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Abstract

A new iterative projection method is proposed to solve the unsteady Navier—Stokes
equations with high Reynolds numbers. The convectional projection method attempts
to project the intermediate velocity to the divergence-free space only once per time
step. However, such a velocity is not genuinely divergence-free in general practice,
which can yield large errors when the Reynolds number is high. The new method has
several important features: the BDF2 time discretization, the skew-symmetric convec-
tion in a semi-implicit form, two modulating parameters, and the iterative projections
in each time step. A major difficulty in the proof of iteration convergence is the non-
linear convection. We solve this problem by first analyzing the non-convective scheme
with a focus on the spectral properties of the iterative matrix and then employing a del-
icate perturbation analysis for the convective scheme. The work achieves the weakly
divergence-free velocity (strongly divergence-free for divergence-free finite element
spaces) and the rigorous stability and error analysis when the iterations converge The
three-dimensional numerical tests confirm that this new method can effectively treat
high Reynolds numbers with only a few iterations per time, where the convectional
projection method and the iterative projection method with the explicit convection
would fail.

Keywords Navier-Stokes equations - High Reynolds numbers - Iterative projection
method - Divergence free velocity - Skew-symmetric convection - Implicit scheme
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1 Introduction

The incompressible Navier—Stokes equations are predominant in viscous fluid dynam-
ics, including problems with high Reynolds numbers such as turbulence flows.
However, it is extremely challenging to design efficient and robust numerical schemes
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for these problems. A major difficulty is the treatment of the incompressibility con-
straint, or the divergence-free condition, which couples the velocity and pressure.
Consider a bounded three-dimensional domain €2 and the Navier—Stokes equations

u; —vAu +NLu,u) +Vp = f, (1)
V-u=0, (2)

with the nonlinear convection NL(u, v) = (u - V)v, the Dirichlet boundary condition
ulpo = 0, where u = (uy, uz, u3) is the velocity, p is the kinematic pressure, v is
the kinematic viscosity, and f is the force. There are various equivalent forms of the
convection term (e.g., see [7]), and this work focuses on the skew-symmetric form

NL(u,v) = (u-V)v+ %(V - u)v. 3)

The projection method is a classic and popular method to solve the Navier—Stokes
equations first developed in [8, 30] in 1968, where a systematic review can be found
in [15]. Its crucial operation is projecting the intermediate velocity, which is not
divergence-free, to the divergence-free space in a certain sense. One of the most recom-
mended projection schemes in [15] can be put as follows, when the BDF2 (backward
differentiation formula 2) time integration is employed,

(1.5 — kv A" TV L ANL(w"*!, u"t1%) = —kv it 4 prtt “)
1
—A@"! = -V uttE 5)

pn+l — ﬁl’H—l + 1.5¢n+1 _ l)v . ul’l-‘rl,*’ (6)
un-l-l — un-l—l,* _ kv¢n+1’ (7)

where w"t! = 2u" — 1, prtl = 2pn — pr=l FREL = 2 — 050" 4 kL,
n+1
't =0, % o = 0. The variable ¢"*! is from the Hodge decomposition

w'thx = " kvt where ut! is supposed to be divergence-free. This method
was first proposed in [32] in 1996, and a similar one was introduced in [6]. We call
this method “rotational projection method” in this paper. Another popular projection
scheme replaces the pressure update (6) with

pn+1 — p~n+1 4 1'5¢n+1. (8)

We call it “standard projection method” in this work. This one is also widely used
in literature, such as [14] and [2].

The main strength of the projection method lies in its simplicity and efficiency. It
decouples the velocity and pressure fields in the Navier—Stokes equations and splits the
original system into two smaller standard problems: one advection—diffusion equation
for u"*1* and one Poisson equation for ¢"*!, followed by two updates to get the
end-of-step velocity and pressure. Therefore, its computational cost is far less than
that of any iterative methods including the Uzawa and Newton methods. However,
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it has some serious defects. First, the velocity field obtained is not divergence-free
even in the weak sense in the mixed finite element implementations (see [16, Remark
3.5] and Appendix 6.1) and even when the finite element method admits divergence-
free velocity field (see Definition 1 and [28]). This would induce mass loss when the
velocity is used to transport a density function. Second, the stability proof for the
BDF2 schemes is not available. But we note that a recent work [23] obtains stability
with a general second-order BDF scheme and a generalized scalar auxiliary variable
approach. Third, this scheme is unable to treat high Reynolds numbers due to the
violation of the divergence-free condition (see Sect.4.1.2).

We propose the following iterative projection method, with the iteration index
s=0,1,---,

(15 _ kUA)un+1,S + kNL(un+1,S71’ un+1,s) — _kvpﬂ+1,.¥ + F”+1, (9)
1
—A n+1,s — __V . Mﬂ-‘rl,S’ 10
¢ X (10)
pn+l,s+l — pn+],x +a¢n+l,s _ ,OV . un+l,s,
(11)
with w"tL=1 = 247 — y*=1 p*10 = 2p" _ p"=1 and boundary conditions
n+l,s
u" 1S90 = 0 and a‘pa: o = 0. The control parameters « and p are used to

optimize the convergence speed. Note when o« = 1.5 and p = v, it is the iteration
of the rotational projection scheme. When ¢ = 1.5 and p = 0, it is the iteration
of the standard projection scheme. When o« = O, it is the Uzawa method (see [12,
Chapter 2]). When the iterations converge, the limit (u"*!, p"*1) is the solution of
the following nonlinear coupled scheme:

(1.5 — kvA) ' 4 ANL@™!, w1 4+ kvpit! = prtl (12)
V.u"t =0. (13)

