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Abstract

Many biological fluids such as blood contain ions that can interact with an applied magnetic field, and can
thus be treated as electrically conducting fluids. In many recent studies related to bioengineering such as the
development of magnetic tracers and medical applications, the magneto-micropolar systems have been used
to model the dynamics of these biofluids. A natural question related to these studies is the influence of a
static background magnetic field on the stability and long-time behavior of the biofluids. This paper intends
to present a rigorous theory in terms of the magneto-micropolar system with only velocity dissipation
but without magnetic dissipation and angular dissipation. The spatial domain is taken to be a periodic
box and the background magnetic field is assumed to satisfy a Diophantine condition. This Diophantine
condition is satisfied by almost every vector field. We establish the asymptotic stability of any perturbation
and its precise long-time behavior. This result reflects the stabilizing effect of the background magnetic
field. Without it, it is almost impossible to analyze this 3D nonlinear magneto-micropolar system. The
mathematical objects underlying the smoothing and stabilizing effect are the wave structures hidden in this
magneto-micropolar system.
© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.

MSC: 35Q35; 76N10; 76WO05

Keywords: Global smooth solutions; Magneto-micropolar fluids; Diophantine condition

* Corresponding author.
E-mail addresses: pingxiaozhai @ 163.com (X. Zhai), jwu29 @nd.edu (J. Wu), zbxufuyi@163.com (F. Xu).

https://doi.org/10.1016/j.jde.2025.01.047
0022-0396/© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar
technologies.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2025.01.047&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2025.01.047
http://www.elsevier.com/locate/jde
mailto:pingxiaozhai@163.com
mailto:jwu29@nd.edu
mailto:zbxufuyi@163.com
https://doi.org/10.1016/j.jde.2025.01.047

X. Zhai, J. Wu and F. Xu Journal of Differential Equations 425 (2025) 596-626

1. Introduction and main results

The compressible viscous magneto-micropolar equations model the motion of aggregates of
small solid ferromagnetic particles relative to viscous magnetic fluids in which they are immersed
(see, e.g., [2]). The governing equations can be written as

d p + div(pu) =0,
pou+pu-Vu—(u+)Au— A+ pu—¢)Vdivu+ VP =2tV x w+ (V x B) x B,

pW+ pu-Vw — p/ Aw — (A + p)Vdivw +4cw=2¢V x u, (1.1
B+u-VB—-B:-Vu+ Bdivu—cAB =0,
divB =0,

where the unknown functions p,u, w, P = P(p) and B denote the fluid density, velocity, micro-
rotational velocity, pressure, and the magnetic field, respectively. The shear viscosity u, the bulk
viscosity A and the microrotation viscosity ¢ satisfy the physical restrictions

w>0, 2u+3xr—4r>0. (1.2)

w’ and A’ are the angular viscosities satisfying

W' >0, 2u+3M>0 (1.3)

while the constant o > 0 is the magnetic diffusivity.

The magneto-micropolar equations have recently being used to model the micropolar biomag-
netic flows such as blood flow in a magnetic field. There have been numerous research studies
related to bioengineering such as the development of magnetic devices for cell separation, devel-
opment of magnetic tracers and medical applications (see, e.e., [9,33]). The majority of biological
fluids are considered as biomagnetic, mainly because they contain ions which interact with the
applied magnetic field. Blood in particular, has erythrocytes that have the tendency to orient with
their disk plane parallel to the magnetic field direction [12]. Therefore, blood can be modeled as
an electrically conducting fluid which exhibits magnetization, such that magnetohydrodynamics
(MHD) could also be incorporated into the mathematical model [25].

A natural question proposed and studied in [9,12,25] is the influence of a background mag-
netic field on the stability of magneto-micropolar fluids. [9] focuses on the numerical algorithm
and computation. [25] contains some simple linear analysis. The goal of this paper is to present
a rigorous theory on the nonlinear stability and long-time behavior. We focus on the following
3D compressible magneto-micropolar fluids with only velocity dissipation

o;p+div(pu) =0, >0, xe€ T3,
pou+pu-Vu—(u+)Au— A+ pu—¢)Vdivu+ VP =2tV x w+ (V x B) x B,
pow+ pu-Vw+ 4w =2¢V x u,

B+u-VB—-B:Vu+ Bdivu=0,

divB =0,

(p,u, w,B)|;=0 = (00, uo, Wo, Bo),

(1.4)
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where T3 denotes a periodic domain. Suitable for biofluids, this compressible model involves
only velocity dissipation and no magnetic diffusion or microrotation velocity dissipation.

The mathematical setup is to study the stability of perturbations near the steady-state solution
induced by a background magnetic field

P, u®, w® B®)=(5,0,0,n),

where p > 0 is constant and n is a constant vector. Without loss of generality, we assume

‘W‘:L ,5=/,00dx=1.
T3

In addition, we further assume the following initial averages are zero,

/,Oollodxzo and /Bod)C:O. (1.5)
T3 T3

It is easy to check that, for sufficiently regular solutions, these averages are conserved in time,

/pdx:ﬁ, /pudx:O, and /de:O. (1.6)
T3 T3 T3

To write the equations for the perturbations, we set

- A - P'(1
a1, o) EEEE G EETEZE k@ D
0 Jo 14+a 14+a

Still writing B for the perturbation B — n, we find that the perturbation (a, u, w, B) satisfies the
following system

dra + divu = fi,

du — div (i(p)Vu) — V(A(p)divu) + Va =2¢V x w+n-VB — V(n-B) + f5,
W+ 4Lw=2rV xu+ f3,

B =n-Vu—ndiva+ fg,

divB =0,

(a,u,w, B)|;=0 = (a0, up, wo, Bo),

(1.7)

where

def .
fi é—u-Va—adwu,

Y w.VutB- VBBVB+k@)Va+201(@)V x W+ (u+ ) (VI(a)Vu

+A+pu—-¢)(Vi(a))diva—I(a)(n-VB+B:-VB —nVB +BVB),

£ . vw—4cI(@w+201 @)V xu,
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% _w.VB4+B-Vu- Bdivu. (1.8)

To state our results, we recall the Diophantine condition. A vector field n € R3 is said to
satisfy the Diophantine condition if for any k € Z3 \ {0},

|n-k|ZW for some ¢ > 0 and r > 2. (1.9)

c
r

As demonstrated in [5], almost every vector field in R? actually satisfies (1.9). Certainly there
are vector fields that do not obey this condition such as e; = (1, 0, 0).
The first main result can be stated as follows.

