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Abstract

The paper examines the Cauchy problem of the multi-dimensional compressible magneto-
hydrodynamic (MHD) flows. Under a nonlinear constraint on the initial data, we are able to
construct global large solutions of this model in critical Besov spaces. Moreover, we pro-
vide an example of initial data satisfying this nonlinear constraint, but the norms of each
component of the initial velocity field uo and magnetic field By are large.

Mathematics Subject Classification 35Q35 - 35A01 - 35A02.

1 Introduction

1.1 The setting and motivation

This paper intends to construct a class of large global solutions to the compressible mag-
netohydrodynamic (MHD) flows with initial data satisfying a nonlinear constraint. The
compressible MHD equations considered here model the dynamics of electrically con-
ducting compressible fluids. Mathematically, the compressible MHD system consists of the
compressible Navier-Stokes equations of fluid dynamics and the Maxwell equations of elec-
tromagnetism (see, e.g., [3, 19, 28, 29, 32, 34]),
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9 p + div(pu) = 0,

0y (pu) + div(pu @ u) — divQeu(p) Du) — V(A (p)divu) + VP(p) = J x B,

803;E+J:L(VXB), (1.1)
o

#B+V xE=0,

divB = 0.

Here p, u and P = P(p) represent the density, velocity and the pressure of the fluid motion,
while E, B and J denote the electric field, the magnetic field and the electric current density,
respectively. The coefficients A = A(p) and u = u(p) denote the bulk and shear viscosities,
respectively. They are assumed to be smooth functions of p and satisfy in the neighborhood
of some reference constant density p > 0 the conditions

u>0 and A +2u > 0. (1.2)
D(u) def %(Vu + TVu) is the deformation tensor. gy and pq are the permittivity and the
permeability, respectively.
In magnetohydrodynamics [28, 29], the displacement current can be neglected and the
term g00; E disappear. Then system (1.1), together with Ohm’s law J = oo(E + u x B),
allows us to convert (1.1) to the following system

0rp + div(pu) =0,
1
0 (pu) +div(pu @ u) — diveu(p) Du) — V(A(p)divu) + VP(p) = B - VB — EV(IBIQ),

0B+ (divu)B+u-VB — B-Vu =vAB,
divB =0,
(1.3)

where the positive constant v is the magnetic diffusivity coefficient. The state equation P =
P(p) is assumed to satisfy P’(p) > 0 for all p > 0. Our attention will be focused on (1.3)
in R” subject to the initial data

Due to its wide applicability in physics and mathematical importance, the compressible
MHD system has attracted considerable interests. Fundamental issues such as the global
existence, regularity and stability problems have been extensively investigated and signif-
icant progress has been made. Kawashima proved in [25] the global (in time) existence
and asymptotic stability of smooth solutions to a general class of quasilinear symmretric
hyperbolic-parabolic composite systems, under the smallness assumptions on the initial data
and the dissipation condition on the linearized systems. These results applied to the 3D com-
pressible MHD equations yields a unique small global H3-solution. Global smooth solutions
close to a constant steady state in the 2D case were established in [26] while the time decay
rates for the 2D linearized MHD equations obtained in [38]. Small smooth global solutions to
the 1D compressible MHD equations can be found in [27]. Chen and Wang [7, 8] showed the
existence and continuous dependence of large H !-solutions to the 1D compressible MHD
equations. Global existence of large energy weak solutions to the 3D compressible MHD
equations were obtained by Hu and Wang [23, 24]. In addition, Suen established the global
existence and uniqueness of intermediate weak solutions to the 3D compressible MHD sys-
tem with small data in H*(R3) for 1 /2 < s < 1 [35]. We also mention that Li, Xu and
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Zhang proved the global well-posedness of classical solutions for regular initial data with
small energy but possibly large oscillations, with the flow density allowed to contain vacuum
states [30].

Now let us recall that some well-posedness results seek solutions in critical spaces. The
compressible MHD system has a scaling invariance property. If (p, u, B) is a solution of
(1.3), then (px, uy, By) with the modified pressure A2 P is also a solution of (1.3), where

0x(x, 1) = p(hx, A21), u;(x, 1) = du(ix, A%r) and By (x,t) = AB(\x, A%t).

Critical spaces are those that preserve the norms under the aforementioned scaling. Solutions
of the compressible Navier—Stokes equations in critical spaces have been obtained by Danchin
[14-16] and Zhang [44]. Global strong solutions to the 3D isentropic compressible MHD
equations were obtained in Chen and Tan [10] and Hao [20] when the initial data are close
to a stable equilibrium state in critical L2-Besov spaces. Xu, Zhang, Wu and Caccetta were
able to extend it to the 3D non-isentropic full compressible MHD equations case [42]. More
recently, Shi and Xu proved the global existence of strong solutions to the multi-dimensional
compressible MHD equations when the initial data are close to a stable equilibrium state
in the L?-based critical Bsov spaces [36]. There are certainly many other important results
available on the compressible MHD equations and our brief summary simply cannot cover
them all (see, e.g., [9, 28, 29]).

Motivated by the stabilizing phenomenon observed in physical experiments on electri-
cally conducting fluids, some recent studies on the compressible MHD equations focus on
the global existence and stability problem when the MHD system has only partial dissipation.
The work of Wu and Wu [39] developed a systematic approach to solve the stability problem
on the 2D compressible MHD equations without magnetic diffusion in the whole space R?.
Hu studied this problem in the Besov setting [22]. Recently, Wu and Zhu [40] established
the global existence of smooth solutions, stability and large-time decay rates for the 2D com-
pressible MHD equations without magnetic diffusion in a periodic domain when the initial
data is close to a background magnetic field. The stability problem on the 3D compressible
viscous non-resistive MHD system near a background magnetic field remains an outstanding
open problem. A very recent work of Dong, Wu and Zhai [17] was able to solve the global
well-posedness and stability problem on a special 2%-D compressible viscous non-resistive
MHD system near a steady-state solution.

The goal of this paper is to establish the global existence of solutions in critical Besov
spaces under a nonlinear smallness constraint on the initial data. This constraint actually
allows initial velocity and magnetic field to be large in every direction (see Remarks 1.2—1.3).
This result is partially motivated by well-posedness theory on the inhomogeneous incom-
pressible fluids such as Navier—Stokes and MHD equations (see [33, 41, 43]).

1.2 Main results

We state our main result. We introduce a few notations. Let P and Q be the orthogonal
projectors onto divergence-free and potential vector fields, respectively, namely

P=1-VA™'V. and 9=VA~lv
Let B;:; denote the hybrid Besov space given by the Definition 2.2. In addition, the space-time
spaces 5([0, 00); Bé;) and L°(R*; B;:;) are defined in Sect. 2.
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Theorem 1.1 Letn > 2 and p satisfy 2 < p < min(4, - 21

=5) with p # 4 ifn = 2. There exist
two positive constants co and Cqy depending only on p, n, A, u, such that, for any

n_pn

Lo, n 2-1,2-1 2-1,2-1

aoEBzyp P PMOGB; QuoEsz , Bo sz
with div By = 0 satisfying
Ao 2 (Jlaoll 5-1.5 +11Quoll 5151 +Cr)
it & ‘@ (1.5)

xexp{co(nPuou HIBoI g g )} < 5

0
pl 2])

with

CL :H( APy - Ve Pug, e *2Pug - VeV By,

WA B Vet A Pyg. oA By - VethBO>

L}(pr—l.%—l)»
then the Cauchy problem (1.3)—(1.4) admits a global solution (a, u, B) with

~ . 01,2 L
ael(10.00) By, ") nL!(R*; B 7).

~ L2121 51541
QueC(0,00): By, ") LI (RF By, T,
~ L1 241
Puel(10,000: B) )N LY (R BL),
~ L2121 L+l
BeC([o,oo); By, ) (]R+ 322; )

Furthermore, the following estimate holds

llall 1, nyny +[1Qul $-1,5_ 41,8 41
L°°<]R+ 32 )nL1<R+;322p ”) LOO(R+:BZZP )ﬂLl(R+ 32 )

A
+ |Pu — e'* 2 Pug| n\ + B n_yn_, g1
L°°(]R+ 3” )ﬁL'(R"’;B;l ) L°°<]R+;B’22_p P )mL'(R+ 32 )
S Ao+ NBoll g n_y
BZ P

2,p

(1.6)

We remark that there exist indeed initial datas satisfying the nonlinear constraint condition
(1.5).