The iterative projection approach with the fully explicit convection has been utilized
in some previous work including [3, 11, 33]. In [33], it was found that the repeated
projections can reduce the spurious errors generated from the singular surface tension
forces in the free boundary problems. In [11], the iterative projections provide accurate
velocity fields in the stratification of temperature in the Boussinesq flows. In [3], it is
found that iterations could improve splitting errors of projection method. However, the
numerical test in Sect.4.1.2 shows the iterative projections with explicit convection
is not so stable as the implicit treatment. It is worth noting that [3] briefly mentioned
an iterative projection method, (64b) in [3], without providing analysis or simulation.
This method employs the original form of convection, (u*+15=1. V)" +1-5 rather than
the skew-symmetric form, NL(u"+15~1 4"+1%) in (9). The skew-symmetric form
significantly simplifies the stability and error estimation proofs for the limit scheme,
as the L2 inner product (NL(w, v), v) vanishes when w, v € HO1 (R2). In contrast, the
original convection form lacks this advantage.

In Sect. 2, the convergence of the proposed iterative projection method to the limit
scheme (12) and (13) at each individual time step is presented through the normal
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mode and finite element analysis. Note the convection term in the iterative method
9), NL(y" 151, u”“’s), is explicit on the first component and implicit on the sec-
ond, while the convection in the limit scheme (12) is fully implicit. These implicit
convection terms cause the main challenge in analysis. We first analyze the case with-
out convection through the eigenvalue study of the iterative matrix for the pressure.
The convective case is then regarded as a perturbed system of the non-convective
system, where the time step size k is the perturbation parameter. A delicate induction
process is implemented to establish the iteration convergence.

In Sect. 3, we provide the stability and error analysis results of the limit scheme in
the context of the mixed finite element method, along with a brief literature review
of the stability and error analysis of the fully implicit schemes with Galerkin finite
element method for the Navier—Stokes equations. In Sect.4, we test the proposed
scheme with three-dimensional finite element method and high Reynolds numbers.
The conclusions and discussions are given in Sect. 5.

2 Convergence of projection iterations at a single time step

This section is devoted to the study of the convergence of the iterative projection
method (9), (10), (11) to (12) and (13) when s goes to infinity. To simplify notations,
we delete the time step superscript (rn + 1) in this section.

2.1 Normal mode analysis without convection

To perform the normal mode analysis, we neglect the convection term and assume the
solution is smooth and periodic in the region € = [0, 277]3. Note that the intermediate
value ¢* in (10) can be written as ¢° = —%(—A)_1 (V - u®), where (—A) ™! refers to
the inverse operator of the Neumann problem (10). So the iterative scheme (9), (10),
(11) when the convection is removed can be simplified to, fors =0, 1, -- -,

1.5u° — kvAu® + kVp* = F, u*lse =0, (14)

pS'H —p = (p + %(—A)_l)(v u®). (15)

Consider the solution (u, p) satisfying (12) and (13) without the convection, and
the sequence (u*, p*) of (14) and (15). Let i® = u®* — u and p* = p* — p. Then,

1.50° —kvAi* +kVp® =0, (16)
_ _ o _ _
P =5 = (p+ (T . (17)
Denote u#® = (ﬁi,ﬁ%,ﬁ%), the multi-wavenumber & = (&1,&,&) € 73,

& x = E1x1 + &xp + &3x3. Denote the Fourier series of L_t; and p° as ﬁ; x) =

Y iy (E)e, j = 1,2,3, p*(x) = Leepn P (§)e’€, where i = /—T. Then,
(16) and (17) become

LS5, (8) + kvlg 20 (8) + kig; p (§) =0, j=1,2,3; (18)
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3
=3 = o L 2N
PHO=PE (04 en) Li&GHE- (19)
j=1
It can be calculated from (18) that IiEj(%') = %, which is substituted into

(19) to achieve

(15 —a) + k(v — p)l&]?
1.5+ kv|€[2

) = PE) A Cla p.£) pHE).  (20)

For the sequence 1/3\5 to converge to zero, it is equivalent to set |C(«, p, &)] < 1.
Note the optimal convergence occurs when o = 1.5 and p = v, that is, the constant
C(a, p, &) = 0. This corresponds to the iterative rotational projection method. There-
fore, this method obtains the exact solution in just one iteration. However, this analysis
is based on the smooth solutions and without convection, which is not the case for the
full Navier—Stokes equations with the convection term and the finite element solutions
of limited regularity.

If « = 1.5, then |C(a, p, )| < 1 leads to —k}silz <p <2+ %

inequalities to hold for all £ € 73, it is equivalent tohave 0 < p < 2v. Ifa = 1.5
and p = 0, that is, when the iterative standard projection method is used, then

For these

2
C(1.50,¢) = % In this case, the iteration always converges, but the con-

vergent constant C is close to 0 when kv|&|? is small, and approaching 1 when kv|£|?
is large. Thus, this iterative scheme is preferred only when v is sufficiently small. If
a = 0, then this scheme reduces to the Uzawa scheme, and the convergence constant

- _ L5+kv—p)lt? i -
isCy(p,&) = “TatholE? The convergence requires 0 < p < 2v. Itis easy to see
that |C,| — 1 when v — 0. Thus, the Uzawa iterations would be applicable only
when v is sufficiently large. This is consistent with the fact that the Uzawa method is
mainly used for the Stokes equations whose viscosity is considerably large. The above

analysis is summarized in Table 1.

