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Abstract

The FENE dumbbell model combines the Navier—Stokes equations of the fluid veloc-
ity with a Fokker-Planck equation for the dynamics of polymer distribution in the fluid
medium. The FENE model admits a special equilibrium solution (0,.,). This paper
explores two types of enhanced dissipation associated with the system governing the per-
turbations near this steady state, one due to the equilibrium and one due to the coupling
and interaction. Mathematically the linearized perturbation system admits a hidden wave
structure. Making use of the smoothing and stabilizing effects in this wave structure, we
are able to establish the global existence and stability of a 2D anisotropic FENE model in
R? with the velocity equation involving only horizontal dissipation. Without the coupling,
the corresponding 2D Navier—Stokes is not known to be stable. When the spatial domain
is T x R, the FENE model with even less dissipation is shown to be stable, and the solu-
tion is shown to decay exponentially to its horizontal average. This result also relies on
the above enhanced dissipation. The last part of our paper illustrates the importance of
enhanced dissipation in the study of inviscid limit for a partially dissipated FENE system.
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1 Introduction

Due to their importance in physics, chemistry, and biology, PDE systems modeling the
interaction of fluids and polymers have recently attracted considerable attention [5, 33].
One of these models is the finite extensible nonlinear elastic (FENE) dumbbell model. In
this model, a polymer is represented as an “elastic dumbbell” consisting of two “beads”
connected by a spring that can be modeled by a vector R [5, 6, 13, 35]. At the fluid level,
the FENE dumbbell model combines the Navier—Stokes equations describing fluid velocity
with a Fokker-Planck equation governing the dynamics of polymer distribution in the liquid
medium. The micro—macro FENE dumbbell model reads as follows:

Ou+ (u-V)u=pAu—Vp+divr, divu =0,

O +u- VU = AT + divg [~o(u) - RY + BVRY + VR UT],

ik = [5(R;Or,U)¥ (x, R, t)dR, D
u(z,0) =ug, ¥(z,R,0)= ¥,

(VR +VRUT)-n=0 on dB(0,Ry).

In (1), u(x, t) denotes the velocity of the polymeric liquid, p(X, t) denotes the pressure, and
V(z, R,t) denotes the distribution function for the internal configuration, where = € R? or
x € T x R. The polymer elongation R is bounded in a ball B(0, Ry), which indicates that
the extensibility of the polymers is finite. Also, the potential ¢/ is given by

|R?

UR) =—klog |1 - —

() = o (1~ 175
for some k& > 0, the magnitude of k is an important parameter as it portrays the strength of
singularity of the equilibrium state v, on the boundary 9B(0, Ry). In addition, p is the
viscosity of the fluid, € > 0 is the center-of-mass diffusion rate of the polymer, and 3 relates
to the Boltzmann constant and temperature. In general, o(u) = Vu. For the co-rotation

case, o(u) = Yu=(Vu

As in [33], to ensure the conservation of W, we add an additional boundary condition,

namely

(—=Vu-RU 4+ BVRY +VyUY) -n=0 on dB(0,Ry).

This boundary condition implies that ¥ =0 on 9B(0, Ry), and if [, ¥o(z, R)dR =1,
then for all (, t), we have [, ¥(z, R, t) dR = 1. In fact, by integrating the equation of ¥ in
(3) in R-variable and using the above boundary condition, we find

E)t/‘lldR—k—wV/\IldR:eA/\I/dR‘
B B B

Hence, if € = 0, the above equation is a transport equation, and the conservation of the
polymer density comes from the property of trajectory; if ¢ > 0, the above equation is a
parabolic equation with initial data fB (-, R,0)dR = 1, and the conservation of the poly-
mer density comes from the uniqueness of the solution.

In this paper, we will set . = 1, 5 = 1 and Ry = 1. Notice that (u, ) with « = 0 and
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] eUR (1 |RP)
¥ =Yo(R) = [pe B dR [, (1—|RP2)FdR

is a stationary solution of (1), and direct computation shows that

)\
VrY + VRUY = 1/)00va7,

and we denote

v
LY =divg(VRY + VR UT) = divg <’¢va¢> .

The well-posedness of various types of viscoelastic models has been widely studied. For the
FENE dumbbell model with general drag term, in the case that the effect of center-of-mass
diffusion of ¥ is ignored, namely, e = 0, Renardy [36] established the local well-posedness
in Sobolev space with potential /(R) = (1 — |R|?)!~“ for some & > 1. Later, Jourdain
et al. [20] proved the local existence of a stochastic differential equation with potential
U(R) = —klog(1 — |R|?) inthe case b = 2k > 6 for a Couette flow. Zhang and Zhang [41]
proved the local well-posedness for the FENE model in three dimensions when b = 2k > 76
in weighted Sobolev spaces. Masmoudi [33] discovered some useful Hardy-type inequali-
ties to handle the singular term div 7, and proved local and global well-posedness under
small assumption near the equilibrium for the FENE model when b = 2k > 0. Also near
the equilibrium, Lin et al. [25] proved the global existence under certain constraints on the
potential. Masmoudi [34] proved the global existence of weak solutions in L? under some
entropy conditions. On the other hand, the center-of-mass diffusion of polymer is physically
justifiable, and if this diffusion term is not neglected, there is also a number of relevant
research. The global existence of weak solution of the FENE model with center-of-mass
diffusion is established in [4]. Also, Barrett and Siili [3] inserted a “microscopic” cut-off
function in the drag term of the Fokker-Planck equation, and established the existence of
global-in-time weak solutions to a mollification model with a general class of spring-force
potentials, including the FENE potential. Later, Barrett and Siili [2] removed the cut-off in
[3] and extended the results to the case of bead-spring chain models. For the FENE dumb-
bell model with co-rotation drag term, for instance, see [26, 29, 31, 33]. For the Hookean
dumbbell model, one can consult [9, 18, 19, 23-25, 28] and the references therein.
Moreover, substantial research has been devoted to exploring the decay of viscoelastic
fluid models. For incompressible viscoelastic dumbbell models, Schonbek [37] studied the
L? decay of the velocity for the co-rotation FENE dumbbell model, and obtained the decay
rate (1 + t)*%%. Later, Luo and Yin [30, 31] improved the L? decay results developed
in [37] by Fourier splitting methods, and obtained the decay rate (1 + t)‘% with N = 2.
Ai et al. [1] proved the optimal decay rates of the solution and its higher order derivatives
of 3D general rate-type viscoelastic fluids, in their assumptions, the L2 norm of the higher
order derivatives (n > 4) of the initial data can be arbitrarily large. Chen et al. [10] showed
the sharp decay rates of the 3D incompressible Phan-Thien-Tanner system with large data.
While for compressible viscoelastic dumbbell models, Hu and Wu [19] obtained the optimal
LP decay rate of the compressible Hookean-type viscoelastic flows. Recently, Deng et al.
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[12] studied the micro—macro compressible polymeric fluids near the equilibrium with one
type of general potential terms, and obtained the decay result.

For the inviscid limit of viscoelastic fluids, there have been a number of important
results. For incompressible viscoelastic dumbbell models, Zi [42] considered the vanish-
ing viscosity limit of the 3D incompressible Oldroyd-B model with small analytic data.
Luo et al. [32] gave a result of local in time vanishing viscosity limit to the FENE model
in Besov space. For compressible viscoelastic dumbbell models, Cai et al. [7] justified the
vanishing viscosity limit for multi-dimensional incompressible viscoelasticity. Cui and Hu
[11] proved the global existence of solutions of three-dimensional compressible viscoelastic
systems around the equilibrium when the shear viscosity is arbitrarily small and the volume
viscosity is arbitrarily large. Very recently, Wang and Xie [39] studied the inviscid limit of
2D compressible viscoelastic equations with the no-slip boundary condition by conormal
derivatives framework. Gu et al. [17] investigated the inviscid limit of 3D half-space com-
pressible viscoelastic systems with no-slip or Navier-slip boundary conditions, their result
indicates that the deformation gradient can prevent the formation of strong boundary layers.

In this paper, we focus on the following 2D anisotropic FENE dumbbell model with
partial dissipation

OU +u- VU =002V + divg (~Vu - RY) + LT, )

Ou+ (u-V)u=0%u—Vp-+divr, divu=0,
Tim = IB(RlaRmu)\I}(m7 Ra t) dR7

where v = 0 or 1 represents whether we have the vertical center of mass diffusion of .
Next, we derive the perturbation form of (2) near the stationary solution (0, ¢~ ). For this
purpose, we denote ) = ¥ — 1. Since V¥, = 0, we have

diVT:div/(R@VRU)\I/dR:div/(R@VRU)d)dR.
B B

Hence, we may assume that
= / (R® V)¢ dR.
B

Now, we write 1y := ¥y — ¥, and by direct computation, the equation governing the
perturbation (u, ¢) of 2D FENE dumbbell model with partial dissipation reads as follows

O+ u - Vip = v03¢ + divg (—Vu- R + ¥s)) + LU, 3)

{ Ou+ (u-V)u=0%u—Vp+divr, divu=0,
Tim = fB(RlaRmu)?ﬁ(lﬂ R> t) dR.

(3) will be our focus. We intend to understand its three aspects: small data global existence
and stability, asymptotic behavior, and vanishing viscosity problem.

Hydrodynamic problems with partial dissipation are widely studied [8, 15, 21, 40]. Dis-
sipation in some systems of partial differential equations (PDEs) modeling fluids reduces
to partial cases in certain physical regimes and after appropriate scaling. One of the signifi-
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cant examples is Prandtl’s boundary layer equation. Mathematically, compared to the FENE
dumbbell model with full dissipation, the involvement of only one directional dissipation
makes the existence and stability problem much more challenging.

For the viscoelastic model with mixed partial dissipation, Feng et al. [16] obtained the
small data global existence and stability for the 2D Oldroyd-B model in Sobolev space
H?(IR?). In contrast to the Oldroyd-B model, the FENE model incorporates the finite exten-
sibility of real polymers and plays a pivotal role in elucidating complex and more realistic
molecular behaviors [20]. In addition, the FENE dumbbell model presents heightened intri-
cacy due to its nature as a micro-macro model with singularities at the elongation limit.
These considerations partially motivated our study on the well-posedness and stability of
the anisotropic dumbbell model (3).

We remark that the stability and long-time behavior problems are generally not trivial
for partially dissipated PDE systems. Many classical approaches such as the Fourier split-
ting method no longer work. Due to the lack of full dissipation, the schemes to obtain the
exponential decay for the co-rotation FENE dumbbell ([30, 31]) now fail since the drag
term in the equation of ¢ in (3) cannot be eliminated directly. To overcome these difficulties,
this paper introduces new ideas to solve the large-time behavior problem on the anisotropic
FENE dumbbell model (3). We explore the enhanced dissipation generated by the steady-
state and the coupling and interaction. Mathematically we derive the hidden wave structure
in the linearized system governing the dynamics of perturbations. In addition, we make
use of the orthogonal decomposition associated with the horizontal periodic setting of the
spatial domain.