Remark1.2 Letn > 2,p € (-

n—1"

2n),a,e € (0,1) and f, g be in the Schwartz space
S(R™). We define the divergence-free vector fields by

1
def (—loge)o

®0,¢,i (X) = —a— (0, ...
e, 1—;-5—;—0(

L0, 8i10L, =891, 0,...,0),
&

i 1, .n—1,
1
det (—loge)s i i .
D061 (0) £ D0, 0,0 10L 8,90 0....0), i=1...n—1,
g prp
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1
def (—loge)s

@0,e,n(x) = m(—anwg,O,-..,O, 31‘/’?),
e pr'r
1
def (—loge)s
@0,e,n(X) = m(—3n¢§’,0,.--,0, 81¢§),
& 14 P
where
1 def . Xn X2
0. (x) = sm(— flxt, =, x3, ..., %),
e v
1 def Xn X2
¢, (x) = sm(— glx1, =, x3,...,x,),
e &%
i def . (Xi—1 Xi+1
@ (x) &« sm( le )f(xl, X, IZ s Xit2, ,x,,), i=2,...,n—1,
i def . (Xi—1 Xi+1
PL(x) = sm( '8 )g xi, ,xz,;—z,xm, ,xn), i=2,...,n—1,
def . (Xn—1 X1
@p (x) = sm( )f(;a,xz, ,xn),

def . (Xn—1 X1
¢p (x) = sin (—)g(—a,xg, cee x,,).
e €
If @ and ¢ are sufficiently small, then the divergence-free vector and magnetic field
def def
Pup,e = Z @0, ¢,i» BO,a = Z W0,s,i
1<i<n 1<i<n

satisfy

L~ (—loge)s, i=1,....n, (1.7)

1

I(Pufy . Bz;,€>||3

n

P
P,
and

||(e’“A’Puo,5 Ve A Pug o, e Pug e - Ve "2 By .,
A A A A L (1.8)
e"* By - Ve" Pug, e’ By - Ve BO,S)” 1y S (—loge)3el,
LI(RJr;B:l )
for some constant > 0.
Next we construct another example which satisfies (1.5) but allows each component of
n
.
the initial velocity uo and magnetic field By to be arbitrarily large in B [f -

Remark 1.3 Let £ € S(R"). Choosing an initial data (ag¢, 1o, Bo.e) def (e&,eVE +
Puo,s, Bo.e) with Pug . defined in the above Remark. On one hand, due to || - ||B§<r <
P

- ||B£1 + - ”BZ,I’ the left-hand of (1.5) for (ag.¢, uo,¢, Bo,¢) is bounded by

. 1
C(s+ (—log ,5)38’7)6(’10%‘9)3 -0, &—0.
Thus, when ¢ is small enough, the initial data (ag ¢, uo,¢, Bo.e) generates a unique global

solution to (3.1). On the other hand, combining with (1.7) and the following relations

. : 1
lubell 1 = 1Pu el g = el8EN g1 ~ (~loge)s,
p.1 p.l p.1
. 1
L ~ z
”BO’6”B%71 ~ (—loge)e,
p.1
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fori = 1,...,n, we find that || (1o, Bo.o)| . 1y can be arbitrarily large in every direction
B

,1
if € is small enough. '

1.3 Strategy on the proof of Theorem 1.1

We briefly explain the main difficulties and strategies involved in the proof.

First, due to the mixed hyperbolic-parabolic property of system (1.3), we need to handle
the low and high frequencies differently. For low frequencies, system (1.3) has to be treated
by means of hyperbolic energy methods. That is, we must treat the low frequencies regime
only in spaces based on L2, as it is classical that hyperbolic systems are ill-posed in general
LP? spaces. In contrast, for the high frequencies, a L? approach may be used. In order to cover
more general values of the integration parameter p in the high frequencies, we need to exploit
the damping and smoothing effect of the density field. However, the density equation in (1.3)
involves no damping or dissipation. To tackle this problem, we introduce a suitable effective
velocity, following the ideas of Hoff [18] and Haspot [21] on the compressible Navier—Stokes
equations. To be more precise, we set

def def _
a=p—1, up = eM*Puy, B, = "By, i=u—uy, B=B—By.

The effective velocity field w is then defined to be
w = Qii + (—A)'Va.

We can then verify that w satisfies the heat equation involving some harmless lower-order
terms while a governs a transport equation with an effective damping term. Taking advantage
of the smoothing effect from the wave structure, we then suitably bound the high frequencies
of a.
Second, due to the lack of the smallness condition on || Pug|| 8%71 and || By || 8%71’ [y the
p.1 2,p
definitions u, def e APy, Br def €""A By and Lemma 2.14 imply that

l(ur, Bo)Il . L1 LB
L°°<R+;Bljfl )ﬂL‘(RﬁB[ff)

is no longer small. Therefore, we need to try to avoid the appearance of them. Our proof of
Theorem 1.1 is very different from the usual construction of global small solutions in [4, 13,
14, 21, 36] and is much more challenging. In addition, due to the lack of divergence-free
condition on the velocity field, the handling of the nonlinear terms such as (divu)B, B - VB,
u - VB and B - Vu are much more difficult in comparison with the incompressible MHD
equations. A natural idea is to further decompose u into the divergence-free part and the
gradient part, namely

u = Pu+ Qu.

We explain our approach on how to bound the two nonlinear terms Q(u - Vu) and B - Vu.
By the decomposition u = u + uy,, one has

Qu-Vu)=Q(u-Vi+i-Vuy +ur -Vi+ur - Vur).

It’s relatively easy to control these terms in the high frequencies based on the general L?-
framework. However, the most troublesome term in the above decomposition is Q(uy -
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Vi) in the low frequencies. Indeed, using Lemma 2.9, interpolation inequality and Young’s
inequality, we may get

t t t
| 1ewe vl de s [Cwl g 19al g act [ g vy e
0 By 0 By By 0 Bp.i

Bp,l

Staeh oy (IPAL g 1971 gy )
LGBy ) L(Br1") )

p.1l

+e(IPal | o +1QE1 gy )
GO I G
t p.l 2,p
+lurl e / luer | nH(HQuH jorgo T IPEL 5y )dr.
Le p.1 B2p pl

Obviously, the first term on the right -hand side of the above inequality is difficult since

lurll . _; has no smallness condition. To overcome it, divi; = 0 and some non-so-
Loo(R; B )

classical commutators_ estimates (see Lemma 2.11) play a vital role. To deal with the term
B -Vu,weuse B= B+ By and u = Pu + Qu to decompose it into

B-Vu=B-Vi+B-Vuy + B -Vi+ B -Vuy
= B - V(Pii+ Qii) + B - Vuy + By, - V(Pii + Qii) + Br. - Vuy.

To bound By, - VPu above, we need to estimate the low frequency part

t

§ 220G B - VA Pil|| 2d.
0o —
J=Jo

This is difficult. In fact, if we bound it directly by Holder’s inequality, we would get

/ Y 2/GD B VA, Pulledr</ ||BL|| s ||7>u||‘Z y dr.

J=<jo 21

Since Pu lies in a L”-type space, we are unable to control the term. On the other hand, if
we apply the usual product laws Corollary 2.7, we would obtain fo |BL || 3 [|Pul| . » d T+
p 1 p 1
fo 1By, || 5y ||Pu|| n+1dr Then, thetermfo |BL|| sy [Pl ndt willalso creates seri-
B!
p 1 L1

ous dlfﬁculty because || Byl e has no smallness condltlon To tackle this problem,
Lo®*:BP, )

we employ various analysis tools such as the Littlewood-Paley decomposition and Fourier
frequency localization technique.

The rest of this paper is divided into two sections. Section 2 introduces various analysis
tools such as the Littlewood-Paley decomposition, Besov spaces and related tools. In addition,
we prove a non-standard commutator estimate. Section 1 is devoted to the proof of Theorem
1.1.

2 Preliminaries
This section reviews several analysis tools including the Littlewood-Paley decomposition, the
Besov and related spaces, and bounds on products and commutators in Besov space settings.

In particular, the hybrid Besov spaces will be defined and their properties revealed. In addition,
a special commutator estimate is proven here, which will be used in the subsequent section.
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We start with the Littlewood-Paley decomposition. Choose a radial function ¢ € S(R")

valued in the interval [0, 1] and supported in C = {£ € R", % <&l < %} such that

D 9@ &) =1 forg eR"\{0}.

JEZL
The homogeneous frequency localization operators A j and S j are defined by

Aju = (p(Z_jD)u for S‘ju = Z Aj/u.
J'=i-1
With our choice of ¢, one can easily verify that
AgAru=0 for|g—k|>2 and A,(Si_julru) =0 for |g —k| > 5.

We denote by S;,(R") the space of tempered distribution such that, for any u € S'(R"),

lim S;ju=0
J—>—00

in the distributional sense. For any u € S’(R"), the following decomposition holds
u= ZAju, ue S, R".
=/
We first recall the definition of homogeneous Besov spaces (see, e.g., [2, 14, 31]).

Definition 2.1 Let s € Rand 1 < p,r < +o00. The homogeneous Besov space B‘;,,r is
defined by

By, ={ueSj®" :ully,, < oo,
where

def s
lullgs = 1275114 jullLe

I

Hybrid Besov spaces are Besov spaces with different regularity indices for high and low
frequencies (see, e.g., [2, 13, 14]).
Definition 2.2 Let s,z € Rand 1 < p < 0o. The homogeneous Besov space B;,’, consists
of all the distributions u in S, such that
d f . . . .
lallgye = Y 27 NAjull2 4+ Y2 2714 jule < oo,
J=Jo Jj=Jjo+1

Lemma 2.3 The hybrid Besov spaces have the following properties
(i) Embedding relations:
B%,Zl’; — B;}; s1 > 82,
By? — By 1 <n,
. .s,sf%Jr% -S*%“r
32,1932,,7 (—>qu1
ii) Interpolation: for si, sy, t1,tp € R, 0 € (0, 1) and p € [1, 0], we have
14 4
6 1-0
llull o1 +-0352.00+-000 < Nat |l 5100 12t s ss -
B By B2

2,p
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We shall also need the following homogeneous space-time Besov spaces.

