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Abstract

This paper establishes the global existence and stability of the Navier—Stokes
equations with dissipation acting in the vertical direction and on the vertical
average in one of the horizontal directions. This Navier—Stokes model arises
in various physical contexts such as strongly stratified fluids and anisotropic
turbulence models.
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1. Introduction

This paper examines the following 3D Navier—Stokes model with dissipation acting in the
vertical direction and on the vertical average in the x;-direction

Ou+u-Vu=—Vp+vdiu+vdiu, xe€T? t>0,
V.ou=0, (1.1)
M(X,O) = Up ()C),
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where the spatial domain is taken to the 3D periodic box T3 = [0, 1]3, u is the velocity filed,
p is the pressure and v is the viscosity. Here V@%u is dissipation acting only in the vertical
direction and V@fﬁ is dissipation in the x; direction applied only to the vertical average of the
velocity field, where u is defined as

1
ﬁ(xl,XQ) = m/}yu()ﬂ,)@,)@) d.X3.

For simplicity, 0,, will be written as 0;.

This type of dissipation structure appears naturally in various physical systems. In strongly
stratified fluids (e.g. oceans, atmospheres), vertical mixing is suppressed, but horizontal dis-
sipation may still act on larger scales, especially on the vertically averaged velocity, as in
large-scale geophysical models (see, e.g. [15, 16]). Some turbulence models use anisotropic
viscosity, where vertical viscosity is higher due to strong stratification, while horizontal mixing
operates at a larger scale (see, e.g. [14]).

A natural and important question is the non-linear stability problem: given small initial data,
does (1.1) admit a unique global solution that remains uniformly small for all time? This is a
non-trivial issue. Mathematically, the dissipation present in (1.1) lies between one-directional
and two-directional dissipation.

To illustrate, consider the 3D Navier—Stokes equations with dissipation in two directions:

Ou+u-Vu=—-Vp+rvAnu,
V-u=0,

where A} denotes the horizontal Laplacian operator. In this setting, the small-data well-
posedness problem has been extensively studied, and global-in-time solutions have been
obtained in various functional frameworks (see, e.g. [2, 6, 7, 10-12]). Broadly speaking, dis-
sipation in two directions, together with the divergence-free condition, is sufficient to control
the non-linearity.

Very recently, new approaches have been developed to better understand the precise large-
time behavior of these global solutions ([7, 17]). Classical methods for studying decay rates
in the Navier—Stokes equations with full dissipation such as the Fourier splitting method are
no longer effective in the anisotropic setting.

However, when the dissipation of the 3D Navier—Stokes is only in a single direction,
that is,

Ou+u-Vu=—Vp+vdiu,

V-u=0.
The small data global well-posedness problem in the periodic domain T? or the whole space
R? is open. The difficulty is immediate. Dissipation in a single direction is simply not sufficient
to bound the non-linearity.

This paper intends to study the global existence and stability problem on an anisotropic 3D
Navier-Stokes equations. As the spatial domain we use the 3D periodic box T* = [0, 1]°.

The goal is to establish the global existence as well as nonlinear stability of (1.1). As afore-
mentioned, f denotes the vertical average of a function f and f the remainder, namely

Flxtm) = /T fleranm)de, F=f—F. (1.2)

We establish the following theorem.
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Theorem 1.1. Consider (1.1) with v > 0. Assume uy € H>(T?) with V - ug = 0. There exists a
suitable constant Cy > 0 such that, if

[uollp < Cov,

then (1.1) has a unique global solution u € L*([0,00); H*(T?)). Furthermore, u remains uni-
formly bounded, for any t > 0,

o (-52) [l sy < Cov

This result appears to be the first small data global existence, regularity and stability result
on the 3D Navier—Stokes with the least dissipation in the periodic setting. The existing small
data global well-posedness results for the periodic case all require dissipation in two directions.

