematics Key Laboratory of Sichuan Province, Chengdu University of
Technology, Chengdu 610059, PR China
¢ Department of Mathematics, University of Notre Dame, South Bend, IN 46556, USA

Received 7 June 2024; revised 10 December 2024; accepted 7 January 2025

Abstract

In this paper, we study the stability and optimal decay for the 3D incompressible Boussinesq system with
only horizontal dissipation. Due to the lack of dissipation in vertical direction, many important techniques
such as Schonbek’s Fourier splitting method can not be directly used to obtain the decay rates. For the whole
space R3, we first establish the global stability of solutions in H !_norm. More importantly, we represent
the solution of Boussinesq system in an integral form which reflects the enhanced regularity and decay rates
in the vertical components. Moreover, we remark that such enhanced decay rate for the third components
is caused by the interplay between the divergence free condition of the velocity field and the horizontal
Laplacian in the anisotropic Boussinesq system.
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1. Introduction

The aim of this paper is to investigate the stability of three-dimensional (3D) Boussinesq
equations and provide optimal decay estimates on large-time behavior of perturbations near
the hydrostatic equilibrium. The Boussniesq equations are the most frequently used models for
buoyancy-driven fluids such as many large-scale geophysical flows and the Rayleigh-Bénard con-
vection (see [14]). This Boussinesq equations studied here are for anisotropic fluids and involve
only horizontal dissipation,

QU +U-VU=-VP4+vAU+0®e3, xeR3 t>0,
30+ U-VO =nA,0,

V.-U=0,

(U, ®)(x, B)]1=0 = (Uo, Bp)(x),

(1.1)

where U (x,t) = (Uj, Uz, U3) denotes the fluid velocity, ®(x, ) the temperature, P(x,t) the
scalar pressure and e3 = (0, 0, 1). The coefficients v > 0 and 1 > 0 are the kinematic viscosity
and the thermal diffusivity, respectively. Here Aj, = 911 + 922 stands for the horizontal Laplacian.
For notational convenience, we have written 9; for the partial derivatives 0y, with i =1,2,3
and shall use Vj, := (91, d2) for the horizontal gradient. The Boussinesq equations (1.1) arise
naturally in the modeling of anisotropic fluids such as the rotating fluids in Ekman layers. A
standard reference is in Chapter 4 of Pedlosky’s book [26].

The Boussinesq equations have attracted considerable interests recently. In physical appli-
cations. The Boussinesq equations are the most frequently used models for atmospheric and
oceanographic flows (see [2,4]). From the mathematical point of view the Boussinesq equations
are also important because they retain essential structural features of the 3D Navier-Stokes equa-
tions with only horizontal dissipation,

JU+U-VU=-VP+vAU, xeR3 >0,
V.U=0, (1.2)
U(x,t)|i=0 = Up(x).

The global stability and large-time behavior of the 3D Navier-Stokes equations (1.2) are chal-
lenging problem. The major difficulty lies in the fact to control all nonlinear terms in the whole
space R3. In recent work of [8], Ji, Wu and Yang employed the integral representation and
used a continuous argument to prove that if the initial velocity is small in the Sobolev space
H* (R3) NH, 7 (R3) with % < o < 1, the anisotropic Navier-Stokes equations (1.2) have a unique
global solution and its first-order derivatives all decay at the optimal rates. Here H,~ 7(R3) de-
notes a Sobolev space of distribution f with negative horizontal index with o > 0 satisfying

1A, fII, o= / &1 727 | F(&)PdE < 00
R3

and the fractional Laplacian operation A, is defined via the Fourier transform

A7 £ &) = &l FlE).
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The regularity condition on initial data was soon relaxed by Xu and Zhang in [25]. Ji, Tian and
Wau [6] later considered the solutions of Navier-Stokes system in H ”’(Tz x R) with m > 2,
and further demonstrated H”~!-norm of the oscillation part it of u decays exponentially in
time. However, the evolution of temperature and its influence upon the velocity make asymptotic
analysis for the Boussinesq system more involved.

The hydrostatic balance given by

1
Une =(0,0,0),  Ope=x3, Pho =713
is a very special steady-state solution of (1.1) with great geophysical and astrophysical impor-
tance. To investigate the stability and large-time behavior of the anisotropic systems, we consider
the equations governing perturbation (u, 6, p) with

u=U—-Upy, 06=0 -0y, and p=P — Pp,.
In view of (1.1), one can check that (u, 8, p) satisfies

oou+u-Vu=—-Vp+vAyu + 0ez, xeR3 >0,
00 +u-VO0+u3=nA,0,

V.u=0,

u(x,0)=uplx), 6(x,0)=0(x).

(1.3)

Many efforts have been devoted to understanding two fundamental problems concerning the
anisotropic Boussinesq systems on perturbation near the hydrostatic balance in (1.3). The first
is the well-posedness problem for small initial data. In the pioneering work [5], Doering, Wu,
Zhao and Zheng initiated the rigorous study on the stability and global large-time behavior of
the hydrostatic equilibrium to 2D Boussinesq equations with only kinematic dissipation (without
thermal diffusion). In addition, extensive numerical simulations are performed in [5] to corrobo-
rate the analytical results and predict some phenomena that are not proven. The follow up work
[29], Tao, Wu, Zhao and Zheng resolved several important issues left open in [5]. In particular,
[29] established the large-time behavior and the eventual temperature profile. The work of [3],
Castro, Cérdoba and Lear later successfully established the stability and large-time behavior on
2D Boussinesq equations with velocity damping instead of dissipation. More recent work on the
hydrostatic equilibrium can be found in (see, e.g., [7,10,12,15,16,20,28,31]). There is a growing
literature devoted to these Boussinesq systems so that it is almost impossible to be exhaustive in
this introduction, but instead considering the second problem: the large-time behavior of solu-
tions to the Boussinesq equations (1.3).

Recently, there are some new works to establish the large-time behavior of solutions to the
Boussinesq equations. Wu and Zhang [19] established the stability of Boussinesq equation with
horizontal dissipation and vertical diffusion in R? x T and also obtained the exponent decay of
oscillation part of the velocity field and the thermal. In the spirit of optimal decay rate for heat
equation. Shang and Xu [23] examined the stability of two Boussinesq equation with dissipation
and thermal diffusion in two directions as well as the decay of corresponding linearized systems.
However the decay result for nonlinear systems is open in R3. In addition, the energy method
and other classical tools such as Schonbek’s Fourier-splitting scheme introduced by Wiegner
in [13] can not be applied to investigate the decay rates for global small solutions of nonlinear
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Boussinesq equation considered here. Ji, Yan and Wu [9] later found the stability and large-time
behavior of perturbations near the hydrostatic balance for 3D nonlinear Boussniesq equation
involving only horizontal dissipation. More precisely, as long as the initial data in H*(R3) N
H,° (R3) with % < o < 1, the optimal decay rates of solutions presented here are the same as
3D anisotropic heat equation. It is worth mentioning the work of [24], Shang, Wu and Zhang
implemented iterative procedure to improve the decay rates of ||[(Vju, Vpb)(1)|| L2(R3) tO 3D
anisotropic MHD equations instead of applying the bootstrap argument to integral representation
of nonlinear system in [9]. The purpose of this paper is to refine the results obtained by [9,23,24]
and to clarify the effect of anisotropy on the large-time behavior of solution in terms of L? decay
rates.

Now, we are ready to state our main results presenting the stability and optimal decay rates
for perturbations near the hydrostatic balance. Our first result of this paper concerning the small
data global well-posedness problem on nonlinear system in H*-framework with k > 1, which is
formulated in the following theorem.

Theorem 1.1. Consider the nonlinear system in (1.3) with v > 0 and n > 0. Assume (ug, 6y) €
H'(R3) satisfies V - ug = 0. Then there exists € = €(v, n) > 0 such that, if

luoll g1 + 160l 1 <€,

then (1.3) has a unique global solution (u, 6) on R3 x [0, 00) satisfying,

w1 + 16O 1 < Coe,

where the constant Co = Co(v, 1) > 0. Furthermore, if (1o, 6y) € H*(R3) with k > 1, then the
following global priori bound hold for the solution (u, 6):

@)l g + 16 @) e < Cll(uo, o)l v,
where C > 0 is a constant proportional to the initial norm || (ug, 6o) || g.
Remark 1.1. In fact, this theorem gives the global existence and stability for any initial data with
H'-norm by an iterative process. On the other hand, we establish the uniformly bounded of any

H*-norm of the solution « while the initial H*-norm is not assumed to be small for k > 2.

Before introducing the large-time behavior of global solution in Theorem 1.2, we first give a
definition:

Definition 1.1. For any s € R and s’ € R, the anisotropic Sobolev space H s5'(R3) denotes the
space of homogeneous tempered distribution f such that

LFIP,, 0 = / > 1612 | F&)PdE <00 with & = (1. £).

For simplicity of notation, we denote by
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Ifller == 1fllLewsy, W llwer =1 f lwer®3),
and (f, g) the L? inner product of f and g.

Our second main result of this paper is concerned with the optimal decay rates for perturba-
tions near the hydrostatic balance.

Theorem 1.2. In addition to the conditions of Theorem 1.1. Consider the nonlinear system in
(1.3) withv > 0 and n > 0. Let % <o < 1 and m > 3. Assume (ug, 6p) satisfies V - ug =0 and

(o, 00) € (H™"°NH™""3 N H™)(RY), (3310, 3360) € H "' (RY),
then the global solution (u, 0) of (1.3) satisfies, for any t > 0,
lu(@) |l gm + 10 | am < C,
12, 0)() | o0 + 13311, 330) ()| 00 < C.,
G, 0) (Ol 2 + 11 (B3, 30) (D)l 2 < CL+1)72,
IVau@ 2 + VRO @2 < C(A+1) G+,

lus@)ll 2 < CA+D~F, (1.4)
Vsl 2 < C(1 4 1)~ F+D), (1.5)

where C > 0 is a constant proportional to the initial norm || (uo, 60) || y-

Remark 1.2. To established the sharp decay rates of global solutions in (1.3). In previous
work [9], Ji, Yan and Wu assumed that the initial data (u¢, 6p) obeys V -ug = 0 and for % <o <1,

| (o, 00) |l g+ + Nl (@0, 00) |l g-0.0 + 1| (83240, 3360) | 00 < €,

for some sufficiently small € > 0, then the corresponding solution (u, 6) to (1.3) has following
decay rates:

1. ) (D) 2 + 1131, 30) (D) 12 < Ce(1 +1)7 5,
and
(Vi Vi) (D)l 12 < Ce(1 4+ 1)~ 2

Thus, our result extends the work [9] to the lower regularity assumptions of the initial data
(uo, 60)-

Remark 1.3. The enhanced decay rates in the vertical components u3(¢) of the velocity u(t): We
remark (1.4) that the vertical components u3(¢) of u(t) decays faster than the horizontal compo-
nents uj, (¢), while the horizontal derivatives of u3(¢) in (1.5) increase the decay rate by —1/2. It
was first remarkably observed by Xu and Zhang in [25] with the initial data was settled in Besov
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space B“2 N H~37% with s € (%, 1) and s; > 0, they proved the horizontal compo-

nents of velocity field decay like the solutions of 2D classical Navier-Stokes equations, while the
third component of the velocity field decay as the solutions of 3D Navier-Stokes equations. In
fact, the enhanced decaying rate of the third component u3(¢) is caused by the interplay between
divergence free condition dyu| + d>uy + d3u3 = 0 which transports the horizontal regularity of
uyp(t) to the vertical regularity of u3(¢). That is the reason why they used the word “enhanced
dissipation” in [1,17].

Next, we briefly sketch the main ideas of proofs in Theorem 1.1 and Theorem 1.2. Since the
local (in time) well-posedness of (1.3) can be shown via a standard method (see [13]). To prove
Theorem 1.1, we first define the energy functional E(¢) by

t t
E(t):= sup 1, 0) ()13 + v / IVau ()13, dr +1n / IVAO (D) 13,1 d.
7€(0,t]
0 0

The core part of bootstrap argument is to derive the following energy estimate

E(t) < E(0) + CE(1)3. (1.6)
Moreover, through an inductive process, we get that any H*-norm with k > 1 is uniformly
bounded. In particular, Theorem 1.1 is legitimate to study its precise large-time behavior in The-

orem |.2. The framework of proof in Theorem 1.2 is to apply bootstrap argument, we assume the
initial data (ug, 6p) satisfies the assumptions

luoll g1 + 160l 1 <€,

and we write
€0 = [|(u0, B0) | gg-o.0 + 1(3u0, 3300) || 0.0 < 0O,
then we make the ansatz that the solution (u, ) satisfies, for t € [0, T] with T > 0,

G, )Nl 0.0 + 11331, 330) (D) | f-0.0 < 3€0.

The initial time 7' > 0 exists by local well-posedness. We then show that the corresponding (u, 6)
actually satisfies

G, )Nl 0.0 + 11331, 330) (D) f-0.0 < 2€0.

Then the bootstrap argument implies that 7 = oo.

Our main efforts are devoted to proving the estimates of (1.4) and (1.5). Various anisotropic
inequalities are invoked by fully making use of the anisotropic dissipation in the system (1.3). In
order to obtain suitable upper bounds, we have to exploit the structure of the kernel function. To
explain this point, we take the representation of #3(¢) in (3.1) as an example,

(Wa + &P W) (¢ — D) (Pl - Va)) (0). (1.7)
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The kernel function in (1.7) can obtain a bound of the form e lanl?t , which is the symbol of heat
operator associated with the horizontal Laplacian as follows,

t
//(Wz F1EPWI) (= (P - Vi), (1) - W3(1) dxdr. (1.8)
0

While integrating by parts in (1.8), we need to generate a factor &, to get the decay rate of
| Vhull 2. By applying the definition of Helmholz-Leray projection operator P =1 — VA~!V.
and the divergence-free condition V - u = 0, we find the following identity

(P(u- V)3 =V - (upttz) — Vi - 93V - (1 @ up)

— Vi - A71333(upuz) + A7V AR 03 (uzus).
Then the Fourier transform of the right-hand side involves &;,, which allows us to get the decay
rate of | Vju|| 2. We refer to Section 3 for more technical details.

The rest of this paper is organized as follows. In Section 2, we will establish the H*-stability
by an inductive process with the initial H!-norm is assumed to be small while the initial H*-norm
with k£ > 2 not need to be small. The optimal decay rates, our main results stated in Theorem 1.2
are established in Section 3. For the sake of clarity. Section 3 is further divided into five steps.

2. Nonlinear stability and proof of Theorem 1.1

In this section, we first introduce a useful mathematical tool and then establish the global
well-posedness result, i.e. Theorem 1.1.

2.1. An elementary inequality

In this subsection, we will recall an elementary inequality and result which be used frequently
later. This lemma provides an anisotropic upper bound for the integral of a triple product. It is a
very powerful tool in dealing with anisotropic equations. A simple proof of this lemma can be
found in [19].

Lemma 2.1. The following estimates hold when the right-hand sides are all bounded

1

1 1 1 1 1 1
/|fgh|dxscnfnzznalfuzzuguzzuazgnzz||h||§2||a3h||zz,
RS

and
1 1 1 1 1 1
/Ifghldx < CIFI B F I 10 £ 118182 £ 1 gl 2 151 2, 1Al 2.
R3
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2.2. H'-stability

In this subsection, we prove the H !-stability of Theorem 1.1. This theorem serves as a prepa-
ration of our main result on optimal decay proven in the next section.

Proof. Since the local well-posedness of (1.3) can be obtained by a standard approach such as
Friedrichs’ method of cutoff in Fourier space (see [13]), our attention is focused on the global
bound of (u, #). Due to the equivalence of ||(u, 6) || ;1 with [[(u, 0)]I 72 + [, 8)|l g1, it suffices

to bound the L2-norm and the H '-norm of (u, #). First of all, based on a simple energy estimate
and V - u =0, we have the following global L%-norm of (u,0) obeys, forany 0 <t <T,

1d

5 2 1@ O + VI Vaull T + 0l Vad 17, =0. @1

Integrating in time, yields that

' 1
I, )O3 + 2v/ IVau(o)ll3, dt +2n/ IVaO ()13, dT = || (o, 60) 117
0 0
Applying 9; to the equations in (1.3) and then dotting by (d;u, 9;0), we obtain
3

1d
5 727 2@ 301G + Vi1 Vil 72 + 1% VaOlL = 1+ Lo+ I3 2.2)
i=1

where

3
I =Z/8,-(063)-33u—8iu3-839dx,
i=1
3
Izz—Z/Bi(u-Vu)-Biudx,
i=1
3
I =—Z/8i(u-V9)-8i9dx.
i=1

We are now in a position of estimating each term on the right-hand side of (2.2). First, it is easy
to check the first term 71 = 0. To bound the second term I, we further decompose it into two
pieces,

3
12=—Z/a,»u-w-a,»udx
i=1
3 3
=—Z/8iuh~th-8iudx—2/8iu383u-8iudx
i=1 i=1
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=Dy + Ip.

The term I; follows from Lemma 2.1 that,

3

1 1 1 1 1 1

It = © 3 N0hun 2210812 1012 829500 25 Va2 105 Va2
i=1

2
= Cllull g IVaulig-

For the term I»;, in view of V - u = 0 or d3u3 = —V}, - uj, and Lemma 2.1, one has

2
Igzz—Z/Biu333u~8iudx—/33u383u-83udx
i=1

2
=—Z/8iu383u-8iudx+/vh-uh83u-83udx
i=1

1 1 1 1 1 1
<Cld3ull 2, 19193ull 2, | Vaiel) 25 192 Vinie) 25 | Viaes 1 25 193 Vs | 2

1 1 1 1 1 1
+ Cl9sul 2, 19183l 2, 103l 2, 1102030l 1| Va1 25 193 Ve 1 5

2
=Cllull g1 IIVrully: -
It follows from the estimates of I and I»; that,
L <Cllull g IIthllip-

Similar to the estimate of I, we have
3 3
Ii=— Z/a,uh V6 - 0i0dx — Z/B,-u3839 - 3,60 dx
i=1 i=1
3 1 1 1 1 1 1
<C Y diunll 2, 11010unll 2, 10:01 2, 1020:011 2, 1 Va0 12,1103 V40 2,
i=1

3 1 1 1 1 1 1
+C Y 10301, 100301 2, 10012 1920,612 00311, 9300311,
i=1

<Cll, ) g1 I1(Vau, Vi) |31

Combining the estimates above, we have

1d
5 27 16 O+ VIVl + 0l Va0l < Cllee, )l 1 (Vas, Vi)

Adding (2.1) and (2.3) together yields that
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d
0@ O+ 201 V5l Gy + 20094811 < Cll @, Ol | (Ve V)l 24)

Integrating (2.4) in time over [0,t], and invoking the equivalence, we find
t t
1, 0)(1) 7,1 +2v/||vhu(r)||§,ldr+2n/||vh9(r)||§1dr
0 0

t
< Il(uo. 00) 13,1 + C / 1Ge, ) (Ol g1 | (Vau, Vab) (D) 13,1 d. (2.5)
0

and this can obtain the desired inequality in (1.6). When the initial data (ug, 6p) is taken to be
sufficiently small, namely

luoll g1 + 160l 1 <€,

for some sufficiently small € > 0, one can use bootstrap argument and (2.5) to show that

t t
1. ) O+ [ 19 de e [ 19601 de < Jao bl 26
0 0

This yields the desired global H !-stability for || (u, ) || Hl-
2.3. A priori bounds for || (u, 0)| g«

Next we establish the following H*-norm of global a priori bound for (u, ) by induction
on k > 1 that

t t
||<u,9)(r)||§,k+v/||vhu<r)||§,kdr+n/||vh9(r)||%,kdrscnwo,eo)ni,k. 2.7)
0 0

Clearly, the bound (2.7) holds for k = 1 in (2.6). Then we assume that for any integer k > 2, we
have

t t
1Ge, 0) (O350 +v / IVau ()31 dT +1 / VRO ()11 dT < Cll(0, 00) 36-1- (2.8)
0 0

Applying E)ik with i =1, 2, 3 to the first two equations in (1.3), dotting the results by a{‘u and 8;‘ 0
in L2, respectively. Integrating over R and adding them up, we obtain
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3

1d

3o Y@k, B, + VIVl + nlE V61
i=1

3 3
=_Z/a{‘(u~W).a{‘udx—Z/a{‘(u-W)-GZ‘@dx
i=1 i=l
=1+ Jp

By the Leibniz Formula and the facts
/(u Voku) - dfudx =0, i =1,2,3,

we then decompose J; into two pieces,

3k
11=—ZZC,§/a;u-af‘fw-a{<udx
i=1j=1
Z_ZZCg/aguh-al."*fvhu.a{‘udx—ZZc,g/aguga{‘*fagu-a{‘udx
i=1 j=1 i=1 j=1
=Jiu + Ji2,

where C,f denotes the combinatorial number

; k!
Cl=—
7k — j)!

J11 follows from Lemma 2.1 and can be bounded easily that

3k

1 1 1 1 1 1

iz 2 1k 12 188k 2 k= 3 1ok, 12

T < CY S0 unll 21009 unl) 2 195wl loxofull ;195 Vil 180 Va7
i=1 j=1

< ClIVhull grlluell gl Vs |l -1

v 2 2 2
= g IVaul + Cllul I Vaul e
Applying Lemma 2.1 and Young inequality,

3k

. 1 . 1 1 1 . 1 . 1

k— 2 k— 2 qak,. 2 k.12 2 3

T < CY N N0 dsul o010, dsull 2o N0 ull 5110208l 22 18] us ) 211039 w3l 7,
i=1 j=1

< ClIVaull gellull ge I Vau |l ge-r

< 21Vl + Cllull? 1 Vaul)?
= 6 h Hk Hk h Hk—ls
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here we have used

3

. . .

D 8 usllp2 < CAUIVjusli2 + 109 Vi - unll 2)-
i=1

Similarly, by the Leibniz Formula and

/(u -Vake) - 9%0dx =0, i =1,2,3,

we have the estimate of J, that

3k
B== Y3l [ofu-il w0 foas
i=1 j=1
3k _ A SN . ;
:_ZZC;/aiJuh.aik—fvhg.allcgdx_zzc,g/a{maf‘faﬁ-a{‘edx
i=1 j=1 i=1 j=1

3 k 1 1 1 1 1 1

iz iz 3 2 yak—i 3 k—j 3

<C YO 10wl 2 1910] w2, 1050112, 102050112, 10, Vab 12, 11050; 7 Vabll2,
i=1 j=1

3 k 1 1 1 1 1 1

T | T

HCY D 0030121010, 93011 L, 10101 25 102050112519 w3l 22110397 w3l
i=1j=1

v 2 n 2 2 2
< 2 IVl + 1940+ C O (Vite, Vi) -

Combining the estimates above and the L?-bound in (2.1), we obtain

d
o0 O+ I Va4 0 VO < ClG O el (Vatt, Vi)l pac -

By Gronwall inequality and (2.8), we deduce

t t
I, 0) ()13, +v/||vhu(r)||3,kdr+n/||vh9<r)||§,kdr
0 0

t 2 t 2
2 v o IVhull® oy dt+n [y IVROI ,_; dT
< Cll(ug, 00) 12”0 ¥ Vit 40 Jo 10RO

2 Cliuo.00)2
< Cl|(uo, 60) |3 -

< Cll(uo. 00) 3¢

which yields the desired global uniform bound for ||(«, 8) || gx with k > 1. This finishes the proof
of global bound in Theorem 1.1. O
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3. Decay rates and proof of Theorem 1.2

This section serves two purposes. The first is to provide several tools in the following lem-
mas. The second is to prove Theorem 1.2 by applying the bootstrap argument to the improved
inequality in (3.3).
3.1. Mathematical tools for the decay estimates

In this subsection, we state some useful inequalities which play important roles in the deriva-
tions of decay rates. We begin with an upper bound for the L”-norm of a one-dimensional
function, which serves as a basic ingredient for anisotropic upper bounds. A proof can be found
in [30].
Lemma 3.1. Let 2 < p <oco and A = (—A)% be the Zygmund operator. Then, there exists a
positive constant C = C(d, p, s) such that, for any d-dimensional function f € H*®(R?) with

s>d(3—7),

d 1 d
1-4¢4-1) 4=
1oy < ClLF g A £l -

In particular, if p=o00, s =1 and d = 1, then any f = f(x3) € H' (R) satisfies

1Ly < CU s gy 195 122 g
We then recall Minkowski inequality (see, e.g., [11]). It is an elementary tool that allows us to
estimate the Lebesgue norm with larger index first followed by the Lebesgue norm with a smaller

index.

Lemma 3.2. Let (X1, 1) and (X3, (u2) be two measure spaces. Let | be a nonnegative measur-
able function over X1 x Xo. Forall 1 < p <q < 00, we have

HF G e in o < TG Lot | Loy oy

In particular, for a nonnegative measurable function f over R™ x R" and for 1 < p <q < oo,

” ”f”LI’(R”’) ||L‘7(R”) = ” ”f”L‘/(R”) Lr(R™)"

Additionally, we introduce the notation
q9._ 14 —
Lh = Lxl,xz’ ”f”L;:LZ3 = ” ||f||LZ3 || Lz’
which can be frequently used in the context.

The third lemma states an exact decay estimates for the heat operator associated with the
fractional Laplacian. A proof can be found in [21] and [22].
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Lemma3.3.Lera>0,8>0,v>0,1<g < p<ooand f € L1(RY). There holds

|A%e™ D f gy < C BTG fl gy, Vi 0.
Moreover, if||A°‘f||Lp(Rd) < C < 0. Then, for any t >0,

1A% fl ey < CA+0 T TGP 1l o way + 1A Lo gay).

The fourth lemma provides an upper bound on a convolution integral, which can be proved
similarly to that of Lemma 2.4 in [18].

Lemma 3.4. For any 0 < s1 < 1 and so > 0, there exists a positive constant C, depending only
on s1 and sy such that, for any t > 0,

C(l+n)~, 52> 1,
/(z —) A4+ 1) dr<{CU+nIn(1+1), s=1,
C(+p)l—s1—2, s < 1.

Remark 3.1. The condition 0 < s; < 1 is necessary, because when s; > 1 and 0 < ¢ < 1, the
convolution integral is unbounded. But it is not required when replacing (t — t) ™! with (147 —
7) %1, More precisely, if 0 < 51 < 57, then

C(l4+1), sp> 1,
/(1+t—r)—“1(1+1)—52dr§ Cl+0) S In(l+1), s=1,
C(l+n)l—s1—%2, sy < 1.

The last lemma represents (1.3) in an integral from via Duhamel’s principle. A simple proof of
this lemma can be found in [9].

Lemma 3.5. The system in (1.3) can be converted into the following integral form

53 W+%W2+Eh§3W1)ﬁoz Eléi

(&, 1) =€Mta\0h+(|§ 2 &2

W 90

t

—/eM“—f)(P(u/-\W))h(r)dr

0

/(f‘;ji M=7) 4 Ef’é'; W2+§h§3W1)(]P(u/~_V\M))3(T)dT

+/T§23 Wi(r — 7)(u - VO)(7)dr,
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2
M6 == OWa 16 P W o+ Wi
t
+/(Wz—l—IéhIZWI)(t—t)(IP’(u/--V\u))S(r)dt 3.1
0
Iifhl2

|§|2 Wit — r)(u Vo) (t)dr,

0(&.1) = — Witios + (W + [& > Wb + / Wi(t — 1) (P - Vi), (1) de

t

—/(W3+|sh|2wl)(r—r>(m)(r>dr,

0
where we have written
Aat Azt -1
el —
Wi¢E, ) =—= e_ls”lzt(@> sin |§h| t,
Ay — A3 &1 [l
Azert — pge3t
Wh(, 1) = B W —
A — A3
Agert — pse3t
Wa(E, 1) = 2 = Wy M
A — A3
with A1, A2, A3 and L4 given by
Iéhl 2, IShI
r=hr=—l& Az=—l&* - — & +
IEI ISI

3.2. Optimal decays for nonlinear terms

We are now ready to prove the decay estimates in Theorem 1.2, which rely on bootstrap
argument and Theorem 1.1.

Proof of Theorem 1.2. The framework of the proof is bootstrap argument. A very useful abstract
version of the bootstrap principle and some simple examples can be found in T. Tao’s book (see
[27]). The H!'-norm of initial data (uq, 6p) is assumed to be small, namely,

luwoll g1 + 160l 1 < €

for some sufficiently small € > 0, and we write
€0 := || (uo, 60) |l -0.0 + 1 (33140, 3360) || y—0.0 < 00.
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Note that, €g here is not assumed to be small. We make the ansatz that, for ¢ € [0, T] with T > 0,

G, )Nl 0.0 + 11331, 330) (D) | fj-0.0 < 3€0. (3.2)

The initial time 7' > 0 exists by local well-posedness. We then show via (3.2) that (u, 6) actually
satisfies the following improved inequalities, for all ¢ € [0, T'],

G, )Nl 0.0 + 11331, 330) (D) f-0.0 < 2€0. (3.3)

Then the bootstrap argument implies that the maximal time 7 with this property is given by
T = oo. Thus, the inequality (3.3) indeed holds for all # < co. The rest of proof is devoted to
showing (3.3) and the proof is divided into five parts as follows.

Step 1. Decay rate of ||(Vu, V)| 2. We first estimate the decay rate of ||(u, 8, d3u, 936)|| 2.

Applying 03 to the first two equations of (1.3), and taking the inner product with (d3u, d3b), we
have

1d 2 2 2
Eall(azu, 372 +vlIVadsully, +nllVid30|l72
= —/83(14 -Vu)-osudx — /83(u -VO) - 030 dx
=M+ M>,

where we have used the fact that

/33(9@3) . 83udx — /33143 . 839dx =0.

To bound M7, we decompose M, as

M, :—/83uh~th-33de—/33u333'4'33”dx
=My + M.

Mj, involves the favorable partial derivatives in x; and xp, respectively. According to
Lemma 2.1,

1 1 1 1 1 1
My < Clldsupll, 1813unll 12 193ull 5 18230l 2 [ Vaull ;103 Viull 7,

1 3
< Cllsull .21 Vaull | Vrdsull >,

< Clldsull 2 (I Vaul7 2 + | Vadsul3,).

In term of M, due to the lack of dissipation in the vertical direction, we use V - u = 0 and
Lemma 2.1,

My =/vh cupdsu - d3udx < Cllozull 2 (I Vaull7, + [ Vadsull7,).
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Thus

My < Cllazull 2 (IVaull?, + [Vadsull? ).

We proceed to estimate M, similarly to the estimate of M and applying Lemma 2.1,

My =— /3311;, - V50 - 030dx — /83u3839 -030dx
1 1 1 1 1 1
<Clsunll Z, 1813n 125 156112, 18230112, V40112, 185916112

1 1 1 1 1 1
+ Cl300 2, 1013612513361 25 1923611 25 1330031 25 1 B3300311 2

<C (@3, B30)| 211 (Vate, Va6, Vidsu, Viyd30)]12,.

Combining the estimates above yield that

li||(a u, 330112, + vIIVadsul?, + 1l Vids01
Zdt 33U, 03 12 ho3 L2 n ho3 12
< Cl|@3u, 330) | 2| (Ve V4, Vidzu, V3 330)]17 2.

Together this with (2.1), we arrive that,
1d 2 2 2
27 ll(u, 0, 03u, 330) 172 + vII(Vau, Vidzu)lly2 +nll(Vib, VR d30) [},
< Cll(@su, 30) || 2 (Vie, Vi, Vidsu, V3 330)17 .

Then, for sufficiently small € with |Ju|| g1 + |0 g1 < %min{v, n}, we get

d
10,03, 3017 + Coll(Vaut, Vb, Vidsue, V1 330) 7 < 0.

Applying Holder inequality in the frequency space and using (3.2), we find

1
I+o

o o
THo To
o IVaull 37 < CliVaul 57

llullz2 < lluell )

Similarly, we also obtain

16112 < CIVaOI 57,

g _
183ull 2 < ClIVEdsull 57,

18361 12 < ClIVd30] 37 .
Inserting these estimates in (3.4), there exists, for a positive constant Cy > 0,
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1,0, 3310, 330) 112 + Colll(u, 6, d3u, 3360)[%) 5 <0
Ell(u, ,03u, 030) 172 + Co(ll(u, 0, d3u, 930)|17,) @ <0.
Integrating in time yields
G, 0, 831, 330) || .2 < C(1+1)7 7. (3.5)

Then, similar as the estimate of M| and M», applying V), to the first two equations, and dotting
with (Vju, V;,60) yield

1d
5 77 1 Vit V72 + VI Viullgs + 0l VROl
=—/Vh(u-Vu)~thdx—/Vh(u-V9)-Vh9dx

= N1+ N>p.

Similar to the estimate of the terms M| and M, one has

W =—/thh'th'vhudx—/th3a3u~vhudx
3 2 1 2 1 1
< CIVaul 21 Vil 2 V030l 2, + [ Vaull 2 Viull 25 1832, 1| Vadsull 2
< CIVull 2(IVaul3 2 + | Vadsull > + 1 Vaul7,).

In terms of N, we obtain in a similar manner as the derivation of M, that

Ny = —/thh -Vp0 - Vy6dx — /th3339 -Vi0dx
<CI(Vu, VOl 12 1|(Vau, Vi, Viu, V70, Vydzu, V5 330) 1%,

The estimates of the terms Nj and N, imply that

1d
PTLNR Vi) 172 + v Viulls, +nll Vo113,
CI(Vu, VO 2 (Viu, Vi, Viu, Vi, Viydsu, Vid30)||2,.

Adding this to (3.4) and using [|lu|| g1 + 10| g1 < %min{v, n}, we have

d

(w0, Yu. VO3 + Coll(Vaue, Vi, ViV, VpVO) 7 <0.
It suffices to obtain the decay rate of ||(Vyu, V,0)|;2, we then apply the Gagliardo-Nirenberg
inequality and together with (3.2), we have

1

I+o fed
T+o 2 1 240 2 4 T+o
IVhull 2 < llull 52, o I Vaull 37 < ClIViull57,
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1+G’

here we have used the fact > 105

estimates yield that

and || V%u ;2 < C in the last inequality. Combining these

d I+
.6, Vu, VO)|12, + Co(ll(u, 0, Vu, VO)|3,) = <0.
Integrating with respect to 7, we have

(e, Vi) 2 < CA+16)7%. (3.6)

Step 2. Improved decay rate for |[(V,u, V;,0)| ;2. This subsection provides an improved upper
bound for ||Vju| ;2 and || V0| ;2. To estimate ||Vjul;2, we treat |Viyup|;2 and ||Viausl 2,
respectively. Since || Viu3||; 2 has the same bound as || Vju||; 2, here we only deal with || Viup|| ;2.
Applying &, to (3.1) and taking the L?-norm,

IViunllp2 =1 Vaunllp2 = Entin|l 12

&nés &nés —
M 222 Wy + 5 W | Viues —

1E3
W1 V.6
EETE 1] 2

<[\ " Vyuon +< 1'2

t
+ [0 (9P V) )] e

+/H<|§;§|; M 4 ﬁ;sl; W2+Sh&Wl)(WWVM)%(T)HLMT
0

t
+ / | i% Wit = 1) (Vi - VO) (D) 2 dt
0

i=L1+ L+ L3+ Ly,

for any ¢ > 0, we first establish the estimate of the term L,

&3 ot &3

Ly < [[eM Vauonll 12 + ”(IE B +— TAE

2+Eh$3W1)VhM03 I+ || W1Vh90”Lz

162
:=Li1+Lip+ L.

It follows from Lemma 3.3 that

_o+l _
Lin=CA40" 2 (1A, uonllg2 + lluonllr2)-
In order to estimate the terms of L1, and L3, we provide upper bounds for W; — W3. For
any £ € R3 and ¢ > 0. The upper bound for W, follows directly from the definition of W in

Lemma 3.5 and the simple fact that | sin y| < |y| for any real number y. Then
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IWi(E, 1) = | —l&nl t(||%;l||) sin %4 < l€_|§h|2t’ 3.7

and for a constant C; > 0,
A PIW1 (€. 1)) < [ 2te 51T < Cyecrlenl, (3.8)
where we have used the fact that xe™ < ¢ ¥ for x > 0 and some ¢; > 0.
(W2 (g, 1)] = AW — 37| < [y Pre 61T 1 2e~ 16010 < €y perleal’, (3.9)
Similarly, W3 can be bound that
W5, 0)] = A3 Wy + €M) < Cre &P,

Here, we elucidate that we would only give the estimates for # > 1 in the rest of the proof. By
§3ﬁ03 = —Eh . il\()h and Lemma 3.3,

En oy, &n
AT

= || + W2 + [Ea > WD)&, - Tion | -

< Cllem& e, T,

12= |&n(

W2 + £, W1)&3103 ”Lz

_ o+l _
<CA+1)" 2 A, uonllp2
o+1

<C(l+1 7.

Then,

Cowt
Lo <CA4+0)" 2 (A, uonllz2 + luonllz2)

As for L3, we first bound the kernel. Recalling the definition of Wi (&, 1),

§né3 §né3 _|g 12t &n sin 1&nl —|&nl?t
| T2 W E, D] < | 2ge Bl (22~ sin =g < o718l (3.10)
& Iél2 €] ISI

we use Lemma 3.3 and the bound of (3.10), we have

H Sh‘%

|£]2 W1Vh90 ”L2 = ”‘gheilshl%é\o ||L2

_otl _
<CU+0" 2 (1Al L2 + 160l 2)
o+l
<C(+1 7.
Combining the above estimates, it follows that

Li<CO+1)~%.
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To bound L2, we further write it into two terms,

t
LZS/WVMA““”W~v@h@Nuﬂh
0

t '
:/”VheA"(’_f)(uh-thh)(r)”det—}—/||VheAh(’_f)(u383uh)(t)||L2dr
0 0

=Ly + Lo,

where we have used the boundedness of Riesz transform on L%-norm

IVATIV - g|l,2 < Cllgll 2.

For o0 <4 < 1, we use Lemma 3.1 —Lemma 3.4 to provide a suitable bound for L, that,

t
Lar = [ 11900 (- Vi) Ol 3 5, .
/ :

t
<c / =0 F I V) O 2 | dr
0 b

t
¢ [@=0 5 1w Vi) @iz | 3 dv
/ Bl

T+8
Lh

l 18
¢ [@=0" % @l 1% (Olz | 2 de
0

/ _1+£5
sC/(t—r) Clun@] 3 (Vi) 2
0

h —x3

t
1 1
<C / (t =0 F a2, 10sun (12, !lL% |Vhun(@)| 2 dT
x3 X3 h
0

1
: “L;s%l 1332 (D) n, | s [ Vnun (] 2 az

t
148 1
sc/a—rrﬂ lun (ol
0

t
1 1
<C /(t 7 I ||Mh(f)||LT{1 ||124§3 |83un ()| || Vaun (@) | 2 d=
0 h )
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t

1 1
<C / (=~ @I 19 @152 |5, [50n @ 2 | Vi 0] 2 dx
i
0

t
_1 1 —_
< c/a 0 @1, |35un (O | L | Viun @) |32 d
0

t
_1 1 _
<C /(t - f)—# ||u(r)||i2 2| ds3u(z) ||z2 ||vhu(r)||iz“ dr.
0

By virtue of the incompressible condition d3u3z = —Vj, - u, and Lemma 3.1—Lemma 3.3, it
follows from the similar estimate of L1,

t
Ly = / 1190 (wsdsn) (Ol 2 d7
0

t
SC/(l‘—‘L')_#” (3 93un) () | IL”LZ dv
Lh+(7 X3
0
t
<C ey : d ; 9 d
<C [ =07 F [lus@lly; I,z (1053 @ {4 15un @] 2 d7
0

t
1 1
¢ [a=0 a5 19w o] 2 dr
0 h )

t

X 1 1
<C / -0 s @1 Vs @I | 1o [V @) 7 |0s3un (@) 2 d
0

t
_1 3_
< c/(z — O @ VR 5 |osu ()] 2 dr.
0

Incorporating these upper bounds, we obtain

t
_1 1 _
L, sc/(t — 0 )7 || L | Vau () |72 de
0

t
_1 3_
+c/(r — O @I V@) |27 [osu ()| 2 d.
0

For the third term L3, in order to bound
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&3 M= t)+ n&3

|§h|2 & |2W2+§h§3W1

we need to get the factor &, from (P (u - Vu))3. By means of the definition of P =1 — VA~V
we obtain that

(P(u-Vu)); =u-Vuz — A~V - (u-Vu)
=01 (u1u3) + 92 (uzu3) + 93(uzu3)
— AT @1 - Vur) + 2 (u - Vi) + 93 (u - Vuz))
=31 (u1u3) + & (uzuz) — AT @1V - (uur) + 2V - (uu2))
+ 93(u3uz) — 33A7 931 (uyuz) — A B3 (uaus) — 3 A7 933 (uzu3)
=01 (u1u3) + D (uau3) — HBA™ @1V - (wur) + 9V - (uu2))
— 93A7 1031 (uyuz) — AT 932 (uau3) + AT (A3 (uzuz) — 9333 (u3u3))
=31 (u1u3) + D (uau3) — HBA™ @1V - (wur) + 9V - (uu2))
— 93A7 1031 (uyuz) — BAT 932 (uau3) + AT AR (uzu3)
=F|+ F> 4+ F3 + Fy, (3.11)

where

=V, - (upu3),
Fr==V; - B3A7'V- (u@up),
F3=—Vj, - A" 933 (upu3),

Fy= A" Apds(usus),
and we also have used the fact that
33 (u3uz) — AT d3(uzuz) = 347" Ay (uau3).
According to the estimates of Wi (&, ¢) and W» (&, ¢) in (3.7) — (3.9), it follows that

‘(Sh& mu—n | S Wa+ &4 W1) (VaP (- Vi)

&2 €n 12

Sh o, _Sh
AT

< Cl&nle™ 5D (03 upuz)| + IV - wun)| + Vi - (uzus)]).

= |&( Wa +$hW1)($3PmM))3

Thus, we have
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t t
Ls gc/||vhe"lAh<’*T)a3(uhu3)||Lzdr+c/||vhe°'1Ah<’*f>v-(uuh)andr
0 0

t
+C/||VheclA"(’_T)Vh (uzuz)|| 2 dr.
0

Similarly, L3 can be bounded as L, that

t
+3

_1 _ 1
L3 sc/(t — 0 P @ [ Vau @32 [fsu) |, dr
0

t
_1 3_
€ [ =0 F @ V)] 2 o) d
0

By virtue of the inequality (3.10) and the similar estimate of L, we have

t
Ly <C / | Ve Dy - Vi + u3360) (1) | 2 d T
0

/ 148 s—1 1 1-5
§C/(t — 07 a5 |3u@ | 2 Vi) 3 [ Vab ()] 2 d
0

t

_1 3_
+c/<r—r>—%|u(r)||if||vhu<r>||zz "|3s00) 2 d.
0

The estimate of || Vju3||;2 is similarly as ||Vyuy|| 2, we omitted here, then

t
_14s s—1 1 _
IVl 2 5C/(t — )72 u() 2 [83u) | 21 (Vau, Vad)(DI35° d
0

t
ES 51 3.5
+C [ =0 F @l 190 | @, 30002 do
0

4o
+CA+1)" 2.
Next, we estimate the decay of ||V,0||;2. By Plancherel formula, one has

VRO 12 <IEWiTo3ll 12 + I1ER (W + [E,1>W1)Eol 12
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t
+ / 1 Wit — ) (Plr - V) y(0)ll 2 de

t
+/|I§h(W3+|€h|2W1)(t—f)(m)(f)llmdf

=G1 4+ Gy 4+ G3+ Gy.

The estimate of first term for ||V,60| ;2 needs more attention. By &3up3 =
Lemma 3.3, we deduce

G < ||e§he—'$h'2f('é—h")‘1 sin %Mm Il .2
< & *'Eh“E"uosan
< |lEre —|&n |2t |'§h||;'||53|/\ ||L2

18 121~ T .

< l&ne 5 Gos 1l 2 + lle ™ g, - Ton 2
_o+l _

<CU+072 (1A, uoll 2 + luoll 12)

<Cc+n" 7.
For G;, which is similar to the estimate of L, we have
_otl s _otl
Go=C+1)" 2 (IA,"Oollp2 + 6ol ) <CA+1)" 2.

To bound G3, we notice that

—

EWi(t — D) (Pu- Vu)),

<|gpe™ |En 21— ‘L’)(]P)(u VM) ’ ’%— *|§h|2(t7‘f)||§_3||(]13>ﬁu))3
h

which likes the term in L3, and then

_1 1 _
G sc/a — 07 @)l 8| LI Vau()| 33" dr

_1 3_
+C/<t — O @I 2 V)| 5 |osu )] 2 dr.

—&n

. it\()h and

With help of the estimates of W; and W5 in (3.7)—(3.9), G4 has a same estimate as L4, namely
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t g =3 3 15
G4 SC/(I—T) 2 lu@lp, [83u@) | [ IVRu@ | 27 | Va8 @ 2 d
0

t
_1 3_
+c/b—rr%ﬂwawZﬂquw;awwuwydu
0

Adding the decay estimates of || (Vju, V;,0)||;2 above give

t
_ 148 s—1 1 —
MWwvwmysc/a—m P a5 |83 5 1 (Vau, Va6) () |72° d
0

t
s 5—1 3-s
+C [ =077 lu@), * IVau(@)| 12" || @31, 830) ()1l 2 dT
0

FC(l 4+ (.12)

Using the decay estimate of (3.5) and (3.6), combining these above estimates, for o < § < 1, we
can obtain from Lemma 3.4 that

t
I+o 1+8
N(Vau, Vo) |2 <CA +1)" 2 + C/(t —1)" 2 (14+1)%dr
0

<C+n"F 4 C1+n G
<C+1)~Gto-D), (.13)

From (3.13), we observe that the decay estimate of ||(Vju, V;0)| ;2 can be improved by an
iterative procedure. Inserting (3.13) in (3.12) and using the decay rate of ||(u, 8, d3u, 330)||;2 in
(3.5). Combining the above estimates. Repeating this procedure n times, we have

I+o

(V. Vi)l 12 < C(L+1)7 2 4 C(1 + )~ minlown. 57

where
o 3
anp =ap + (o1 — 5)(5 —9),
and
_ ) N 1
oy = > o 5

We claim that, by choosing n > 1 sufficiently large and § > o close to o,

l1+o
B

a, >
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In fact, by the iterative formula,

o 3 3, 3,
o =0+ @0 = (G =8 + (G =8+t (=8

5 o 1.3 _1-CG-9
= Sz —2
WGy G

Since % <o <6 <1, we have

3
0<=-—-6<1.
2

Therefore, as n — o0,

5 o 1.3 1,
= a@) =a0+ (G +5 = )G -HE -7

Note that a(0) =1+ 5 > IJ’T" Therefore, by limit-preserving property, we get o), > HT" with
sufficiently large n. Then, we have

140
1(Vait, V)l 2 < CA 1) 2

Step 3. Decay rate of ||u3|| ;2. This subsection proves the enhanced dissipation for «3. Multiply-
ing (3.1) by 73 and integrating over R3, we have

(715

|€|2 W]@() w3 () dx

@12, < / (Wa + (64 2W1 )3 - 73(0) dx +

t
[ [ (a6 = o (6 Vin) o) B0 dxde
0

2
+/ ||Z|2 Wit —r)(u VO)(t) - u3(t)dxdt

=K1+ K>+ K3+ K4.

We estimate K| through K. Firstly, K| follows from Plancherel formula, Young inequality and
the estimates of (3.7) — (3.9), we apply Lemma 3.3 to get that

K1 <C||(W2 + & > Witos]l3 »
<Clle=E 1312,
_9n 2 _ O~
=C / e 2 £y 129161 |8, 727183 7O (03 (€)1 d&
1&31<|&n|
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+C / e 21 g 12002 1210 4172 1 | 202 £ 17O | iy (8) |2 dE

|E31> 18|
<C / o721 Enl g, 10, 1727 13170 3 (6) |2 dE
[&31=<|&nl
+C / 206 g, 37 16,1727 |37 2, (6) P
|&31> 18|
<C(l+n% / 164172716317 [0 (6) 2 d
[&31<|&|
+CU+n¥ / 160172 1612 [0 (&) P
1&31> 1€

3o —ZA
<CU 4077 |A,7 Ay *Toll3,

where we have used the divergence free condition &3103 = —&, - ug, and the fact that for any

a>0,
g 12 (s —
e e =) g 2 | =€ =)
h
To bound K>, using Lemma 3.3 and (3.14), for % < o < 1, one has

&l
g2

— 2 —15
<Clle™ " &, 11€]~ 80|12

Ky <C||=25 Wibol%,

_ 2 _ _ P
=C / e 2T 1 121817215, 12 15517 1801 2 163170 160> d&

|&3]<|&p]
_ 2 _ _ L
+C / e 2t gy 1218|7218, |12 |£517 18127 16317 |Go|* d&
[&31> &
- 2 — — .
<c / 26, 19 16,72 8570 (B
|&31<|&p|

_ 2 _ _ L
+C / e e S e Y I T R

1&31>1&x|
_ 2 _ P
<c / 21|, 1392, 1729 6570 Gy 2 e
|&31<|&p|
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_ 2 _ P
+C / e 2 g, 137 8,727 570 |9 | d&
1&31>1&n|

<C(1+t)__|IA Ay 290||L2,
where we have used the fact that

&2 612 g S8l 1 g e
Bl | — | 15hL —lén
e M= e ™ G i

It is clear that (P (u - Vu))3 contains 91 or d; to F; — F4 in (3.11). That is, its Fourier transform
has the desired factor &j,.

BT < |ignligl et

¢ 4
K3 5//(W2+|§h|2W1)(r—z)Zﬁ,-(r)-ﬁg(t)dxdr
0 i=1
! 2
=//(W2+|§h|2W1)(I—T)Zéj(uﬁﬁ(f)'%(f)dxdf
0 j=1

/ [ (w2+16 W)t = DlEl S 6T () - a1 dd

j=lk=1

! 2
+//(Wz+|sh|2W1)(r—r>|s|—2|ss|225j<uﬁ3><r>-%(r)dxdr
0 j=1

t
+ / / (Wa + 6 PW1) (1 — 0)lenl2 161263 i33) (¢) - 3 (r) dxdT
0

1= K31 + K3 + K33 + K34.
Keeping the estimates of W1 and W3 in (3.7)—(3.9) in mind, together with Lemma 3.1 —Lemma 3.4,

we have

Ks, s/U(W2+|sh|2W1)(r—r)ﬂu\suder||vhu<t>||Lz
<C(+1n~ /||e—'5h' O aus)| 2 dT

_lio 1
sca+0™ % [a-0H lunaly],; dr
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=C+n~ /(t—f) 2||||uh||L2||L2 ||||u3||L2||Loo

t

<C(1+z)** /(t—r) 2||Lth||L2||||u3||L HdeT
0

_l4o _1 1 1
<CU+n" 7 [ =) 2wl 2| lusl?, 10sus)?, |, dr
X3 X3 h

_lio _1
<C+1n" 2 /(t—f) Munlz2llusll; 2||33u%||2 dt

t

—CU+)" /(t—r) el 2 s 25 IV |2, e
0

<Cl+1" /(r —0) (1 +1)" Dy

<cCcd ~|—t)_%
<Cc(l+1)"7%.

Integrating by part and using the divergence-free condition &3113 = —&), - u;, again, we deduce
from Holder inequality that

Ky =— / [ w2416 W1)<z—r)|§|—2225ﬁk(uku,>u) 5103 (1) dxdt

j=lk=1

t

< /||(W2+|§h| W1) (& — D)IEnl 1§~ | 2dT | Vaun(0)] 2
0

< /u 8= 1 16 | iz || 2 d T | Vau () 2.

3

It follows from Lemma 3.1 and Lemma 3.3, we infer from (3.14), for 20 — % <y <3,

/ne 6= 1 1|~ iy | 2 dT
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IA

t
g 12— o
C/||||e P g g ] de
0
t
2
<C -1 —|&n1°(t—7) T [ d
< /|||||5| 2 ll nlail oz | 2 d7
0
t
& 21— L
SC/||||e S g 2 e | 2 d
0
t
Y —(y—=Ly, —
SC/U—f)  lgnl =2 l@nl g | 2 de
0

t
_(v—1
sc/(t—r)*%n 14,7 Gl de
0

t

_r
sco/(t—r) LCRLS P

t
_r 2
sc/(t—r) ) l? |, dr
L1+2y X3
0 h
t
y ny 3—42y ||2
<c [a—o 5l 5 19l F |2, d
/ Il 19t 13
0

t
y 142y 3-2y
SC/(t—r) Sl 2 1Vl 2 d
0

t

gc/(t—r)—%(1+r)—

0

o (1+2y) _ (40)(3-2y)
7 —a

(1+1)

T

<C+1)" 9,

where we observe that

-1 1 ) _1
) = ———d C 2,
ez, (Hz srrEpe) =Cl

Thus, K35 has the estimate as follows that
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30 ;1 30
Kp<Cl+n~ T <Ccl+n77.
Similarly to the estimate of K3,, we deduce from Holder inequality and Lemma 3.3 that

t

K33sc/||(Wz+|sh|2W1)<t—r)|sh||§|—1»fhu\3||Lzdrnvhuh(r)an
0

t
<Cc+n"% /ne 860 e, 2] a3 2 d e

0

t

_Ito _r
<ca+n'% /a—r) sl 2| ,. dr
Lh1+V X3
0

t
_ Lo _r y—3 1- 3
<C(1+10) z/(z—r) sl * 1 Vsl o7 195l llull 2 d
0

<C+1)"FHD
<Cd +t)*37g.
The decay estimate of K34 is similar as K33, one has
,(3i+l) _ 30
Kuy<Cl+4+n"27# <C(+1) 2.
Inserting the bounds of K3; through K34, we get
Ky<Cl+07.

For K4, using Holder inequality and integrating by parts, we have

! 2
K4=—2//|sh||s|*‘W1(r—r)Zé,;@(r)-ﬁs(t)dxdr
0 j=1
t
=2 [ [l Wit - Dgmd)  ma dxds
0

t
SC/|||sh||s|”wl(t—r)@nmdrnwmm
0

t
+C/|||sh||srlwl<r—r)»Ts?)HdernvhuhuLz-
0
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Analogously, the first term of K4 admits the same estimate of K3,. Thus, for 20 — % <y < %,

t
/Hmnsr‘wm—r)bTh?Hdef

t
_ 2 _ _ —_—
sc/ne "= g, 11817 (wp0) |l 12 de

t

<c/(r—r> |}||<uh0>|| 4l ar
0
<C/(t—r) ||||uh|| ||9|| .
t
]+2 1+2 3-2y
sC/(t—r) et ||vhuh|| ||9|| IV401l 5" |y de
0
1+2 3—2 l+2 32y
SC/(t—r) Tl (Va5 161, V461,75 dt
t
EC/(t—r)_Z o(1+2y) 1+t)_<|+a>f—2y>dr
1
<C( 41", (3.15)

The decay estimate of the second term for K4 can be achieved in the estimate of K33, we deduce
from Lemma 3.4, for any % <y<l,

t
/|||sh||srlwl<t—r)@lludr
t
< / e8P =g, €| 30 2d T
0
/(r—r) 7 ||u39|| 21z dr

“Fitgan? 2 3y
< [@=0 5 usl?y 2 1Vhull 257 01l 2d
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(1+0)(3-y)

/(r — ) F A4+ A 4o de

<C( 41~ D, (3.16)
As aresult, together with (3.15) and (3.16) give
Ke<COA+D7 7.
Inserting the bounds for K through K4, we obtain

30
lusllp2 =CA+1)" *.

Step 4. Decay estimate of || V,u3||;2. Applying &, to the integral form of u3, and multiply (3.1)
by &,73 and integrating over R3, we have

— o &1
IVausll?, < / (Wa + &P W) Viuos (1) - Vyus(t) dx + A W1 V460(7) - Vhus (1) dx

t
+//(W2+|éh|2W1)(r—r)(vhﬁu\-Vu))3(r)-V/h\m(z>dxdr

G5

=Pi+ P+ P3+ P4.

2 — S
+/ |€n] Wit — 7)(Vi(u - V0)) (v) - Vyus(t) dxdr
0

As in the estimate of K1, using Young inequality, we obtain from Lemma 3.3 that

— _ (30 _ _ZA
Py < Cl(Wa+ & PWD) Vaugall7, < C(L+ D™ T TDYAL 7 AL 210017,
We proceed to estimate P,. In a similar manner as that used in the derivation of K3, we find

&l
HE

Similar to the estimate of K3. We use Young inequality and further decompose P3 into four
pieces

— (30 _ _2
Py < Cl|=5 WiVatoll7, < C 4+~ TV A7 Ay 20017,

t

Py <C / 1(Wa + 14 PW1) (¢ — (V3B Vi), (02 de a3 () ]2
0
t

4
=C [ 12+ 1P W)~ Y ThE )2 e Va0l

0 i=1
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:=P31 + Py + P33 + P34.
Analogously to the treatment of L,; and K31,

t

2
_lto — —
P3; <C(1+1) z/(r—r) Haaasly, | . de
x3
0

t
_l4o _ 4o
+CU+0" 2 [ =07 2 |llun- Vausll 2 |, dt
/ L}:_HT X3
2

L
2
_ Lo — i i
<C(1+1) z/a—r) a2, 1 Va2 1 Vsl 2 d
0

t
_l4o _l4o -1 _ 1
+CU+n7 /(r — O w2 IV 57 19301 | Ve 2 d e
5
<C( +1)~F+D,
Similarly to that in Step 3, we deduce from K33 and L3 that

L

2
_Ito _ 204 _ g
Py <C(+0)" / e P60 |~ g B | d T
0

t
LC+n-F / e~ 60|~ g, Bl 2 d

2

=C(1 4072 (Py1 + Pin). (3.17)

Clearly, it suffices to consider the first term of P3», similar as the estimate of K3, with
Lemma 3.4, for 20 — % <y <l,

t

2
—1E 12 (1 — — —
P321§C/||||€ SR g Pam g | de
0

13

2
-1 —1E 12 (1 — 3
sC/IIIEI oz e g i e | 2 de
/ :
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1
< [P i g, ar
L

< C/(t — 0 D g~ D, de

t
2

3
<c/<r O Dl 2Vl 2 de

<C 41+, (3.18)

Analogously to the estimate of L1, it is easy to see that

t
P =C [ 1000 gy P e

2

<C/(r—r) - vhuhu 2 s d

_lio -1
< c/(r o a0 9l 257 N 9su s e
t
2
<C(1 41"+, (3.19)
Which, together with (3.17)-(3.19), yield that
—(324+3)
Pp<C+n—27a,

Recalling the definition of W; and W> in Lemma 3.5, we obtain from Plancherel formula that,

t

Py <C(+0)% / e 5P g 21y Ple Pl de

+CA+1)" /n a0 g2 |sz|2uhu3||Lz dt

:=P331 + P332,
then, the decay estimate of P33 can be achieved in a similar manner in K3 that
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t

_lio _3
P =c 0™ [a= 0 lunaly],; do
0

t

_lio _3 ) 1
=CUA+n" 2 [ —1) 2usll,l103u3ll, lull 2 dT
0

30
<C(+n"FHD,
and in view of the estimate in L,;, we have that

t

_l4o _lto
Py <C(1+1)7 72 /(t—r) - Va2 ]z de
Lh o X

L
2

t
_l4o _l4o o—4 1— 1
<C(l+1)" 2 /(f—f) 2 unll o WVl 13unll 2 Vausll 2 dT
%

<C(1+1)~FHD,
Thus,
-+ -Cg+1
P <C+)" 272 4+C(+4+1)" 2
<C(1+1)~FHD,

The same estimate also holds for P34 that

Py < C(1+1)~F+D,
Collecting the estimates above together imply that

Py<C(1+0 %40,
For Ps, similar as the estimate of P,, we have

t

2 — —
P 5/ %Wl(t—t)(Vh(u-VQ))(T)'VhLB(l)dXdT’

13

2
<C / IVRe® D (uy - V0 + u3330) (0)|| 12 dT | Viu | 12
0
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t
e / 100 (0 - V46 + u3930) (1) ]| 2T [ Vil

2

t

2
_l4o _ 1 1
<C(1+n" 72 /(r—r) unl 25 103un ) 2, VA0 2 d
0

t
2
_l4o — 3 3
+C+1n""2 /(t—f) 1||u3||i2||33u3||zz”839“L2dr
0

t
_lio _lio -1 _ 1
+C(+1)" 2 /(t 1) 2 ||uh||22 2||thh||lea||33Mh||zz||vl19||L2 dt

L
2

!
_l4o _l4o 0—% j %
+CA+0"7 [ = T sl 2Viusl 37 103usl 2, 195612 d
t
2

<C(1+1~FHD,
Combining these estimates of P; — P4, we have

IVhusll;2 <CA+ t)*(%a*%),

Step 5. Closing of the bootstrap argument. We first give the estimate of || (u, )|l 7—+.0. Apply-
ing A, ? to (1.3) and dotting with (A} “u, A, °6), we have

1d 2 2 2
EEH(M’ D00 FVIVaUllG 00 +0lIVROI 1 60

:—/A;“(u-Vu)-A;“udx—/A;”(u~V9)-A;09dx
=M+ M.

Using Holder inequality and the Hardy-Littlewood-Sobolev inequality,

My < lu-Vull g-oollull g-o0

< C(|[llun - Vaull 2 +lluzdsull 2 |2 )llullg-o0
LhIJra th+(7 X3

=CMy1 + M) |ull g-o0-

As the estimate of K33, for % <o <1, we have
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1
M11<Clluh|| 2IIVthII TN 0zunll ;I Vaull 2

=< CIIull ™ IIthll ||83u||L2,
and using the divergence free condition V - u = 0, one has
1
M < C||u3I| ;7 IIthsll 7l103usll}» 103ull 2
=< CIIMII ™ IIthll % N1dsull 2
Thus, together with M1 and M;, we have
1
M <Cllull ™ IIthll |I33u||zz el .0
+ Cllull ™ IIthll N9sul 2 llull f-oo.
M> an be similarly bounded as M1, which we obtain
1
M> <CIIMII . IIVhMII ”83"‘”22 VRO L2 101 5700
+ Cllull . IIthll “1193011 21011 7-oc0-

Inserting the bounds for M and M», we have

Mn(u O 0 F VIR o + 1IVAO 1 0

1
<Clull}, 2IIVhMII TNN03ull ;5 1(Vau, Vi)l 211 ey O o0

+ CIIMII . |I3hu|| " 113, 330) 11211 (2t, ) -0 (3.20)

Secondly, we have the estimates of ||(33u, 330) || ;-o.0. Applying A, 33 to the first two equa-
tions of (1.3), and taking the L2-inner products with A;" o3u, we have

(@310, 330013 + V331310 + 11056131 0

:—/A;083(M~Vu)~A;UB3udx—/A;083(M-V9)-A;0839dx

| =
&.|Q‘

= Hy + H». (3.21)

Similar as the estimate of M,
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G1—-bd-0) 1—

257 s 1 N
H, <C||33u|| l||th|| b IVads ull ||3Sl+ ||21 9301l o0
—o—L 1
+C||M|| 2||th|| Tl Bsull 2||Vh331u|| 21193ull g—o0
5767 41 1
+C||M|| 2||th|| 13" ull H l83ull oo, (3.22)

where we have used the interpolation inequalities, for s > 1,

vl—]

IVidsunll 2 < ClIVaunll ||Vhaélbh||L2,
51 | L
105unllz2 < Clldzunll 3 105" unll)
Analogously to the estimate of Hj in (3.22), for 51 > 1, we have
0_% (s1—=D(1-0) | 2
Hy <Cl|d3ull ,, “ IVaull, ™ VA8l 211 VAdy 9|| ||3S1Jr 01,5 1930 -0
1 ”71 1
+C||M|| 2IIVhMII TN B3ull > 1VaOl IIVhas’QII 21193011 g—o0
‘Sl 1
1
+C||u|| 2IIVhMII 2||Vh9|| LayT O11,5118360 | f—a.0- (3.23)

Finally, we complete the bootstrap argument. Integrating (3.20) in time over [0, ¢] with 0 <
t <T, we get

1, ) (O —00 <N W0, 00) 30 + C® sup |11, 0)(D)11700

0<t<t

t
(140)(3—0)

X /(1 )~ So—s0-EED L -Se—3—d)——— gp
0

t

_(3t20 _
<I(w0, 01130 + C€™ sup 11, 0)(D)II3; 0 / (1+1) T4y

0o<t<t
0

<110, 60) 130 + Ce™ sup [I(u,O)(D)]I7,

0<t<t

2 w0 (3.24)

where we have used the conclusion in Theorem 1.1 that
lu@ g + 10O 1 < Coe,
and the assumption % < o < 1, choosing §p small enough such that

3420
4

— 30 > 1.
Similarly, integrating (3.21)—(3.23) over [0, ] with O < ¢ < T, for s; > 1, we have
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13314, 930) ()13, -0 <N (@3140, 3360) 1300 + C€™ sup [ (Bs1t, 330) (D)7,

0<t<t

t
0(0-80) o , o+l (s1=D(+0)
- -+
X/(l—{—r) (= at( 51 ))d‘r
0

<[1(B3110, 3360) 1% o + Ce® sup [|(83u, 3360) (1) (3.25)

I:I—0,0’
0<tr<t

where 8o > 0 is chosen small enough such that

0(0_80)_i 0+1(1+(s1—1)(1+a)

)> 1.
2 4sq 2 s1

Together with (3.24), (3.25) and (3.2), we arrive that

G, 0, 33, 30) (|12 o < €0+ Ce® sup ||(u, 0, du, 330) (1)

H-00 = H-00"
0<t<t

By choosing e sufficiently small such that Ce% < min{%, %eo}. This inequality together with
(3.2) yields (3.3) for all ¢ € [0, T']. Then the bootstrap argument implies that 7 = co. This finishes
the proof of Theorem 1.2.
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