Definition2.4 Let s € R, (r,p, p) € [I, —i—oo]3 and T € (0, +oo]. We say that u €
L7.(BS, ), if

def
||Li||1j’(3~r y =

(1218 ullr

< +400.
£r P
Ly

The Besov-Chemin-Lerner spaces L (B ) are defined in [6].

Definition 2.5 Let (r, p, p) € [1, +oold, s < ﬁ ,and T € (0, +o00]. We define 7% (B ) as
the completion of C([0, T']; S}’l) by the norm

def
”u”L”(Bx D=

‘2”||A/M(f)||u>(0 T:LP)
Obviously, T(B D= LlT(B;’l). By Minkowski’s inequality, we have the following
relations
L‘;(B )(—>L (B »if r>p and L’ (B )L)L (B it p=r.
The norm for the space-time hybrid Besov space is given by

ZZJ-SHA]‘MHL;(Lz)-i- Z 2jt||Aj“||L‘;(Lp)-
J=<Jo J=Jjo+1

def
||M||Lq(Bst) =

The following notations will be used frequently, for any u € S (R"),

d t . . d f . .
lallys =Y 227 NAjuller, Nl = 37 27 0AjullL,
" Jj<lo " Jzjo+1
Nl g 3 271 Aull Nl g S ST 25 Aul
L" (Bs ) L’i (LP)> Lq (Bx D J L‘%(U’)’
i=Jjo jzjo+l
5 def ~o0 ¢ h 5 sty def
Cr(B;,,) € Cr(By )NLF(B,), Cr(By)) S Cr(By),) NLF(B).
The basic tool of the paradifferential calculus is Bony’s decomposition [1]. Formally, the
product of two tempered distributions # and v may be decomposed into

uv = Tuv + Tvu + R(u, V)
with
Tuv = ZS‘j_luAjv, R(u, v) = ZAjuAjv, Ajv = Z Ajrv.
JEL = lj=Jj1=1

The paraproduct and remainder operators satisfy the estimates stated in the following
lemma. Throughout the rest of this paper, C denotes a positive generic constant that may
vary from line to line and A < B means A < CB, and [A, B] = AB — BA denotes the
standard commutator operator.

Lemma 2.6 [2]Lets,si,52 € R,1 <0,1< p,p1,pa,r,ri,r2 < cowith s = L1 <1
1_ 1 1 ;
and . = ats = 1. Then it holds that
f . < , i HS < > 2
1Fuvllgy, S lullen iz o IFvlggsr S lullgy, Nollas @1
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> < . .
IR, gy S lullgy vl . for si+s >0, 22)
IR, v)llgo  Sllullgss Nvllg . for si+s2=0. (2.3)
p,o© P17 P12

Corollary 2.7 (i) Let s, s1, 52 € R with s = s1 + sp. Assume p satisfies

2<p<4 if n<2s,

2n .
>, if n>=2sp,

2§p§min<4,7
n—2sy

then we have

1Tovll g S Nl 5 W0l 5y
2.1 Pl Pl

(ii) Let s € [0, 400), 51,52 € Rands = s1+s2. Thenforalln > s and p € [2,4]N[2, 2y,

s
1RG50 S Nl e 0l g

n
2
2.1 Pl Pl

We shall also use the following notations.

def ; def
For some kg € Z, z' = ZA/Z and " = 72",
Jj=ko

Y] def s oA h def isnoa
lzllzy = E 27 Ajzll2 and izl = E 27 Ajzll 2
B By,
' Jj=ko J=ko

It is easy to see that

¢ < 1t h h
., and s < Ly -
llz ||B£‘1 ~ ||Z||B£] Iz ”32\.1 ~ Izl £

Corollary 2.8 [15] Letn >2and2 < p < (4, ”27”2). Then, forall s € R, jy € Z,

AR AT L
1T 11w S lullgr 070 g,
B7 Boo.co By,
roo byl 1 h
1T ™1y S 20Null n i llo"l s
Bz,l Bp,l Bp,l

Lemma29 [I6] Let1 < p < o0, 51,52 < % and s1 + sp > nmax (0, % — 1), then it holds
that
UV e S lull ps1 ||V 552 .
vl v S el o,
P,
Let the real numbers sy, sy, p1 and p> be such that

n n 1 1
s1+52>0,851 < —,5=<—,51 =85, —+— =1
P1 P2 P1 P2
Then, we have

1 1 1 s1
uv| x5 < lull g vl as —=— 4+ — — —.
vl g S el Wl o= b=
Lemma 2.10 /2] Assume that F is a smooth function on R" \ {0} and is homogeneous of
degree k. Leto € (0,1],s e Rand 1 < p, p1, p2,r < 0o with % = ﬁ + i Then,

T Dl gyt < NVl oot N0l -
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We shall now state and prove an important commutator estimate to be used in the proof
of our main result.

Lemma 2.11 Let n > 2 and p satisfy 2 < p < min(4, nzT”z) with p # 4 if n = 2. Assume
that o is a smooth function on R" and is homogeneous of degree 1. Then

Y 2IGTV A ulo (D], S lull 2 1ol (24)
JEZ Pl p.1

Proof By Bony’s decomposition,

o (D)o = — [Ty, Ajlo (D)o = T, )4, 4 — R(u, 0 (D)Ajv)
+ Aj (T(T(D)vu) + AjR(O‘(D)U, u).

Using the definition of paraproduct, we get

[Ty Ajlo(Dyv
= > (8w Ajlo(D)Av

[ —Jjl=4
= Z Sj/_]M(AJU(D)AJ/U) - AJ(SJ/—IMO(D)A//U)
[ —Jjl=4
= Y S [ e@inomi e - ydy
[ —Jjl=4
-2 / 0(27) (8-t = o (D)A v = ) )dy
lj'=Jjl=<4
= Z S‘j/_]u/(p(z)a(D)Aj/v(x —Z_jz)dz
lj'—Jjl=4
-y w(z)<sj/,lu(x —2772)0(D)A jv(x — Z*jz)>dz
lj'=jl=4
= > /‘P(z)(Sjulu(X) = Sjrux — 2_jZ))"(D)Aj’v(x — 2772z
[ —Jjl=4
— Z /¢(Z)(Sj,_1u(x) = Sjqu(x — 2_jz)>0(D)gj/Ajrv(x —27/2)dz
1= jl=4

1
s ¥ [ [e@isioue - a2 o DAt - 2 adzr,
lj'—Jjl=4

where ¢ is a smooth function supported in an annulus. Applying Hélder’s inequality, Bern-
stein’s inequality of Fourier multipliers, % = % + #, % —1<0and p < p*, we get
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2 @*1) [T, Ajlo (D)ol 2

n

i(31) o ¢ .
S D 2N VS ul e 1Al

lj'—jl<4
i(51) () k(1) o s i w
S Yo 2N N 2 N e\ VAl 270 20 Al
lj'—jl=4 k<j'=2
w k(e (2.5)
Yo DU 3T e Vul sl g
|j/—jl<4 k<j'-2 BYy B
< Y 2UTGE e V| vl
lj'—jl=4 *1 By
SeillVull il s
,,*11 p,]

Sejllul g vl gy
p.1 p.l

with [|c;|l;1 < 1. Then summing up over j in (2.5) immediately yields that

> 2EVNT, Ajlo(Dyvll2 S lull, 5 10055 - 2.6)

JEZ p p,l

For the term 7' o(D)A vll> We have

o . . .
Y 2ETINT, sl S Y 275D N IS o (DYA vl A jull
JEZ JEZ Jj'’=j-3
. n.ono:o, _n_g on g,
SO Y 2T Al v 2 A e
JEZ j'zj-3

2.7)
< U= gy i A 2 d A
SO0 2V A o2 A pull
Jez j'zj-3
Sllull ol 2
Bp,l p.1
Similarly, we get
j(ﬂ—l) . . (1 . .
S 2\ R@D)A vl 327D N A un e (D)A )
jez jez ji—j'1<2
. _nonr _n g on g
S8 Y 2T 2 A 2T 2 Al e
jez  lj-jl1<2 (2.8)
L‘ .
<Y 02 A pul 27 1A ol
Je€Z1j-j'1=2

Sllull n ol n
P

-
Bp,l Bp,l
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Finally, it follows from Corollary 2.7 that

] < <
Iocoptel 5 SNl gabul 5 S 1005 el s
g ps P, P, ps (29)
IR Dy, - < lo@yl nilull 5 < vl s llull 5
BZ.I Bp,l Bp,l Bp,l Bp,l

Putting (2.6)—(2.9) all together, we finally conclude that (2.4) holds. This completes the proof
of Lemma 2.11.