The proof exploits the control of non-linearity via the vertical dissipation and the dissipation
of the vertical average in the x|-direction. Several useful tools are involved. First, we utilize the
orthogonal decomposition of a function into its vertical average and the remainder part (called
the oscillatory part). The oscillatory part satisfies a strong version of a Poincaré-type inequality,
allowing us to bound the Sobolev norm of a function via the corresponding Sobolev norm of its
vertical derivative. Second, we employ anisotropic Sobolev upper bounds for triple products.
These inequalities enable us to distribute directional derivatives to suitable terms. Additionally,
to make use of the dissipation in the x;-direction of the vertical average, we further decompose
the vertical average into two parts:

=+,
where u is the average of & in the x;-direction. This decomposition allows us to exploit the x;-
directional dissipation of the vertical average effectively. More technical details can be found
in section 3.
The remainder of the paper is organized as follows. Section 2 introduces several technical
lemmas that will be used in the proof of theorem 1.1. In particular, we establish key properties
of the orthogonal decomposition given in (1.2), a strong Poincaré-type inequality for f, and

several anisotropic upper bounds for triple products. Section 3 contains the detailed proof of
theorem 1.1.

2. Technical lemmas

This section presents several technical lemmas to be used the proof of theorem 1.1.
The proof of theorem 1.1 makes use of the following orthogonal decomposition

f=f+f,
where f denotes the vertical average of f and?denotes the oscillatory part,

fx,x0) = /Ef(xlax27x3) dv; and f=f—F. 2.1

The advantage of this decomposition is that the oscillatory part}enjoys a strong version of the
Poincare type inequalities, which allows us to control the Sobolev norm of a function by that
of its derivative in x5 direction.

In the process of estimating the non-linearity, we deal with a triple product term involving
all averages by further decomposition the vertical average into two parts,
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where]:‘denotes the average of fin the x;-direction, namely

flx) = /Tzf(xl’xz’x3) dxsdxy, ?:f*?

The following lemma states this fact and some other properties to be used in the proof of
theorem 1.1.

Lemma 2.1. Let]_‘and?be defined as in (2.1). The following properties hold:

(1) The average and oscillation commute with any derivatives, namely
af=of. of=of

As a special consequence, if u is divergence-free, V-u=20, then u and u are also
diver(gence-free, V-u=0andV -u=0.

(2) fand f are orthogonal. More precisely, for f € H*(T?) with any non-negative integer k, the
inner product offand}in HE is zero,

0°F(x) 0°f(x) dx =0

T
for any multi-index « with || < k. As a special consequence,
A1z = WA + AL
and
Al < WAl and ([fllae < [1f] -
3) ]N”satisﬁes the strong Poincaré type inequality
Al < Clloafle 2.2)

A sharp version of (2.2) needs only fractional derivative in x3-direction, that is, for any
oc>0

fllzz < ClIASA 2
where ASf is defined through its Fourier transform |ks |°?(k1 ko, k3).

The proof of this lemma can be found in [3-5].
Throughout the rest of this paper, we will use the following anisotropic Lebesgue space
notation

1

The sub-indices xj, x, and x3 are used to distinguish in which direction the norm is taken. We
will also use ||f]| 1,14, s

1A

The notation for anisotropic Lebesgue and Sobolev norms should be understood similarly.

L = HHWHLfl(m Lj’z(T)||L;3(’]1‘)'

Xy

Ly, L = M Ly Iy L,

4
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The following lemma provides an anisotropic upper bound on the integral of triple products.
It is an extremely useful when we estimate the nonlinear terms of PDEs with anisotropic dis-
sipation. Several different versions of lemma 2.2 for different type of spatial domains can be
found in [1, 3, 8, 13].

Lemma 2.2. Assume that f,0\f,g,0»g,h,0sh are all in L*(T?*). Then, for a constant C inde-
pendent of f, g and h,

1 1 1 1
2 (Al +10uA12)* Nlgllz: (llgllzz + 1928 1]22)?

[ 10 et <c
< Wl U+ )

As a special consequence, if h just has the vertical oscillatory part, then

/Tzf(x) g(x) h(x) dx‘ < CIAL (Al +110ufll2)® gl (gl +11028112)?
x |11l 1sh]l .. 2.3)

The proof of lemma 2.2 follows from applying Holder’s inequality in each direction and
invoking the following 1D Sobolev inequality

fllze< (ry < Cllfllen (y-
We will also use the following 2D version of the anisotropic upper bound.

Lemma 2.3. Assume that f,0\f,g,0>g,h are all in L*(T?). Then, for a constant C independent
of f, g and h,

[ 70980 h) ax
< CIE (W + 10u12) gl (gl + 1Dagl2)? (1]l za-

3. Proof of theorem 1.1

This section proves theorem 1.1.

Proof of theorem 1.1. We remark that the local-in-time well-posedness of (1.1) in H? can be
established using similar arguments as those for the Navier—Stokes and Euler equations. Since
the detailed procedure is well documented in the book by Majda and Bertozzi [9], we focus
our attention on deriving global-in-time bounds for u.

We first take the L2-inner product of (1.1) with u to obtain

1d _
50 172 + v[|05u (1) |72 + v | Bl 7> =0, (3.1)
where we have invoked the standard identities due to V- u = 0,

/(u-Vu)-u(ix:O7 /Vp-udx:O.

In addition, we have also used lemma 2.1 to obtain
/612E~udx: /afu- (i +u) dx = /afu-udxz —|0yitl)7.

5
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Due to the equivalence of the two norms ||u| ;3 and ||u]| ;> + || D?ul| 2, we just need to estim-
ate || Dul| ;2. Recalling the norm ||D3ul|;> is comparable to || Aw||;2, where w denotes the cor-
responding vorticity w = V x u. Taking the curl of (1.1), we find that w satisfies

8,w+u-Vw—w~Vu—u8§w—u812(D:O. (3.2)

where we have used the fact in lemma 2.1 that, the curl commutes with the average. Applying
A to (3.2) and taking the inner product with Aw, we have

> 18wl + VA + NI = 1 + 1
where

11:—/A(u-Vw)~Awdx,

Izz/A(w~Vu)'Awdx.
DuetoV-u=0,

I :—/Au-VoJ~Awdx—2/Vu~VVw-Awdx::Iu+112
and

12:/Aw-Vu-Awdx—l—Z/Vw-VVu-Awdx+/w-VAu-Awdx
=1y +1In + bs.

We will use the following estimates to bound all these terms.

Lemma 3.1. Assume that f,g,h are all elements of matrix (9u*)3x3. Then, for a constant C
independent of f, g and h,

[ 1000 au )]+ | [ 060) 0 3) ) s
< Cllolle (1on e + 012513

as long as

/Tr Ofoz0uhdn = /Tr Fougouhdn =0
Proof of lemma 3.1. We first write

f=f+f g=g+% and h=h+h

The integral can be written
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[ 1020 0) ) | | [ 00 910 i) s
< [ 160 2y 0+ 1000 B 4 ] 10 (9 s
SE1+Ey+E;+ Eqs+Es) + Esy + Es3 + Esq,

where
E = / (Iaz?@'élJrl?&j?I) |Ouh|dx, B> = / (|alfajg|+[,‘fa,j'g|) |0y,
E; =/(|6175j£’|+l781j£’|> |Oih|dx,  E4 z/(|8l78j’g|+[731j'g|> 10| dx,
Es) = / (Iﬁ@?lﬂ?@zﬁl) Ouh|dx,  Esy= / (|aiaj§\+[75,j§|> 0| d,
Es3; = / <|34?3/§| + l?alj§|) |8kiZ| dx, Esq = / (|8;‘8f§\ + [78,j'§|> Iak[1:1|dx.

We will use lemma 2.2 and then lemma 2.1 to obtain bound for these terms. By (2.3) in lemma
2.2 and Holder’s inequality,

~ 1~ IO ~ 1 ~ 1 ~ ~ ~
\Er| < ClOfI 01 2108 221108 70 19wibrl| 2 | Osai | 2 + ClIf W oo (| O || 2| il -
By (2.2) in lemma 2.1,
|E1| < C 10 | 10378 10 |1 Ot 2 + CFll 10358 | 2| Dl 2

Recall the fact that ||w||;2 = || Vul|;2 forw = V x u with V - u = 0. Since f, g, h are all elements
of matrix (Gjuk)3><3,

10N < Cllwlle, 1038, [93ihllz> < C 10380 2.
Thus,
|E1| < Cllwlle O3 Aw]Z:
<Cllwlie (103 AwllZ + (101 A6]7.) -
The estimates of E, and E3 are very similar to that for E,. More specifically,
N N U R ~ 1 ~ 1 - - ~
|Ea| S CNOS 10117 1058 21105817 | Duihal| 2 | Ot 22 + ClIF o= [| 0 2 || Oni 2

<C10f | 1038l |Osaitll 2 + CIFl| o< 10y 2 | D
<Cllwle (105Awl[Z + 1101 A7)

and
~ 1 1 o ~ 1 ~ 1 ~ B -~
|E3| < COf 11110111 51 10,811 72 11058 1| 1 1Okl 22| Okl £ + ClIf 2o 1| 98 || 2 || Owita | 2

< C10se e 108 e | Dsaitll 2 + ClIOaF 2|02 2 | D .2
<Clwlle (105 Awllz + 1101 A7) -
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The estimate for E,4 differs slightly. Using Holder’s inequality and the Sobolev inequality

1 3
Vs ca) < AN o IVFl sy

we have, after applying (2.2) in lemma 2.1,
b~ 33 - ~ - _
|Eal <CIOSN 211011 19781122 198 1 | Okitall 2 + ClIf e |0y |22 || One 2

<C |03l 10378l | Ouibll 2 + ClIOF 21032 | 12 | e 2
<Clwlle (1058w + 1101 A7)

Since]:‘, g, and Z depend only on the two variables x; and x,, we first apply the triple product
estimate for 2D functions from lemma 2.3, followed by lemma 2.1, to obtain

~ 1 ~ 1 ~ 1 ~ 1 ~ ~ ~ ~
|Estl <C O 22110117 11058121108 | 7 | Dkihrll 2 + CIA| e 1|0y 2 | Ol 2
<C om0yl | Ouiihr | 2 + Cllf e 10158 1 22 | Ousi | 2
<Cllwllee (19sAw][Z: + 101 AD] ) -

The estimates for Esj, Es, and Es4 are very similar to that for E5;. More specifically,

= b =1L ~ = ~ =~
|Es2| < ClIOS1 11011 10,8 221198 2 | Okitell 2+ CliA = (108 |2 || Onial 2
<C|0t e 10181z | Oviihl 2 + CllAl e |82 | Ol 2
<Clwle (1852wl + 1101 A[I7)

=~ 1 ~ 1 _., 4 _, 4 ~ ~ _ ~
|Ess| <CNO 1210115 110,8 117211038 | 7 | Ouit | 2 + CIfl|ow 1| Oyig || 2| Ori] 2
<C0ufll 10811 |01kl 2 + Cll Ol |98 22| Orih | 2
<Cllwlle (105207 + [01A0]17:)

and
=~ 1 ~ 1 ~ 1 ~ L = ~ ~ =
|Esal < C 0111|0117 110,172 1| 0i& | 7 | Ouial 2 + CIFl oo 1|0yl 2| Orel .2
< C|01fl 1018l |1 Buihil| 2 + CllOAl e 1015822 1| il 2
<Cllwllee (10sAw][Z: + 101 AD]Z) -
This completes the proof of lemma 3.1. O

Observe that the terms /1,112, 151,12, >3 all share the same structural form as the one con-
sidered in lemma 3.1. Consequently, applying lemma 3.1, we obtain the estimate

1d
T ||AOJ||iz + 1/H83Aw||iz + I/HalAa}Hiz

< Cllwla (105807 + [01A&]72) (3.3)
Adding (3.1) and (3.3), and then integrating in time, we obtain

et (£) 1 +/O (20— Cllu(7) 1) (1050 () e + 1002 (7) [} 1) AT < o |7

8
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In particular, if the initial data satisfies
2v = Clluoll» <0,
then ||u(?)|| = decreases in time, and hence the inequality
2v=Cllu(®) |l <0
holds for all # > 0. This completes the proof of theorem 1.1. 0
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