Table 1 Normal mode analysis when the convection is neglected

Method Parameters Convergence Parameter range for Notes
constant convergence

Iterative rotational o =15p=v 0 Always convergent Super-convergence
projection

2
Iterative standard o =1.5,p=0 % Always convergent Convergence is fast
projection ' when v is small

_ 2 ..
Uzawa a=0 % 0<p<2v Convergence is fast

when v is large

The pressure update is pST! = p% — (o + %(*A)fl)(V -u®)
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2.2 lteration analysis with mixed finite element method

The paper [3] has proved the convergence of iterative projections when there is no
convection or the convection term is treated utterly explicitly and there are no freely
chosen parameters. In contrast, our scheme handles the convection implicitly and has
two parameters « and p that can be modulated to obtain optimal convergence.

We denote L?(2) as the Lebesgue space of square integrable functions with inner
product (u, v) = fQ u(x)v(x)dx, and the L? norm as lullr2@) = +(u, u). Denote

HY Q) =(f: /. ng e LX(Q),i =1,2,3, flsa = 0}. We introduce

V= {u=(uy,uz,u3) :uj € Hy(Q),i =1,2,3}, 1)
1
0=L*Q/R={ge€L*Q): o / q(x)dx = 0}, (22)
Q
with the norm |ul; = (fq |Vu(x)[?dx)!/?, where |Vu|* = Z?,jzl |§T";|2 and

ﬁ fgq(x)dx is the average of ¢ over Q. Let V;, C V and Q) C Q be a pair of
conforming mixed finite element spaces, which satisfies the inf-sup condition (a.k.a.
the Ladyzhenskaya-Babuka-Brezzi (LBB) condition, see, e.g., [12]), i.e.,

Vv,
inf sup Vv (23)
9€Qn vev, l1g1l 2@ rIvIi
Denote the basis of V, asw;, i = 1,--- ,/ and thebasisof O, asg;, j =1,--- ,m.

Definition 1 A velocity field u;, € Vj, is weakly divergence-free if (V - uy, gn) = 0
for all g, € Q and strongly divergence-free if V - uj; is almost everywhere zero
in Q. A pair of mixed finite element spaces V;, and Qy, is called divergence-free if
V-V, C Qp, where V -V}, is the range of the divergence of V. Furthermore, a finite
element method with a pair of divergence-free finite element spaces is called a div-free
FEM, and otherwise a non-div-free FEM.

In this work, we use a weak incompressibility measure (133) (a strong incompressib-
lity measure (134)) to check whether a velocity is weakly (strongly) divergence-free.
A weakly divergence-free velocity may be not pointwise divergence-free, as seen
in Sect.4.1.1. However, under a pair of divergence-free FEM spaces, a weakly
divergence-free velocity is also strongly divergence-free. Indeed, if uj, satisfies
(V-up,qp) = 0forall g, € Qp and V -V C Qp, then ||V - Mh||L2(Q) = 0 by
choosing g, = V - up, which suggests V - uj, is zero almost everywhere in 2. One
popular example of divergence-free elements is the Scott—Vogelius pair [29]. However,
many H'-conforming, inf-sup stable mixed finite elements pairs are not divergence-
free, including the very popular Tayor-Hood elements.
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2.2.1 Iteration analysis without convection

Without convection, the finite element solution (u*, ¢*, p*) € Vj, x Qn x Qj, of (9),
(10) and (11) satisfies, after dropping time step index (n + 1),

L5W®, w) + kv(Vu®, Vw;) —k(V - w;, p°) = (F,w;), VYi=1,---,1, (24)
1
(V(l)savql):_;(vuS’ql)’ Vi= 1’ ,m, (25)

P*a) =" a) + @@’ 9) = p(V-u'q), Vi=1,--- m. (26)

The matrices A;x;, Buxi, Guxm, and My, xp, are introduced as follows: A;; =
ls(wlaw]) + kv(vwivij)aiaj = 1”1’ Bl] = _(Qi»v : w])al =
L, mj=1,---, Gij = (ti,qu), M;; = (Qj’ij)’i»j =1,---,m.
The transpose of B is written as BT. Let the vector f = ((F, wy) ... (F, wl))T.
We express u® = Z§=1 wiwi, ¢° = YL dlgi, p* = Y i piqi and denote the
corresponding vector forms as #* = (uj ... u‘;)T, o = (¢) ... q)fn)T, pS =
( Pl - Py )T. Thereafter, the conversion between the function and vector forms
of a quantity will be used this way. Thus, the numerical scheme, (24), (25), and (26),
turns into the following matrix—vector form,

- . 2 TR . . = -
AuS +kBtpY — f7 G¢Y — EBMS’ MpS+l — MPY +(XM¢V _I_pBuY (27)

Without the convection, the weak solution of (12) and (13) (u, p) € Vi x Oy
satisfies

L5(u, wi) +kv(Vu, Vw;) —k(V -w;, p) = (F,w;), Vi=1,---,1, (28)
V-u,q)=0, Vi=1,---,m. (29

The corresponding vector form can be written as

- .z - 1 - - - -
Ai+kB'p = f, qu:%Bu, Mp=Mp+aMe + pBii. (30)

The last two equations in (30) can be reduced to (G + % M ) ¢3 = 0, whose solution

is <Z = 0, since both G and M are symmetric and positive definite. Thus, the last two
equations in (30) are equivalent to Bii = 0.
Denote the errors in the function form as u* = u® —u, ¢* = ¢* — ¢, p* = p* — p,

25 S

and the respective vector forms as ;_ts, ¢, [35. The subtractions of the equations,
(27)-(30), give rise to

> > EX) 1 - o > 2 >
Ai' +kB'p’ =0, Gé =EBIZS, Mp*T = Mp* +aMé +pBiE’. (1)
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- - 28 -
From (31), we get i’ = —kA™'B'p’ and ¢ = —G 'BA™'B'p’. Let D =
BA~L'B!, which is the negative Schur complement of A (e.g., see [4]), then

;s+1 - (OlG_l +pkM_l)D);§S L I — K);S, (32)

where
Knxm = (@G~ + pkM~YD. (33)

To study the convergence, we analyze the eigenvalues of the matrix K. First, we
introduce the following lemmas:

Lemma 1 Let S and T be symmetric matrices. If S is positive definite, then ST is
diagonalizable.

