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MSC: The stability of 3D perturbations to 2D Navier-Stokes solutions is a fundamental problem with
35B35 significant mathematical and physical implications. Stability has been established for the 3D
35B40 Navier-Stokes equations with full dissipation or anisotropic dissipation in two spatial directions.
35Q35

This paper intends to understand the stability problem under the situation when dissipation is

76D03 . . . . i1s . . .
present only in one direction. We establish stability results in the case where dissipation acts

Keywords: only in the vertical direction and on the vertical average of the solution.
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1. Introduction

Many real-world flows, like in the atmosphere and oceans, are effectively two-dimensional (2D) due to strong stratification or
rotation(see, e.g. [1,2]). Understanding the stability of these 2D flows under 3D perturbations is crucial for explaining the emergence
and persistence of 2D behavior in such systems. Mathematically the 3D incompressible Navier-Stokes equations are extremely
difficult to analyze. If 2D flows can be shown to be stable under 3D perturbations, this justifies using simplified 2D models in
place of full 3D dynamics in certain regimes.

This type of stability problem has been investigated by several authors (see, e.g. [3-5]). The work of Ponce, Racke, Sideris, and
Titi showed that any 2D solution in the class L' n H! of the 2D Navier-Stokes is stable under 3D H' perturbations [5]. All these
previous results rely on full dissipation in the 3D Navier-Stokes equations. Our main objective is to relax this requirement and still
establish stability. Prior work has succeeded in proving stability when full dissipation is reduced to anisotropic dissipation in two
directions [4,6-8]. This paper focuses on the case with dissipation only in one direction, partly motivated by applications in physical
fluid systems.

Consider the 2D Navier-Stokes system in the 2D periodic box T? = [0, 112,

U, + U -V)U + Vg = vAU,
V.U=0, 1.1)
Ut=0)=U,.

It is well-known that, for any U, € H*(T?) with k > 0, (1.1) has a unique global solution U satisfying
U € C([0, 00); HX(T%) n L2(0, co; H1(T?)).
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In addition, if U, has mean zero,

[/Uodxdy=0,

then there exists a constant a = a(v) > 0 such that
IV g < Ce™ ! |Ugll e < Me™, k < 4. 1.2)

Our objective is to study the stability of 3D perturbations near this 2D solution. More precisely, we analyze the 3D Navier-Stokes
equations that govern perturbations around U,

O+ +U)-Vu+u-VU = =Vp+voju + vAi, xeT3, t>0,
V-u=0, (1.3)
u(x,0) = uy(x),

where the spatial domain is taken to be the 3D periodic box T? = [0, 1]%, u denotes the velocity filed, p the pressure and v the
viscosity. Here vd%u is dissipation acting only in the vertical direction, where 7 is defined as

_ 1
a(xy, xp) = m/jru(xl,x%xydx}

This study is motivated by turbulence models involving anisotropic viscosity, where vertical viscosity is enhanced due to strong
stratification, while horizontal mixing occurs on a larger scale (see, e.g., [9]).
We establish the following theorem.

Theorem 1.1. Consider (1.3) with v > 0. Assume u, € H>(T3) with V - u, = 0. There exists a suitable constant Cy(v, Uy || y3) > 0 such
that, if

||u0||H3 <Gyv,

then (1.3) has a unique global solution u € L® ([0, c0); H>(T?)). Furthermore, u remains uniformly bounded. That is, there is C,(v, ||U|| 3
Cy), such that for any t > 0,

[JueC-, f)||H3('[1"3) < C W, Uyl g3, Cp)- 1.4

2. Proof of Theorem 1.1

We prove Theorem 1.1 in this section. As a preparatory step, we first state two tool lemmas. We express
[=7+7
where f denotes the vertical average of f and f denotes the oscillation part,
F(x1.x) =/f<x1,x2,x3>dx3 and f=/-7. (2.1)
T
The following lemma outlines some basic properties of f and f.
Lemma 2.1. Let £ and f be defined as in (2.1). The following properties hold:
(1) The average and oscillation commute with any derivatives, namely
ai_f = ‘)if > ‘i\} = ‘)iﬁ