The last part of this paper illustrates the power of the enhanced dissipation and wave
structure in the study of the inviscid limits for partially dissipated FENE models. Without
making use of the smoothing effect of the wave structure, it is impossible to obtain suitable
upper bounds independent of the viscosity « as x approaches zero. Exploiting the wave
structure helps us overcome this difficulty.

1.1 Statement of results

Our first topic is about the global existence and stability of small data solution of 2D aniso-
tropic FENE dumbbell model near the steady solution (0, ¢, ). For brevity, in this paper, we
use c or C to denote constants independent of ,  and t.

We begin with the global stability of perturbations satisfying the 2D FENE dumbbell
model with mixed partial dissipation,

Ou+ (u-V)u=0%u—Vp+divr, divu=0,

b +u - Vip = 831 + dive(—Vu - R(¢ + o)) + L1,

U(.’E, O) = Uo, 71[}(7:7 R7 0) = 1/)07 (4)
woova% n=0 on 0B.

We have the following result of small data global well-posedness.

Theorem 1.1 Suppose that & > 1, there exists a small constant €; > 0 such that for
up € H?(R?), divug = 0 and vy € H?(R?; L?), if
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[[wollmz + l[Yollm2(c2) < €1, (5)

then (4) has a unique global solution (u, ). In addition, for all ¢t > 0, (u, ) satisfies
()77 + [0 [F2c2)

ot
{100 + 10006 B+ 1026 Brsen + (5 B } 0 < €2
0

Remark 1.1 Without coupling the equation of polymer flow, the uniform in time stability of
the 2D Navier—Stokes equation in R? with only horizontal dissipation is still open.

Remark 1.2 1f the initial data 1, is even in R; or R, then k£ > 1 can be removed.

Since physically, the center-of-mass diffusion of ¢ is much weaker than the diffusion in
R-variable, it is natural to neglect the vertical center-of-mass diffusion of ¢/, and consider the
following 2D FENE dumbbell system with merely horizontal dissipation of u:

Ou+ (u-V)u=0%u—Vp+divr, divu=0,

0tp +u- Vb = divg(—Vu- Ry + s)) + L1,

u(x,0) = ug, (x, R,0) =y, (©)
$oVRy=-n=0 ondB.

The absence of vertical dissipation complicates the problem. By imposing a symmetry con-
dition in the R-variable, we can effectively eliminate the originally unmanageable terms
arising from this lack of vertical dissipation. More precisely, we have the following result:

Theorem 1.2 Suppose that uy € H?(R?), divuy = 0, 1y € H*(R?; £?) and 1y is even
in R». There exists a small constant e, > 0 such that if

[[wollmz + [[Yollm2(c2) < €2, (7

then (6) has a unique global solution (u, ¢), and ¢ is even in Ry. In addition, for all ¢t > 0,
(u, ) satisfies

t
B+ 11 By + [ {1000 B + 100y + 1966 By } 0 < O3 (®)
JO

Remark 1.3 As stated in Theorem 1.2, we can establish the global well-posedness and stabil-
ity results even in the absence of vertical dissipation. In this case, the symmetry condition
in R-variable needs to be introduced.

Remark 1.4 We can replace the symmetry in R, with the symmetry in Ry, which will have
the same eliminating effect.
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Once the global existence result is established, we can investigate the asymptotic behav-
ior of the solution of system (6). Here, we consider the system in 2 = T x R. Our result
states that ) and the oscillation part @ decay to zero exponentially in time.

Theorem 1.3 Suppose that 2 =T x R, divuy = 0 and v, is even in Ry. There exists a
small constant es > 0 such that if

[[uollzr2 + [Ivbol 222y < €3,

then (6) has a unique global solution (u, ). Moreover, ¢ and the oscillation part @ decays
exponentially in time in the sense that

@l gr + [ 2y < Clluollar + Yol ac2))e™
for some constant ¢’ > 0 and forall ¢ > 0.

Remark 1.5 This is the first result of the exponential decay of the polymer distribution v for
FENE dumbbell model with general drag term rather than co-rotation drag term.

As a corollary of the above theorem, we deduce that the solution (u, ) approaches to
(u,0), where (u, ) is governed by

{0 T () ()
O+ - Vb = —divg(Vi - R)) — 02ty RoOp, (¥ + thoo) + L),

The final part of this paper focuses on the vertical vanishing viscosity limit problem. Having
already established the global existence of the 2D FENE dumbbell model with both full dis-
sipation (1) (with e = 0) and only horizontal dissipation (6), an important question is that if
the vertical dissipation of u in (1) approaches zero, whether the solution of this system will
converge to the solution of (6).

More precisely, we consider the vertical vanishing viscosity limit of the following aniso-
tropic FENE dumbbell model:

Opur + (ut - V)u® = 02u” + kO2u" — Vp* +divr?, divu” =0,
Dot 4+ Vo = div [~V RS + ) + V|

u(x,0) =ug, ¥~(x,R,0) = tho,
LZJOOVR%O -n=0 on 0B.

)

We investigate the behavior of the solution when x — 0. Our result indicates that the solu-
tion of 2D FENE dumbbell model (6) is the global in time vanishing viscosity limit solution
of the FENE dumbbell model with anisotropic full velocity dissipation (9).

Theorem 1.4 Suppose that 2 = T x R, divuy = 0 and ¢, isevenin Ry. Let uy € H?(12)
and vy € H?(02; L?) and are sufficiently small, namely
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190 Page 8 of 50 J. Gao et al.

[[uol| 2 + |40l 5222y < €4

such that (6) and (9) each has a unique global solution. Let (u", ") and (u, 1) be the solu-
tions of (6) and (9), respectively. Then, the following estimate holds:

[lu" =l + 10" = ¢l3 g2y < Ok, VE>0, (10)
where C is a constant independent of t and «.
1.2 Main difficulties and strategies

We now explain the main difficulties we encountered during our proofs and demonstrate
our main strategies.

1.2.1 Global existence and stability

When proving the global existence and stability results in Theorems 1.1 and 1.2, a major
obstacle arises from the absence of vertical dissipation of u. This greatly complicates the
analysis and makes the issues of global existence and stability non-trivial.
Without coupling the equation of polymer density, system (3) becomes the Navier—
Stokes equation with only horizontal dissipation
Owu+ (u-V)u= 0% —Vp, zeR?
{ Gty an

and the H?2-stability problem on perturbations near the trivial solution « = 0 of (11) still
remains open. When there is no dissipation at all, (11) becomes the 2D Euler equation

{ Ou+ (u-V)u= —Vp,

divu = 0.

Kiselev and Sverak [22] proved that the gradient of vorticity could grow double exponen-
tially in time. This result on the growth of the Euler equations suggests that the stability of
(11) near the trivial solution may not be expected in Sobolev settings.

Based on the reasoning above, to achieve the global existence result of the FENE dumb-
bell model with partial dissipation, we do not expect the energy estimate could be closed
only by the following conventional H?2-energy structure:

Eya(t) = sup |[u(s)|f2 + sup [[9(s)lFr2(c2)
0<s<t 0<s<t

¢ (12)
[ {100+ w00 B+ 1 i } .

Instead, we must investigate some special structure of system (3), and discover additional
vertical regularity of u. Let P = I — VA~!V. be the Leray projection onto divergence free
vector fields. By applying the Leray projection PP to the first equation of (3), we obtain
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Ou = Otu +Pdivr + Ny, Ny = —P(u- Vu). (13)
Now, by integrating the second equation of (3) with R ® V g/, and applying Pdiv , we have

OyPdiv T =vd3Pdiv T + Pdiv / divg(=Vu - Ripoo)R® VU AR
B
(14)
+Pdiv/£1/)R®VRUdR+N2,
B

where

Ny = —Pdiv {u . V/ YR ® VgU dR} + Pdiv / divg(—Vu - RY)R ® VRU dR.
B B

Using the symmetry of ¢, direct computation shows that

Pdiv / divg(—Vu - Rpo)R® ViU AR
B

o cl(k;)ﬁful — 202(]{‘)(9%11,1 + Cg(k)@%’dg o
=P (CQ(k)a%UQ — 202(]{)(9%?1,2 + (k:)@%ug o CQ(k’)AU,

where

3 2
ci(k) = 721@/ %d}%, ca(k) = 721@/ %d}z,
B B

and ¢ (k), ca(k) are integrable if £ > 1, and satisfy ¢; (k) = 3ca(k) > 0.

Hence, by differentiating (13) and (14) in time and making several substitutions, with the
notation T = Pdiv 7, we obtain that
Ou — (07 + v02)0yu + vI}2u — co(k) Au + Pdiv / LYR ® VrUIR = N3,

B (15)
O2Y — (0% + 02D, Y + vO22Y — co(k)AY — (9, — 02)Pdiv / LYR @ VeUAR = Ny,
B

where
N3 = (8t—U8§)N1+N2, N4:02(k)AN1+(6t—Gf)N2.

In particular, (15) provides the crucial vertical regularity of u, which seems to be missing in
the original system (3). Thanks to this wave structure, we can extract the enhanced regular-
ity of time integral of d,u, and this makes it promising to give the uniform bound of the
following energy structure

t
Bs(t) = / 11821(5)] 121 ds. (16)
0
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Besides understanding the additional vertical regularity of u from the wave structure, there
is another way to derive (16) without introducing the assumption & > 1. In fact, by integrat-
ing the second equation of (3) with Ry R;, where k,[ = 1,2, we obtain

/ Oy Ry Ry dR + / u- VYRR dR
B B

oo

:U/ (9%’(/)RledR+/diVR(lﬁoovRi)RledR (17)
B B (4

+ / diVR(fvu . R1/))Rle dR + / diVR(fvu . me)Rle dR.
B B

Due to the symmetry of ., we deduce that

/leR( Vu - R?/Joo)RledR Z/GURﬂ/)ooaR (Rle) dR
B

3,7=1

2
=3 [ Ouninti s duuitvn i) aR = (2 [ Rivwar) i,
=B B

where [Duly,; = %(8kul + Oyuy,). By plugging the above equation into (17), we find

C[ID)u]Lk:/ 8t¢RijdR+/
B

u- VYRR, dR — v/ 03¢y R; Ry dR
B B

(13)
f/ LYR; Ry, de/ divg(—Vu - Rip)R; Ry dR,
B B

where C := 2 [, Ri)os dR.

Since ||Du|| g1 = ||Vu|| g, the time integrability of d;u can be estimated by the right-
hand side of (18). The reasoning above explains our strategy on how to prevent the growth
of the Sobolev norms of velocity by exploiting the stabilizing effect of ¢ on the fluid.