To bound the compositions of functions involved in system (3.1), we need the following
lemma. O

Lemma2.12 []], 12] Let 1 < p,r < oo. Let F : R — R be a smooth function with
F(0) = 0. Then for any s > 0 and any a € B‘;,J N L, we have F(a) € B}Y),r N L* and

IF@llz,, < Cllallz=, F)lal g,

n

n . o
In the case s > —n min (%, — %) and a € B;)’l n B:’l, we have F(a) € By, . N B;,l and

IF@lsy, < C(1+1laly )lallg, -

D

The following Bernstein’s inequalities will be frequently used.

Lemma2.13 [5] Let 1 < p; < pa < +o00. Assume that u € LP'(R"), then for any y €
(N U {0})", there exist constants C1 and C; independent of u and g such that

R q\v|+qn(i—f)
suppit € {|€] < Ao27} = (87 ullp, < C12 PP ullpy s

suppii C {A127 < [&] < A227) = Jlull,, < €279 sup [[8Pullp,.
[Bl=ly|

Finally, we recall the parabolic regularity estimate for the heat equation.

Lemma2.14 [2] Lets €e R, 1 < A, p,r <00, u > 0. Let u be the solution of

{B,u—,uAu:f,

Ul=0 = Ug.
Then

1
x
wlul_

T\ Pp.r

< .
2 u X .
<'“’X) S O”B;u ”f”Nlr(f;r)

3 The proof of Theorem 1.1

This section proves Theorem 1.1. For the sake of clarity, we divide the proof into five main
parts.

@ Springer



73  Page 14 of 38 N.Gao et al.

3.1 Reformulation of the original system (1.3)-(1.4)

We reformulate the original system (1.3)—(1.4) into a different form that is more convenient
for our purpose. Without loss of generality, we assume the initial density pg is a perturbation
near the constant density 1 and set

a def p—1
and assume P’ (1) = 1. We remark that the coefficients A = A(p) and i = u(p) are allowed
to be constants, but we treat them as general smooth functions of p. Then, in term of the new
variables (a, u, B), system (1.3)—(1.4) can be written as

dora + divu = F,
oju — Au + Va = G,
3.1
3B —vAB = H,
(a5 u, B)|t=0 - (a07 uop, BO)7
where
F ¥ _diviaw),
G ¥ w.Vu—Li(@)Au - Ly(a)Va
. , I
+ L3(a)(d1v(2u(a)D(u)) +V(X(a)divu) + B - VB — SVl )),
H % _(divi)B—u-VB+ B - Vu
with
P'(1
Au & pAu+ Gt Vv, L@ & L@ PO pgy
1+a 14+a
Ly@) & ——, x L, w E ),
1+a
~ def ~ def
@ = p(l+a)—upud), Aa) = A1 +a)—Ar((1).
Letug def APy and By, def ot A By be the solutions to the heat equations
ojuy, — uAuyp =0,
ur =0 = Puo,
and
0B, —vABp =0,
Brli=0 = Bo,
respectively. Clearly, by Lemma 2.14, we have
||ML||£OO(R+:BZ,1) + l"‘”uL”Ll(R‘F;B;‘f’]z) 5 ”'PMOHB;J, 32

||BL||ZOO(R+;BZJ) +v|BL ”Ll(w;gﬁ) S 1Boll s -

whenever Pug, By € B;’l fors e Rand 1 < p < 0.
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) In what follows, we will seek a solution (a U, B) of system (3.1) withu =it +ur, B =
B + Br. Obviously, divuy = 0, divB;, = divB = 0. It then follows from system (3.1) that

dra + divi = f1,
oru — A+ Va = gy,

_ _ 3.3)
3,B — VvAB = h],
(a.it, B)|i=o = (ao, Quo, 0),
where
def _ .-
fi = —u-Va—uyr -Va — adivu,
g1 def —it-Vio—iu-Vuyp —uyp -Vu —uyp -Vuy — Li(a)A@ii +ur) — Lr(a)Va
+ L3(a)(div(2ﬁ(a)D(a +up)) + V(a)divi) G

+B.VB+B.VBL+BL.VB+BL.VBL),
= —(divi) B — (divi)B;, —1- VB — i -VB, —ur - VB —uy - VB
+B-Vi+B-Vuy + By -Vii+ B -Vuy.

Applying operators P and Q to the equation of & in system (3.3), respectively, we can
decompose it into two new systems. One is the nonlinear heat equation for Pit,

0/ Pu — wuAPu = Pgi, (3.5)
and the other is a coupled hyperbolic-parabolic system of (a, Qu),
d;a +divou = fi,
{ 0;Qu — AQu + Va = Qgj,

where we have set A + 2 = 1 for simplicity. In addition, we have also used the following
properties of P and Q,

(3.6)

Pu =Pu+uy, Qu=Qu, Puy=0.

According to the local existence and uniqueness result on strong solutions to system
3.3) ir} [36], there exists a positive time 7' such that system (3.3) has a unique solution
(a,u, B) € X(¢t) forallt < T, where

n

x() & {a ec([o 1 B; %) nL ([0 ; B;:l 7),
e C(10. 11 BrY )le([o, fl; Bf“),
o el(io.: 8,7 )Lt (0. 87, ).

n

21,21 L+, "+l
B ) ([0 1 B;, )}

Ly + QL B
) (

P

N

B el ([0, ;
endowed with the norm

1
n2
By,

@, & B)lixey £ llall._; g
(l) o ( Bzzp P

- ) +||7’u||~

L
1
p

2p

t
/ (hall gy +10Q0 B gy o + 1P o .
p
a
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Let T* be the life-span of the solution. In what follows, we shall prove that 7* = oo and (1.6)
holds. We shall employ a bootstrapping argument to prove the desired result. An abstract
statement on the bootstrapping argument can be found in Tao [37].

3.2 Estimates on the high frequencies

We shall construct a priori estimate based on the general L”-framework on the high frequen-
cies for system (3.3). By Lemma 2.14, we have

1Pl oao +ulPall oy SHPgHE /sy,
(at) (el u(a))

p.1

i} ) (3.7)
IBI" o +vIBI® o w Sl
L (Bp’f, ) L) (Blfl ) Ll (Brf] )
To handle the high frequencies of the coupled system (3.6), we rewrite it as
0;a + divQi = f1, 3.8
3(Qit + (=A)"'Va) — A(Qii + (-A)"'Va) = Qg) + (—=A) ' Va. '
We introduce a viscous effective flux
o & Qi + (=A)"'VWa = A™1Vdivii + (=A)"'Va = V(—=A) " (a — diva).
Clearly,
divw = —a + divQu.
It follows from (3.8) that w satisfies
dow— Aw = V(=A)"(f; —divg)) + ® — (—A) "' Va. (3.9)
By Lemma 2.14, we have
ol w el
L,°°<B,f1 ) L) (B[fl )
) B (3.10)
Slleoll” s, + LA —divegrll” [, 0\ +llo— V(=D lal .
Bp’f, Ll (Blfl ) Ll (Bp’f1 )
Thanks to the high-frequency cutoff, we get
lol”  u_\ S27200el”
(B (a8
IV al o, S27 el
(Bl v (a))
which, together with (3.10), yields that
lol”  w_ ol
L;m(Bp‘f1 ) L) (B[ff1 )
(3.11)

Bp<| t p.1 1 p,1 Ll p,1

Sllaoll” 5, + 11 = divg1||hl<_;_2) +22f°||w||hl(,;+l> +2720 ||a||h1(,; )
B
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On the other hand, we may rewrite the first equation in (3.3) as the following transport system
with damping term,

dia+a+ (u+ur)-Va+ adivi = —divw.
Applying the operator A j to the equation above gives
dAja+Aja+ (i +up)-VAja=—A;(adivi) — A divew + R; (3.12)
with RJ- =[(m+ur)-V, Aj]a. By the commutator estimate in Lemma 2.11,
. g _
IRy S a2 PIVG+un)l s llal 5, Y e=1.
Pl Pl keZ
Applying Lemma 2.9 yields
ladivill .« < llall o ||divQil  »
Bp’fl pp.l Bplfl

Therefore, evaluating the L? norm of A ja via(3.12) and integrating in time, then multiplying
by 2/ 7 and summing up over j > jo, we obtain

lall? sy +lal < laol” 5 + lldiveo]" f VG +unl
e(sh) () (%)

s flall 5 dz.
Bp,l B

pl pl

(3.13)

Combining (3.11) with (3.13), and then choosing jy large enough yield that

h h h h
ol /o ol o on N Flall ow Fllall™ o on
L (B[fl ) L) (Bp’f] ) L (B[fl) L <B[f|>

t
Slwoll” s +llaol™ w + AN , 0w o +llgl® 0\ + IVG+un)l g lal y dr.
y r L}(B” ) L}(Bﬂ’fl ) 0

Pl Bp,l Pl [7 1 ]7.]