Proof Since S is symmetric and positive definite (SPD), its inverse ™! is also SPD.
Denote its square root as S~1/2 Then, 1287178512 = §-1/278-1/2 \where the
latter is symmetric because 7 and S~!/? are both symmetric. Therefore, S~!T is
similar to a symmetric matrix and hence diagonalizable. O

Lemma 2 All the eigenvalues of K are positive and K has a set of linearly independent
eigenvectors that span R™, which is called an eigenbasis of K .

Proof First, note that without the convection term, the matrix A is SPD. The inf-sup
condition guarantees B has the full row rank, and then the matrix D is also SPD. In
addition, the matrices G and M are also SPD

Suppose A is an eigenvalue of K and E € R™ is an associated eigenvector, i.e.,
K E = AS Left-multiplying both sides by E D leads to

aE'DG'DE + pkE' DM ~'DE = \E' DE. (34)

Since the quantities o, p, k, €' DG~ D&, ' DM~ DE, & DE are all positive, the
value of A must be positive.

Furthermore, a matrix is diagonalizable if and only if there is a set of eigenbasis of
this matrix (e.g., [22] Theorem 1.3.7, p.59). In the matrix K, the left factor («G~! +
pkM~") is SPD and the right factor D is symmetric. According to Lemma 1, K has

an eigenbasis. O
Denote an eigenbasis of K as {51, Sy §m} and the corresponding eigenvalues as
Aj,j=1,---,m.Let p(I — K) be the spectral radius of / — K, thatis, p(/ — K) =

max;—i,.. , |1 — Aj|. Because all the eigenvalues are positive according to Lemma?2,
it is easy to deduce that

Lemma3 p(I — K) < 1 ifand only if Amax < 2.

The next lemma gives an upper bound of the largest eigenvalue K dependent on
the parameters in the numerical scheme.
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Lemma4 Let Amax be the largest eigenvalue of K, then

Amax < max (1055 '0) (35)

Proof Let A be an eigenvalue of K and é’ be an associated eigenvector. According to
(34), L oL
«(G~'DE, D&) + pk(M "' D, D)

A= = , (36)
(D, &)
where the notation (5 ) % § for any two vectors in the same Euclidean space R™
or R!. Denote v = A~!B'€, i.e., AU = B’ 5 or Dg = BW. Then, (36) becomes
N a(G~'B%, BY) 4+ pk(M~'Bv, BY)  «(G~'Bv, BY) + pk(M~'BY, BY) , RG)
= = — = = v).
(v, Av) L5|v]7, 2e T kaIVvlle(Q)
(37

This equates the eigenvalues to the stationary values of the Rayleigh quotient R(V)
defined 1n (37). To estimate the two numerator terms in (37), let qb = G 'Bv,
then G¢ = Bv. Using the connection between the vector and function forms:
¢ = (@1 pn) and ¢ = Y7 ¢igi. b = (vi---v) and v = Y viw;, we
obtain

(G™'B%, BY) = (¢, BY) /¢(V v)dx. (38)

Similarly, we observe that G<Z = B is equivalent to
f V¢ - Vndx = —/ (V-v)ndx, Vne Q. (39)
Q Q

Using n = ¢ in (39), integration by parts, and Young’s inequality, we get || V|| e =

— [q@(V-v)dx = [qv- Vedx < §(||v||L2(Q) + ||V¢||L2(Q)) which further gives
||V¢||L2(Q) < ||v||L2(Q) Therefore, (38) becomes

(G™'BY, BY) = Vo7, (40)

Q) — ”v”LZ(Q)

To study (M~'Bv, Bv), we let y = M~'Bu, i.e., My = Bu. Suppose y =
(y1 -+ ym)" and the corresponding function y = Y7, yig;. Then, My = B can be
rewritten as [, yndx = — [o(V - v)ndx, ¥y € Q. Letting n = y, then ||y||L2(Q)
— Jo(V-v)ydx < —(||V v||L2(Q)+||y||L2(Q)) Thisresultsin ||yl 2(q) < [IV-vllL2(q)-
It is also known that for any v € [H0 (713, for example, [31] p.93,

V- vll2@) = IVullz2q)- (41)

All these operations sum to
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(M~'BY, Bv)=(y, Bz7>=—/ (V-0)ydx=IIyl72q) < IV-0l72q) < IVVI72g-
Q

(42)
Inserting (40) and (42) to (37), we obtain
allvli?,,o, + okl Voll?
s = Pz L@ (L2) ay)
1. 5”””L2(sz) + vk||Vv||L2(Q) 1.5 v
O

We introduce the maximum vector norm with respect to the eigenbasis {5,»};?;1 of
K, that is,

G0 = max Iqx.;| wheng = ZIqK & (44)
J

Theorem 1 (lteration convergence without convection) The pressure solution error
2 i
p  between the scheme (27) and the system (30) satisfies

- s+1 =
17" k.00 < 0 = KI5 k.00 (45)

Furthermore, if max ( 5 —) < 2, then the iterative solution (u*, p*) of (24), (25),
(26) converges linearly to the solution (u, p) of (28), (29).