With suitable energy structures E,, ; (t) and E5(t)( defined in (12) and (16)) at hand, we
now introduce the most difficult term that will be encountered when performing the H?>
-type energy estimate. If we apply 92 to the second equation of (3) and multiply it by 921
in L2(L£?), we have to deal with the following nonlinear term

ﬂ RV - vaR?;d) dRdz
R2B
= > [ 930,uiR;v0m, %Y 4Rds + If 32u1R2¢3318—wde
1,7=1,2, R?B Voo R2B Voo

(i,7) # (2,1)
Although the first term on the right-hand side of the above equation can be estimated by uti-

lizing the dissipation 7w or the divergence free condition G,us = —8;u1, the second term
can not be treated directly due to the lack of vertical dissipation 93 u.
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System (4) in Theorem 1.1 In this case, since we have the vertical center-of-mass dif-
fusion of v, we can handle this term by integrating by parts. However, this will introduce
a new singular term «/(1 — |R|?)¥/2*1. To handle this singularity, we take advantage of
Hardy inequality of R-variable with & > 1.

System (6) in Theorem1.2 In this case, we don’t have any vertical dissipation in x-vari-
able to work with. To overcome this difficulty, we introduce the symmetry condition of ¢ in
R-variable. Roughly speaking, by setting the initial data yo even in Ry, and if ¢ can keep
this property for all t > 0, then Or, (024 /1)+) is also even in Ry, and

82
/ Rot0pg, %Y dR = 0.
B Voo
Nevertheless, it is fascinating that we introduce the condition on R-variable to handle the
problem raised in x-variable.

1.2.2 Exponential decay

When proving the exponential decay result in Theorem 1.3, the Fourier splitting method
used in [30, 31] no longer works due to the loss of vertical dissipation. On the other hand,
different from the co-rotation case, the drag term in the equation of % in (3) cannot be elimi-
nated directly, this makes the problem much more difficult.

To overcome the above difficulties, we consider the decay of u and « simultaneously
to counteract the linear part of the drag term. Also, we consider the system in the domain
periodic in 21, namely Q@ =T x R = [0, 1] x R. One of the significant advantages of the
periodic domain £ is that it allows us to separate the physical domain into its horizontal
average and the corresponding oscillation part.

More precisely, we define the horizontal average

f($2):/1rf(if17902)d$1a

then, f can decomposed into horizontal average f and the corresponding oscillation part f,
namely

f=Ff+f

We know that the horizontal average f represents the zeroth horizontal Fourier mode while
the oscillation f consists of all the rest non-zero horizontal frequencies. Mathematically, the
decay of the horizontal average of u is hardly to be expected. In fact, it is associated with
the zeroth horizontal Fourier mode, and the dissipative effect in this mode vanishes. Hence,
we will focus on the decay of v, and the oscillation part @. The vital mathematical ingredi-
ent for obtaining the exponential decay of the oscillation part is the strong version of the
Poincaré inequality,

Flz2@) < ClIOLFlI L2 @)- (19
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190 Page 12 of 50 J. Gao et al.

Thanks to this Poincaré inequality, we can handle the convection term u-Vu by the hori-
zontal dissipation 9?4 under the smallness assumption.

1.2.3 Inviscid limit

When proving the vanishing viscosity result in Theorem 1.4, the main challenge is to make
the estimates independent of time rather than growing over time. Our strategy is to consider
this problem in 2 =T x R, and use the extra dissipation term discovered from the wave
structure (16). By decomposing the nonlinear term in the average part and the corresponding
oscillation part, we can take advantage of the strong version of Poincar¢ inequality (19) in
Q2 to obtain the desired dissipation terms. By the key ingredients listed above, we are able
to bound the H!-type norm of the difference of the solution of (6) and (9) by Ck, and C is
a constant independent of time.

The rest of this paper is organized as follows. In Sect. 2, we introduce some notations and
list several Lemmas that will be frequently used; Sect. 3 prepares the local existence result
for the bootstrap argument; Section 4 devotes to the global existence and stability results
and proves Theorems 1.1 and 1.2; Sect. 5 considers the exponential decay and proves Theo-
rem 1.3; Sect. 6 focuses on the vanishing viscosity limit problem and proves Theorem 1.4.

2 Preliminaries

In this section, we introduce some notations and useful lemmas that we shall use throughout
the paper.

2.1 Notations
In this paper, we will use the following notations. We use f < g to denote f < Cyg. Also,
we use the abbreviation B = B(0,1). Jg,, divg and Vi denote the R;-derivative, diver-

gence and gradient in R-variable, respectively. We define the following Hilbert spaces in
R-variable:

22 = 2(ar/v) = {o [0l = [ 1072 8 < ool

_{wmm@,—/wxWR ’dR<”}

:{weﬁ l’ +¢w\vR

Next, we define the norm involving X and R. For s > 0,
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Wl ey = 2 [f 1070l S d,

|a|<sR2B

||1/)||2 s(f;.'[l Z ff 'l/)oo ‘VR , del‘,

|a|<sR2B

here, for & € N2, 9 denotes «; times derivatives in z; and as times derivatives in z.
We also define the linear operator in R:

Ly = divg <¢ooVR J;)

with the domain

2 Y Y 2 Y _
D(L) = {¢e£ ‘¢x RQ;;eﬁ (mm(wwv3¢w)ez: VooV nhB_o}.
The boundary condition wooVRw— n ) = 0 should be understood in the sense that for
B
any ¢ € H',
w

2.2 Horizontal average and oscillation

To study the decay property and the inviscid limit of (u, 1), we define the horizontal average
Flaz) = [ fGor oo 20)
T

Then, we can decompose f into horizontal average f and the corresponding oscillation part

f:
f=Ff+f @1

The following lemma contains some properties of f and £, which are frequently used in the
proofs of Theorems 1.3 and 1.4.

Lemma 2.1 ([14]) Let f be a 2D function defined on 2 =T x R and f € H*(R2), f and f
are defined as in (20) and (21).

i. fand f satisfy the following properties

Df=0f=0, oif=01f, Bof =0f. f=0f f=0.
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ii. Ifdivf=0,then fand f are also divergence free, namely
divf=0 and divf:O.

iii. fand f are orthogonal in L2, namely

<‘,f>:/fodx:o, 1£132 = 112 + 117112

iv. Iffand g are defined in €2, then

(f,9) = /Qfgdxzo.

Also, an important property of f is that it satisfies a strong version of Poincaré inequality,
which is crucial for proving both exponential decay and the inviscid limit.

Lemma 2.2 ([14)) Let fbe a 2D function defined on 2 =T x R. [ is defined as in (21), and
fe H! (). Then

1 £llr2e0) < Clo1fl 2 (-

2.3 Anisotropic inequalities

To optimize the utilization of anisotropic dissipation, we introduce a series of anisotropic

inequalities that will play a crucial role in the proofs presented in the subsequent sections.

These anisotropic bounds are very powerful tools when investigating anisotropic systems.
The first anisotropic inequality of R? is for the triple product, which is a useful tool in

bounding the nonlinear terms.

Lemma 2.3 ([8]) Assume that f, g, 9, f, O2g are all in L? (R?), then
/ fahdx SfNIZ=1100f11 21911 E2 102911 F2 N1B] | L2
R2

Sometimes we take L°° norm for the part with lower order derivatives in nonlinear terms,
so the following anisotropic inequality is required.

Lemma 2.4 ([27]) Assume that f, 3; f, D2 f, 0; 0= f are all in L? (R?), then
1 1 1 1 1 1
Lo 2y S 2200 f I 72102 f 11 72110102 f (1 12 S ALF I 2 1O f 1 o -
For Q =T x R, the corresponding anisotropic inequalities read as follows.

Lemma 2.5 ([14]) Let 2 =T x R.
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i. Assumethatf, g, h, 0, f, a9 are all in L2(9), then

/fghdxs FIZ= U f ez + (101 £ 22)2 |1l F2 110291 2 | ]| L2
Q
. i P 1
/fghde||f||£zHé‘lf\\za|Ig||£z||329||£zIIhHL2-
Q
ii. Assume thatf, 0, f, 0> f, 010-f are all in L2(Q), we have

1z S IAIE ANl + 100 ll2) 102 12 (1021l + (10102 f|z2)
S Nl + 11001 0)
1z S IFIE 10 A1 20100 Fl13a 10102 Fl1 < 17115 1101 Fll -

2.4 Inequalities in R-variable

The first inequality in R is the Poincaré inequality, which is frequently used in Section 4 to
identify the dissipation terms. Additionally, it plays a pivotal role in establishing the expo-
nential decay.

Lemma 2.6 ([33]) Assume that ¢» € 7’ and [, ¢ = 0, then

To deal with the singular term div 7, the main tool is the Hardy type inequality innova-
tively developed in [33]. We denote x = 1 — |R].

2

4 dR.

VR,

Lemma 2.7 ([33]) For all ¢ > 0, there exists a constant C. > 0 such that

2
(/¢d@;g/wmh3¢
B T ()
The following Hardy inequality is restricted in the case that £ > 1, and it can deal with
stronger singularity.

2

dR+ C. / —dR.
BY

Lemma 2.8 ([33]) Assume that k > 1, [,v = 0,and ¢ € H?, then

2
| sans ok
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3 Local existence

In this section, we devote to proving the large data local existence of 2D FENE dumbbell
model (6) with symmetric initial data, and demonstrating the symmetry-preserving property
of +. Then, with a similar procedure, we can obtain the local existence results of the models
mentioned in Theorems 1.1, 1.3 and 1.4. Given that we account for the local existence of
large solutions, this section examines the original form of the equation rather than the per-
turbed form (6). When v = 0, the original form of system (2) reads as follows
du+ (u-V)u=0%u—Vp+divr, divu=0,
{ Db+ u - Vip = divg(—Vu - Ri) + L1, 22)

here we use the same notation for simplicity.
Before stating the local existence result, we should first clarify the definition of even and
odd in this paper.

Definition 3.1 Suppose f is defined on B x [0,7] and f € L2([0,T]; £?), then f is even
(odd) in Ry if for all ¢ € L>°([0,T]; £?) and £ is odd (even) in Rz, we have

/ f6EAR =0 for almost every t € [0,T].
B

Definition 3.2 Suppose g is defined on B x R? x [0,7] and g € L?([0,T]; L*(£?)), then
gis even (odd) in Ry if for all ¢ € L>°(]0, T]; L2(£?)) and ¢ is odd (even) in Ry, we have

/ g¢dR =0 for almost every (z,t) € R? x [0, 7).
B

With the above definitions, the local existence result reads as follows.