(3.14)

Moreover, according to the definition of @, we have

—~nh
192 oy QAN
r(sh) ()
h
< llol

h
el el
Lr°°<Bp,1 ) Ly (Bp,l ) Lr°°<3p1) r(Bp,l)

which together with (3.14) ensures that
loal" , ., +||Qu||’ o Fllal® o+ lall” s
() a0n) ) ()

p.1
won gl oL
Bl 2) L}(Blfl 1) (3.15)

Bl”l p.1 p.1

h h
SlQuoll” uy + llaol” o + 1Al (
Ll

t
+ [ Iv@ -l vl dr
0 B prl

p.1
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3.3 Estimates in the low frequencies

We now turn to the a priori estimate of system (3.6) in the low frequencies based on the
L2-framework. Applying A ; to (3.6), and then using the standard energy estimates, we find

1d . o . . .
EEHA]'(ZHzLZ+(leAjQu,Aja):(Ajfl,Aja),
d . _ . B . . _ . . B
5 7187 Qallgs + IVA; Qi + (VAja, Aj Qi) = (A;Qgr, A; QM)
d _. . . . .
——||VA; VdivA;Qu,VAa) = (VA fi,VAja),
gar VAl + (VdvA;Qu VAa) = (VA fi, VA0 (3.16)
d . - R . -
5 g 187 B +vIVA;BIT, = (Ajhi, AjB),
d . _ . . . _ . B .
5, (8jQu, VA a) + IVA;al?, — IVA; Qill3, — (AA;Qii, VA ja)

= (A;Qg1,VAja) + (VA fi, A; Qin).

Summing up the equations above yields

ld . A
St ||VA Qilllj> + 5 ||VA,-a||iz+v||VAjB||iQ
. . . A . . .o
=(Ajfl,Aja)-l-(Angl,AjQu)+E(VAjfl,VAja)-i-(Ajhl,AjB) (3.17)
1 . . 1 . . B
+E(AnglaVAja)‘FE(VAjfl,AjQM),
where
2 def

I1Aal?, + = ||VAA,-a||iz +1A;Qil2, + 1A;BI%, + (A;Qi, VA;a).

To overcome the difficulties due to the lack of smallness inu; = e*2Pugand B, = "2 By,
we make use of various analysis tools such as commutator estimate and the important fact
that divu; = divBy = divB = 0. We rewrite the terms on the right-hand side of (3.17) as
follows.

(Ajfi,Aja) = (Aj(fi +ur-Va), Aja) — (1A;,ur - Via, Aja), (3.18)
(VA fi.VAja) = (VA;(fi +ur - Va), VAja) — (V[Aj, ur - Via, VA ;a)

+(Vur - VAja, VAja), (3.19)
(VAj f1, A;Qi) = (VA;j(fi +ur - Va), A;jQi) — (V[Aj, ur - Via, A; Qi)

—(Vur - VAja, A;Qi), (3.20)

(A;Qg1, AjQin) = (AjQ(g1 +ur - VQit — L3(a)By, - VB), A; Qii)

—([Aj,ur - V1Qi, A;Qit) + ([A;, L3(a)ldiv(B, ® B), A; Qir)

+(Ls(@)[Aj, By - V1B, A;jQit) + (Ls(a)BL. - VA B, A; Qit)

+([A ;. QL3(a)ldiv(BL ® B), A;Qir)

+(QL3(@[A;, B - V1B, A; Qi) + (Q(L3(a))BL - VA B, A; Qi), (3.21)
(A;Qg1, VA a) = (A;Q(g1 +ur - VQii — L3(a)By - VB), VAja)

—([Aj ur - V1Qi, VAja) + (A}, L3(a))div(B, ® B), VA a)
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+(L3(@)[Aj, BLIVB, VAja) + (L3(a)Br, - VA; B, VA ja)
+([A;, QL3(@)div(B, ® B), VA a) + (QL3(@)[A}, BLIVB, VA;a)
+(QL3(a)BL - VA;B,VAja), (3.22)
(Ajhy, AjB) = (A;(hy +ur - VB + By -divii — By, - Vii), Aj B)
—([Aj,ur - V1B, A;B) — ([A;, BL1divii, A B)
—(Br -divA;Qii, AjB) + ([Aj, By - Vi, A;B)
+(BL - VA;Qii, AjB) + (BL - VA;Pii, A;B). (3.23)
Inserting (3.18)—(3.23) in (3.17), integration by parts and using the fact
L3~ ||(Aja, AjQii, AjB)|72,
we obtain
%z:? +2% 2
S (A+2D145(A +ur - Va)l 2+ 14;Qe1 +ur - VO — La(@ B - VB 12
+|lhy 4+ ur - VB + By - divii — By - Vii|l ;2 + [[A}, L3(a)]div(B, ® B)|| 2
+ 1L3(@) < [I[A}, BL - V1Bl 12 + IIL3(a) BLllLx | VA B 2
+ 1A}, QL3@)1div(BL ® B)ll 2 + 1QLs(@) <A, By - VIBI 12 (3-24)
+ 1QL3(@)BLlL< VA Bl g2 + 1A}, ur - V1Bl 12 + I1A;, BL1divQit] ;2
+ IBLllzolldivA ; Qill 2 + I BL Il IVA; Qitll 2 + (1 + 2)[I[Aj, ur - Vial 2
+ A, up - V1Qill 2 + 27 [VurllL=lAjall 2 + 1A, Br - Vil 2
+ By - VAjPﬁlle)ﬂj
which leads to, for j < jo,
%cj +2¥c;
SHAj(fi+ur - Va2 +11A;Q(g1 +ug - VQii — L3(a)Br - VB)| 12
+|lhy +up - VB + By, - divii — By - Viil| ;2 + I[A;, L3(@)ldiv(BL, ® B)|| 2
+IL3@ll < I[A . Br, - V1Bl ;2 + |IL3(@)BL | L [[VA ;B 12
+I[A;}, QL3 (@)1div(BL ® B)l 12 + QL3 (@)L= I[A, BL - V1B 12
+1QL3@) Bl VA ;B2 + 1A, ur - V1Bl 12 + 1A}, BL1divQil|
+ I1BL Il oo ldivA ; Qitll ;2 + | BLll oo IVA; Qidll 2 + [A . ug - Vial 2
+ A, ug - VIQill 2 + IVup Ll Ajall 2 + IIA;, B - Vil 2 + | By - VA Pill 2.
(3.25)

By Lemmas 2.11-2.12, the commutators in (3.25) are bounded by

> 2/GDY[A;, Ly@)div(BL ® B)|l .2
J=<Jjo

SIL3@I 5 1B ® B, IIBLII

131 (14 Nal g ).
7 Bl

n n
p BP
/7 /7 p.l .1

'?‘ 'E\:

@ Springer



73  Page 20 of 38 N.Gao et al.

> 201G DA, QLs(@)1div(BL ® B)| 2

J=<Jo

SILs@I 5 1B @ Bl 5 SIBLI 5 181 5 (1+1al 5 ).
pl pl pl pl pl

2 YOTVNA, B V1Bl S UBLI 5 1B s

i<Jo By B

> 2OV un V1Bl S el s 1B s

i pl Bp,l

J=Jo

Y 2/GTONA, B Vil 2 S IBLI 5 llall 5

i<io BBy

2 YOTVIA, BuldivQil e S 1By lall
p

J<Jo ! Pl
j(5—1

Y 2GINA up - Vialg S llucl) g lall s

B

Ji<jo Bpi Pl
i(n_— . - -

Y 20GTONA up - VIQil 2 S Nl g Nl s -

<o o B

Inserting these estimates in (3.25), integrating over [0, ¢], multiplying by 2/ (3= and then
summing up on j < jp, we obtain

||(a,9ﬁ,é>||’ /n(a Qil, B)n y i dT
t BZ] ) l

< laoll! ,_1+||Quo|| 55 / Ifi +ur - Val y,dt

2] 2]

+f 1981 +up - VQi — Ls@By - VB o, dv

2.]

/ |y + uyg, - VB + By - divii — By, - Vull 1 _drt (3.26)
By,

+f I, B ll(a. @ B)| o, (1+ lal 5 )dr
0 B,

t
+ [, n||B||lndr+/ 1811, 1901, dv
p

pl

+ [, allells av [ Zz-”%—”nBL-vAjPﬁandz,
21

Ji<jo

where we used the fact B F | (R™) is continuously embedded into L>°(IR"). We bound the last
term in (3.26), namely

/ > 2157V B, - VA, Pill| 2dr.

J=Jo
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Applying the Littlewood-Paley decomposition to B;, and the quasi-orthogonality property
of A, we have, for any fixed j,

Br - VA;Pi = ZAkBL VAjPii= Y AyBL-VA;Pi.
lk—jl=2

By Holder’s inequality and Bernstein’s inequality, for % = % + # and p < p*, we have

IBL - VA;Pill2 < Y IABLILr VAPl e

lk—jl=2
S TV ABLIL VAPl Lo
k<2
Hence
-1 A i
> 201GV BL - VAPl 2
<o
<30 Y GG G A By 1027 BTV |V A Pl o
J<io k—j1=2
<30S U ABLIL 2 TV VA Pl o
J<io k—jl=2
S IIBLll z [ Pull

1

no,
p
pl p

Inserting this bound in (3.26) leads to

ll(a, Qi B)||l a5 f Il (a, Qi, B)II’B dt

2.1

< llaol’ - 1+||Quo||ln l / I fi + ug - VauBn Jdt

21 2,1

/ 1061 + s+ Vi = La@B1 - VB,

/ lhy +uy - VB—I—BL divii — By, - Vu|| (3.27)

n_
B2
2.1

+/ I, BN g .7 B 5 (1+1al g )dr

/ ||L3(a)BL|| z IIBII 1 df+/ IIBLII IIQMII %

2

/ IIBLII z IIPMII dr+/ IIuLII "+1||a|| ,_ldf

21
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3.4 Nonlinear estimates

This subsection is devoted to dealing with the nonlinear estimates. Putting (3.7), (3.15) and
(3.27) together, and then using the definitions of hybrid Besov spaces, we conclude that

(@, i, B)llxq) S llaoll  5-1.n + 1 Quoll 15—
By, By

2.p

t t
et [UAI ek gl e
o Bl o B!,
t t
+/ ||h1H"L,dr+/ i@l ,_ d
0 B" 0 B2

/ IQ(g1 +ur - VQit — Ly(a) B - VB)|! ,,ldf

2 1

/ \hi +ur - VB + By, - divii — By - VQuIl 1 _drt
B (328)
/ IIBLII ] IIBllln(l-i-Hall )df-i-/ IIV(IH—ML)II s lall 2

7 1 17,1 17,l

/n(uL,BL)n 5 la. ’B)”B%( +lall g )z

p ]

/||BL|| I’ ndT+/ 1Bl ;1||7’u||
J,I 21

/nuLH el i

We bound the nonlinear terms on right-hand side of (3.28). We start with the terms in fj.
Thanks to Lemma 2.9, interpolation inequalities and Young’s inequality,

/ ||d1v(au)|\ L 2dr<f ||au|| ,dt

f il bl 4o
3 3 £n3 " " "
5] (nuu Nl ,,H)(na 1 a1, h)dr
0 B B} B} B B

p.] /) 1 p.1 p.1

t
/(nmn o 19 S )lal g de

F 2.p

t
o [ (1Pt o 41000 o g )l g1 e
0 Bp+ BZZ,: p+ 32247 g

p.l

and

t t
fuupwnuzdrs/ lug - Val" . dr
0 » 0 Bp”

p.1

/ lurll, % Ival nldr

<[ ol (1l + a1, )

l),l
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h h i
[ hurl?, nuLuzm(ua I35l m+||a’|| s a1, )
BP

p.l B,y p.l pl

Selal | g *I\Puoll - / eIl 7+1||a|| s lndr
LiE, ) B,

2,p

We turn to the terms in g;. By Lemma 2.9, we first infer that

13 1
/ i val ]dr</ Il o Nl 5 p1d
p-l 0 Bpl Bpl
t
<f (19l 5151+ 1Pl 5 1)
0 i Bl
x (1Pl g+ 1901 s 5 )de,
pl
t t
- Vug +up-Vurll s de S [ gl a8 s yde+ g Vagl o
0 Y 0 4 v LB )
p,l p,1 p.1 p,1
fnuLanH(nQun g Iy )dT+CL
p.1l

It follows from Lemma 2.9, interpolation inequalities and Young’s inequality that

t
/ llug - Vull
0 B

t
ydr </ lurll s il dr
,] 0 B B

P, p,1 p.1

i 1 ‘ i
Selall | 5 +f||7>uo||.%4/ bl o l@ll 5-id
Bp‘1 ) & prl 0 prl Bp‘1
Se(IPall | oo +1Qa | yini)
L,(B”1 ) L,(Bz_p )

1 ! _ _
Pl s [ el s (1001 g+ IP 5 )
e 8l Jo B B

pl 2,p Al

By Lemmas 2.9 and 2.12, we have

t
/0 [ L1(a)A(u + uL)II

pl

t t
5/ L@« full 21dT +/ lurll, ni ||L1(a)|I
0 B B

p.1 p.1 p.1 p,l
t t
/ lall 5 Nl ”+|df+/ el 5 alall s de
pl pl Bp.l p,1
t t
5[ ||a||.%71<%(||7>u|| ot 1971 5 nﬂ)dr+/ el gorllall gor.gdr
0 BZ.p p pl 2/7
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and

t

||L2(a)Va|| 2dT S / ||L2(a)|| 2 |Ia|| 7df

pl
/nan lall 5 dv
]J]
2
sf (hall 5 +1a") 5 ) e
0 B), B,

t 2
\ ,
5/ (101, 1t + la || 5 la"2, ) dr
B2 B} 1

D
51 2.1 B) B,

/ o33 bl 054

To handle the term L3(a)(div(2ﬁ(a)D(ﬁ +up)) + V(X(a))divﬁ)), we first rewrite it as
follows

La(@)(div (2@ D + ) + V(X(a))divﬁ))

2—1“( ) Giv(D G + 1)) ‘f( @ 1( « “a)divﬁ.w

M()
1+

d Aa)
1V(D(u + uL)) + 2V(L4(a))D(u +ur) + Tlevu + V(L5 (a))dlvu

where we have used the facts ﬁl;(:;) Va & V(L4(a)) and AIJ(F‘Z)V def V(Ls(a)) for some

smooth functions L4(a) and Ls(a) vanishing at 0. Since ’ffa) s ﬁf‘j L4(a) and Ls(a) are

smooth functions vanishing at 0, we obtain, by Lemmas 2.9 and 2.12,

/ | e )dl (DG +u)l, ,,ldr

<[ ||M|| ;I 7+1dr+/ el g 14 )“

pl

/ IIaII 2 |Iu|| 7+1df+/ IIMLII "+1||aI| 2 df

pl

/nan -0 (1P g0+ 1970 3 dr+/ Iual ol
/ ||V(L4<a>)D<u+uL>|| e

/ I La(@)]l % flaell . 7+1df+/ IIMLII +1||L4(a)|| ndt

pl [1]

/ lal 5 11, "+1dr+/ lucl g olall g d
p

<[ o315 (1P 3+ 1071, lm)dr+f luzll gollal g gde.
B B

p.1 2.p
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roax ' Ma
f 1 vaal e S / ||¥|| IVaival 5 de
0 1+ p,l pl pl

t
/ ||a|| n ull, 5 pidT
0 pl Bp]

t
S tal gy (1Pl g +1Qal gogen ),
/0 Bz?p P P BZ%:'PJr

.l

t
e S [ L@l 1y ade
o1 0 B B

p.1 p.1

/ ||V(L5(a))d1vu ||B

P,

t
5/ lall 5 Nl ».d
0 B B

p,1 p.1
t
5/0 lall 515 (1P g1 + 1 51150 )dr.
2[1 p.1 2,p

By Lemmas 2.9 and 2.12, we deduce that

t t
/ ILs@B - VB 4 Idr<f 1B 5 1BI g (14 laly )
1 p

pl pl 1

/nBu Lyt IBI g g (14 Nl i Ly )dr.
0 2,; 2

V4

t
/ IL3(a)B - VB + L3(a)BL - VBL”B%—ldt

p.1

1
)

al 1 p.1

/nBLu porl Bl (1+ el )dr+(1+||a||~ o NIBL VB
B, L¥(B, ) LI(B

,l_ﬂ)dr 4 (1 +lall._ goin )cL.
r L (B )

P
2.p

t
anLu perlBl g 1»17(1+||a||.

3
pl 2 P BZ,]J

Using Lemmas 2.9 and 2.12, and an interpolation inequality leads to

t - -
f ||L3<a>BL-VBuhler5/ (1l E)HBL” n Bl n dt
0 BP 0 BP 7 BP
p.l pl pl p.1

e(1+lal_, w JIBI  n
L?O(Bp’fl) L(B’ )

p,1

1
~IB B B (1 )d
+s” 0|| n_ / 1B +1H I Bl + llall % T
p p,1 p.1 pl

Se(t+lal won JIBI | ain
itoo(Bzz ’P) L1(32 P )

1
~IB B B (1 )d .
+ B0l g1 /n g ”Bff"%fl el g1 )4
WP
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To bound the term fot A" »_,dt, we employ Lemma 2.9 to obtain
B p

p.1
t _ t
/ndwan%lers/ Il 5 1By
0 BY, 0 By, ,7.1
t
/(IIQull g +IPAL g JIBI g1y,
2p prl 2p
t t
f - VBN, dr S [l B g ade
Bpl 0 Bpl pl

t
sf (N9l 5 orpor Py JUBIL g1y rd.
0 BZ,p Bp.l p
t N t
/||M‘VBL||,%,1d /Ilull ——1||BL|| ndt
0 Bp.l 0 pl pl

t
< [ (h0m g-vp-i + 1, st 1BLl e
0 B2<p P~

pl

By Lemma 2.9, and an interpolation inequality and Young’s inequality, we get

/ |diviz - BLII 5 ]dT</ ||M|| n ||BL|| n dT

Sellal , s+ Bl 5 ||BL|| ol 5
Pl pl [)l
ss(nwn i, 19, ez )
XA SN
—||Bou y [ 1L g (197 51501 + 1Pl 5 ).
B
pl 2 Pl
! I
[rawvai, aes [ luallg 1515
0 B,
SelBl, gy +—||7>uon / lurl i IBI 51 g-1dr.
Lt(BZ.p ) pl 2[)
n n

It follows from the definition of 82 » P that

t
lug - VBL|" »_,dt < llug -VBLl| . 20y <Cr.
0 Bp 1 2

D ~
p.1 1272,p )

Similarly, we also obtain the corresponding estimates of other terms such as B - Vi, B -
Vur, By - Vu, By, - Vuy,. We omit the details. Thus,

/||f1|| dr+/ el 5ode+ [ mity e
pl B

p.1

S e(n(a, i, B) | x(r) + Il (a. i, B)nzx(,)) + @ it B + @, i, B) %

t
+/ (GIPuol 5+ Dllezll g+ Bl g g0+ DIBI 50 )
0

.1 pl 2p pl
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(||7>u|| s+ (I(Qi, B)n g Flal go)(U+ Dl e 1) )dT

])] 2p 2

+(1+ ||a||i?c(8g_1,%))cb (3.29)

2,p

1

To handle the term fo [div(au) ||l ,dt, we use Bony’s decomposition to obtain

n
B2
2

aii = T, + R(a, it) + Tga® + Tya".

It follows from Corollaries 2.7 and 2.8 that

t
f(||Taﬁ||l,% + IR(a, M)|| )dt </ llall . 7—1||M|| ﬂ+1d1’
0 B; By, By

p.1

/ lal 513 |Pu|| i 07l n+1n+1)dr

pl 2p

(3.30)

21

t t
Loyl _
/ 1 Taa” " » de/ IIMIIB e ’mdf
0 B7, 0

fo (1Pl o1 + 097 5151 el g5
2

2p
(3.31)
/ |z ndr<2f°/ 175l o
5210/ (||7>u|| 2+ 10705150 )l g e
pl B2.p
(3.32)

To bound the term fot 19(g1 +ur -VQu — Li(a)Br - VB)H[. %_ldr, we observe that

BZ,I

(g1 +ur - VQi — La(@By, - VB)
- —Q(uL VPii4ii - Vii+ii - Vug +up - Vur + Li(@)AG 4+ up) + La(a)Va
- L3(a)(div(2;7(a)D(12 +up)) + V(i(a)divi) + B, - VB + B - VB + B - vé))

= —Q(uL -VPu+u-Vu+u-Vuy +ur -Vuy + Li(a)A(u +ur) + Lr(a)Va

A
-2 fi D div( DG+ 1)) — 2V (La@) DG+ 1) — %Vdivﬁ — V(Ls(a))diva

4 L3(@)BL - VB + L3(a)B - VB + L3(a)B - vé).
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We bound term by term above in what follows. To deal with the term Q(uy, - VPu), we use
Bony’s decomposition to obtain

Qur - VPi) = [Q, Ty, Nk Pit + Q(Ty,paur i + Rup i, % Pii).

Applying Lemma 2.10, we get

f Q. T JPil e 5 f Vsl ol de
2 1 * 1 p 1
/ IIMLII z IIMII
where we used the facts # — 1 <0and p < p* with % + # = % By Corollary 2.7, we
obtain

21

13
/0 (”Tak’/?uuLk” n 1+IIR(uLk,aﬂ’u)ll . l)df</ IIMLII u flull, » dT.

21 pl B,
By an interpolation inequality and Young’s inequality, we obtain
/ 1QGuL - VP pdt
B,
/ llurll % IIMII dt
2 2 - 3
ety e, @it
Bp.l Bp,l Bp,l
<o (1Pl ooy IO, xagany )
( p.1 ) 2..0
*IIPuoll / el 5 (12 5151 +1PAI 51 )dr.
p p,l

Applying Corollary 2.7, we deduce that

/uu Vil
2
/ 7 wLnl g dr+/ Vv + RG, Vup)I!
2
/ sl bl ﬁldr+f el 171, d
171 11

<e(iPan | (i) 190, ())

n
B2
2

2p

(1+*|l7’uoll fuuLn nﬂ(nQun e 1P )
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and

t
/ it - Vit +uy - VuL||l.%7ldr
0

BZ,I

t t
< / 1Tz Vil' . dt + / | Tyait + R@@, Vi)||' . dt + |lur, - wLn’ 1
0 322.1 0 BZ,I (BZI )

t t
S [ 0yt e+ [ il dr+Cy
0 BY Bp,1

pl p.1

t
5/ lall oyl 2pdr+Cr
0 B’ Bl

p.1 p.1

t
/O(IIPuII o+ Qg 50 ) (197N 5151 + 1PN 51 )d7 +Cu.

pl p pl

To bound the term L, (a)Va, it follows from Bony’s decomposition that
Ly(a)Va = Ty, La(a) + R(La(a), Va) + TryaVa' + Ty Va".

By Corollary 2.7, Lemma 2.12, and an interpolation inequality, we get

/ I179aL2(a) + R(La(a), V)| Q,ldf</ IILz(a)II n IIVaII 1dt

2 1 [)vl p.l

/Ilall ||a|| 7df

1 1
5/ (lla ||2u llat ||7n+1+||tl H2
0 B B

2,1 2,1

t
S [ Nl goslall g de
N/o D S

P

2
1
lla" 2 ) dt

n
P
BpA]

'F 1\:

and

t t
17w Va'l s dt < | IL2@lle=lIVa“ll , z_dt
0 2 B}

By 0 2.1

t
5/ lal  lla"l g de
0 BY

p.1 21

t 1 1
02 hy 2 hy 2
S/ (lla ||2,7 lla* ||2,+1+||a IIZ,% lla IIZ,%>
0 B B2, Bl Bl

2,1

(lla ||2 i llat ||2 )dT
By le
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By Corollary 2.7 and Lemma 2.12, we have

/ 17 Va" | _ldr</ IL2(a)ll 55 va" || ndt
17 pl
t
S/ <1+|Ia|| g)llall "llla I, 2dt
pyl Bpl Bpl
/ Il 3-1.5 ] s <1+||a|| 3 lg)dr.
sz

To handle the term L (a).A(iz + uy,), we decompose it into
Li(@)A(i +ur) = Ty @Al +ur) + TaGu,)L1(@) + R(L1(a), AGi +ur)).

which, together with the low-frequency cutoff, Corollary 2.7 and Lemma 2.12, yields

n_y
B2
,1

f VT, 0 AGE+ u)

||TL1(a)A(ﬁ +up)l. gfzdf

2,1

||u+ML|| +1||L1(¢1)|| ndt

p,l

5/ ||a+uL||.%+1(1+||a|| g3 )llallg-id
0 B p,

p.1 2

/ (i, o + 1031, giepen) (14 al 5o Ylall 51y de
2,

2p P

2p
/ LR 1+||a||32%7..%)||a||.%4.%dr
P

BZ.[:
and

t
/ (”TA(quuL)Ll(a)” sy F IRy (@), At + up))|! 1 1) T

21 B2]

/ llu +- uLII L ||L1(a)||

pl

/ lluell . ~+1||a|| z dT+/ lurll ﬂ+1|la|| 7dr

/0 (nPun b + QA g »z+1)||a|| ; lndr+/ lealp bl v
2

pl p

Similarly, we can bound the terms 2’}_(’_““) diV(D(u +u L)) and }‘(“) ., Vdivi, omit them here.
To bound the term V(L4(a))D(ﬁ + uyr), use Bony’s decomposmon yields that

V(La@) DG+ ur) = Ty, ) P +12) + Tos) V(La(@)

L4(a)
+R(V(La(a)), D@ + ur)).

@ Springer



Global large solutions to a multi-dimensional compressible... Page310f38 73

Thanks to Corollary 2.7 and Lemma 2.12, we have

/II L())D(M+ML)+R( (La(@)), D@ +up))l'., dt

2 1

/||D<u+uL>|| V(L)1

/ lluell . "+1||aI| z df+/ lurll ﬂ+1|la|| 7df

/ (nPun oo + 19 hl)nan : lndr+/ el golal o g

2
2p By, By,

Itfollows from Corollary 2.7, Lemma 2.12, an interpolation inequality and Young’s inequality
that

[ Vs V(Eat@) o

2,1

§/ ||TD(:2+uL)V(L4(a))|| 1odT
0

21

5/ IV +up)l, 771||V(L4(a))|| ndt

pl pl

/ @ +up)l, % ||a|| 7df

1
5/ (nunzn .||u||2n+,+||uL||2n e, ,)
0 ? P B"

P
Bp.l Bp.l Bp,l p.1

1
02 h
x (1%, lla® ||2n+1 + lla ||2 a1, )ar

By B} By, Bp
f o g0 (1P 3+ 10705150 )
pl BZp
s [l gy (kP50 41971 5150 )
2[7

+é&llall LN *”PMOH 7-1/ IIMLII "+1||a|| ] 1"df.
LB )

2,p 2p

Employing Corollary 2.7, Lemmas 2.9 and 2.12 yields

/ | L3(a)B - VBII 2 _drt

2 1

5/ 1B-VBI 5 (1+lall 5 )dr
0 By B

p.1

t
< [ (159815 + o8+ ROVB. By g2 ) 1+l g1y )
0 By 21 B,

P

t
f(an ot IBl g+ 115 1815 )1+ llall 50 )
/7 By 2.p

p,l
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/uBn B (1 Ll g5 e

2p

/ IB1,5-1.5-1 11,1 g (14l 50 )d.
2p 2.p

By Corollary 2.7, Lemmas 2.9 and 2.12, an interpolation inequality and Young’s inequality,
we deduce that

t
f IL3(@)B - VBLH’ M

2 1

/ 1B-VBLI g (14 lal 5 )dr
By, B

Pl

< [ (1F5¥Bul s+ Von, B+ RGBTy ae) (14l )
2.p

t
S R(CAL B 1B g ) (1 a5 )de
i

B,y ,;.1

< n \|Bl| 2y n n_n B nyn
N/ 1B o HBHBYI,TI(I + ||auérl,7,)dr+e||B||L,(Bf+1,F+1)(1 +llall