Proof Denote j° = Y_"_, p} ;&;. Then, (32) becomes Y7, pi'1&; = 37, (1 —

Aj) ﬁf(’ JE ;. Due to the linear independency of {§ j};."zl, we arrive at p?l (1 -
APy = 1, .-+, m. Taking the maximum magnitudes on both sides yields (45).

By Lemma 3 and Lemma4, if max (1 5, —) < 2,then p(I — K) < 1 and the conver-
gence follows. O

2.2.2 Iteration analysis with implicit convection

The finite element solution (#*, p*) of the iterative projection method (9), (10), (11)
satisfies, after dropping time step index (n + 1),

15w, wi) + kv(Vu', Vw;) + k(NL@* ™, u), w;)
_k(psav'wi):(Fvwi)v i=1,"',l, (46)

along with (25) and (26). Here, w1, po) is the initial guess. We introduce the fol-
lowing the matrices:

Nw)ij = NL(w, w;), w;), Yi,j=1,---,1, (47)
Ay(w) = A +kN(w), (48)
Kyw) = (@G~ + pkM™ " BA (w)BT. (49)

@ Springer



An iterative projection method for unsteady... Page110f38 44

Then, the matrix form of (46), (25), (26) is

R I B . . B .y
Ay Yhi* +kBTpS = f, Gdf:zBuS, Mpst = Mp* +aM® + pBii.
(50)

The finite element solution of the limit scheme (12) and (13) (i, p) € V), x Qp
satisfies

1.5(u, w;) + kv(Vu, Vw;) + k(NL(u, u), w;) — k(V - w;, p) = (F, w;), Vi=1,---,1,
(51)
(V-u,qi) =0, Vi=1,---,m.

(52)

With the same argument for (30), the corresponding matrix form can be written as
- .z - 1. - - > -
ANWi+kBTp=f, G¢= Bl Mp=Mp+aMé+ pBil. (53)

The proof of iteration convergence with the implicit convection is by writing the
system as a perturbation with the perturbation parameter k£ of the non-convective
system (32). This is reflected in (85) along with (82). The perturbation terms with the
coefficient k depend on the matrices N (w), A;,l (w), and I — K y (w), whose estimates
are given in Lemma5 and 6. In this analysis, we adopt the spectral matrix norm |||-|||»
for square matrices, which is induced by the Euclidean metric in R’. For more details
of this norm, see, e.g., [22, Section 5.6].

Lemma 5 There exists a constant C only dependent on h and the basis of Vy, such that

[(NL(u, v), w)| < C”M”L2(Q)”v”LZ(Q)”w”LZ(Q)v Vu,v, w € Vp, (54)
N2 = Cllwliz2q), Yw € Vi. (55)

Proof Using [22, Theorem 5.4.17 and Theorem 5.6.2], [[[N (w)|l|, = Max z,. =1
§ TN (w)1, where § . e RL Using the connection between the vector and function
forms: & = (&), € = YI_ &wi, i = (q1 -+~ m)', n = Yj_, miwi, we obtain
ETNw)i = ((w-V)n. &) + 3((V - w)n, £). Hence,

1
IIN)ll, = _ max  ((w-V)§, )+ E((V “w)n, §). (56)
€ N2=lInll2=1
Note that
[((w - V)0, )] < lwllpa@ll§ s IVall 2@ (57)

1 3 1 3

=< 2wl g IV 2y 1E 1 2y IVE N2y IV 2y (59)
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where (57) is obtained by Holder’s inequality and (58) by Ladyzhenskaya’s inequality
in three-dimensional case, [[v]lz4(q) < ﬁl|v||i/2tQ)I|Vv||*z/2iQ), Yv € V (see, e.g.,
[31, Lemma 3.5, p.200]). Next, by applying the inverse inequality Vvl 2q) =<
Ch_1||v||Lz(Q) for any v € Vj (e.g., [5, Theorem 4.5.11, p.112]), where C only
depends on €2, the above estimates continue as

1 1.3 3 1 1.3 3 _
1w D), )1 < 20wl ) (ChDF 0l s g 18] gy (CHDFIEN 20, Ch ™ Il 20

= CHw”LZ(Q) II‘S”LZ(Q)Iln”Lz(Qy (59)

where the last C absorbs 427 in the previous step. Similarly, the term %((V -w)n, )
can be shown to have the same upper bound. Note the inequality (59) also holds for
any &, n € Vj,, which leads to (54). . .

Note [[§[17,o, = iy &wi, Yo &jw)) = Y4 &iEj(wi, w)) = ET Agé,
where Ag is the mass matrix of V;, with (Ag);; = (w;, w;). Clearly, Ag is symmetric
and positive definite. Since ||§||2 =1, §TA0§ < p(Ap), the spectral radius of Ay.
Thus, [1§]172(q) < /P (Ao) and similarly ||n]|;2(q) < v/ (Ao). Therefore,

1
((w-V)n, &) + S (V> w)n, §)| = Cp(Ao)llwlir2 ) = Clwllz g, (60)

where Cp(Ap) is denoted as a new C in the final step, which only depends on % and
the basis of V},. Finally, (55) is achieved from (56) and (60). O

The following lemmareveals that / — K 5 (w) used in (84) is a first-order perturbation
of | — K.

Lemma 6 For each w € Vy, there exists a constant k,, > 0, such that when 0 < k <
min(ky, 1), the matrix Ay (w) is invertible,

H‘AJTJI (w)mz < C( +kllwllL2q)), (61)

and
I —Kyw)=1—-K —kApn2(w), (62)

where An2(w) is a matrix satisfying
IAN2 @), < Cllwl 2 (63)

Here, the constant C is independent of w, but depends on h and bases of Vy, and Qj,.