Proposition 3.1 Suppose that uy € H?(R?), divug = 0,y € H?(L?) andisevenin Ry,
then there exists 7" > 0 such that there exists a unique solution (u, 1) of (22) in the sense
that

u e L®([0,T]; H*(R?)), 0w e L*([0,T]; H*(R?)),
¢ e L([0,T]; H*(R?; £2)) N L3([0, T]; H*(R?, HY)).
Moreover, fors=0,1,2andj =1, 2,

8;1/1, OR, Jjareevemnlﬁ, 8R2¢j—wi30ddinR2.

Due to the involvement of the singular term 7, the local existence of (3) is not a stan-
dard result. To overcome this singularity, Masmoudi [33] established the crucial Hardy type
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inequality in Lemma 2.7, and discovered that the linear operator —£ in R variable has a
similar dissipative effect as —A.

Compared to [33], the local existence problem we consider is more difficult. On the one
hand, we no longer have the vertical dissipation of u; on the other hand, we have to addition-
ally verify that the symmetry is maintained.

3.1 LinearsolutioninR

To prove the local existence result, we first show the global existence of a linear evolution
equation in (R, t).

Lemma3.2 Assumethat A(¢) € L?([0, o)) isamatrix-valued function, f € L?([0, T]; £L?)
and 1o (R) € L? isevenin Ry, then forany T > 0,

O = —divr(A(t) - RY) + LY + divg f,
VoVrgs n| =0, $(0) = o, @3)

B
has a unique weak solution in L ([0, T]; £2) N L?([0, T); #'), and

Y, Or, wiareevem'nRQ, 832%i30ddmR2.

Proof The proof of the existence and uniqueness of the solution is parallel to [33, Proposi-
tion 3.9]. Hence, it suffices to consider the symmetry property of ¢ and its derivatives. First,
we can deduce the symmetry of ¢ by the uniqueness of solution. Suppose that ¢ is a solution
of (23), then ¢ with

Y= w(Rb _R27t)
also satisfies (23) with initial data ¢ defined as
wo = Yo(R1, —Ra).

Since v is even in Ry, we have ¢y = 1. By the uniqueness of the solution, for all
0 <t <T,wehave p(t) = 1(t), or

¥(R1, Ry, t) = ¥ (Ry, —Ra, t).

Next, we prove the symmetry of the derivatives of ). We consider O, w% as an example.

Notice that C°(B) is dense in £2(B), for all ¢ € L>([0,T]; £2) and ¢ is even in R,
we can use standard mollification to obtain a sequence {{n } y>1 and each (x isevenin Ry,
such that ¢y — ¢ in L*°([0, T); £?) as N — oo. Therefore, for any 0 < t; < to,

to ¢
/ / 8R27<det:H1+HQ,
noJB Yo
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where

to ¢ to 1/)
H1 ZI/ /8R27<det—/ /BRQ—CNdet,
n Jp o Yoo n Jp o Yo
to ¢
H2 ZI/ / 8R2—CN dRdt.
6 JB Yoo

For Hy, by Holder’s inequality,

[Hi| < [¥l] 20,0 1€ = SN2 o,myi2) = 0 as N — oo.

For Hj, since (y € C2°(B), we can obtain directly from the definition of classical deriva-
tive that Or, (v is 0dd in R2. Also, since {x has compact support, we can use integration by
parts and v is even in R, to obtain that

to w
—/ / —8RZCNdet:().
t1 B 1/100

Therefore, by passing the limit, we have

t
: ¥
On, - CdRdt = 0.
/tl /B R e

Since t; and t, are arbitrary, we can deduce from Lebesgue’s Lemma that for almost every
t >0,

¥(t) ¢ B
/0}?2 T C()dR—gg%%/ /Baqubzngdt_o.

Since the above equality holds for all ¢ even in Ry, we deduce from Definition 3.1 that
Or, 5 is odd in R,. Using the same density argument, we can obtain that dr, 2 is even
in RQ. O

Next, we introduce the dependence of + on the x-variable through the involvement of a
given u(x, t), and show the regularity in the x-variable as well as the symmetry of .

Proposition3.3 Assumethatforsome 7 > 0,u € L*°([0, T); H*),0;u € L*([0, T); H?).
Also, suppose that 1, (z, R) € H?(L£?) and is even in Ry for almost every x € R?. Then

O+ u- Vi = —divg(Vu - Ry) + Lo,
{wvaﬁo-na =0, ¥(0) = ¢o, @4

has a unique solution
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b€ L2(0,T); HA(R% £2)) 0 L2 (0, T); HA(R% #Y)).

Moreover, fors=0,1,2andj =1, 2,
S S

8j¢, OR, JjareevemnRg, 8R215—ooisoddinR2‘

Proof The proof of the spatial regularity is parallel to [33, Proposition 3.10], except that
Lemma 2.4 is utilized when necessary.

Regarding the symmetry of v, similar to the corresponding part in Lemma 3.2, we utilize
mollification and Lebesgue’s Lemma. For any ¢ € L°°([0,77]; L?(£?)) and is even in Ry,
we have

/ 8132?;—wg dR =0 for almost every (x,t) € R? x [0,T],
B oo

and by the Definition 3.2, O, 2 is odd in Ry.

Using a similar argument, we can establish the remaining desired spatial regularity and
symmetry as stated in Proposition 3.3. O

3.2 A priori estimates
In this part, we prepare the a priori energy estimate of ¢ for the subsequent fixed-point
argument. The proof of the energy inequality will utilize the symmetry property of ), as

established in Proposition 3.3.

Proposition 3.4 Suppose that the assumptions of Proposition 3.3 hold. Then there exists a
constant C' > 0 such that

T
2 2
su S + s 4y ds
OSSETHQ/}( )||H2(L2) /(; ||1/)( )||H2(7-L1) (25)

T
<exp {COSHETU(S)H?{J + C/O [101u(s)l| 7 dS}H%ll?{z(w-
_S_

Proof First, we deduce the L2-type energy estimate of 1. Integrating the second equation of
(6) with ¢, then using divu = 0, integrating by parts, Lemma 2.4 and Young’s inequality,
we have

d
5 [PNZe ey + 11l 2y < CUIVullz + 100Vl )Nz (2. (20)

Now, we consider the H2-type estimate. By applying 9%(k = 1,2) to the second equation
of (6), and integrating it with 871/, we obtain
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HakW\L?(Lz) + ||3k’¢||L2 () = H3 + Ha, (27)

where

Hy = — ([ 02u- Ve)oR S da,

R2B Voo
Hy:= [[ 0fdiva(~Vu- Ry)o}ty E—R da.
R2B e

Thanks to Lemmas 2.3, 2.4, and Holder inequality, we can bound Hj by

=— jj 9u wakq/; di 4 jj Ot - vawaw ar o,

R2B w R2B w
1 1 1 1
<1163l 2210002l 2=Vl 22 o 102 Vbl s o 10301 2

1 1
+ 1|0k ul| 21 |01 Okul | 21 [V OR L2 £2) |07 ]| 2 (22
SlullFe + [10vulFz + DIl[Fz 22

For H,, after integration by parts in R-variable and using Lemmas 2.3, 2.4 and divu = 0,
we find

2
=Z [[ dhoru (RlaZ’ ", ﬁ Ro? 400, ’9“/’> dRda

=0 R2B Voo

<O||Vull 31101 VullZ: 102 2 e 107 2 grar
1 C\0kvul £ 1101 DDl | |0l Fa oo 102 Ot o o) 1070 e
+ Cllogovul| 2 191 522y 107 L2 ¢

1
<SR L2 g0y + Clllulirz + NOrul =) 101172 2y,
where for the first equality, we use the symmetry property in Proposition 3.3 to deduce

2
|| 00sur Ro0} 0, 9 4Ry [ Ohorus By 3}~ p0R, = %% ARz =0,
R2B Voo R2B Voo

Substituting the estimates of H; and Hg into (27) yields

||8k¢||L2(£2 +||ak¢||p 71
(

(28)
< C(l[ullfr2 + |0vul 32 + VIIOFY[172 2y

Due to the norm equivalence
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2

Ul g2 c2ynmz @y ~ WMl L2 c2)np2gany + Z 108l 2 £2)n L2322

k=1

we can deduce from (26) and (28) that

d
5Pl o) + 1191 gy < Clllullr= + 1101wl + DYz c2),

and (25) comes directly after integrating the above inequality in time.

3.3 Existence proof

Now, we are ready to prove Proposition 3.1. In the energy estimates of u, due to the absence
of vertical dissipation, it is necessary for us to utilize the symmetry of ¢ to handle the sin-

gular term div 7.

Proof of Proposition 3.1 In order to use a fixed-point argument, for 0 < 7" < 1, we set

X = {(u,z/})|u e L([0,T); H?), dvu € L2([0,T); H?), divu =0, ¢ € L°°([07T];H2(£2))}.

Also, we define operator F : X — X by F(v,§) = (u, ), where 9 is the unique solution

of
oY 4+ v -V =divg(—Vou - RY) + L,

¢(x7R70) - ,1/}07
¢OOVR¢% n=0 ondB,

and u is the unique solution of the following linear equation

Ou+ (v-V)u=0fu— Vp+divr,
dive =0, u(z,0)=wug,

where 7 = [, (R ® VU)ipdR.
Let X, be a closed subset of X’ defined by

T
%o = {0 € 2| sup [+ [ l0vu(olFe at < lfuolfs + 1, sup 600 Erncer < 4},
0<t<T 0 0<t<T

where

A = exp {20(3([uol[7> + )} [vollFr2c2)-

Now, we show that for T small enough, F maps &j into Xp. Suppose that (v, &) € &p, one

first deduces from Proposition 3.4 that

@ Springer



190 Page 22 of 50 J. Gao et al.

T
2
sup () 322y + / 160320 dt < T2 1o 312 2y = A (29)
0<t<T 0

Then we estimate A2 norm of u. For k = 1,2, direct energy estimates show that

1d

508l 3 + 19107 ull3: = Hs + Hs, (30)

where
Hs :=— / 02 (v - Vu)diuda,
]RQ
Hg ::/ div 9210 u dz.
R2
By using Lemmas 2.3, 2.4, divv = 0 and Young’s inequality, we have

Hs = — / v - Vorudju dr — / Ofv - Vudiudax
R2 R2
<C|10kv]| 211020011 22110 Vul| 22110104 V|22 1|0l | 2
+ 1020l 2 Vull 32 18y Vull 0 110Zul 2
< 10u0%ull3: + CClolis + Dl

Next, thanks to the symmetry property, by integrating by parts, divu = 0 and Lemma 2.7,
we have

2kz If - |R‘28kw816kul dR dz

=1 R2B

=2k || alakul \R\? akw dRdx
R2B

1
< ZHalaI%uH%? + a’HwH?{z('Hl) + Ca||w||%12(£2)v

where a > 0 is a small constant that will be determined later. Inserting the bounds of H~
and Hy into (30), together with the norm equivalence ||ul|g2 ~ [[ul[r2 + Y, ||0Ful| 2,
we get that

d
5 ![llze + l10vulle < Clllollze + Dllull7z + allbl gy + Callt ]z (2.