Theorem 1.1. Assume n satisfies the Diophantine condition (1.9). Let N > 4r + 7 with r > 2.
Consider the system (1.7) with the initial data (ag, ag, wo, Bo) satisfying

age HN(T?), co<ap<cy', woe HN(T?), woe HV(T?), BoeHV(T?)

for some constant co > 0 and (1.5). Then there exists a small constant € such that, if

llaoll g + llwoll gv + Iwoll gv + IBoll gy <,

then the system (1.7) admits a unique global solution (a,u, w,B) € C([0, c0); HN). Moreover,
forr+4 < B <N, there holds

_ 3N=p)
la@llgs + la@llgs + WO ge + 1B gp < Ce(d +1) 2= (1.10)
foranyt > 0.

Remark 1.1. Inspired by recent work in [39], we shall consider the global well-posedness of
(1.7) with some large initial data in the further work.

When the density is a constant, the system (1.4) reduces to the following 3D incompressible
magneto-micropolar equations

ou—(u+¢)Au+u-Vu+Vp=B-VB+2{V xw,
owW—+u-Vw 44w =2¢V xu,

B+u-VB=B-:Vu, (1.1D)
divu=divB =0,

(u, w, B)|;=0 = (up, wo, Bo).

Correspondingly the perturbation for the density a becomes zero and the system (1.7) for the
perturbations is reduced to
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du—(u+¢)Au+u-Vu+Vp=n-VB+B-VB+2¢V xw,
ow+u-Vw+4iw=2¢V x u,

B4+u-VB=n-Vu+B-Vu, (1.12)
diva=divB =0,

(u, B)|;=0 = (uo, Bo).

As a consequence of Theorem 1.1 or its derivation, we obtain the following result for the
incompressible magneto-micropolar system (1.12).

Corollary 1.2. Let N > 4r + 7 with r > 2. Assume (ug, wo, Bg) € HV(T3) and
/ll()d)(:/W()d)C:/BodX =0.
T3 T3 T3
Then there exists a small constant ¢ such that, if
luoll g~ + lIwoll g~ + IBoll gy < ¢, (1.13)

then the system (1.12) admits a unique global solution (u, w,B) € C([0, c0); HN). Moreover,
the solution enjoys the following decay estimate, for any r +4 < B <N,

_ 3(N=p)
la@ s + WO s + I1BOIgs < CA+1) 2V (1.14)
foranyt > Q.

We explain the main difficulties and strategies involved in the proof. The major difficulty is
the lack of dissipation in the equations of a, B and w. In general solutions to transport equations
without damping or dissipation would grow in time and thus destroy the stability. This paper
explores the enhanced dissipation from two different sources, the background magnetic field and
the interaction due to the coupling in the magneto-micropolar system. We provide some details to
give a more precise account of these enhanced dissipations. First, we explain how the background

magnetic field and the interaction between u and B generate smoothing and stabilizing effect in
the direction of the magnetic field. Applying IP to (1.7), gives rise to

»Pu— (u+)APu=2;PVxw+n-VB+Pf. (1.15)
Combining (1.15) with the equation of B in (1.7)
0B —n-Vu+ndivu = fy,
we find that Pu and B both satisfy the damped degenerate wave equations

3Pu— (u+)AJPu— (n-V)*Pu= M,
3B — (u+)A)B — (n-V)’B = M,,
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where M| and M, are other terms. The term (n - V)2B would allow us to extract the dissipation
in the direction of n. In fact, we can show the time integrability of |n - VB||§I, +3- More details
can be found in Proposition 3.3. Moreover, combining with the Poincaré type inequality induced
by the Diophantine condition on n (Lemma 2.1), we are then able to control the time integrability
of [B|z and [[VB|| .

Next, we explain the dissipation in the density perturbation a. Although the equation for a

appears to be a typical transport equation, a careful examination of the combined quantity

dd§fa+n~B

allows us to extract the dissipative properties of a. Let P = I — VA™!V. denote the standard
Leray projector operator and Q = I — P. Applying the operator Q to (1.7); yields

0:Qu —vAQu+Va+Vm-B)= sz,

where v & +2u, and we have used Q(n- VB) =0, Q(V(n-B)) = V(n-B). Now we consider
the following system including a, Qu and B,

oa +diva = fj,
3Qu—vAQu+Va+V(n-B)=Qf,
/B=n-Vu—ndiva+ fs.

Introducing a new auxiliary function G def Qu — %A_IV(a + n-B), we deduce that (d, G)
satisfy the following system

1
dd + ;(|n|2 +1d+ (nf*+ )divG=n-Vu-n+ fi + f4-n,

1 1 ~ 1
3G —VAG = ;(|n|2 +1)Qu— ;A—‘V(n.Vu.n) +Qfr — ;A_IV(fl + f4-m).

Obviously, the above system clearly reveals the damping in d = a + n - B and the dissipation in
G. These are the essential ingredients in the proof of our main result.

Before ending this section, we give some extended review on results related to the magneto-
micropolar systems. Due to its physical applications and mathematical complexity, the compress-
ible viscous magneto-micropolar system has been extensively studied (see, e.g., [11,23,24]). If
the effect of angular velocity field of the particle’s rotation is omitted, i.e., w = 0, then the sys-
tem (1.1) reduces to compressible magnetohydrodynamic (MHD) equations. The presence of
magnetic field and its interaction with the hydrodynamic motion in MHD flows generally makes
the analysis more complicated, and many fundamental problems for the compressible MHD sys-
tem remain open even for the one-dimensional case. There have been substantial developments
(see, e.g., [3,4,16] for the one-dimensional case and [15,18,17,37] for the multi-dimensional
case). In [14], Kawashima obtained the global existence of smooth solutions to the compressible
MHD system in two dimensions, provided that the initial data are closed to some constant state.
Furthermore, the global existence and time decay rate of smooth solutions to the linearized two-
dimensional MHD equations have been investigated in [32]. [10,26] studied the well-posedness
in critical framework for MHD equations. When the magnetic field is neglected (that is, B = 0),
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system (1.1) reduces to the compressible micropolar fluid equations. The theory of micropolar
fluids introduced by Eringen in the 1960s (see [6,7]) is a significant step toward the generaliza-
tion of the classical compressible Navier-Stokes model. Due to the profound physical background
and important mathematical significance, the compressible micropolar fluid equations have been
extensively studied, such as long-time behavior of solutions [20,21], low Mach number limit
of solutions [28,29] and pointwise estimates of the smooth solutions [35], among many other
results.