Proof Note Ay (w) = A+kN(w) = A(I +kA~! N (w)). When w and the basis of V},
are fixed, the matrices A and N (w) are also fixed. Note Ay is invertible if and only if
(I + kA~ N(w)) is invertible. According to [22, Corollary 5.6.16], (I + kAN (w))
being invertible is equivalent to k|||A_1N(w) |||2 < 1.
Let
0.5

- , (64)
Cclla=tll w2

kuw
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where the value of C is the one used in (55). If 0 < k < ky,, then I<H|A’1N(w)|||2 <
kI[ATHLIN @)l < kC||A7||,Iwll 2y < 0.5. Thus, the matrix (I +
kA~'N (w)) is invertible and (1 + kA" N (w)) ™" = I +kAy1(w), where Ay (w) =
>3 (=)7K (AN (w))/ and
oty < e Sl v, o
T l—kf[aTtN@], T 2
Thus, when 0 < k < ky,, Ay (w) is invertible and
Ay (w) = (I +kAyi(w)A™ = A7 kAN (w)A™! (66)

Furthermore,

lazt @], = || +kaviena=t||, < |[Ja=|| a+mmavi@in 6

< 4=t + 2] | nvewn) (68)
< s 2o ot
< C'(A+kllwl2@), (70)

where (65) is used in (67) to get (68), and (55) is applied in (68) to get (69). The C’ in
(70)is C' = ma><(|”A‘1 | 2C|HA‘1 H‘;) from (69). Changing C’ to a new C results
in (61).

Then, (49) and (66) lead to

>

I—Kyw)=1— (@G "+pkMYBA 'B'—k(aG~ ' +pkM " )BAy(w)A~' B
(71)

21 —-K —kAna(w), (72)
where K is defined in (33) and Ay2(w) £ (@G~ + pkM~")BAy1(w)A~' B'. Then,

llAnalls = |G|+ ok pa= | oms il B |4~ iaw o
(73)

2
= |6, + s~ puanallsl, 2[4t v
(74)
= ClINW)II; < Clwl 2. (75)
where we have used 0 < k < 1 and (65) to get (74) and Lemma5 to obtain (75).
The constant C7 in (75) denotes the product of all terms in front of ||| N (w)|||, in (74),

which only depends on the bases of V}, and Q). The identity (72) and estimate (75)
conclude this lemma. O
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Theorem 2 (Iteration convergence of iterative projection method at a single time step)
If o(I —K) < 1 and the time step size k is sufficiently small, then there exists a constant
0 < y < 1 such that for any s > 0, the pressure and velocity errors between (50) and
(53) satisfy

2 20 =>—1 ) = 20 2—1 )
15 koo < (17 Nkoo+ M 2y, Nt 2 < VEUP koo + i 1)y .
(76)

Thus, the solution (u®, p*) € Vi x Qp of (46), (25), and (26) converges linearly to
the solution (u, p) € Vi x Qp of (51) and (52).

Proof Step 1. Derive the relations (96) and (97). Subtracting (51) from (46)
gives, foreachi =1, --- ,1,

1.5G*, wi) + kv(Vi*, Vw;) + k(NL@* ™", @), wy)
+ k(NLG* ™Y, ), wi) — k(p°, V - w;) = 0. (77)

- S5 2 o
This results in, by using the notations of vectors u*, ¢*, p* and errors i, ¢, pA
from Sect.2.2.1,

(A+kN@ "D +kBT5° = —kAqwyi’ ", (78)
where the matrix Ay is defined as

(Aa)ij & NL(wj,u), w;), i,j=1,---,L (79)

According to Lemma 5, |N(u5_1) |||2 < Clu*~! l 22(q)- According to Lemma6,

for u®~!, there exists k,s—1 > 0 that depends on the norm flus—1 22 (see (64))
such that when 0 < k < min(k,s-1, 1), Ay(u*~') = A + kN (@*~") is invertible.
Thus, we solve (78) to get

2 _ _ 2 2s5—1
W= kA @B P+ Agn ). (80)

According to Lemma5 and (54), [|Agllly < Cllull12(q). We take Cllull 2 as a
new C, which yields
lAall, = C. (1)

Applying (61) and (81) on (80) gives

112 = k||| 45" @ )| B 111512 + HAalo @™ )

_ = 2s5—1
<kC( +klu’ 1||L2(Q))(||ps||K,oo+||us lI2). (82)
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From the difference between (50) and (53), we obtain

2 s+1 2 o EX
pv-‘r pv—i-(—G_l—‘rpM_])BuY

k
= 5" = (@G + pkM ) BAY @ TH(B'D + Agit' ) (83)
= (I~ Kn@ N5 = @G+ pkM DAY @ AT (84)
— (I — K — kA2 "Np" = B i, (85)

where the definition Ky («*~!) in (49) is used in (83) to obtain (84), the formula
(62) is employed to go from (84) to (85), and B (u*~1) is defined as

Biw'™") 2 @G+ pkMHAL @ H Ay (86)
Applying (61) and (81) on By (u*~') yields

[|BreeD], = @lla =[], + or s pfcart @b maans
< CA+kllu 20 (87)

2 2s5—1 ., . . . (2
We express ANz(u‘Y_l)pS and B (us_l)us in (85) with the eigenbasis {Ej};f’zl
of the matrix K:

m m
I T - > _1.2s—1 - g
Ava@™Np" =) "k & =10, B Thi =) 0k & =0. (88)
j=1 j=1

It is easy to tell that

- o =S ¢ — =28 o — =y
lillk.co < ClAN2 5" N2 < Cl|An2 @ DL 15 k.00 < Cllu Ml 26 17" Ik 00
(39)

where (63) is used in the last step. Similarly,

= _1.z2s—1 _ =s5—1 _ —2s5—1
1611k.00 < CIB1 @™ Nit' |2 < Cl||Br@* ™| 1" 2 < €A+ &l 2@l o