Integrating the above inequality in time, and recalling the bound of ¢ in (29), we obtain that
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T
OquT [[w(t)]|22 —1—/ [|01u(t)||%- dt < (||u0\|§12 + Aa + CaT))CQC(TSHuoH;erl)T. G1)
<t< 0

Hence, if we take

< ! d T< ! !
a —_— an max
= 2eA = 2C(3JuolZpe + 1) 2¢C, [

then the right hand side of (31) is bounded by 6||uo||%,> + 1. Together with (29), F maps
Xy into Ap.
Next, we prove that F is a contraction under the following norm:

T
w9) 1% = sup [lu(®)lZ + / [oru(t) o e+ 0 sup. [[6(8) o)
0<t<T 0 0<t<T

namely, by choosing 6 and T suitably small, there is

1F (01, 61) = F o2, &)l x, < %ll(%ﬁl) — F(v2, &)l x- (32

For convenience, we denote (uiy ;) = F(vi, &), 1=1,2, then
(0w, 0v) := (u1 — ug, Y1 — o) satisfies

8,561/) —+ 1 - V(st/J + (’Ul - Ug) . V!ZJQ = diVR(*VulR(Sw) + diVR(*V(I)l — ’Ug)R’lﬁl) + £61/)

{ 0¢0u + vy - Vou + (vy — va) - Vug = 026u + VP + div (11 — 72),
duli=o = 0, 6¢|¢=o = 0.

Similar to the previous energy estimates, by choosing 6 small enough, it is not difficult to
obtain that

d
= U10ullZ + 011001172 £2)) + [|919ul 72

1
< C(lIoullZz + 011091172 (22) + |lor = vallZz +6l1€1 = &lI72) + 51101 (o1 = va)l[7e-

Hence, by integrating the above inequality in time and choosing T necessarily small, we
obtain (32). Finally, by standard fixed-point argument, there exists a unique solution (u, 1))
in X. O

4 Global existence

This section focuses on proving Theorems 1.1 and 1.2. The framework for proving the
uniform global bound is the bootstrap argument (see e.g. p.21 of [38]). Our goal is to select
the appropriate energy functionals and verify that they satisfy the required energy inequali-
ties. In this section, we will give the proof of Theorem 1.1 in Section 4.1 and the proof of
Theorem 1.2 in Section 4.2.
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4.1 Mixed partial dissipation
As described in the introduction, our energy functional consists of two parts, the first part is

the natural H2-type energy functional, and the second part incorporates the extra regular-
izing property revealed by the special wave structure (15). More precisely, we recall that

E(t) = E1(t) + Eaft),
where

Ei(t) = sup |lu(s)l|F= + sup [[¢(s)|[72(c2)
0<s<t 0<s<t

¢ (33)
[ {100 s+ 10085y + 195 iy} 5

t
:/ [|Ou(s)||%: ds. (34)
0

The main ingredient of the proof of Theorem 1.1 is the following energy inequalities.

Proposition 4.1 Let £, (¢) and E2(t) be the ones as (33) and (34), then there exists a con-
stant C' > 0 independent of t such that

Ey(t) < By (0) + CEL()? + CEy(t)3, (35)
Es(t) < CE(0) + CEy(t) + CE (1) + CEy(t)3. (36)
With the above two energy inequalities at hand, we are able to prove Theorem 1.1.

Proof (Proof of Theorem 1.1) We employ the bootstrap argument. It follows from (35) and
(36) that

E\(t) + BEa(t) < CLEL(0) 4+ Co(Ey(t) + Es(t))2,

where C; and C, are some pure constants. If we make the ansatz that

1
Ei(t) + Ea(t) < —5,
405

then we have

By (t) + Ex(t) < 2C1E,(0).

Hence, if we take the initial data (ug, ¢o) sufficiently small such that
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1
B1(0) = [[uol|F2 + [l Frz g2y < T60,C2 et (37)
then

E\(t) + Ex(t) < é (38)

which is exactly half of our ansatz. Following the bootstrap argument, (38) holds for all
t > 0 if the initial data satisfies (37), and this completes our proof. O

Now, it suffices to prove Proposition 4.1.

Proof of Proposition 4.1 We first prove (35). Due to the equivalence

2 2
el B2+ 161 r2 ey ~ NullZe + Y 10RullZ + 1011222y + D NOFE] a2y, (39)
k=1 k=1

we consider the L-type norm and the homogeneous H2-type norm of (u, ). We first con-
sider the L? estimate. By Standard energy estimates and divu = 0, we have

1d
537 Uellze + 101172 c2)) + N1OvullZze + 110201172 g2y + 111720

:/ divt - udx + jf divg(=Vu - Rpoo )9 ﬁ dx
R2 R2B woo
+ J[ dive(~Vu- Royo S da.

R2B

We start by analyzing the first two terms on the right-hand side of the equation. By integrat-

ing by parts and using the fact that _9r Yo = Or,U and divu = 0, we obtain that
jj dive(—Vu - Ribao )b i—R da
R2B °
2
=~ [[ dvuyavdRde+ Y [ 0juiR;08UY dRdx (40)
R2B i,j=1R2B

= 7/ div7 - ude.
Rz

Thanks to the above equality, by using integrating by parts in R and Sobolev embedding,
we have
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d
537 Uellze + 110112 c2)) + N10vullze + 11020172 g2 + 19117200
)

= [ Vu- Ry vaidel (A1)

R2B
Sl cen) (IVullZe + 1117 0))-

Next, we consider the H2-type estimates. By applying 97 (k = 1,2) to (4) and multiplying
them by (02w, 824) in L? and L?(L?) respectively, we deduce

1d
5@(”313“”%2 + ||813¢H%2(£2))
5 (42)
+ 10007l + 102000172 2y + 1RYN gy = D T
i=1
where
I ::/ Oidiv T - Ofuda,
]RZ
dR
L= [ dfdivi(-Vu- Rje)0fy — dz,
R2B °
I3 := / 03 (u - Vu) - Ofudz,
L=~ [[ O}(u-Vy) akw—d
R2B ’l/}
I = ﬂ ARdivi(—Vu - Rip)d2 ar o
R2B w
First of all, similar to (40), we directly obtain I; + I3 = 0.
Thanks to divuw = 0, we can bound I3 directly by using Lemma 2.3:
2 2
— Z/ 8zui6iu . 8ﬁu dx — Z/ OLu;0; 0 - aiu dx
i=1 7 R? i=1 /R
1 1 1 1
S NoRull7= 11010 ull 72110l | 721102 il 72107l 2 43)

1 1 1 ES
+ [0kull 7211020kl 22110:0kul | 22|01 8:0kul| 2] |0%ul| 2
S Ml (102l + 110vullZ)-

In order to bound I, we take advantage of Lemmas 2.3, 2.4, 2.6 and div« = 0 to obtain
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2
> f aiui&-w@kd} = d Z [ dwivionp0ty zﬁ dz

i=1 R2B i=1 R2B

1 1 1 1
< 102l 20102l 10 Ea o 102 it o o OBl 2y (49)
1 1
+ "ak’u"§1(52)||816ku”12ql(52)||aiak¢HL2(L2)Hal%d’HL?(Lz)
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Now we consider I5, which is the most complex one to deal with. We let I5 = I5 ; + I5 o,
where

Isy = [ Odivg(~Vu- Ry)o}y AR 4,
R2B Voo

Iss = [ O3divg(~Vu- Rp)oFy i—R da.
R2B >

We first consider I5 ;. By integrating by parts in R and divergence free condition, We further
divide I5 ; into three parts, namely I 1 = I5 11 + I5,1,2 + I5,1,3, Where

Isq = Z H d;u;R; 0240, 9 dRdz,

i,j=1R2B w

Isp = Z H 810;u; R; 0,00, Wdex

i,j=1R2B w

Isps = Z || 920;uiR;vpor, 9AY 4R s,

i,j=1R2B w

Since we have the horizontal dissipation 0w, by Lemmas 2.3, 2.4, and Sobolev embedding,
we can directly bound the above terms as follows

2
1 1
Iaa S 1105ull 2101 dull 2 11076 L2 (e2) 1070 2 gy
=1

Sl 2 ez (1020l + N10vullZr + 113 1)

V)

Tnz 3 10:05ull 521100 010;ull 22100l £ oy 192 vl o my 193] 2
j=1
Sl ez (10vul iz + 181372 1))
2
Isys 510205l 1] o (22) 1070 2
j=1

Sl a2z (10rulle + 181172 501y)-
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Next, weconsider I5 ».Weuse integratingby partsand div « = Otowrite Is o = I5 21 + I5.2,2,
where

1 2
Log:=Y > [[ 050;uR;03 " 0r, d}” dRdz,

r=014,j=1 R2B

- dR
=3 ([ B30uiR,0m,0030 < da

i,j=1R2B Voo

Similar to I5 ; ; and I5 1 2, we can bound I5 o ; as follows

2
1 1
Ion S 1105ull 2101050l 21030 22 (e |05 | 2 i
j=1
1 1 1 1 2
+ 11020;ul| 721101 020;ul| 72110201 F2 22|02 02t 72 o2y 103N | L2 (310
Sl ez (192ul 3 + 100l 2 + 1911572 -

We turn our attention to I5 2 2, which presents greater challenges due to insufficient vertical
dissipation of u. Though it is natural to consider integrating by parts and utilize the vertical
dissipation of v, this approach prevents us from transferring 9z, to 93¢ as we did previ-
ously, or it will introduce a new term g, (931 /1), Which cannot be bounded by E; (¢)

and Es(t). However, converting g, into the form of w¥263i (¥ /1) introduces a high

degree of singularity v/ (m/)éf). To effectively address this term, we will utilize Hardy
inequality Lemma 2.8. Following the methodology discussed above, We deal with I 5 5 as
follows

152272 [T {ossuits (whom, - o LYoo - kondjuit; (vt L) uitote } arar

i,j=1R2B

+ i JJ {525‘1“1 (wooBR 821/))%02821,&72/@328 wR (w;’azw)wxzazw}dzzdx

i,j=1R2B

2
1 % q
< S 10:05ull 2190115 0 101 0291 s 1082y
j=1

2
+ Z HaQajuHLz HaﬂbHEZ(Hl)H@] aZwHiz(le)HangEZ(ﬂa“02a§w‘|22(£2>
j=1
Slhallzrs (101 g, + 102612 2)):
where in the first equation, we have used integrating by parts and divu = 0, in the first
inequality, we have used anisotropic inequalities in Lemmas 2.3, 2.4, as well as Hardy
inequality in Lemma 2.8. Adding up all the components of I5, we obtain that

Is < (lullzz + [1ollz2ce2) (N0l + 102ul 3 + 119112 0y + 1029312 22)) - (45)
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Inserting the upper bounds (43)-(45) into (42), integrating in time and invoking the norm
equivalence (39), we find

a2 + 1) 22
t
[ 1o + 106 By, + 1020 B e 0
0
< u(0)]1Z2 + [[(0) |72 22
+C( sup ullgz + sup [[¢]|m2(c2))
0<s<t 0<s<t
t
[ {0onuli + 10l + 101, + 1000 By }
0

< E1(0) + CEZ (1) + CES (1),

and this proves (35).
Next, we take advantage of wave structure and prove (36). Thanks to div u = 0, we have
[|Vul||m, = ||Dul||#, . We deduce from the equation of Du in (18) that

2
|[Dul|3: = (Du, Du) + Z 0, Du, 9;Du) = ZJk, (46)
=1

where

2
Z f VR RL[Dulj i dRda + Z ﬂ VR R [Dul . AR da,

j.k,l=1R2B

o
i

2
j u- VYR Ri[Dul;kdRdz+ Y [ di(u- VR Ry)0[Dul; 4 dR de,

Gik=1 .k I=1R2B

2
Js = — Z [[ %3¢ R;Ri[Du;dRdz — > [[ 9300 R;Rpdu[Du]; k dR dz,

j.k=1R2B j.k,l=1R2B

2 2
Jy= ﬂ { > divg(Vu- RY)R;Ry[Dulj e+ Y 0diva(Vu - RY)R; Ry [Dul dR} dz,

R2B  j k=1 Gk, l=1

2 2
- f { 3" LoR RiDulip+ Y 5l£ijRk8l[]D)u]jﬁk}dex.