2.p

)
’30(27 7y

*IIBOII §oigo ||BL|| 1B g (14l gy )de.

p 1 2,/ 2»1

n

L n
Employing Corollary 2.7, Lemma 2.12 and the definition of B; » ', we have

f||L3(a)BL VBl g dt S (14 Jal b anL VB y-rdt
2

BZl

S (1+ lal 313 )Cr.
LeB;, ")

Putting the above estimates together gives

/ 1Q(g1 +ur - VQit — Ly(a)B - VB)|" 1, dt

21

Se(l@ i Blixo + @ i Bk + @ i Bk, + @ i Bk,

t1 1
+ (*Pu o+ Dupll .2y +(=1Boll .a_yo_y + D||BL|| .2 ) .
[ (e o+ DIl g0+ Bl a0+ DIBLL3 1) 333

p.1

x (”Pﬁ”gfl + (@ B o151 + el 505 ) (14 Nl 5-05) )

2p .p Zp

+(1+Nall__ 31 )Cr
Ly, ')
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To bound the term fo \hi+ur-VB+By-divi— B -Vi|' ,
B 2,1
Corollary 2.7, an interpolation inequality and Young’s mequality, we have

_,d7,use Bony’s decomposition,

t t
/ ||divﬁ~B||[.%71dr 5/ ||TBd1vu|| ,,1d‘c—|—/ | T4ivia B+ R(B, d1vu)|| le‘r
0 By

21 21

t
5/ ||B|| oy [l 7+1df+/ IIBII 17 % dr
0 Pl P

pl
t
/uBn _lﬂ_l(ngan.gﬂm+||7>u|| 1 )de
BZp pl
/ 131, 2+1n+.(||9u|| g1+ 1Pl g )dr,
Zp Bp.l

/ lli - VB||IE dr</ |T:V B . ,,ldr—i-/ ||Tv1;ﬁ+R(ﬁ,Vl_?)||B%,1dt
2,1

t
5/ ||B||.%+1||ﬁ||.%4dr+/ 1815 105 e
B B
p.1 Pl p

I\)

p.1

/ 18150 "+1(||Qﬁ|| o+ Pl s )de
sz B

p.1

/ IB1,5-15- 31 (1981 g g + 1Py )dr.
P

2p

According to Corollary 2.7, an interpolation inequality and Young’s inequality, we obtain

fnu Vol dr<f |72V Bl 7_.dr+f ITs,7 + R VB s

21 21

/”BL” il ,_ldr+/ IBLI 5 17l de
/’

,I p]

5/ 1BLl 5 (1Qa 515y + 1Pl s )de
0 B! By, B

p.l
+e(IPal, o +1Q7 [y st )
L Bp,l 2p
+1Boll anLn ul(uQun gt Py )de
2]) pl 2]) 171
. SE-12-1
It follows from the definition of B, » that
/ luz, - VB! E dt S llug - VB | .g_l.%_l)ScL-
By 1Y72p
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Similarly, we can bound the terms B-Vi,B-Vuy, By - Vuy.Hence

/ |hy +ur - VB + By - divii — By, - Vu||
B

2,1
t
§s||<a,ﬁ,B>||xm+||(a,ﬁ,B)||§m)+cL+f0 (GIPuol 5+ el
p.1 pl
+ Bl g la_l+1)||BL||.%+1)(||7>u|| o1+ 10QE B g1y )d.
Bp,l p 2
(3.34)

)d 7, apply an interpolation inequality

1

To handle the term 1Bl s ||B||‘3%( +lal 2
1 p

By

p
and Young’s inequality yields

/ 1521, ||B||‘ (1 lal g )
pl

/ 1815 ||B||‘ (1 el
p (3.35)

<8(1+ a - )
I || (37 Lo )IB ||L( 22+1 B

1Bl 515 / 1Bl Bl 31 (14 lal 5o )
2,1)

For the term fot IV +up)| .z |la|l .» dt, we have
Bppl pp.l

.

t
S [ (1504 b Yl
0 Bpl

~
pl pl

/ IV )l el
Br B
(3.36)

w1 ) llall, —1"dT
P

1
/ (Pl g + 1081 il
0 pl Bp,l BZ
1 )dt, thanks to an interpolation

To bound the terms fo IuLII 1 I(a, u, B)|| z 1+ ||a||
p]

)] p]

inequality and Young’s mequallty implies that

/”“L” o lall 7(1+|Ia|| n )dt
1 B!

p p,l
/ el (Ja’ I3+ 1"l 2 ) (11l 5oy )dr
,1 Z.p
1
t h hy 2
/nuLn{,l et (||a 1yt e e )
21 BZ] Bp,l Bp,l

< (14 lall -1 %)dr
2

P
Selall | gas (1+lal__ 5 )
22/; I’) OO(BZ P)
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*IIPuoll / el ol ,;(1+||a||32%4.%)dr, (337)
P
fnuLu p Nl g (14 llall g de
pl Bp.]
/ ||uL||2,,] a0 (14 Dl gy )de
Bl Bl Bl 2,,
P, o + 19, Y +lal_ gn)
<o s i L, )
+ = IPuol, f ey (1PN yo + 10 g ;71><1+|la|l.g71,%>df
pl pl BZ,]J
(3.38)
and
t
[ et g 11, i O+ el e
0 B, B,y pl
t 1 1 -1 _ 1
sfo ||uL||;%_l||uL||?%+1||B||%%+l||B||% (1 lal 5y )
p.l p.l p.l p.l 2,p (339)
<g B non (1 + n )
SelBl g (14l o
1 1
+—||7>uo||.%_1/ lucll g DB1 g (1 llall 50 )de.
€ Bp<l 0 pl Zp 2p
Similarly,
[z 3 19l dr
P (3.40)
SO, g o + B0l o1 / 1B e 191 -1 -rde
2p ~P
and
t
/nBLn.%nmn,%dr
0 Bp,l Bpl
(3.41)
SellPil, o + 1Bl g / 1B Pl
Lr(Bp,l ) pl
1
For the last term, we conclude, from the definition of 32 , that
/ leal o ||a||%,ldr</ leallygrlall v (3.42)

3.5 Bootstrapping argument

The goal of this subsection is to complete the proof of our main theorem by using the
bootstrapping argument. Plugging (3.29)—(3.42) into (3.28), we finally arrive at that, for any
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t < T*,

(@, it, B)lx
S llaoll g-1n + ”QuOHB%—I,%—I + ell(a, i@, B)llx) + ll(a, i, B)H%((t)

2,p 2,p

+ @, i By + Co(1+ @, @ Blix)
(3.43)

1 ' o

+ (*(||7’M0|| n A+ Boll noiny) + 1)/ IBL, ur)(@Il 141 ll(a, &, B)|[x@dt
€ Bp,l BZ.]} 0 Bp4l
1 ! _

—}—(* Pug|l .2y + ||Boll .oy n_ +1)/ Br,up)(®)| . »pdt|(a,u, B 2.
e(” OHBpp,l P+ 0”322,p Lnor) A I(BL, ur)( )||B:1+1 ll¢ My

Let cp < 1 and Cp in (1.5) be large enough. Define
7 & qup {z e[0,T%) : l(a. . B)llxq) < CO]. (3.44)

In what follows, we shall prove that 7** = oo under the assumption of (1.5). Forany ¢t < T™**,
using (3.44) and (1.5), then (3.43) can be recast by

l(a,it, B)llx
S llaoll g-1g + 1Quoll 5151+ CL
2,p 2.p

1 ' L
+(=(IPuoll 51+ 1Boll 5-1.51) + 1)/ IBL.ur)@I|, 24 i@, . Bl xndr.
& Bp‘I Bz,p 0 prl

Then, forany ¢t < 7** and a sufficiently large positive constant Cy, it follows from Gronwall’s
inequality and (1.5), that

I(a, @, Bl x)
= C(”aOHB%—L% + ”Qu(]”l.gfp—l,%—l + CL)

2.p

1 t
xexp{(g(umouégll+||Bo||3§p.g,1)+1)/0 ||<BL,uL)<r>||B§1+.dr} (3.45)

< Co(laoll 515 +11Quoll 51,51 +Co)exp{ColIPuoll® 5 + B0l 4 15 )]
ol Il 0”pr La + 119 0”323 151 L) exp 1 Co(ll ollgzl,l Il O”BZ;’TI)
oy
-2
which implies that 7** = oo by the standard bootstrapping argument. Then combining
with |[(a, i, B)|lx() < co and (3.2) with s = Z — 1 for all + > 0, we conclude that the
Cauchy problem (1.3)—(1.4) admits a global solution (a, u, B). The proof of Theorem 1.1 is
completed.
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