(90)
From (85) and (88), we obtain
P = —Kk)p ki -6 1)
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This implies

- s5+1 = N =3
17" koo < 0U = KD k.00 + klliillK 00 + 161K 00

_ 2 _ =s5—1
< (0 = K) +kClu* Ml 2@ 15 k00 + CA+ Kl 2@l 2
92)

2 2s—1
= a5 111p koo + b1l 2. (93)
where fors = —1,0, ---,

ay = p(I — K) + kCllu* || 2y < p(I — K) +kC (i’ [l + llull 2(qy),  (94)
by = C(1+kllu'll 20 < C(L+ k(i ll2 + lull 2(6))- (95)

Therefore, using these two quantities, (82) and (93) become, fors =0, 1, - - -,
- s+1 > =s5—1
15" k.o < as—1115 koo + bs—tllii’ 2. (96)
= 2 =s5—1
1212 < kbs—1 (15" k.00 + X 12)- 97)
Step 2. prove (76) by induction. Fix C as the maximum of one and all C’s that

appear in Step 1 (this enforces C > 1), which only depends on u, & and bases of
Vi, and Qy,. Let

Ci =15 Nk + I I, (98)
Cy = max(lu" | 2(), CC1 + llull20), (99)
Pi = p(I — K) + CVk + kC(1 + VEOVKC + l[ull 120, (100)
Py = Vk(1 + VE)C(1 + kVE)(VKC) + [lull 20 (101)
Py = VAC( + kllu™" I 2(q)- (102)

If p(I — K) < 1, then there exists k9 > 0 such that when 0 < k < ko,
max(P;, P, P3) < 1. We fix a value k such that

0.5
O<k<min|l, kg, ———7 ). (103)
< CC2|||A_1|||2>

The value of y is chosen satisfying
max(Py, Py, P3) <y < 1. (104)

In the induction, we need to prove (76) and show Ay (u*) is invertible at each

step s > —1. In the initial step, we show Ay (u~") is invertible, ||;30||K,oO <Cy,

170, < VkC1y, and Ay (uP) is invertible. First, (103) implies k < CC2||‘|)+1”|
2
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which in turn suggests k <

0.5 .
AL I T2 due to (99). According to Lemma5

and (64), Ay (u™1) is invertible. When s = 0, the inequality for ||;30|| K.co0 10 (76)
is trivially true due to the definition of Cj in (98). From (97),

20 20 2—1 _
it 2 < kb1 (1p NK.oo+ Nl 1) =kC+ku" | 1200)C1 = VAkPsCi < VkCiy.

(105)
Next, we show Ay (u?) is invertible. Note
0 -0 =20
2 ) < i llz2@) + lullzz@) < Cllu 12 + llull2q)
< CVACy + llull ) < CC1 + llull 2y (106)

where 0 < k < 1 and 0 < y < 1 are used in the last step. According to (103),
(99), and (106),

0.5 0.5 0.5
< < < =
calfa-tfll, = cfla-tl,cCr+ lullz@) ~ Clla=l,1e0l 20

k

k0.

(107)

Due to Lemma6 and (64), Ay (1°) is invertible.
Second, assume the inequalities in (76) hold and Ay (u#*) is invertible for s < sp,
where 5o > 0. Then, (96) implies

= s0+1 2 =so—1
17° " Nk oo < asot 15" k.00 + bsg—t 17 2
=s0—1 -
<o = K)+kCU@"" 2+ lull 2P I & 00
=s0—1 =s50—1
+ CIL+ k(i N2+ lull 2@ 2 (108)

< [pU — K) +kCkC1y® + lull 12(0)]C1y™
+ CI1L+ k(VEC1y™ + llull 2@ WKCiy ™ (109)
=Cy% [p(l — )+ VEkC+kCA+vVE)(VKkC1y® + ||u||L2(Q))]
(110)

< C1y® [p(l — k) + VkC +kC( + VE)(VkCy + ||u||Lz(Q))]
(111)
=C1y"P < Cy T, (112)

where the inequalities in (94) and (95) are used in attaining (108), the inductions
at so — 1 and sp and the C1 notation in (98) are applied to obtain (109),0 < y < 1
are applied from(110) to (111), the definition P; in (100) is employed to go from
(111) to (112), and the relation (104) is utilized in (112).
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Furthermore, (97) implies

=s0+1

”IZ 2s50+1

2 < ks (15”1 k.00 + 112" 12)
> 250+1 =
<KCIL+ k(i Il + Nl 2] AP koo + 1 12)  (113)

<kC[1+ k(VEC1y™ ™ + lull 201 - (Cry ™t + VEC y o)
(114)

= VkCyyoH! [«/E(l + VO + k(VkCry™t! + ||u||Lz(Q))}

< VkCpysot! [«/%(1 + Vi) C( + k(WkCy + ||u||L2(Q))} (115)

= VkC1y*t Py < VkCiyt2, (116)

where the inequality (95) is used in achieving (113), the inductions of " and

(112) are applied to get (114),0 < y < 1 isused in obtaining (115), the definition

P> in (101) is employed from (115) to (116), and the relation (104) is utilized in
(116).