R2B  j k=1 Gk l=1

o

To bound Jy, we set J; = Ji1 + Ji2 + Ji,3 + Ji,4, Where
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2
d
D= = [[ ORReDPul,dRdz,
j,k=1 R2B

2
d
JLQ = Z E JI ({“)l’(/)Rijal[DPU]jyk dex,

jki=1  R2B

2
Ss=-Y ijRk%[DPu]j,dedm,

jk=1R2B

2
d
Ja=— > ] Oy R;Ry— [DPul; 1 dR dz.

j,kl=1R2B
By integrating in time, we have

t t
/ J1,1 d$+/ Jl,g ds
0 0

2
S ol e2ylluol 2 +
)

| wR; Ri[DPul; x dR dz
R2B

2
+ )
Jikid=1

S lullze + 18172 o2y + lluol iz + 1vol iz 2

JI 8[1!)Rj Rkal [D]P’u]jyk dRdx

R2B

By substituting the second equation of (4) into J; 3 and J; 4, then using Lemmas 2.4 and
2.6, we obtain

2
Jig+J1a S Z

j,k=1

2
+ >
4.k, l=1
+ 1Bvull a2 1] 2 iy + 101 e i,
Sz ey + lull )12l s+ 100 + 91 )

+ 10l + 1181172 1y

ff YR; Ri[DP(u - Vu)]; x dRdx

R2B

[J otvR;RD(u- Vu)]; x dR de

R2B

Summing up the bounds of J; ; (i = 1,2, 3,4) and integrating in t yields that
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t
/ J1(s) ds Slluollzr + %ol Fr2c2) +Os<u§tIIU(8)|I§12 + s H?/J(S)H%z(w
0 <s<

+ (1+0zup IIUI|H2+ S lelm £2) / 10vullZs + 1112 50y ds (47)

s ol s ol [ Ny ds
0<s< 0

By integrating by parts and Lemmas 2.3 and 2.4, we can bound J; and J, as follows
J2 Sllulleee V|2 (22) || Vul| L2
+ ||VUHE2||8IVUHE2||v@[)||zz(52)||82 VQ/’H;(U)HVQ“HH (48)

Slillg= (IVullz + 11 )

and

2
Ji== Y [f Vu-RY-Va(R;Ry)Dul;kdRdz

j,kl=1R2B

= > [J o(Vu- Ry)- Vi(R;Rp)O\[Dul; x dR dz

j.k,l=1R2B (49)
SIVullZa ]z + [l [ V2ull72
+ IVl Za 101Vl | 2 [ Vel 222y [Vl 2
Sz ce2) (101ul 2 + [02ul 7).
Finally, by Holder inequality,
Js+J5 < fIIVuIIHl + Cl1029l 322y + ClIYIGp1 gy - (50)

Integrating (46) in time and invoking upper bounds in (47)-(50), we obtain

Ex(t) <Clluliys + Cllvolyaeay + C sup [0vu(s)lids +C sup [1905)]Eyagrpn
0<s<t 0<s<t
t
0 [ 10wl 01 i+ 000y

+C( sup I\UI\H2+ JSup ([l c2) / 101ullZs + [102ullEs + 1117 541 ds

gCEl(O) +CEL(t) + CEE (t) + CE; (t),

which is exactly (36), and our proof is accomplished. O
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4.2 Merely horizontal dissipation

In this part, we consider the global existence and stability of the 2D FENE dumbbell model
without any vertical dissipation. To address the challenge posed by the loss of derivative, we
introduce the symmetry condition of initial data, namely, v, is even in R5. In Section 3, we
have shown that this symmetry property holds as long as the solution exists.

Due to the absence of vertical dissipation 92+, the corresponding energy functionals of
(6) read as follows

Eu(t) = sup [Ju(s)|[z2 + sup [[9(s)l[F2(c2
0<s<t 0<s<t

+/Ot{|alu(s)||f;;2+|w< ][

¢
:/ ||Oou(s)|| 31 ds.
0

With this suitable energy structure at hand, we are ready to prove Theorem 1.2.
Proof (Proof of Theorem 1.2) In a manner akin to the bootstrap argument used in the proof
of Theorem 1.1, we proceed with the L2-type and H2-type estimate to establish Proposition
4.1, replacing E; and E, with & and &, respectively:
Ei(t) < E(0) + CEL(H)? + C&(1)2, (51)
Ex(t) < CE(0) + CE(t) + CE(t)E + C& (1) (52)

Similar to (41) and (42), we have

1d
5 (lllze + 10152ce2) + 10vul 22 + 0132 500, 5
S llzen) (IVullfe + 191172 ).
and
1< d
3 Z E(H@%UII% + ||3137/’||%2(.52))
k=1
2 2 2 5 (54)
+ > Nl + D NRYI gy = D D T
k=1 k=1 k=1 i=1

where I; to I are identical to the corresponding I; to I in (42). On the one hand,
I{ + I, = 0. On the other hand, since the bounds of I3, I, and I5; in (43)-(45) do not
involve the vertical dissipation term ||021|| g2 (22, these bounds also can be used to control
I, I} and I} . Hence, it suffices to consider I3 ,. Using integrating by parts in R, we have
Iy =155, + 1550+ If 5 5, Where

s}
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2 1t —ZZ ff 0105u; R; 93" ")OR, ?/2¢ dRdz,

r—0 j—1 R%B
Ig g9 = Z j D204u1 RoO3 ™ "p0R, —2— 5y dRdz,
r=0 R2B d}
2 o2
I35 3 ZZZ f D204us Ro03~ "R, z; dRdx.

r=0 R2B

By using Lemmas 2.3 and 2.4, I , , can be bounded by
Loy S (lullmz + 1l r2ce2)) (101l + 11915 g0 ))-

By Oyup = —01uy, I , 5 shares the same bound as I , ;.

Now, we take advantage of the symmetry property of ¢ to eliminate 5 , ,. Thanks to the
symmetry property stated in Proposition 3.1,

we know that for i = 0, 1,2, 93+ and 8R1 Y are even in R,. Hence, for almost every
reR*andt € [0,T],

024

dR =0,
Yoo

/ R85 "0R, —=—
B

and consequently I3 , , = 0. Hence, I} , can be bounded by
I S (lullmz + [0l 2 ce2) (10l + 19132 50))-

Using the arguments parallel to the proof of Theorem 1.1, it is not difficult to achieve (51).
Also, since estimate (52) can be treated identically to (36) except for some harmless details,
we choose not to repeat them tediously. O

5 Exponential decay

In this section, we deal with the equation of oscillation part (i, ) and the equation of ),
focusing on proving Theorem 1.3. Throughout our proof, the properties of the orthogonal
decomposition in Lemma 2.1, Poincaré inequality in Lemma 2.2 and anisotropic inequali-
ties in Lemma 2.5 will be frequently used.

By the definition of u, we know that 0,z = 0 and

u - Vi = w1011 + usdott = U Do,

Due to the divergence free condition, there exists a stream function ¥ (x, t) associated with
u such that

u= Vil :=(=0,¥,0,7),
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then
Uy =010 =
Therefore,
u-Vu =0,
and
uw-Vu=u-Vi=u -Vi+a -Vi=1a-Vi
Similarly,
uw-V=1a-Vi,

divg(—Vu - R(’LZJ/‘—F\'L/}/OO)) =divg(—Va- R’JJ)

On the other hand, using divu = 0, d;u = 0 and u, = 0, we have

2
divR(—Vu . R'IZJ) = — Z ajﬂiRjaRi"JJ = —82121]%2631@5,

ij=1

2
divR(—Vu . R1/)OO) = — Z 8jﬂiRjaR1@DOO = —82@1R2831’ll)oc.

ij=1

Now, we deduce the equation of (i, ). Since ¢ is even in Ry, we have 7y 5 = 151 = 0.
Taking the = -average of (6) and using the above properties, we deduce that

70 0
{ Ot Vi = (8215) Jrazi(fzg) ’ i i (55)
O + - Vi = =divg(Vi - RY) — 02ty RaOR, (¥ + Yoo) + L.

By the result stated in Theorem 1.3, the oscillation part (i, ) will eventually decay to
(0, 0), and the velocity U in system (6) will turn to the first equation of the above one-
dimensional system of average part. To establish the decay result, we first prove the decay
of the oscillation part (i, ), as shown in Proposition 5.2. Then, we use this result to prove
the decay of the average part ¢ in Proposition 5.3.

Before proving the exponential decay, we first state the global existence and stability of
the solution in @ =T x R.

Proposition 5.1 Suppose that the assumptions of Theorem 1.3 hold, then (6) has a unique
solution (u, 1)), and 1 is even in Ry. In addition, for all ¢ > 0, (u, ) satisfies

@ Springer



Stability and large-time behavior for the 2D FENE dumbbell model near... Page 35 0of 50 190

t
OB+ OBy + [ {016 s+ 102 By +11666) By } s < O3
0

Since the existence result can be proven in a manner almost identical to the R? case, we
choose to omit the proof.

5.1 Decay of oscillation part

The decay of the oscillation part (@, ) reads as follows.

Proposition 5.2 Suppose that the assumptions of Theorem 1.3 hold, then (i, V) satisfies
allzr + 9] 22y < (ol [ + 1Pollmr 2y )e ™,

for some constant ¢/, > 0 and for all ¢ > 0.

Proof To demonstrate the exponential decay of the oscillation part, we first deduce the equa-
tions of (i, v). Taking the average of (6) yields

O+ (u-Vyu=du~Vp+divr, diva=0, s
8% +u- Vi = divg [—Vu-R(¢+¢oo)+¢va¢%] (56)
Taking the difference of (6) and (56), we obtain that
o+ u - Vu—OQu—Vp—I—dWT diva =0, 57
at¢+u.w_dwR{ (Vu- R(¥ + 1)) wvaﬁ}. 7
By the standard L? energy method, we have
1d >
5 (e + 110132 c2)) + 1BrullF + 91y = D B (58)
i=1

where
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Ry :=— mﬂ dz,
Q

Rs ::/divi’ﬂdx,
Q
—— _dR
Rs = — u - Vo — du,
’ Jzﬁ Voo

dR

Ry =~ [ diva(Vu- Ry)™ oo
QB e

Ry = — H dive(Vii - Ripoo )b E—R dz.
QB b

By divergence free condition and the orthogonal property in Lemma 2.1,

Rlz/—u-Vﬂﬁdx+/u-Vﬁﬁdx— w-Vaide = — | u-Vaadz.
Q Q Q Q

Since Vu and 0y w are independent of x1, we have

Ry = — mﬂdx:—/ﬂ~Vﬂﬁdx:—/ﬁg@gﬁﬂdm.
Q Q Q

Hence, using Lemmas 2.2 and 2.5, we can bound R; by

1 1 1 1
Ry S ||l £ [101al| L. |02l £ [|0205ul| £ ]| L2

- (59)
Sllullm2{|0val |7
For R, and Rs, base on the argument in (40), we have
Ry + Rs = 0. (60)
Similar to the argument in Ry, we can bound R3 by
-~ dR
Ry=— || a-VyYyy —dzx
v
(61)

1 I —d -4 ~
S NallZ2[10val [ 221V Yl f22) 102 VIl F2pa) 191 L2(22)
S IWJHH"’(£2)(H61€LH%2 + ||¢||iz(;_l1))
To bound R4, we use integrating by parts and Lemma 2.1 to decompose R, into two parts

Ry= [ Vu- RJ)VRf dRdz + ﬂ Vii - Rzz?v%ﬁ dRdz.
QB e QB e

Recall the symmetry property stated in Proposition 5.1, for almost every x and t,
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/B R190r, w% dR = /B Ry)Og, w% dR = /B R190r, w% dR = /B RoyOg, w% dR = 0.

The above equation together with divergence free condition Oyus = —01u1, 0141 = 0 and
Sobolev embedding yields

R4 = J:[ 81u1 Rﬂ/)aRl % — R2¢8R2 ’L/)w )dR dx
QB o
+ [ vits (Ryor, wi - qu/?a%%) dRdz (62)
OB [es) oo

Il ey (10rl 22 + 19112 0,

Substituting (59)-(62) into (58), we find

d _ ~

= (NallZe + 191172 22)) + 20 = Cllul iz = Cll¢l a2 (c2) (10l 72 + 1172 50)) < 0. (63)
We can deduce from Proposition 5.1 that if e3 >0 is sufficiently small and
[luollF2 + 1%l | 2(c2) < e, then

Cllullfz + Cllgllaz(c2y < e < 1.
Therefore, we can use Poincaré inequalities in Lemmas 2.2 and 2.6 to obtain
a2z + [[(@)]| L2 (c2y < (1E(0)][ 22 + [[P(O)|z2(z2) e,

where ¢}, = ¢j;(e3) > 0.
Next we consider the exponential decay of ||Vi||z2 and ||V4)||2(c2). By applying o,

(k =1,2) to (57), we have

{ 00Tl + Ot - Vu = 0021 — VP + Opdiv s, diva =0,

Oy + Optt - Vb = Oy divy {— (Vu- R(¥+ 1Y) + Ve wi ] . (64)

Integrating (64) with (9, ¢, we obtain that

1d
5 (1003 + 1001 Ban)) + 10001 + 100 By = SR (69)
=6

where
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Ra ::—/ak(m)f)kﬂdx,
Q
R7 Z:/ 8kdiv%8kadx,
Q

Rg = S{g 6]6(17—\%)8]61/; j}g dSL‘,

an
Voo

Rig =~ [{ divr(0sVii - Ripoo)Osth ar o
oB oo

Ry := — jf 8kdivR(Vu : Rl/))NC{?MZ du,
OB

Similar to the reasoning in Ry, we bound Rg by

Rg = — / Okt - Vudpt da — / Ot - VuOpt da — / U - VOpuOpt dx
Q Q Q (66)

Sllull 2101Vl |z
For R7 and Ry, we use the argument in (40) to obtain

R7 + Ri0 = 0. (67)

To bound Rg, we use Lemma 2.1 and divergence free condition to rewrite it as
Rg = Rg_’l + Rg_yz, where

_ _dR
Rgq = H Ot - Vo — da,
oB Yoo

R&Q = JI 8k (ft . V’JJ)@MZ) ﬁ dx.
QB VYo

Since 1 does not have any center-of-mass diffusion, to bound Rg. 1, we further rewrite it as
Rg,l = Rg,l,l + R&LQ where

- - dR
Ry = |[ Opit- VIO o do,
QB >

RSYLQ = fj Bkﬂ . VJ)(?MZ Z)j dx.

QB o0

Using Lemmas 2.3 and 2.6, Rg ;1 can be bounded directly as

1 1 ~ 1 -1 ~
R8,1,1 S ||akaHz2||alakﬁ||22||V1/)||22(E2>||62V1/)||z2(52)||ak¢||L2(£2)
Sl (e2) (10108l 72 + 106972 551, )-
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For Rg 1,2, notice that @ is only dependent on 2, and for any one dimensional function
f € H\(R),

£l < V2I A ey |11 B - (68)
Hence, we apply Lemma 2.6 and (68) to obtain
Rs 12 < [|0kt]| < [V | L2 (22) |0k L2 (2)
< ||UHH2||8191[’H%2(7{1)'
Collecting the above bounds of Rg 1 1 and Rs 12 yields that
R < (fullrz + [l (c2) (101062l 22 + 106D 172 5))- (69)

For Rg o, we infer from Lemmas 2.2, 2.5 and (68) that
_ - dR - ~dR
Rgo = H Ol - VpORtp — da + jj i - VoRpopp — da
QB Yo QB Yoo

b ool vl o ;
SOl L2 1010kl 2 [[VOI L2 22y 102Vl | Lo oy 11Ok | L2 (22 (70)

1 s - ~
+|all 7211020l | 2210k VOl 222 |0k L2 (22)
Sz ez (10100l 72 + 10821172 511 -

Combining (69) with (70), we find
Ry < (Ilullrz + 1191 r2c2)) (1010kal |22 + 10101172 70))- (71)

We now proceed to estimate Ry, which presents greater difficulties. Using Lemma 2.1 and
integrating by parts, we divide Ry by

Ry = R911 + Rgﬁg + Rgﬁg, (72)
where
Rg; = ﬂ (Vi - R&)vRa’“—w dR dz,
o Yoo
I oY
Ry = [{ 0x(Va- ROV gy — dRda, (73)
QB o
o O
Ry = ﬂ (Vi - RY)Vr—— dRdz.
v Yoo

First, we Lemma 2.1 and symmetry of +) to proof Ry » = 0. Recall that u, = 0, then
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2
~ 0
Ros =Y [{ 0k(021; R;0)) 0, w’“—w dRdx
j=1QB
= ff 8k (agﬂlRl’(;)aRQ akf'ﬁb dRdzx.
o v

However, we obtain from the symmetry property of ) that

/ R19)0g, O dR = / RlakiaRQk—w dR = 0.
B wOO B ":boo

Hence, Rg 2 = 0.
Next, by using the symmetry property of ¢, Osus = —01u; and Lemma 2.5, we can
directly bound Ry ; as

ot
Yoo
ont
Yoo
SO0k | 21191 oo (22) |0k | 2 (1

+ 1100l | 22 10100al | 22 10kl £ 2 1102080 Fo o) 1O 2.
Sl ez 101Vl F2 + 1Ok 2 511)-

b
Yoo

Nt
Yoo

Rg’l = fj 818@11[}(1%18131 — RgE)RQ ) dR dx

OB

+ J:[ 81ﬂ18kd(R1831 — R2832 ) dRdx
QB

(74

Also, parallel to Ry 1, we can bound Ry 3 by
Ry S| 22y (|01 V|7 + ||3k1/)||Lz(H1 (75)
Plugging the upper bounds in (74) and (75) into (72) gives
Ry S [[llm2e2) 101Vl |22 + 110801135 q0))- (76)
Substituting (66), (67), (71) and (76) into (65), we obtain that

d 5 ~
S UIVallze + IVl c2)

. (77
+2(1 = Cllullzz = CllWllm2(e2) 101Vl 22 + V7 50)) <0

Similar to the previous L? argument, if the initial data is sufficiently small, we can use the
Poincaré inequalities in Lemmas 2.2 and 2.6 to obtain

IVa(llze + IV Ollz2(e2) < ([Vollm + [V dollm(ez))e 2",

where ¢}, = ¢{5(e3) > 0. By taking ¢; = min{¢};, ¢|5}, and the proof is accomplished. OJ
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5.2 Decay of average part

Once we have established the decay of the oscillation part (@, ), we can leverage this prop-

erty, in conjunction with the dissipative effect of the operator £, to demonstrate the decay of

the average component ). Here, the symmetry of ¢ is pivotal in eliminating the linear term.

Proposition 5.3 Suppose that the assumptions of Theorem 1.3 hold, then v satisfies
[0 71 (22) < (|W0||H1(c2))67612t, (78)

for some constant ¢;, > 0 and forall ¢ > 0.

Proof Recall from the second equation of (55) that the average part 1) satisfies

O + - Vip = divg(=Vii - R) — Oy RyOg, (P + thoo) + L1
Integrating the above equation with v, we have

1d

B dt‘WHL?(ﬁ? +||¢||L2(H1 = 57+ S + S, (79)

where
———=-dR
Sy = — jju-vww%b—dx,
QB o0

S = [[ dive(~Va- Ri)$ AR o

QB 1/)00
Sg = J:[ 782’[21R23R1 (1; + woo)w wi dz.
QB *

Using Fubini-Tonelli Theorem, integrating by parts, Lemmas 2.5 and 2.6,
Sr = H i vww — d S allZe + 1613 o) 1910

e _ . .
Sg = gg —Vu-RwVqu:dex SIValZe + 1113 22191172 501

For Sy, we deduce from the symmetry property of ¢ that

So = JI 82u1R2 ’L/) + 1//'oc)81 ’(;/) dRdz = 0.

Hence, substituting the estimates of S, Sg and .Sy into (79), we obtain that
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d, - - . )
S92y < =2 = Ol () 0112 0, + Clll

Thanks to Propositions 5.1 and 5.2, we have
(2= CllI B (oI 22y < —€lll3a )
and
la)|3 < (ol 3 + 1ol 3 o2))e 3,
together with Lemmas 2.1 and 2.6, we obtain that

d - . _ . e
2 1PNZe o) + ellPllZagez) < Clllol [ + 1ol [ o2y Je ™"

Hence, by the comparison principle of ODE, there exists a constant ¢, > 0 such that

9] 2(c2y < C(l[woll e + Itbollrra(c2))e 2.

(80)

Next, we consider the H'-type estimate of . By applying 9, to (79), and integrating with

J21), We have

1d - _
iaﬂaﬂﬁ”i?(c?) + ||02¢Hiz(7;£1) = S10 + S11 + S12,

where
—=., - dR
SlO = JI 82(’(] . V’(ﬂ)agw —_— dl’,
oB Yoo

Si1 = jj 82diVR(—Vﬁ . R1/~))821Z) ﬂ dx,
QB Voo

Sig = Jg —02(02u1 R20R, (1/_} + ¢oo))321/_} 3}% dz.

For S0, we use divu = 0, Fubini-Tonelli Theorem, Lemmas 2.5 and 2.6 to obtain

QB o QB

oo

~ 1 ~ 1 -

§||82"1HL2HV7/1H£2(£2)HBQVwHEZ(g)||82w||L2(L2)
1 .t ~ _

11012 oy 102l 2 oy 9] 12 2 1920 | 22

Sllallz + 191222 102911321
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when applying the anisotropic inequality, we use the fact that 9,921 = 0.
For S11, by divu = 0, Fubini-Tonelli Theorem, symmetry property of ¢) and Lemma 2.5

Dot
oo

<11028r 1l 2 ey |11 o 192011 B o 102 e

Dot

Sy = jj Vi - RYV == dRda + jj Vii - Ragw,glb— dRdx

+ |10va |72 110201 | 721023 L2 22) 1029 L2 11
S 2y + 19112 (22 10201172 1 -

By the symmetry of ¢, we have S;5 = 0.
We plug the estimates of S1, S11 and Sp2 into (81) to obtain

d 5 _ } 5
EH@#’H%?(.@) <-(2- C||¢|\%2(52))||321/1||iz(7'{1) + C(llalFn + 1Pl c2))- (82)

By Lemma 2.6, Propositions 5.1 and 5.2, for sufficiently small 3, we have

— (2= ClI e o)) 10281 22 ny < —llO2¥l B2 2y,
la()l[7 + 19O g2y < (laol 7 + 1ol g2))e ™"
Thus, following a similar argument as before, we establish the exponential decay of

1029|122y Then, by the equivalence of norm || f|| g ~ || f]|z2 + ||02f|| 2, we arrive at
the result of (78). O

With Propositions 5.2 and 5.3 at hand, the decay property stated in Theorem 1.3 comes
immediately.

Proof of Theorem 1.3 By combining Proposition 5.2 with Proposition 5.3, and choosing
¢ = min{c}, ¢4}, we can directly derive the result stated in Theorem 1.3. O

6 Vanishing viscosity limit

In this section, we focus on the vanishing viscosity limit problem of (9), our result indi-
cates that when x — 0, system (9) converges to (6) in H' sense. Throughout the proof, the
enhanced dissipation (16) arises from the wave structure, as well as the strong type Poincaré
inequality in Lemma 2.2 play critical roles.

Through arguments similar to Theorem 1.2, we have the global existence and stability of
the solution of (9) in 2 =T x R.

Proposition 6.1 Suppose that x € (0, 1), divuy = 0 and 1, is even in Ry. Assume that
up € H?(R?) and vy € H?(R?; £?). There exists a small constant ¢5 > 0 such that if

[uollzr2 + [Ivbol 222y < €5,
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then (9) has a unique global solution (u"”,"), and v is even in R,. In addition, for all
t> 0, (u,¢") satisfies

()32 + 10" ()32 2

t
[ {00 ol + 0 9l + 10006V B+ 166 By} s < O
0

It is worth emphasizing that the 5 is independent of viscosity parameter , this implies
that the energy estimate in Theorem is independent of «, which is crucial to the following
proof of vanishing viscosity limit result.

Proof of Theorem 1.4 Define
U =u—u, WF=o" 1, T°=PF_P
then, from (6) and (9), we have
O U" +ur - VU = —U" - Vu + 03U" + k02U" + VII* + div (7 — 7) + rO3u, 33
QT +ur - VU = —U* - Vip + divg (= Vu® - RIF) + divg(—=VU" - R(¥ + 1eo)) + LTF. (83)

Integrating the above system with (U", ") yields

5
T + 10712 2gn)) + 10U (22, +wll 020" |2 + 1187 2y = S Ti (84)
=1

N —
Q“Q_‘

where

T ::—/(U”-Vu)U”da;
Q

Ty = / 8§uU” dz,

T :—H (U" - V)& —dx
QB
dR
Ty := || divg(—=Vu”" - R&" —d
1 Jg ivg(=Vu )2 o

Ts = ﬂ divg(—VU" - Ryp)¥" dr ..
B Yoo

Here we use the fact that

d
/ div (7 = 7)U" dw + [ divg(~=VU" - Ripc)¥" a8 4o
Q QB v

o0
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For 77, to take advantage of Lemma 2.2, we use Lemma 2.1 and split 73 into the average
part and the oscillation part 7y = Ty 1 + T 2 + 11 3, where

T171 = Ux-Vau U”dl‘,
TLQ :7/Wv’aﬁ—; dl‘,
Q
T171 = (}T‘VU&T‘ dx.
Using Lemmas 2.2 and 2.5, we can bound T3 ; by

~ 1 ~ 1 1 i
Ty <Cl US| 221100071221Vl 221102 V|| 2| U] 12
K 1 K
<C|[Vul[#:||U ||iz+6||81U 172

and 71 o, 71 3 can be bounded similarly. Hence,

1
T < Ol Vull i [[UMIIZ2 + Sl U IZe.

For T»-T5, by integrating by parts, Lemmas 2.5, 2.6 and symmetry of ¢,
Ty < Sl10aullfaqez) + S10:2U% 72 o)
Ty < Cll |z o) (1013 + 110" 132) + 1||Lv“||’§2(}-m,
Ty < C(||02u”| |3 + HGW”IIHz)IIW”IILz(gz) +3 IIW“IILZ(H1)7
T5 < Cl[W[[ 22 1010|222y + 2 ||¢’HHL2(H1

Combining (84) with the bounds of 17 -T5 yields that

d K
ST NZe + 11271 72(c2)
—(1 = 2C|[ [ 22)) 101U 172 + s |O2ul 72 (85)
+20(102(u", w3 + 101 (w*, W)l + 19172 22)) IUF T2 + 17122 2))-
Next, we consider the H'-type estimate. By applying 0 (k = 1,2) to (83) and multiplying
them by (8, U", 0,%*) in L? and L2(L?) respectively, we deduce

1d K "
3 g Il 122 + 106%™ |22£2))

(86)
000U 25 + 511020607 2 + 1060 B ) = S T,
2
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where
Ts =~ / O (u™ - VU")0xU" dz,
Q
Ty F’/ak(U“'Vu)c‘?kU“dw’
Q
Ts .= /6§6ku6kU“ dz,
dR
Ty :—Hak VTN ww—dm
Ty :=— j [ (- vo)or s,
Yoo

dR
Ty = H Opciv(—Vu - RO = do,

oo

Tis = [[ Opdivi (VU™ - R)O0" i—R da.
QB >

SimilartoT,wesplitTs intotheaverage partsandoscillationpartsas?s = 15,1 + 16,2 + 16,3,
where

Teq1 = / (Our - VU0, U* da,
Q
T i=— / Opur - VURO,U* dz,
Q
Te 3 :=— / opu” - V(,]T‘Gk[ff\'; dz.
Q
Whenk = 1,751 = 0.When k = 2, by U, = 0, Lemmas 2.2 and 2.5, we can bound Ts,1 by

— 1 — 1 —~ 1 —~ 1
To,1 < C|0our|[}2|0202u™|72||02U%| 72 [|01 O2U*||72]102U"]| 2
1

SCHVu“HipllVU“H%z+E||3132U“H2L2a

and T5 o, T5 3 shares similar bounds with Tg ;. Hence,

1
To < ClIVur |3 VU172 + 11000k U" |17z

By the reasoning identical to 75,

1
Ty < C(|0aul 3 + [101ul [32) U512 + 31101 VU|Zz.
For T5, we directly use integrating by parts and Young’s inequality to bound it as
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K K
Ty < §||323ku||i2(52) + §||828kUKH%2(L2)'
For Ty and Ty, we can apply divu = 0, Lemmas 2.5 and 2.6 to obtain
2 2 K||2 1 K1||2
Ty < C(l102ul s + 10vullag2) V™[I L2 22y + Z 11O 72 1)
2 K||2 2 K2 1 K||2
T1o < CllYl gz ) 10z + CllYl 2 e 1OLU 7 + 2110072 541

For T1; and T, after integrating by parts, we can bound them by using Lemmas 2.5, 2.6
and symmetry of ¢):

K K K 1 K
Tia <C([102u” 17 + 100" [32) 12" 11 22) + 71062 T2 0,

K wlﬁ
Tio = Z f 313,2(]" (Rlair,(baRla:;w — RQ@;T¢8R2(‘1’Z) dRdz
r=0,1 QB oo o0

K K 1 K
SOz 1”11 + ClWl 22y 101U ||?;1+le<9& 122 0y
Inserting the bounds of T5-T15 into (86), we find

d K K
S (IVU 22 + [V B ga)

< — (1= 200 ra 21O TU™ 22 + w0V 2 (87)
+ 2002w W s + 191, )l + 101 VU2 + V07 )

Due to the norm equivalence, we can deduce from (85) and (87) that

d K K
S Uz + 12711 22))
< —(1 = 2011932 e2)N1OWU" |31 + Kl|02ul 3
+2C (1102 (u™, wlE + 1101w, w)l[Z2 + 18117 0 JNU | + 19111 2))-

Thanks to the stability stated in (8), we can choose ¢4 < min{es,e5} small enough such
that

—(1 = 209|312 (£2y) <0,

and

d K K
SO + 112711 22))
< CDWO(IU i + 10" |[3 (2)) + KD(D),

where
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D(t) = 102", w) (®)][ 2 + 101 (™, w) ()) 7> + [ F 50

Since U*(0) = ¥*(0) = 0 and D(t) is integrable in time, by Gronwall’s inequality,
o ["pisyas [ 2
0% By + 0¥ oy < <o PO [ ep(s)as < ot
0

which is exactly (10). O
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