The compressible magneto-micropolar equations have been studied by a number of authors.
For multi-dimensional compressible magneto-micropolar equations, Amirat and Hamdache [1]
proved the global existence of weak solutions with finite energy which generalized Lions’ pio-
neering work [19] and results by Feireisl etal. [8]. Recently, Wei et al. [34] constructed the global
existence and optimal time decay rates of solutions to the system (1.1). Xu and Zhong [38] proved
the local existence and uniqueness of strong solutions in bounded domains or the whole space
R3. In 2021, Song [27] obtained the global well-posedness for the 3-D compressible micropo-
lar system in the critical Besov space when the system has a special viscosity coefficients. This
result can be fully extended to magneto-micropolar fluids (1.1).

The rest of this paper is organized as follows. The next section recalls several important calcu-
lus inequalities. Section 3 is devoted to the proof of Theorem 1.1. Several propositions are stated
and used. Section 4 presents the proofs of the propositions used in the proof of Theorem 1.1.

2. Preliminaries

This section reviews analysis tools including several calculus inequalities to be used in the
subsequent sections.

Lemma 2.1. ([36]) Assume n € R3 satisfies the Diophantine condition (1.9). Let s € R. Then,
for any function f satisfies V f € H**"(T3) and [15 f dx =0,

I f s T3y < Clm-V fll gser(T3)-

Lemma 2.2. Let n € R3 satisfy (1.9)and p — 1 € L3(T3) satisfy

1
||,0—1||L2§§, and/,oudx:O. 2.3)
T3
Then for any s > 0,
lullgs = Cln- V| gstr. 24

Proof. For any s > 0, there holds

lallgs ~ lall L2 + [l gs.
Hence, in view of Lemma 2.1, we have
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lullgs a2 + llall g
S/”u”LZ + - Vul| gs+r. (2.5)
Next, we only need to verify (2.4) holds for s = 0. Denote u the mean of u, there holds
lull2 <llu—ul2+ lull2 <Cln- Vu|gr + [a].

But we note from (2.3) that

_ 1
il = /(p ~ Dudx| < llp ~ 12 lull 2 < 5 il
3

Putting two estimates together implies that,

lull;2 < Cln- Vu| gr, (2.6)
from which and (2.5), we arrive at (2.4). This finishes the proof of the lemma. O

Lemma 2.7. ([13]) Let s > 0. Then there exists a constant C such that, for any f, g € H*(T3)N
L%°(T3), we have

Ifgllms = CAflizeliglias + Ngleell fllas)-

Lemma 2.8. ([13]) Let s > 0. Then there exists a constant C such that, for any f € H S(T3HnN
Whoo(T3), g € H1(T3) N Lo°(T3), there holds

[1A. f - Vig] o < CUV Fllm [A%] 2+ [A°f] 2 1Vl ).

Lemma 2.9. ([31]) Let s > 0 and f € H*(T3) N L>®(T3). Assume that F is a smooth function
on R with F(0) =0. Then we have

IF()llas < CA+ NIz Fll s,

where the constant C depends on Supy(s112.1<| f||, | F® @) .
3. Proof of Theorem 1.1

Based on the linearization, construction of approximating solutions and application of com-
pactness argument, given the initial data (ag, ug, wo, Bo) € H N (T3), the local-in-time well-
posedness of the system (1.4) in the Sobolev setting AV (T?3) with sufficiently large N can
be shown following standard approaches (see, e.g., [14,22]). Therefore, we may assume that
there exists T > 0 such that the system (1.4) has a unique solution (a,u, w,B) € C([0,T]; H Ny,
Moreover, it holds that
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1 -1
ECO <a(t,x) <2, , foranyrel0,T]. 3.1

Therefore, by the standard bootstrapping argument (see, e.g., [30]), to prove Theorem 1.1, it
suffices to derive the a priori estimates. To do this, we may assume that

Sup ”(aau’ W, B)”HN 587 (32)
tel0,T]

for some 0 < é < 1 to be determined later.

In what follows, we divide the proof of Theorem 1.1 into five subsections, which we shall
admit for the time being. Moreover, in order to show our proof ideas more clearly, we shall
postpone the proof of Propositions 3.1-3.5 in the next section.

3.1. Basic energy estimate

Proposition 3.1. Let (a,u,w,B) € C([0, T]; HN) be a solution to the system (1.7). There holds
the following basic energy inequality.
1d
2dt

14 2 . 2 4ug
o w,B) 2, + S|V A+p—0)|d
l(a,u,w )IleJr2 Vulli, ++p—=20) 1VU||L2+M+2§

Iwl?, <0. (3.3)

3.2. High-order energy estimate

Proposition 3.2. Let (a,u,w,B) € C([0,T]; H N ) be a solution to the system (1.7). For any
0 <€ < N, there holds

ld W . 4ug
577 It ww, B)l3e + 5 IVl + Gt = ©) divullZ, + Y. Iwl2,
< CYoo(®) (@, u, w.B)|I7, (3.4)

with
def
Yoo(t) S (14 [lall )l (@ W, B) |20 + (1 + [lall 1) [|(Va, Vu, VW, VB)|| ;o
+ (14 (@, Vu,B)|3:0) [ (Va, Vu, VW, VB) ||« . (3.5)
3.3. The dissipation of the magnetic field B

Proposition 3.3. Assume that

sup [(a,u,w,B)|lyv <3, (3.6)
t€l0,T]

for some O < & < 1. Then there holds that
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In- VB3, — Y. A*Pu- A*(n- VB)dx
0§s§r+3T3

< ClIVull3s + C Wl ws + C8 lla+n B3,y
3.4. The dissipation of the density a

Let

¢ 1
dd:eta—kn-B, and Gdéf(@u——AAVd, vdéf)»—f-Zu.
v

(3.7)

Proposition 3.4. Let (a,u,w,B) € C([0, T]; HN) be a solution to the system (1.7). Assume that

sup |[[(a,u,w,B)|[ gy <3,
tel0,T]

for some O < & < 1. Then there holds

1d 1
5, 1@ G)llzgrss + = Il yrss + v IVGI s
2 2 2 2 2
=< C ||Vu||Hr+4 + Cé ”n : VI;”Hrﬁd + Cé ”(da W)||H1‘+4 .
3.5. The derivation of the differential inequality for the energy

Let ¢ > 1 and set

0 =2(lauwBd. G )~ Y [APun@ B
0§s§r+3T3

and

~( KL .
D(t)=IIn- VB3, +c(5 IVul3 s + (4 = ) divull 3,

2 2
g e+ 5 N+ IVGI1s )-

(3.8)

(3.9)

Proposition 3.5. Let (a,u,w,B) € C([0, T]; HN)Y be a solution to the system (1.4) and € be a

suitable large constant determined later. Assume that

sup |[(a,u,w,B)|lyz~v <38,
t€l0,T]

for some 0 < 6 < 1. Then there holds

d
T EO +D@) <C8(1+8) [Vullg .

+CS(L+8) 1d, W20+ CS2% + 1) In- VB2, 5 .
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With the above five propositions in hand, we now begin to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Thankstoa =d —n-B and

‘ 3 [ APu-A*@- VB)dx| <C llullgros [Bllgres (3.12)
0§S§r+3,]r3

we can take ¢ > 1 such that
EW) = (0, w.B.d.G)||3;,s -

Hence, by choosing § > 0 small enough, we can get from (3.11) that

d 1
ES(r) + ED(t) <0. (3.13)

For any N > 4r + 7, we invoke the interpolation inequality and Lemmas 2.1, 2.2

3 1 3
2 b b ) 2
Bl 7rs <IBIl 5 IBll;,y < C82[In-VBJ -, s

to obtain

EM) =CUE. W)[7r0a + 10, G300 + [BIF,10)
3 1 3 1 3 1
<C I W2, ]2, + Cll G 25 [, G2y + C B2 B2,
3 1 3 1 3 1
<C I W2, @ W2y + Cl G2, 1, G) 12y + C Bl B2

3
2

1 3 1 3 1
<C82|I(d, W)l ;s +C82 IV, G ;14 + C32 - VB

Hr+3
<CD@),
Inserting this inequality into (3.13) gives
d 4
—&(1) +c(E(1)3 0.
dt
It then follows easily that
EMy=Cc+n7. (3.14)

Taking £ = N in (3.4) and using Sobolev’s inequalities, we have

4pg
n+2¢

<CZ®) (@, u,w, B3y (3.15)

ld 2 H 2 . 2 2
3dr (@, u, w, B)|I%,n + B} IVuallyy + (A 4+ p — &) [ldivally,y + w7 v
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with

def
Z(t) S (d.w,B) 3 + 1 d.w.B) 75 + 1d[13,5 Bl + B35 -

Clearly, the decay upper bound in (3.14) implies

t

/Z(r)dr <C.

0
Applying Gronwall’s inequality to (3.15) yields

2 2 2
”(a?ua w, B)”HN SC ”(a07u05w07B0)”HN S CS .

By taking ¢ to be sufficiently small, say ~/Ce < §/2, we obtain

”(a’ u, w, B)”HN E

N

The standard bootstrapping argument then implies that the local solution can be extended as a
global one in time. Finally we prove the decay rate in (1.10). It follows from (3.14), that

(@, w, w, B)(®)l| yres < C(1+1)"2. (3.16)

(1.10) is a consequence of (3.16) and the following interpolation inequality, forany r +4 < 8 < N,

N-—B B-—r—4

IO gs < 1 F OIS IFON Y

This completes the proof of Theorem 1.1. O
4. Proof of the propositions

The remaining part of the work is to prove Propositions 3.1-3.5. Without loss of generality,
we here make the following assumption

1
sup la(t, x)| < 3 “4.1)

teR4,xeT3
Because of H2(T?3) < L®(T?3), (4.1) is ensured by the fact that the solution constructed here

has small norm in H2(T3). It then follows from Lemma 2.9 that the following composition
estimate holds,

1 (a)|lgs <Cllallgs, foranys > 0. “4.2)
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4.1. Proof of Proposition 3.1
Denote by g(p) the potential energy density, namely
[ P~ P()
T)— P(p
gy =p f ———d
T
p

For any fixed positive constant cg, if co < p < cy 1, then

g(p) ~ (p = ).

The standard basic energy estimate gives

la 2 2 2

S (28(0) + pluf? + plw* + [B?) dx

"][‘3

+ (A O IVEIZ, + Ot 1 — 0 lldivul?, +4¢ w2,

=/2§wa~udx~|—/2§qu-wdx

T3 T3
:/4§V Xu-wdx
T3
n+2¢ 2 852 2
SIS IVl I 4.3)

where we have used the following cancellations

/(n~VB+B~VB) -udx+/(n-Vu+B-Vu)-de=0,
T3 T3
/(BVB +nVB) -udx + f(u - VB + ndivu + Bdivu) - Bdx =0.
T3 T3
Therefore, (4.3) further implies that

d u
37 (@, u,w,B)|I7, + 5 IVull?, + o+ p = ¢) dival|7, + ———

m
0. 44
¥ 2( w2 2=0. (44)

+

4.2. Proof of Proposition 3.2

(3.4) with £ = 0 is the basic energy inequality in (4.4). Now we consider the case when £ > 1.
Writing A = v/—A and applying A® with 1 <s < £ to (1.7) and then taking L? inner product
with (ASa, A*u, A°w, A*B) yield
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%% |(A*a, A*u, A°w, A’B) ”iz +4¢ / Aw- ANwdx

T3

- / A*div (ji(p)Vu) - A'udx — / A*V((p)divu) - A*udx

T3 T3
=/A3f1-Axadx—i—/.AsfyAxudx—i—/Asfg~Aswdx+/ASf4-ASde
T3 T3 T3 T3
+/2§ASV xw~ASudx+/2§ASqu-ASwdx, 4.5)
T3 T3

where we have used the following cancellations

fAsdivu-A‘Yadx+/.A‘YVa-ASudx=O,
T3 T3

/ A*(n-VB) - A'udx + / A’(n-Vu)- A*Bdx =0,
T3 T3

/ASV(n-B)-Asudx—k/As(ndivu)~A5de=0.
T3 T3

The second term on the left-hand side of (4.5) can be written as

- / A*div (i(p)Vu) - ASudx

T3
= f A ((p)Vu) - VA*udx
T3
= f a(p)VA u- VA udx + /[AS, a(p)IVu- VA udx. (4.6)
T3 T3

Due to (3.1), we have for any ¢ € [0, T'] that

2

//l(p)VASu- VA udx > cg' HASHu’ 4.7)

T3

L2’
For the last term in (4.6), we first rewrite this term into

/[AS, a(p)IVu- VA udx :f[AS, a(p) — u+ ulVa- VA udx
T3 T3
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:—/[As,ul(a)]VwVAxudx.
T3

Then, with the aid of (4.2), Lemmas 2.8 and 2.9, we have

‘ /[AS, wl(@)]Vu - VAsudx)
T3
<C|VA°u| > (IVI@lz | A% 5 + IVl AT (@) 2)

—1 2
= 0wt c(IValde [Atul7 + IVl [A%l7).