Finally, following the same process as we prove that Ay (1) is invertible, we can

prove Ay (u*0*1) is invertible. The induction proof is completed. O

3 Stability and error analysis of the limit scheme

From here, we denote the solution at time step n with iteration number s in the finite

element space V; x Qj as (u)™", p;**). Thus, the finite element formulation of the

iterative scheme (9)—(11) is, at the time #,, seeking uZH’S e Vi, pZH’S € Oy,

qbZH’S € Op,s =0,1,---,such that for any v, € V4, g, € Oy,

L5 o) + ko(Va T Vo) + kONL@ i ) o) — k(7 - o, pit)

= Qu —0.5u)~" vp) + k(L vy, (117)

n s 1 n s
(Vo V) = = (V- g, (118)
Py g = o)+ agl T = (V). ). (119)
where uZ'H’_l = 2uf — uz_l, pZH’O = 2p) — pz_l. When the conditions in

Theorem?2 are satisfied, the iterative solution (MZH’S, pZH’S) converges linearly to
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(uZH, pZH) of the following system:

L5, vp) + ko(Val ™, Vop) + k(NL@O Y wf ™), vp) — k(Y o, pith
= Quj — 0.5uf " vp) +k(F" T ). Yop € Vi, (120)
(V-upt' gn) =0, Vg € Qn. (121)

Definition 2 A scheme is robust if there is no negative power of viscosity in the L>
error bound of velocity, and not robust otherwise.

The stability and error analysis of fully implicit schemes for the Navier-Stokes
equations with the Galerkin finite element method has been extensively studied,
notably in a series of seminal works by Heywood and Rannacher [18-21]. In particu-
lar, rigorous error estimates for the fully implicit Crank-Nicolson scheme are provided
in [21]. Note the viscosity v = 1 in these works. According to [13, Section 4.1.1], the
analysis developed in [21] does not lead to a robust upper bound for small viscosity
values. The fully implicit BDF2 scheme with mixed finite element method is studied
with error analysis in [ 10], but the viscosity is also setas v = 1. The existing error anal-
ysis results that directly account for viscosity in the upper bound can be found in [13]
(for general FEMs, discussed loosely between Theorem 4.3 and Example 4.4), [28,
Theorem 4.7] (for divergence-free FEMs), and [25, Theorem 3.1] (for general FEMs).
However, none of the error estimates in [13, 25, 28] incorporate time discretization.

On the other hand, various stability results are available in some of the papers
mentioned above such as [19, Prop.3.3], [21, Prop.3.1—3.3], [13, Theorem4.3], and
[28, Lemma3.1], but these stability estimates are either for a backward Euler scheme
or for the semi-discrete, continuous-in-time approximation. As for the BDF2-type
time discretizations, one stability result is given in [1], which analyzes a widely used
linearly extrapolated BDF2 scheme with a convection term that is not fully implicit.
Therefore, to the best of our knowledge, there are no available stability or error analysis
results for the fully implicit BDF2 scheme (120) and (121). The primary challenge
of the BDF2 scheme lies in establishing the recursive relationships for the quantities
of interest across multiple time steps, which is solved by using the identity (141). We
provide the stability and error analysis for (120) and (121) below and include their
proofs in the Appendix.

To simplify notations, we denote H" = H™(Q), m € N, L% = LZ(Q), LY
L®(Q), L? = L*>(0,T), L® = L>®(0,T), L®L2 = L®(0, T; L*(Q)), L*H" =
L®(0, T; H™(R2)), and so on.

Theorem 3 Suppose cither the non-div-free or div-free FEM is used. If 0 < k < 1,
then the velocity solution of the scheme (120) and (121) satisfies for a given final time
T > 0, at any time step 2 <n < L%J,

_ T n .
g3+ 12013y < exp (= )-(Mehl13 1220, = o445 3 11717 )-
, 2N

(122)
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Theorem 4 (Error estimate for iterative projection method) Supposeu, u; € L{°H.. +1
withr > 2, uy, € L®L2, and p € L® H!. Let the time step size k < 1 and the spatial
mesh size h < 1. Then, forany2 < n < L%J, there exists a constant C independent
of the solution (u, p) and the discretization parameters k and h, such that the velocity
solution of the scheme (120) and (121) satisfies,

(i) With non-div-free FEMs,

< ChY (h* + vk) Ju|?

kv
n ny2 n ny 2
" = whl} + S IV@" =)}, < 2 e

kv cMm?
) (18413 + 120} = 8513, + 190313, + 2.
(123)

M,

+ exp (—1 M,

where ¢2 and ¢f11 are defined in (153).
(ii) With div-free FEMs, the estimate (123) with M| and M, replaced with Miﬁvo and
Mgivo, respectively.

The constants My, M flivo, M, and Mg“’o are defined below:

. C .
__24div0 2 div0 _
My =M{"0 4 =l s M0 = 14 Cllull o o, (124)

r
_ g r+l r 2 2
Mz =l ot + NP g + e K 213

(125)

div0 __ 3 r+1 r+l1 2 2
My =h ””f”L?"H_{“ +h ||M||L?OH;+1 +k ”uttt”[‘foL)?(- (126)

Remark 1 InCase (i) of Theorem4, if all the norms of # and p are bounded, kM| < 0.5,
and ¢}l = ¢2 = 0, then when v — 0+,

lu" — w2 =O W™+ +1" /kv) +exp (0(%)) SO (WL U KA ),

(127)
n n hr+l r 1 h" h" 1.5
V@ —ullz =0 (JH +h >+exp<0(;)) : O<ﬁ+ﬁ+k )
(128)

The spatial accuracy order of both the L? and H! errors of velocity is 7. On the other
hand, when /& = 0, the accuracy order in time step size for the velocity in H' norm
is 1.5, the same as that for the rotational projection method [17], where the error is
achieved without spatial discretizations.
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Remark 2 In Case (ii) of Theorem4, if all the norms of u and p are bounded, kM| <
0.5,and ¢} = ