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Abstract

This paper intends to understand the long-time existence and stability of solutions to an Euler-like equa-
tion. An Euler-like equation is the 2D incompressible Euler equation with an extra singular integral operator
(SIO) type term. In contrast to the 2D Euler equation, the vorticity to the 2D Euler-like equation is not
known to be bounded due to the unboundedness of the SIO on the space L. As a consequence, classical
Yudovich theory fails on the Euler-like equation. The global existence, regularity and stability problems on
the Euler-like equation are generally open. This paper makes progress on an Euler-like equation arising in
the study of several fluids. We establish a long-time existence and stability result. When the Sobolev size of
the initial data is of order ¢, the solution is shown to live on a time interval of the size 1/ 2. When the initial
data is restricted to a class with special symmetry, we obtain the global existence and nonlinear stability.
© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction

An Euler-like equation refers to the incompressible 2D Euler vorticity form with an extra
term involving a singular integral operator. Attention here is focused on the following Euler-like
equation

Bla)—i—wVa):v’R%a), X eTz,
(1.1

u= VJ‘A_la),
. Lo .
where v > 0 is a parameter, R; = 9;(—A)~2 with i = 1,2 are the Riesz transforms, T2 =

—%, %]2 denotes the 2D torus, and V1 = (—0z, 01). The fractional Laplacian operator is de-
fined by the Fourier transform, for any g € R,

(=) £ (k) = k1P F (k).
For the sake of convenience, we denote
A=(=A)2.

(1.1) can be formulated in the following velocity form

8,u+rou+Vp+|: 0 i|=0, xeTz,
Vi3 (1.2)

V.-u=0,
(1.2) represents a partially damped Euler equation. It is easy to check that taking the curl to (1.2)
yields (1.1). Even though the velocity formulation (1.2) appears to be asymmetric in the two

directions, they can be converted into a symmetric form. Applying the divergence operator V- to
(1.2) yields

p=—vhA Uy — ATV (- Vu).

Separating the linear and nonlinear parts, we obtain

ui — v A =0 ATV - (u- Vu) —u- Vuy, 13
8,u2+u2—vazazA_luzzazA_lV~(u~Vu)—M-Vuz. .
Invoking the divergence-free condition V - u =0 in (1.3) leads to
8tu1=vR%u1+81A_1V~(M~Vu)—u-Vu1, (L4)
dur =vRuy + AV - (u- Vi) —u - Vuy, '

which reveals the symmetric structure due to the coupling and interaction of the two velocity
components #1 and u». It is easy to check from (1.4) that the divergence-free condition V- u =0
is preserved in time.
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The Euler-like equation arises in many physical applications such as fluid mechanics, general
relativity, and mathematics biology. They also emerge in the study of several open regular-
ity and stability problems on the Boussinesq equations and the magnetohydrodynamic (MHD)
equations. The reduction of the Boussinesq equations in the zero-Prandtl-number limit to the
Euler-like models can be found in [8]. The global regularity problem on the 2D MHD equations
with only magnetic diffusion depends crucially on one of the Euler-like equations in [6,9,10].

Our goal here is to advance our understanding on the fundamental issues. The global-in-time
existence, regularity and stability problems on this Euler-like equation are extremely challenging.
The main difficulty is due to the lack of global bound on the vorticity. In the case of the Euler
equation, namely (1.1) with v = 0, the vorticity is transported by a divergence-free velocity field
and is thus bounded uniformly for all time. This boundedness is the essential ingredient of the
celebrated Yudovich theory on the global existence and uniqueness of weak solutions to the 2D
incompressible Euler equation [11].

Unfortunately, the situation is different from the Euler-like equation. Due to the appearance
of the singular integral operator (SIO) and the fact that SIOs are generally not bounded on L,
the vorticity of (1.1) is not known to be bounded for all time. In fact, the work of Masmoudi and
Elgindi showed that solutions to Euler-like equations can experience normal inflation in the L™
setting [3,4]. Therefore, we do not expect their solutions to be bounded for all time.

Without the boundedness of the vorticity, it then appears that the global regularity and stabil-
ity problems are beyond reach. In fact, very few results are currently available for the Euler-like
equations. This paper presents two results. The first one assesses the long-time stability of pertur-
bations in the Sobolev setting. It says that, when the initial perturbation in a sufficiently regular
Sobolev space is of the order ¢, then (1.2) has a unique solution on a time interval with the length
of the order £ ~2. This solution remains of the size .

To give a more precise account of our result, we introduce a few notations. We use f to denote
the horizontal average of f and f the corresponding oscillation part, namely

fé/f(xl,m)dm, f=r-r1
T

More details on this decomposition can be found in the following section.

Theorem 1.1. Consider the Euler-like equation (1.2) on the torus T2. Assume ug € H'°(T?)

. _3
with V - ug = 0. Then there exists ¢ > 0, which can be taken as € = comin{v, v_ 18} for some
universal constant co > 0 such that, if

luoll gioeT2y <&,

then (1.2) has a unique solution u(t) € HIO(TZ) on the time interval [0, Cq ve 2] for some
constant Co > 0. Moreover, for some constants C1 > 0 and Cy > 0, and any t € [0, Cq ve 2],

lu@ll gror2) < Cre

and

@@ s T2y <
(1
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Since the coefficient v is typically taken to be small (e.g., v < 1), the quantity VT is large.
Therefore, we may choose € = cgv, a suitable multiple of v. Even though this result doesn’t fully
resolve the global existence and stability problem, it does reflects the stabilization effort of the
term involving the SIO. For the 2D incompressible Euler equation, the vorticity gradient and
more general derivatives can grow rather rapidly in time. More precise growth type results can
be found in [7] for bounded domains, and in [12] for the periodic setting.

We remark that the time interval is of the order £~2, much larger than the standard local
existence time interval e ~!. Therefore, this result is not just a local existence theory.

Our second main theorem presents a global existence and stability result for the case when the
initial perturbation has some symmetry properties. More precisely, the following theorem holds.

Theorem 1.2. Consider the Euler-like equation (1.2) on the torus T?. Assume ug € H'0(T?)
with V - ug = 0. In addition, we assume the following symmetries,

uo,1 is odd in x1, and ug is even in xi. (1.5)

. _3 .
Then there exists ¢ > 0, which can be taken as ¢ = comin{v, v~ 18} for some universal constant
co > 0 such that, if

||u0||H10(’][‘2) <e,

then (1.2) has a unique global solution u € L*°(0, co; HIO(T2)) satisfying

t
IO By, +v [ WOz de = €
0

and for some C > 0,

5
~ Cvieg
V) s 2y < .

(141)%

Again, since v is generally assumed to be small (e.g., v < 1), we may choose ¢ = cov, where
co > 0 is a suitable constant. Due to the regularity and uniqueness of solutions in the Sobolev
setting of the theorem, the symmetries specified in (1.5) are preserved in time. Theorem 1.2 states
the stability and long-time behavior of perturbations restricted to the symmetry class in (1.5).

We briefly explain the difficulties and the main ideas in the proofs of our main results. The
proof of Theorem 1.1 invokes the bootstrapping argument. We make the ansatz that, for two
suitable constants C1 > 2 and Cqy > 0,

lu(®)ll groer2y < Cie fort € [0, Cove™2]. (1.6)
We then show that, for ¢ on the same time interval,

Cy
lu@)ll grocr2) < — & (1.7)

4
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The local theory of existence and regularity guarantees that, for # € [0, Cove~!] with a suitable
constant Cp > 0,

||“(t)||H10(T2) <Cie, (1.8)

when the initial norm is taken to be sufficiently small. To extend (1.8) to the longer-time inter-
val [0, Cove 2], we estimate |u ()| m10(T2y Via the vorticity formulation, which eliminates the
pressure.

It then suffices to obtain suitable a priori bounds on ||w|| g9 due to the equivalence ||u|| g0 =
llull ;2 + |lw|l yo. Because of the anisotropic nature of this Euler-like equation, we treat the
good horizontal derivative differently from the vertical derivative. In addition, quantities are de-
composed into their horizontal averages and the corresponding oscillation parts. To bound the
oscillations parts, the following Poincaré type inequality is used to create the favorable horizon-
tal derivative,

I £llz2 < Clldy flz.

More details on this Poincaré type inequality can be found in Section 2. After implementing
these two key points and various other suitable inequalities, we obtain the following inequality
on the Sobolev norm of the vorticity (4.24), for some constant C > 0,

d ~ _
Enw(r)ni,g +[Riwl}s < Cllall gallwlts + Cv ol (1.9)

To obtain a suitable upper bound on the norm ||w(¢) ||§19, a natural next step is to explore the

decay property of ||@|| g4 or ||i]| 5. We are able to show that
Cyis
v
_— (1.10)
(1+1)

where C is just a constant independent of v and ¢. Where does this decay come from? It is
mainly due to the fast L? decay of the vorticity oscillation part @ (see Proposition 3.1). The
decay estimate in (1.10) is a consequence of the interpolation inequality

™

IO s 2y <

Bl

4~ ~ 3 i~ E 1 _9\5 4 5 _s
v w(t)IILZSCIleleIIwIIHgSC(V28(1+I) 4) €9 <CvBe(l+1) 4.

Inserting (1.10) in (1.9), applying Gronwall’s inequality and invoking the ansatz, we find that,
for 7 € [0, Cove 2],

5
1,2 % Ci
lu(@)ll groer2) < lluoll groepay e €T Fe < e

Then the bootstrapping argument implies the desired upper bound for [|u ()| 1012

The proof of Theorem 1.2 relies crucially on the symmetries in (1.5). Due to the uniqueness
of solutions in the regularity class H'0(T?), it is easy to check that the symmetries in (1.5)
are preserved in time. Making use of these symmetries, we are able to establish the following
estimate
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d ~
@10+ 2vlu2lf0 < Cs @l s llull o + Collull olluz o,
which yields the desired global stability of Theorem 1.2.
The rest of this paper is divided into four sections. The second section provides the properties
of the aforementioned orthogonal decomposition and a decay lemma to be used in the proofs of

theorems. The third section proves the decay property of the lower-order Sobolev norms. The
fourth section details the proof of Theorem 1.1 while the last section proves Theorem 1.2.

2. Preliminaries

This section presents two tool lemmas to be used in the proofs of our main results. The first
one states properties related to the orthogonal decomposition of a function into its horizontal
average and the corresponding oscillation part.

Recall that, for a continuous function f on T?2, the average part of f in x| is given by

fé/f(xl,xz)dm, (2.1
T

and the corresponding oscillation part

f=f-r (2.2)

The following lemma states several properties of this decomposition. These properties and
their proofs can be found in [1,2,5].

Lemma 2.1. Let f: T2 — R be a C! function, and f and fbe defined as in (2.1) and (2.2).

(1) If f satisfies divergence-free condition, that is V - f =0, then so do fand f, namely
V.f=0, V-f=0.
(2) The following basic properties on fand f are used frequently,
f=0f=0, df=0f.
(3) For three continuous functions f, g and h from T? to R,

/ f8hdx =0, 2.3)
’]I‘Z

and

FTz=0. (2.4)

6
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(4) The following Poincaré inequality holds for f,

I Fll2 < Cl3y fll 2 (2.5)

A sharper version of (2.5) is given by

1712 < Clidl fllzz

where y = 0 and [ f = |k |” .
The second lemma deduces a precise decay rate from a differential inequality.

Lemma 2.2. Let g € C10, 00) and g >0 on [0, 00). Assume that for two constants A > 0 and

r>1,
g A

dg<— +
S T

fort € [0, 00). Then, for some constant c, > 2" + 1 independent of g(0) and A,

g(1) < g0) +c.A
Tt 1y
Proof of Lemma 2.2. It is easy to see that
2Vi+1
3, (eZ«/H-lg) < &.
T+ D
Integrating in time from O to ¢ yields
t
2/5+1
R N/E ) —avir1 [ Ae
1) < 0 A -
glt)y<e e"g(0) + Ae /(S+1),
0
% 2+/s+1 ! 2/s+1
Se—2«/!+le2g(0)+Ae—2\/t+l € dS+ eids
(s+1Dr (s+1)r
0 L
2

%
Sezmezg(o)—f-Aez(VéHm)/ !
(s +1)r
0

t
—2Jt+1
Ae Vi [ Q25T g

+
G+

L
2
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t

11 A —2/t+1
fe’z‘/’“ezg(O)+Ae2(‘/2+1 ./z+1)+':7r/e2~/s+1 ds. 2.6)
G+1 J
2
Let t =24/s + 1, then
t 2J/t+1
/ezvsts: / e’ x <—r) dt
3 2,/5+1
. e i
=-x|ze’ - e’ dt
2 T=2/5+1
2,/5+1
<Vi+1xeVit .7)

Inserting (2.7) in (2.6), we get

g) < efzmezg(()) + Aez(V %+17“/t+_1) + 4A x (1+ t)%

(% +

[ 2% A
Se—2«/t+le2g(0)+Ae2< L4 «/z+1)+%
(t+2y"3

g0 A 2"x A
— 1 + 1 + 1
¢+ @¢+D"T2 @+D2
80 +cA
T+

for some ¢, > 2" + 1. This finishes the proof of Lemma 2.2. O
3. Decay estimate of &

The next two sections are devoted to the proof of Theorem 1.1. As aforementioned in the
introduction, the proof invokes the bootstrapping argument. The main lines include making the
ansatz (1.6) and prove (1.7).

This section serves as part of the proof. It shows that, under the bootstrapping ansatz (1.6),
lower-order norms of the solution decay in time. More precisely, we prove the following propo-
sition.

Proposition 3.1. Assume that the solution u of (1.2) satisfies the ansatz (1.6). Then its oscillation
part u satisfies, for some constant C > 0 independent of v and ¢,

5
CviB g

15| g5 2y < fort €0, Cove 2. 3.1)
(

1+1)3

8
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Proof of Proposition 3.1. We use the vorticity formulation. The oscillation part of w satisfies

yo+u-Vo=vR3a.

Due to the divergence-free condition V - ug =V - u =0, we write

u=Vy = (=ay, hy).

As a consequence, uy =0 and

U0 =ur0w =0.

Therefore,

=u-Vo+urdho
and
9& +1- VD +urdhd = vR3. (3.2)

Taking the L?-inner product with & in (3.2) yields

1d . - == .
EEHO)(I)Hiz:—U/IleIZ dx—/u-Va)a)dx—/uzaza)a)dx
T2 T2 T2
214+ J+K.

We first estimate J and K. By integration by parts, V - u = 0 and (2.4),

—_~—

J=— [ u-Voodx
’]I‘Z
:—/u~V&3&')dx+/u~V&5€5dx
T? T2
_ / Toadx + / Thaw dx
T?2 T2

2+ /.

By Lemma 2.1, Holder’s, Sobolev’s and Poincaré inequalities,
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Ji= / G dx = / AT 03) A\ Bdx
T2 T2
=[A@ad)], =[a@ad)| .| A

< (192@11@ 12 + 10120 12) X [IR1@]| 2
(Il@+ 0112) @l 2 + [U10192]I 12) X | R1@|I 2

A 'S

L2

I A

@010l 2 + 1112013 2 + [#13182D]12) * |R13B]l 2

(Il
| — R - N
5||31 (@)l 2 + 101u2010]| 2 + [[4101 020l 12 ) X [[R1@]l 2

10114201l ;2 + 17191028l 12) % |R13]| 2

IA

(13172013l 12 + 1171181923 12) % [R13]l 2

IA

191720l 21018 oo + N1 | 2181828 ]| o0 ) X [R1El 2
= Cllowull 2 lo]l g4 IRl 2

< Cl@] g+ | R1 7.
Similarly, J; is bounded by
b= f e dx = f A (T03) A\ Bdx

T2 T2
1~

= ” A (5232‘7)) ” L2

~ g~ ~ ~ 1~
< (1020202l 12 + 14202021l 12) x 191 A7 @I 2
< (01711 211023l oo + 2]l 12102028 L) X [ R1@] 2

~ ~ 2
= CllolgslRio]l;».

Thus

~ ~ 2
J = 2|l gallRiolly»-

Applying Holder’s inequality and Sobolev embedding, we have

K= —/u282c7)c~udx = —[A(a‘zaza))Afladx
T2 T2
< 1A (12020) |2 | A7 Bl 2
< C (IVit2dhd|l 12 + 12020280 12) x | R13l 2
< C (IVi2ll 211020l L + 2]l 12182820l L) x | R1B|l 2

~12
< Cllol gslIR10ll72-

10
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Therefore,

d . ~ ~
S NBOIE, < —v/ RABI2 dx +3C ol s 1R12,.
T[‘Z

By the ansatz (1.6) and the choice of ¢, we have

- - - I
3Cllellgs IR1BI7: <3CCi1e|Ridl72 <3CCieovIRABIIZ: < SV IRIBI7

and thus

d ~ 2
ARl

—v/ |R1@|% dx

’]I‘Z

(n,k)eZz,n;éO

1%
== Z n2+k2 |a’§’;{|2

(n,k)eZ? ,n#0

== Z 2+k2|~"k| Z 2+k2|~"’<|

(n,k)eZ? ,n#0,n2+k2<N (n,k)eZ? n#0,n2+k2>N
v ~2 <~
= N > |@ai]” = b 2+k2’ G|’
(n,k)eZ?,n#0,n2+k2<N (n,k)eZ?,n#0,n24+k>>N
v ~2 ~ 2
==~ (181 = X2 1&dl”) - > n2+k2 EiE
n24+k2>N (n,k)eZ?,n#0,n2+k2>N
V o ~.2 1 1 2
< —N”a)”Lz + Z v (ﬁ - m) |60n,k|
n24+k2>N
2 72\Y
v v n“+k —2
~n2 <
< —— i
s—ylolL+5 > ( v ) |@ k]
n24+k2>N
V
~n2
Z—NHCOHLz N10||60||

Taking N = (1 4+ 1)!/? yields

~n2 ~n2
V@7, vllwllLooH9< vl@l2, el

NS TS Y S

d o~
S IBOI <~
By Lemma 2.2,

11
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v||a)0||i2 + c,,FvC'lzez2

&), < 5
(t+1)2

By interpolation

3
9

4~ ~13 s N -2 4
IV4B )]l 2 < CIBIL BN 0 = € (1 +eCivied +07F) (Cre)9

<Cvive(l+0)73,

4
where we have written C for C (1 + c*Cf) % C | - Clearly it is independent of v and ¢. By Poincaré
inequality stated in Lemma 2.1,

1B < CoTse(l + 1)~ 3.

Therefore,

3

[0 ys < Coe(d +07F,
This completes the proof of Proposition 3.1. O
4. Proof of Theorem 1.1

With the decay estimate in the previous section at our disposal, this section completes the
proof of Theorem 1.1. The center piece of the proof is the following estimate.

Proposition 4.1. Assume that u solves (1.2). Then u obeys the a priori differential inequality, for
any 0 <t < T and some constant C > 0,

T
||u(t)||§{lo+v/ lu2()113,10 d7
0

T

< Jluol 0 exp /G(Hﬁ(r)an v (@)l d § @.1)
0

We first give the proof of Theorem 1.1 with the help of Proposition 4.1. We will then return
to prove Proposition 4.1.

Proof of Theorem 1.1. The proof invokes the bootstrapping argument. We make the ansatz that,
for two suitable positive constant Cy and Cf,

lu(®)ll 102y < Cie fort € [0, Cove 1. 4.2)
We then show that, for ¢ on the same time interval,

12
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Cy
lu@l groer2y < - &

The local theory of existence and regularity guarantees that, for ¢ € [0, Cove~!] with a suitable
constant C > 0,

lu(@)ll rogr2) < Cre,

when the initial norm is taken to be sufficiently small. To extend (1.8) to the longer-time interval
[0, Cove~2], we estimate ||u(t)||H10(Tz). By Proposition 4.1,

T
||u<z>||§m+v/ luz()113,10 d7
0

T

< Jluol 10 exp / C (15 + v~ u (@ 300) de 4.3)
0

Inserting (3.1) and (4.2) in (4.3), for any ¢ € [0, Cove 2], we obtain

T
lu(@)%,10 < lluol? CCviie(1+ 1) idr +CC2v 2
g0 = 0||H106XP visg(l+ 1) T+ v e T
0

~ 5 ~
5 (cchs8+ccocl2)
< lluolliy0 x e )

where T = Cyve 2. By the choice of ¢ and the fact that C > 2,

~ 5 ~
18 2 -~ 2
e(co; 8+CC0C1) < elalcrEanc?) - (%

4

for suitable cg > 0 and Cg > 0. Therefore,

C2
2 1.2
@) ll50 < a1 e,

or
lu@)ll = —Cl
u €.
HIO =
This completes the proof of the Theorem 1.1. O

The rest of this section proves Proposition 4.1.

13
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Proof of Proposition 4.1. Taking H°-inner product with e in (1.1)1, due to

2 o2 2
(AR (WA Pt ol WAl

and by the divergence-free condition of u, we get

d
SOl +20IR101%

~ —2/ u-Vowdx — 2/ v? (u-Vow) Viwdx
T2 T2

=—2/al9 (u~Vw)819wdx—2/829 (- Vo) Hwdx
T2 T2

:—2[819 (u1910) 3] w dx —2/319 (u2000) 3w dx
T2 T2

—2/329 (u1010) 3§wdx—2/a§ (u20r0) O w dx

T2 T2
= _QZc;/a;ulala?—'wa?wdx —2ch/a;uzaza?—lwa?wdx
i=1 1, i=1 1,
9 ) 9 .
-2 ¢ f d5u1010; ' wdjwdx —2  Ch / Nurddy " wdywdx
i=1 i=1
£ Ni+ N2+ N3+ Ny. “4

For N, by Holder’s inequality and Sobolev embedding, we obtain

9
Ny =_2ch/a{ulala]9—"wal9wdx

i=1

5 . . . 9 . . .
:—ZZCQ/Biulala?_’wa?a)dx—ZZCé/ iu181819_’a)8?a)dx

i=1 o i=6 o

5
N .
<23 Col1319) " wll 2 10]ur | o 0] wll 12
i=1
9
L 4 .
+2) Chl1010y " ol < 181 [ 21107 ol 2
i=6

14
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5

oy o 4 N g
<2 E Cill—Ad, 'w olullpe || —AdTw
= - 9 A 1 12 I 1 e A 1 L2
2 3 al
§ [ 9—i i—1 8
+2 Cé||3131 l(,()”LOO XABi ui 2 XAB]C{) I

i=6

2
< CllollgoIR1®]l%0-
For N,, we have

9
sz—2ch/a{uzaza?*"wal9wdx
i=1 T2

9
=_2ch/a{ﬁzaza]9—"wal9wdx
i=1 o

3 9
=_2205/3{5232319*iw319wdx—2chfa{ﬁzaza?*iwa?wdx
i=1 o i=4 1o

2
o - .
<2 Col1020) " wll 2 18] 02| o 0] @l 12

i=1
9
+2 i1 2 1320] " wl| 1< 18] @]
9ll01U2[[[2]]020] W[[L>||0] W2
i=3
2
< ClolgoIRio|3s-

The estimate of N3 is more complex. We split N3 into the following two part

9
N3 = —2ch/a§ulala§—"wa§wdx
i=1

T2
9 . . . 9 . . .
=-2%C / 05111010y ' B0y wdx —2) " C / 31910, ' B wdx
i=1 o i=1 1,
£ N3i + Nao.

N3 is bounded by

9
N3i :-22(35/35%131329—"5329wdx
i=1
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For N3, we split N3, into
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6
i 9—i~ j~ 9
<2 Colld1d5 " ll 2 18500 || Lo 85wl 12
i=1
9
e -
+2) Chl10105 7 Bl o< 1031 [ 21193 ol 2
i=7

6
e .
<2 " ClI3105 Bl 2110 || g2 1Bl .2
i=1
9
j 9—i~ j ~ 9
+2) Cl19103 " Bl g2 10371 [ 2193 ]l 12
i=7

6
i 9—i~ j~ 9
<2 Colld10; Bl 211019571 || g2 1950 ) .2
i=1
9
e - .
+2) Cl19105 Bl 2 110195 1112 103l .2
i=7

2
< ClolpIRiol.

two parts and use (2.3) to obtain

9
Nyp=-2)Cj / 41919 @3y wdx

i=1

’]I‘2

9
Z_Zchfagmalag—"aagadx
i=1 T2

9
=2 / 0it1 01050 wdx — 2y Cy f 91910, ' Dy dx
T2

A
= N3

i=2 T2

+ N3po.

4.5)

(4.6)

Integrating by part for N33, and applying Holder’s inequality and Sobolev embedding, we have

9

N3y = -2 ZCé
i=2

/ 011305 DIy dx

’JI‘Z

9
- 22&5/82 (570,037 @) 03 dx

i=2
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9 9
=2Zc§/azagﬁlalagfiaagédx+2Zc§/a§ﬁlazala§*iaa§§dx
i=2 i=2

7
<2 Col10135 " |2 102031 || Lo~ 103Dl .2
=2
9 . . .
+2 " Col19105 Bl oo 192051 || 211953 .2
i=8
3 .
+2> " CH1020105 " @l 21051 || o< 105D 12
i=2
9 . . .
+2) " CH1020135 " | oo |05t [| 2 105 2
i=4

~ 8§~
< Cllollgo 910l s 101,01l .2

< ClolgslRiwl3s. @.7)

For N3,1, by Holder’s inequality, Sobolev embedding and Young’s inequality, we obtain

N3 = —2/ 9111910537 dx
’]1‘2
< 213071 [l o< 1131 851 12 1896 .2

2
< ClI R0l ol

< SRl + Cv = ol (4.8)

N <

Inserting (4.7) and (4.8) into (4.6), N3, is bounded by
Np < 2Riw)2e +C Riwl2y + Cv ! ol* 49
32 < 2|| 10]l70 + Cllol ol Ri@ll 70 + Cv™ ol 0. 4.9

Furthermore, collecting the bound for N3; in (4.5) and the bound for N3, in (4.9), N3 is bounded
by

v _
N3 = SIR10l g + Clloll g Riollgs + Cv™ lolls.
Then we estimate N4. Similar as in N3, N4 can be written as
9
Ny=-2)"Cj / Aurd05 " wdywdx

i=1 g
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9
=-2) C / 23205 wdywdx
i=1

9 9
=-2% ¢ / 0512070y ' By dx —2) " C f Wiy B wdx
i=1 i=1

= =
9 . . . 9 . . .
—2) ¢ f dhiir009) ' wOywdx — 2 C / Wiy '@y wdx
i=1 1, i=1 1,
£ Naj + Naz + Naz + Naa. (4.10)

According to (2.3), we get

Nag =0. (4.11)

Next we estimate N41, N4p and N4z in order. For N4j, by Holder’s inequality, Sobolev embed-
ding, we obtain

9
Nyt =—2)"Cj | 032020 @93 dx
i=1 )

T

7
=2 / iy dydx —2)  Ch / 220y By dx
T2 =2 1

9
-2 ¢ / N0y By dx
i=8
7
<200t |l L= 103817, +2 ) " Colldsiaa ]l oo 118205~ Bl 121193 2
=2
9

e - o
+2) Cl10205 7 Bl oo 10302 [ 21103 B 12
i=8

~ 2 ~2

= Cllollg2llollys + Cllel golloliys
~ 2 ~2

= Cllollgsllollys + Cllelgollo1ollys

< Cl3| gellol3e + Cllol go I R1o]3,6,
that is
Nt < Cl@) gallwls + Cllwl gs IR1wl%s. (4.12)
Similarly, N4; is bounded by
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~ 2 2
Nz = Cllof gallollys + Cllel g IRie|l 3. (4.13)
For N43, we split it two parts,

9
Niz=-2) C} / N0y @iy dx
i=1
T2

9
=2 / il wdywdx —2 ) C / A0y @Iy dx
T2 =2 2
£ Nuz1 + Nazo. (4.14)

N431 is bounded by
_ ~ 200~
Nyz1 = —2/ 02120, Wy wdx
"JI‘Z

~ 9 9~
< 2|[uzll L= 19, @l 2110, @l 12

< Cllall Nl 3o- (4.15)

Na3 is slightly different, using the integration by parts, we obtain

9
Nin =23 G} [ ot i
i=2

T2
=2Y"¢ / % (a;ibaza;*’a) 385 dx
i=2

9 9
=2>C / 005112070, @Oy Bdx +2) C / Ni2030y @3B dx
i=2 T2 i=2 T2

£ Nazo1 + Nazoo. (4.16)

We split N4321 into two parts,

9
Na321 =2ZC§/323§I7232829_i58285)dx
i=2 1
8 .
=2>C / D120,05 @S dx + 2 / 3205 120,@03 @ dx

i=2 T2 T2

£ Nazai1 + Naz212. (4.17)
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By Poincaré¢ inequality, we get

8
Na3211 =226§/82855232829_i58285dx
=2 1
8
=2 / 0203120r 0w Bdx +2) Co / 520,09y @S @ dx
T2 =3 1
<2(10203102 | 1411020 @l 141195 B| .2
8
+2) " Chll0ad3iia 12110205 @ o< 195l 12
i=3

< Cllollgo1@13s < Clloll o135, < Cloll gl Rie]3s- (4.18)

By integration by parts, the divergence-free condition of u and Poincaré inequality,

Nyzo12 = 2/ 32829528253§a)dx

Tz

=-2 / 310511 h@wdS D dx
TZ

_ 9~ — 8~ 9~ 0 —a o8~
_2/82u18281a)82wdx+2/82u182w8182a)dx

T2 T2
< 20183701 [l 2 118281 @ | L 185 || 12 + 201851 | 121928 | Lo 1|81 93 Bl 2
< Clloll go @135 + Clloll go 1@ 511913 s

< Cllollgollhd|3s < Clloll gollRie|3s. (4.19)

Inserting (4.18) and (4.19) into (4.17), N4321 is bounded by

Nazoi < Clloll go IIleIIi,g- (4.20)
Now we turn to estimate N4370,
9
Nuzp =2 C / Niird30y @D dx
i=2

T2
=2 / 0r050]wydx +2)  C / 2030y @SB dx
T2 i=3 T2
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+2 / 103003 D dx

T2
8
2~ 207— 8~ i 11917, 209—i— 8~
S2||32M2||L°°||3232w||L2||32w||L2+ZZC§||3§M2||L4||3232 ‘@l palldy0ll 2
i=3
9~ 2— 8~
+ 2[5 uzll 2 1070 oo |9, @]l 2
~ ~n2 2
= Cllolgollollgs < Clloll golldiollys < Clloll go IRiwll - (4.21)

Inserting (4.20) and (4.21) into (4.16), N43> is bounded by
Nz < Clloll g IR1wl3- (4.22)
Again, inserting (4.15) and (4.22) into (4.14), N43 can be bounded by
Niz < Cl1@] gallwlys + Cllwl go I R1wl 3. (4.23)
Inserting (4.11), (4.12), (4.13) and (4.23) into (4.10), we obtain
Ny < Cl1@] gallol3yo + Clloll go I R1e]3;6-
Collecting the bounds for N; through N4 and inserting these inequalities in (4.4), we obtain
d 2 2
Tl + 29[ Riol,
< 2R101% + Clloll g IR0 + v~ ol + C13] 4 ol
=3 101 59 H 101 o H H* H°

<V[R10l3 + Cvol36 IR10l150 + Cv~ ol}e + CllE| g4 llol, (4.24)

2 -1 2 2 —1 4 ~ 2
< VIR ol + Co ull o220 + Cv ™ el 0 + CHEN sl 0-

Therefore

d 2 2 -1 2 2 —1 4 ~ 2
7 10Dlye F ViRl = Comllulgolluzliyo + Cvllullgo + Clll gl

< Cv M lulld 10 + Cllall sl 0. (4.25)

for some constant C > 0.
In addition, taking L?-estimate for the velocity u in equation (1.2);, we get

d
Enu(t)uiz +2v]luz 3, =0. (4.26)

Combining (4.25) with (4.26), we obtain
d 2 2 ~o—1y, 4 Sy 2
O30+ vlualF0 < EvH a0 + Cla s el 0
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By Gronwall’s lemma,

T
||u<r)||§,1o+v/||uz<r)||§,mdr
0

T

< lluoll%;10 exp fﬁ(nﬁ‘(r)nm + v—lnu(r)ni,m) drt,
0

for some constant C > 0. Which verifies (4.1). This completes the proof of Proposition 4.1. O
5. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. The symmetry assumptions in (1.5) on
the initial data allow us to prove a differential inequality that leads to the global stability.

The framework of the proof is still the bootstrapping argument. A crucial part is the energy

inequality stated in the following proposition.

Proposition 5.1. Assume the initial data satisfies the symmetry conditions of Theorem 1.2. Let u
be the corresponding solution of (1.2). Then u satisfies

d ~
Enu(r)ni,m +20]lua 300 < Cullil s lull 30 + Callull ol |3 1o- (5.1)
We first prove Theorem 1.2 making use of Proposition 5.1. Then we verify (5.1).

Proof of Theorem 1.2. The framework of the proof is still the bootstrapping argument. We
make the ansatz that, for ¢ > 0,

lu(@) 1o < 4e,
where ¢ is sufficiently small such that

1
4Crhe < < —0.
e <V or 8_4C2v
Then (5.1) leads to

d 2 2 ~ 2
T 10+ viiualfo < Call gs hulpo.

By Gronwall’s Lemma,
t t
()30 + v f luz (D130 dT < llull3,10exp § Ci / 7Ol gsdr ¢ . (5.2)
0 0
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Inserting (3.1) in (5.2), one has

t t
()30 + v / luz (D) 300 dT < lluoll30exp { Ci / 1% (x) | s d
0 0

t
< o210 exp clcv%/euﬂr%dr
0

5

2 C3v 18
< lluollpyi0 x € e
2
< 4luoll 7105

by further requiring ¢ obey

eV <4 or 0<8§C\)_IST§
for suitable C > 0. Then
() 10 < 2lluoll gro < 2e.
This completes the bootstrapping argument and thus the proof of Theorem 1.2. O

The rest of this section is to prove (5.1). We make use of the simple fact that the symmetries
in (1.5) are preserved in time.

Lemma 5.2. Assume ug € H'(T?) satisfies V - ug = 0 and the symmetries

uo,1 is odd in x1, and ug 2 is even in x1.

Let u € L®(0, T; H'O(T?)) be the corresponding solution of (1.2) for some T > 0. Then for
any t < T, u(t) obeys the same symmetries as in (1.5), which are

uy is oddin xy, up and p are even in xi.
Proof of Lemma 5.2. This lemma is a simple consequence of the uniqueness of solutions in the
Sobolev space H 0. Trivially the solutions to (1.2) are unique in H'°,
If (u, p) = (u1, uy, p) is a solution of (1.2), then (U, P) with
U]:_Ml(_.x1,x2,t), U2:M2(_x1,x2,t), Pzp(_x11x21t)
also satisfies the same equation (1.2) with the initial datum Uy = (Uy,1, Uy 2) given by
Uo,1 = —ug,1(—x1,x2), Uy =up2(—x1,x2).

Due to the symmetries of the initial data, we have
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Uy =uyp.
By the uniqueness of solutons to (1.2), we have
(U, P)=(u, p),
which is
ur(xr, x2, 1) = —uy(=x1, X2, 1),

uz(x1, x2,1) = uz(—x1, x2,1),

p(x1,x2,1) = p(—x1,x2,1).
Therefore, (u, p) has the desired symmetries. O
Finally we give the proof of (5.1).

Proof of Proposition 5.1. Taking the H 9_inner product with @ in (1.1);, we obtain, after a sim-
ilar process as in (4.4),

d
Enwmni,g + 2R3

%—2/14~Vwa)dx—2/V9(u~Va))V9a)dx

T? T?
= —22C§/8iu181819_la)319wdx —22Cé/81u282819_’w819a)dx
i=1 T2 i=1 T2
9 . . . 9 . . .
-2) ¢ f Bu1019, " 0 wdx =2 Ch / Nurdrd; " wdywdx
i=1 1, i=1
2 M+ My + M3+ My, (5.3)

Mi, M> and M4 can be similarly bounded as N1, N> and N4, respectively. That is,

9
My=-2) C / 3u1013) wdlwdx < Clloll go | Riwl3s.

i=1

T2

9
My=-2) C / 3 u2028) ' wdlwdx < Cllwl gol Riwlls
i=1
’]I‘Z

and
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9
My=2"Ch / Nurd20y ' wdywdx < C|@| yelloll3e + Clloll go | Riwll3s.

i=l g

M3 is bounded differently. Splitting u into its average part u; and its corresponding oscillation
part i1, we have

9
M3=-2%"C} / Au1d10; " wdywdx
i=1

9 9
=_2ZC§/agmala§—"aa§wdx—2ch/a§ﬁlala§—i§a§wdx
i=1

T2 i=l 12
9
:—22C§/855181829_15)33wdx,
i=l T2

where we have used that d,u; = 0 due to ug,; is odd in xj. In fact, since ug 1 is odd in x; and
up2 is even in x1, by Corollary 5.2, we get u; is odd in x, thus

U :/ul(xlvx2)dxl =0
T

and
dou; =0.
As in N3, M3 is bounded by
M3 < Clloll o [Rie]30.
Collecting the bounds for M, M>, M3, M4 and inserting them in (5.3), we obtain
d 2 2 ~ 2 2
Ellw(I)IIHg + 2v[[Rioll39 < Cllollgallollye + Clloll gollRioll - 549
Combining (5.4) and the bound for [|u||;2 in (4.26), we have
0 + 202110 < CUB a0l + Clloll o IR 10l
dl‘ u H10 un H10 = w H4 w HO w H° 1@ HO
< Cillll sl 310 + Callull groolluea 1310

for some constants C1, C> > 0. This completes the proof of Proposition 5.1. O
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