Inserting (4.7) and (4.8) into (4.6) leads to

-1
I 2
—/Asdiv(,&(,o)Vu)-Asudx >0 HA”‘u p

T3

—c(IValk= [ A%, + 1Vula |A%a]2,).

The third term on the left-hand side of (4.5) can be dealt with similarly. Hence,

1d, 2
S lla%a At ABy 12, + 5 (1 +0) ”A’Hu’

L2
+ ¢y Ot = 0) | ASdivu|, + 42 A W],
= C(IVallj [ A%u]7: + I Vullf [A%al7)

+/Asf1-Asadx+/ASf2-A5udx+/Asf3.Aswdx
T3 T3 T3

+ [ &g nBaxs [2envxw nudes [2089 < Awdx,

T3 T3 T3

4.8)

4.9)

We now estimate successively terms on the right hand side of (4.9). To bound the first term in fi,

we rewrite it into

/A‘Y(u'Va)~Asadx=/(As(u-Va)—u~VAsa)~Asadx—i—/wVAsa-Asadx

T3 T3 T3

défA] + A»s.

By Lemma 2.8,
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A <C[[A%u-Via| . [Aal
<C(IVull = |Asa] > + |Atu] 2 IVall <) [ Afal

<C(IVull = + [ Vall =) (| A%a] 7 + | A*u)},). @.11)

By integration by parts,
¢ |12
A <C ||Vl | A%al;> - 4.12)
For the second term in f1, it follows from Lemma 2.7 that

/ A’ (adivu) - Aadx <C(ldivullzllal g + Idivull gsllalz=) | A*a] >

T3
-1
T o
<INl + CIVull + llalli) [A%al . 4.13)

where we have used the inequalities
lallgs <C |A%al|,, and |divallgs < CIA ™ ul| 2.

Collecting (4.11), (4.12) and (4.13), we can get

/Aéfl AAadx< v ||A3+]u||L2
T3

+ C(IVull o + [ Vall o + lalF) (| Aa] 72 + | A%ul,). 4.14)

For the first term in f4, a similar process as in (4.11) and (4.12) yields

/Af(u . VB) - A*Bdx <C(|[Vull .~ + VBl =) (| A*ul3, + | A*B| 7).
T3

For the last two terms in f4, a derivation similar to (4.13) gives

1
/AS(B Vu — Bdivu) - ABdx <0 ||AY+1u||L2+C(||Vu||Loo+||B||Loo)||AYB||L2.

’I[‘3

Therefore,

/Asf4 Asde< % ||Af+lu||L
’]1‘3

+C(|[Vull oo + [[VB] 10 + ||13.||%(,<,)(HASu||i2 + | ASB||iz). (4.15)
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In the following, we bound the terms in f>. To do so, we write

10
fAsz - ANuadx =ZAI~ (4.16)
T3 i=3
with
def s s
Az = fA (u-Vu) - A’udx,
’]1‘3
def s s
A4=/A (B-VB) - A*udx,
']1‘3
def s s
As < /A (k(a)Va) - Audsx,
’]I‘3
Ag défzf AS(c1(@)V x w) - ASudx,
’]1"3
Ay / A+ 0)(VI@) V) - Auds,
']1‘3
Ag déf/AS((,\+M—;)(V1(a))divu) - Audsx,
’]I‘3
Ao déf/AS(l(a)(n VB — nVB)) - A*udx,
’]1‘3
Ao ‘E/AS(I(a)(B.VB—BVB))-A-‘udx.
TS

The term A3 can be bounded as in (4.10) to get
2
A3 <C |Vl [A%u]},.

We next deal with the term A4. In view of divB = 0, one can write

Ay = / A’div(B®B) - Afudx
T3

<C|Bllz|Bllgs | A

L2
-1
co M
< Il + CIBIT< Bl s
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It follows from Lemma 2.7 and (4.2), that

As <C(IVal k@) o1 + IVal oo k(@) ) |45 ]

L2

Co ' HAY+1 ‘

L+ C(IValli + llallz) lalFs,

where we have used the fact that [|k(a)| L~ < |la| L. Similarly,

Ag =2§/AS(I(a)V x W) - ASudx
’I[‘S

<CIH @IV X Wizt + 1@ gt |V x Wl) | 45 )

L2

<C(lall i IVW -1 + lall et [V x wilze) | A5

L2

2
=CllallIVull gs+1 Wl zs + CIIVW] L[ (@, W) [ 75

Co ' HAs+1 ‘

+ C(llalzo Wiz + 1V WIZsllalFs),

A7 + Ag sc(uw(a)nm [A%u] 2 + 19T @111 Vull ) | A5l

L2

L+ C(1Vali | Au]) 72 + I Vul}llal?s).

Co “ ”As+1 ‘

and

A <C(I1@IL= VBl g + 1@l -t | VBl 2ox) [ A7

L2
Co M s+ly 2 2 2 2
< A + Cllalle Bl + IVBII7= llall 7). 4.17)
For the last term A1g, we use Lemmas 2.7 and 2.9 again to get
A10 SC(1 @1~ [BYBl s + 1@t IBYBl ) [a a0 @18)

Due to

IBVB|| s—1 < C|[Bll~ B a5,

which, together with (4.18), leads to

A < & ”As+1 ‘

+ C(llalzo IBlZoe IBlizgs + 1Bl Zoo | VB Zoc llali7s).-

Inserting the bounds from A3 to Ajg in (4.16), we get
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5 71
/As‘fz . A.S‘udx S% HAS"F]u‘
T3

2
L FC(IVullx +11(Va, Vu, VB)||7 + (@, B)||7~

+ llalF oo IBll7 oo + IBlI7 oo IVBI[700) (@, u, B) |35

4.19)
For the first term in f3, a similar process as in (4.11) and (4.12) yields
2 2
/AS(u VW) - A'wdx <C([[Vul e + [VWI[ o) (| A'u] 2 + AW 2). 4.20)
T3
For the second term in f3, we have
/AS(4§1(a)W) Awdx <C(IT @)l IWlas + 1@ as IWllze) | A W]
T 4.21)
<C(lali=IWlas + 1@l IWlize) | Aw]

<Cllallz= Wl + ClIwlize<ll(a, W) 3.
Similarly

f N U@V xw) - Awdx <C(IHH @<V x ullgs + 11 @lls IV x ullz) [A*w]
T3

<C(lall=lIVullgs + lalas IV x ullz=) |ASw]
<Cllall | Vull gs |Wl s + ClIVull o || (@, W)|%s
<ellVull%s + Cllall Wl + ClIVal e | (@, W) 1.

4.22)
For the last two terms on the right-hand side of (4.5), according to the integrating by parts,
Holder’s and Young’s inequalities, we have

82
2 A n+2¢

/2gASv x w- A'udx +/2§A“V xu- A'wdx < Lzzg |vA*u|7, + | A w3

(4.23)
Plugging (4.14), (4.15), (4.19), (4.20), (4.21), (4.22) and (4.23) into (4.9) and combining with
basic energy inequality (4.4), we can arrive at the desired estimate (3.4) by summing up for any
I1<s <t

4.3. Proof of Proposition 3.3

First, we rewrite (1.7), as follows

du— (u+)Au— (A +p—¢)Vdivu+Va=2¢V xw+n-VB—V(@n-B) + f,

(4.24)
where fé is slightly different from f>, namely
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AY _u.Vu+B VB+BVB+k(@)Va+201(@)V x w

—I(@)((u+)Au+ (A +p —¢)Vdiva) — I(@)(n- VB+B - VB — nVB + BVB).
(4.25)

Applying the standard Leray projector operator P to (4.24) gives

»Pu— (u+)APu=2(PV xw+n-VB+Pf, (4.26)

where we have used P(n- VB) =n- VB, P(V(n-B)) =0.
Applying A*(0 < s < r+3) to (4.26), and taking the L2-inner product with A*(n- VB), yield
that

”AS(n.VB)Hiz=/A-fa,Pu.AX(n.VB)dx+2g/ASPV X w-A*(n- VB)dx
T3 T3

—(u+g)/ASA]Pu-AS(n-VB)dx—/AS(PE)-AS(n-VB)dx.

T3 T3
4.27)

By Holder’s inequality,

El

1 2
2 / APV x w-A(n- VB)dx <3 [A'(m- VB) e HA”‘W

L2

T3

)

L2

1 2
(,U«‘l-é‘)/ASA]P’u.AS(n,VB)dx Sg ”AS(D'VB)”iz +C HAs—i-Zu
T3

s i s 1 s 2 s T2
/A (Pf)- A'(n- VB)dx =2 [A*m-VB)| [, + C||A 22 -
T3
In what follows, we shift the time derivative in the first term on the right-hand side of (4.27) and

use the fourth equation in (1.7) to get

/ A3, Pu- A’(n- VB)dx
T3

d
=2 f APu-A°*(n-VB)dx — / APu-A°(m-Vo,B)dx

T3 T3
d
:EfASPu~AS(n-VB)dx—l—/AS(n-V]P’u)-Asathx
T3 T3

d ) i i
:E/AA]P’u~AS(n-VB)dx—}—/Aé(n-V]P’u)-A*(n~Vu)dx
T3 T3

615



X. Zhai, J. Wu and F. Xu Journal of Differential Equations 425 (2025) 596-626

—/As(n~VIP’u) - A¥(ndivu) dx +/As(n~VIP’u) <A’ fadx. (4.28)
T3 T3

The last three terms in (4.28) can be bounded by

2
/Af(n-VPu) . A*(n- Vu)dx —fAf(n-VJPu) . A*(ndivu)dx < C ”A“‘lu

L2’

T3 T3

and

/As(n-VIP’u) A frdx <C(|AC fal72 + | AT ’

L2

).

’]I‘3

Collecting the estimates above, we can infer from (4.27) that

2 d ) )
|ASm-VB)| > — o Z /AAPu.AA(n.VB)dx
O§s§r+3,]r3

< C( H AS+2u

2 2 "
A A s @29
It follows from Lemma 2.7 and (3.6), that

) 2
[A*@-VB)|;> <C(lullIVBI%: + lull?s VB3 )
<C(lull3:IBI%,x + lull 3~ IBII3;)
<C8(lulls + IBII3). (4.30)

Similarly,
| A*(B - Vu—Bdivw) |3, <C8%(llull?;s + IBIZ5).
Moreover, we conclude, by Lemma 2.1, that
IBII,; <Cn- VB35 .
from which we get
|A° fa]32 <C82 uls + C8% In- VBI2,,.5 431

We now deal with the terms in fz The term ||AS(u - Vu) ||iz can be bounded as in (4.30),

[4°@- V[, <c8* | A u ; .

4.32)

Thanks to Lemma 2.7 again, we have
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|A*(B- VB +BVB) |7, <C(IBI} VBl + VB[ Bl %)
<C(IB[I3,2 IBIl,s1 + I VB3, IBlI7)
<C B[, IBl75
<C8%n- VB3, . (4.33)

The term P(k(a)Va) = 0 since k(a)Va can be written as a gradient. It then follows from
Lemma 2.7, that

2
|AS (I (@AW} > <CUT @17 [ AullFs + [ Aull7o 1 @)]1F)
<C(llally 32 + il lal 7
<C8? ulf3,00 + C8* lull3,q (4.34)

and
s 2 2 2 2 2
[AS (T @V x W) |72 <CUT@II7 IV X Wligs + IV x W70 1T(@) |75

2 2 2 2
<Clall?n 1wl + I1WI,4 lalle)

<C8* w3 (4.35)

Hrt4 -

The term I (a) Vdiv u can be dealt with similarly. The last term in ]72 can be bounded as in (4.17),
(4.18) and (4.33) to get

| A*(1@nVB) |7, <CUIT @2 [nVB|%: + [InVBI2o 11 (@)]13:)
<C(llalls InVB7s + IBII%s llalzs)
<C(la+n-B—n B[, B[y + n- VBIZ,.; lal})
<C((lla+n-Bl[3; + [Bl7:) 1Bl + [In- VB|}, . llall7,x)
<C8%|n- VB3, (4.36)

and
|A*(I(a)(n- VB) ||i2 + |A*(I(a)B - VB — BVB) ||i2 <C8|n-VB|?, 5. (437
Combining with (4.32), (4.33), (4.34), (4.35) and (4.37) gives rise to
|8 Fa]32 <C8 VU s + CE IWEya + C82 a4 0By, (438)

Finally, inserting (4.31) and (4.38) in (4.29) and taking § small enough, we deduce that (3.7)
holds.
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4.4. Proof of Proposition 3.4

The equations of a and B in (1.7) do not contain any dissipative or damping terms. But we
do need these stabilizing effects in order to prove the desired stability results. This subsection
explores the structure of (1.7) and discovers that the equation of the combined quantity

a+n-B

and the equation of the gradient part Qu of u form a system with smoothing and stabilizing
effects. Combining the bound for @ + n - B and n - VB allows us to control a. For that, applying
the operator Q to (4.24) yields

3%Qu—vAQu+Va+Vm-B)=Q 5, (4.39)

where Q = 7 — Q, v %' A 42,4, and we have used Q(n- VB) =0, Q(V(n-B)) = V(n - B). Now

we consider the following system including @, Qu and B,

dra + divu = fi,
%Qu—vAQu+ Va+Vm-B)=Qf, (4.40)
/B=n-Vu—ndiva+ f4,

and introduce a new auxiliary function G o Qu— %A‘ 'V (a+n-B). In order to get the equation
of G, it follows from the third equation in (4.40) that

o;(n-B)=n-Vu-n—n-ndiva+ f;-n,
which together with the equation of a in (4.40) implies that

d(@-+n-B)y=n-Vu-n— (n?+ Ddivu+ fi + f - n. 4.41)

Letd défa +n - B, by the definition of Q = V A~ ldiv, we note that divu = div Qu=divG+ %d.
Hence, we conclude that (d, G) satisfy the following system

1
&d+—(n*+ 1)d+ (Inf>*+ DdivG=n-Vu-n+ fi + f4-n,
v (4.42)
1 1 ~ 1
3G —vAG=—(n?+1DQu—-A"'Vm-Vu-n)+Qfr — ~A~'V(fi + f4-n).
V v vV

Applying A™ (m > 0) to the first equation in (4.42), and multiplying it by A™d lead to
ldAmdz | Diamal? = [ amm. v AP
QE” “L2+;(|n| +D I7.= (n-Vu-n)- X
T3

—(|n|2+1)/A’”divG-A’”ddx+/A’"(f1+f4~n)~Amddx
T3 T3
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<c(|A"vul . |Ad] . + |ATdVG] . |Ad] 0 + / A™(fi+ fo-m) - A"d dx)
T3

1 2 2 2 2 2
= o [amalp. +cdam I PN PR VS

o

from which we have
1d 2 1 2
577 18"l e+ 5 (nl? + D A7

2
G e P
L2

2
I LS P P A ) @.43)

By the equation of G in (4.42) there holds

A6+ v ]

2a’t|

1
=—(|n|2+1)/AmQu~Amde— —/A’"(A—lwn-Vu-n))-Amcdx
v V
T3 T3

~ 1
+/A’"Qf2-A’"de+—/A’"A—lvm + f1-n)- A"Gdx. (4.44)
V
T3 T3

For m = 0, we get by the Young inequality and the Poincaré inequality that
d
577 IGIL: +vIVGIE,

Z%(|n|2+1)/QUGdX— %/(A_IV(nVun))de
3 T3

+/Q]§-de+%/A_1V(fl+f4-n)-de

’11‘3

= Cllullz + 1520 + [ A7V (i + fa

DIGIL

<

SIVGIE, + (Tl + 1L IR+ 1 2012,). (4.45)

[\

For 1 <m < N, we get by the integration by parts and the Young inequality that

PR

2dt |
clamtl, ”A'"“GHNCHA'"_%

L2

+C | A+ o
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2

2
<= |amtie| ) o |an |
4 L2

L2

we|aral  vefaral v cfa Al
L? L? L?

2 2
<KHAm+1G +CHAm+1u‘
4 L?

L2

+C”A’”‘2f1H2 +CHA’"—2f4H2 +CHA’"‘1f~2 2
L? L2 L2

from which and (4.45), we have for any 0 <m < N that

1d

2 dt
2 2 12 2

< CUIVullgm + 1 filzm + || 2] pmer + I fallFgm)- (4.46)

Jame]2 + 2 |l

Multiplying (4.46) by a suitable large constant and then adding to (4.43), we get

d 1
— 1, G |2m + — |d|2m VG|%m
7 I, )% +v|| lgm +vIVGIy
2 2 =12 2
<CdIVullgm + 1l fillgm + Hfz|| am—1 1 fallgm). (4.47)

In particular, taking m =r + 4 in (4.47) gives

d 1
yrLIGE G lgrss + = Ndlzprss + v IVGIG s
~ 12
< CUVUl s+ 1l ma + | Pl ggres + 1fall 3 00)- (4.48)

We bound term by term above in what follows. Employing Lemma 2.7, we have

2 2 2 2 2
112 es <CARI s 1910 s+ @l 19U, )
2 2
<CIVul, .4 lall,

<C8 Va3 - (4.49)

Similarly,

2 2 2 2 2
102, es <CAUIZ s IVBI, s+ IBIZ, s 1Vul2, 10
2 2 2 2
<C(lull? s IBIZ,y + IBIZ,y 1Vull?, )
2 2
<CIVul?, .. IBIZ,

<C8 Va3 - (4.50)

2

7yr+3- By Lemma 2.7, we have

. . ~ 12 .
Finally we estimate H f2 ” -+ and start with the first term [lu - Vu|
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2 2 2
- Vul2, .5 <C i, IVl ..

2 2
<C ull3,y [Vull?, 44
<C8*||Vu|?

Hr+4 -
It follows from Lemma 2.1, that
IB-VB+BVBJ|3,.; <C[B|3,; | VBI[7,,.3

<Cln- VB3, s B3,y
<C8*In- VB35
With the aid of Lemma 2.7 again, we can deduce that
Ik(@Val,.s <C (IVal s k@ + k@13, IVal)

<Cllall?; llall3,x

<Cld —n-B|3;llal3

<C(ldl3s + IBI3) llalyyn

<C8%||d|%,1s + C82In- VB2,

2 2 2 2 2
1@V x WIZp04s <C laln 1V x Wis < C82 W12

and

1 (@ (pAu+ A+ p— ) Vdivw |17,45 <C llall7,y | Aul}, s

<C8 [ Vull}
By Lemmas 2.7 and 2.9, and (4.2), we infer that
|1 (@ (@ - VB —=nVB)|3,.5 <CUI @7 IVBIF;5 + I VBIZoll ] @) 7r45)
<C(IBI3,x llal3s + I1BII3;5 llall;.a)
<C8*|ld —n B} +Cln- VB|?,.; lally

<C8*(ld 1175 + IBII7;3) + C Im- VB[, .5 llall?,
<C8*|ld%, s+ C82In- VB2, (4.51)

The last term in Hfz Hi,% can be dealt with similarly as (4.51). Collecting the estimates above
yields

~ 2
| 2] 55 < CE* IV, s + C8% - VB, + C82 [[d1 s + CO* W3, - (4.52)
Inserting (4.49), (4.50) and (4.52) in (4.48), we conclude that (3.9) holds.
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4.5. Proof of Proposition 3.5
Taking £ =r + 4 in (3.4) leads to

4ug
w+2L

S CYOO (t) ||((l, u,w, B)”Hr+4 . (4’53)

d
Sl @ W B+ S IV, o+ G = O ldivuly g+ — o Wl

Multiplying (4.53) by a suitable large constant and then adding to (3.9) lead to

< ||(a uw,B,d, Q)% 4+~ ||d||,,,+4 +¢ ||w||§,,+4

IV o Gt = O iV s+ — o W+ 0 VG

+ 2@
< 082 In- VB3, 15 + C8 [ld 17,40 + C8% W17, 14
+ CYoo(®) (@, u, W, B)|17,, s - (4.54)
In what follows, we have to bound the last term in (4.54). At first, we use (4.1) and the embedding
relation to get
Yoo(?) <Cli(a,w, B)Iléz + C[(Va, Vu, Vw, VB)|| 52
+C(+ (@, Vu,B)|3,) [(Va, Vu, Vw, VB) 1%,
<Cll(a.w.B) |y + Cll(a.u,w,B)| yn
+ C(+ (@, u,B)3,x) I(a, u,w, B) [ 3,x
<C8(1+48%), (4.55)

from which and the definition d = a + n - B we can get that,

Yool0) 1@, u, W, B) 12,14 <CYos(0) |(d —1-B,u, w, B)[2,,
<CYoo ) 1, u, W)1%,a + CY oo (D) IBI2,, 14
<C8(1+ 83 1(d, 1, W s + CY oo (1) [BIZ, s (4.56)

Next, we only need to deal with the term Yo (?) || B 1%
and Lemma 2.1, we have

7yr+4- By using the embedding relation again
(1 + llallZ) (@, w, B) |70 IBII;,1s <Cll(@, W|Zo IBII;,1s + ClIBlZoo 1B,
<Cll(d —n-B,W)[[; 1Bl 14 + ClIB[ 7 Bl
<Cll(d. W) |70 IBI3;44 + CIBIZ o IIBII7,,4
<Cll(d. W)l[7o B34 + CIIBIIZ5 1B,
<CIBI5,n 1d, WI314 + C - VB, 5 1Bl
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<CIBI% (d, WII2,14 + C B2, In- VB2,
<C8*||(d. W)[13,44 + C8* [n- VB[, . (4.57)

Similarly, we have

I(Va, Va, Vw, VB)|[7 B3, <C ll(a,u,w,B)|17,5 IBlI7, s
<CII(d,u, W)l IBI3;,1s + C 1Bl 5 B,
<C8*|(d, w, W3, s +C8|In- VB|?,.s,  (4.58)

(@, Vu, B)||7~ [I(Va, Vu, Vw, VB) |7 B3, 14
<Cllia.B)l3; ll(a.u,w.B)[7,5 B3,
<Clia,u, w.B)[3 B3+
< Clld.w, w3 Bl 1s + CIBI 5 1Bl
< C8*|(d, u,W)|1%, 44 + C8* In- VB35, (4.59)
(1+ llallz=) (Va, Vu, VW, VB)| 1 [B[%,
<Cll(a,u,w.B)[| 3 [BI%, 1
<Cld—n-B,u,w.B)| 4Bl
<Clld. w, W) g B3, s + C Bl g3 1Bl
< C8|[(d, u, W)[344 + C 1Bl 0a + C8* In - VBI[Z,,.5 . (4.60)

For any N > 4r + 7, we use the interpolation inequality and Lemma 2.1 that

IBI7;+4 <IBIS,s Bl gy < C8 - VB35 < C8*[In- VB3,

Hr+3

from which we have

(1+ llallL=) 1(Va, Va, Vw, VB) | 1 B3, s < C82[(d. w, W)[1%,s + C8% [n- VB, .5 .
4.61)

Collecting (4.57)—(4.61), we get
Yoo ) BII%,4s < C8II(d. w, W)[17,0 + C8* (8% + 1) - VB35, (4.62)

from which, we can infer from (4.56) that

Yoo (®) ll(@, u, W, B) |12,y < CS(1+87) [(d,w, W12, 14 + C82(8*+ 1) [n- VB2, 5. (4.63)

Inserting (4.63) into (4.54) and noticing the Lemma 2.2 imply that
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2 1

d
2 1@ 0w, B, d, GG + = s + W

u . 4ug
+ S IVl + O = O divul, o + P IWI31a + v IVGIZ, 44
3 2 3 2 2,92 2
<C5(1+8) [Vl 14 + C8(1+8%) [(d, W1%,,10 + C8* (82 + 1) - VB3,

(4.64)

From Proposition 3.3 and the Poincaré inequality, we deduce that
2 K s 2 2
In-VBI%, s~ Y. [ APu-A@-VB)dx < Cl[Vul, s + Clld. W% (4.65)
0<s §r+3T 3
Let ¢'> 1, multiplying (4.64) by ¢ and then adding to (4.65) lead to (3.11).
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