As a special consequence, if u is divergence-free, V -u =0, then i and u are also divergence-free, V-i=0and V-u =0.
(2) 7 and f are orthogonal. More precisely, for f € H*(T3) with any non-negative integer k, the inner product of f and f in H* is
zero,

/ % f(x)3* f(x)dx =0

T3

for any multi-index « with |a| < k. As a special consequence,
WS = DA + 1A,

and

W Mg Ul and 171 e < D1F Nl g
(3) f satisfies the strong Poincaré type inequality

I1/1l2 < Clos 2 (2.2)
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Several versions of Lemma 2.1 for different types of spatial domains can be found in [10-13].
Throughout this paper, we adopt the following notation for anisotropic Lebesgue spaces

”f”Lgl ngL% = ”””f”L{:l(T)”Lfcz('ﬂ‘)”L;s(’]l‘)-

The subscripts x;, x, and x5 indicate in which direction the norm is taken. The notation for anisotropic Lebesgue and Sobolev norms
should be understood similarly.

The following lemma provides an anisotropic upper bound on the integral of triple products, which is particularly useful when
estimating the nonlinear terms of PDEs with anisotropic dissipation.

Lemma 2.2. Assume that f,9, f, g, 0,8, h,0;h are all in L*(T?). Then, for a constant C independent of f, g and h,

1 1 1 1
SCUAL WALz + 10 £12)2 Ngh 2, gl 2 + 102811 12)2

/ F(x) g(x) h(x)dx
T3

1

i 1
X A2l 7, (Al 2 + ll9sAll 2)2 .

As a special consequence, if h just has the vertical oscillation part, then

1 1 1 1
SCIAL WAL + 1101 A1 )2 Nel 7, el 2 + 10281l 12)2

/ f(x) g(x) h(x) dx
T3

1 ~ L
x 117117, llos1 2.
We will also use the following 2D version of the anisotropic upper bound.

Lemma 2.3. Assume that f,9, f,g,d,g, h are all in L>(T?). Then, for a constant C independent of f, g and h,

1 1 1
/11-2 f) g h(x)ydx| < CIAI, A N2 + 101 f112)2 Nl gl 2 + ||32g||L2)% 121l 2

Proof of Theorem 1.1. We first take the L?-inner product of (1.3) with u to obtain
ld
2 dt
Let @ = V X u be the vorticity and Q2 =V xU

@I, + vIosu®I, + vIVall3, < VUl e llull?,- 2.3)

dwo+u+U) - Vo+u -V -(24+w)-Vu—w-VU — v@%a)—vAc?):O. (2.4)
Due to the equivalence of the two norms ||ul|ys and [lull;2 + || D?ull 2, it suffices to estimate ||D3ul|,2. We recall that [|D3ul|,> is
comparable to ||4w||; 2. Applying A to (2.4) and taking the inner product with Aw, we have

ld

2 dt
where

||Aa)||2LZ + v||a34m||2L2 + v||VAd)||2Lz =L+1L+1 (2.5)

1, =—/A(u-Vco)-Aa)dx, 12=/A(a)~Vu)-Aa)dx,
13=—/A(U-Vw+u-VQ—Q-Vu—w~VU)-Aade.

Dueto V-u=0,

ll=—/Au~Vw~Awdx—2/Vu~VVw-Awdx (2.6)
and

Izz/Aa)-Vu-Aa)dx+2/vaVVu~Awdx+/a)vVAuvAa)dx. 2.7)
Moreover,

I :—/AU~Va)~Awdx—2/VU~VVa)AAa)dx
—/A(u-VQ—_Q~Vu—w-VU)~Aa)dx. (2.8)
We first bound the terms in 7;. By Holder’s and Sobolev’s inequalities,
—/AU Vo - dodx < |AU| IVl s l1Aoll2 < C[1Ul1s 4ol

- z/vu Vo - dodx <||VU || [40l}, < C U]l gs 140,

3
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After applying Leibniz’s rule for differentiation, along with Holder’s and Sobolev inequalities, we obtain
—/A(u-V.Q—Q-Vu—a)~VU)-Aa)dx

< Nl 4ull s V21| 3 1 Aol 2 + 2] Vull o 1411 2 | Aol 2
+lull L Ul g A0l 2 + 19211 o [|Aw]l,
+ VUl 140]l?, + [ Vooll 16 14U || 3 1 Aol 2

< ClU s 1do]l7,.

That is,
3] < CIU | sl do|l3,. 2.9

For I, and I,, we will use the following estimates to bound all these terms.
Proposition 2.4. Assume that f, g, h are all elements of matrix (aju")3x3. Then, for a constant C independent of f, g and h,

I/T3 f(x)0,;8(x) 0y h(x) dx| + | /T3 0,f (x) 0;8(x) 0. h(x) dx|

< Clloll (195401, + IVABIL,).

Proof. We first write
f=f+f g=i+% and h=h+h
The integral can be written
| / F)0,809 0, h00dx] + / 0/() 0,8 0 h(x) d
T T
< [ 176108001 + 10,7 00 ,001] 1040
T
<E +E,+E;+ E4+ Es,
where
E = / (10,70, +179,2) 10uFl dx.  Ey= / (10,70, + 179,210, dox,
Ey= / (10,70, +179,2) 10uFldx.  Ey= / (10,70, + 179,210, 2l dx,

Es= / (10,70,21 +179,,21) 10, ] dx.

We will use Lemma 2.2 and then Lemma 2.1 to obtain bounds for these terms.
1 1

1 1 1 1
LE(| <CU9LFN 20,7117 110,81 2, 10,81 2y w2, 1954l
+ 171 197,81 2 N0k Pl 2
<C N0 F il 103,81 193521l 12 + CILF N g2 103,811 2 193411 2
<Clollg2(10s40l13, +11V4AGI,),

and
_ L _ 1 1 1 ~ 1 ~ 1
|Ey <C 10 712,00, 71% 110,217, 10,811 2, 19,1 2, 10 Pl 2,
+ 171 o 11081 12 10421l 2
< C U9 Nl 1 195,81 1 103k:ll 2 + C 117 1| oo 197,81 2 19 P 2
<Cllollg2(19;40l7, + VABI3 ).
And also

1 ~ L 1 1 ~ L ~ 1
|Es] <C 10,712, 10,712, 10,2112, 10,2112 19,7112, 103,71,

+ 1 F 1l o 110521 12 10421l 2
<C 1103 f 110,81 1 195721l 2 + ClIO3 £l 172110181 2 11037l 2
<Clollp(19s40l, +11V4aI%,),
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and

1 3 1 3 _ ~ - _

LEJL <C 0, 715, 00,715 110,811, 10,81 % 19yl 2 + 11 Fll oo 19,81 2 194l .2
<C 1103 S g1 103,81 1 107l 2 + ClIO3 £ 111y 103,81 2 19kl 2
<Cllollg2(l9s 40, + IVAGII,).

By 2.3, we have
|Es| <C |I01fllézllf3/f_||§,] ||0j§||32||6,-g'llil 0sihll 2 + 1171l o 191811 12 19l 2
<Cloll g lIVAs,.
This completes the proof of Proposition 2.4. []
We continue the proof of Theorem 1.1. By Proposition 2.4, I, and I, can be bounded by
I+ L] < Cllolly (1954017, + [VAGI3 ). (2.10)
Inserting the bounds (2.9) and (2.10) in (2.5) yields
2L a0l + viosdol, +vIVAGIE,
< Cllollyg2 (1034012, + 1V4G]3,) + ClIU || 4 1 4ol (2.11)
Adding (2.3) and (2.11) yields
Ll +@v = Cy llull o) (Nl + VIVEIR, ) < Co MU gl (2.12)
PTAUE 2 Ul g3 3l s w ) =63 H e
We use the bootstrapping argument to show that, if the initial data u, satisfies
gl s < Cz—l e~ C3M/(2a) v,
then (1.3) has a unique global solution u satisfying (1.4). In fact, if we make the ansatz that
=G llu®ligs 20 or Ju®llys <2C5v.
Then, by applying Gronwall’s inequality and the bound in (1.2), we obtain from (2.12) that
””(’)”iﬂ < ||uo||§,3€C3/°r Wl adr o ”uolliﬂeqwa <(c;'w?
or
lu@ll s < 5. (2.13)

The bootstrapping argument then implies that (2.13) holds for all # > 0. This completes the proof of Theorem 1.1. []
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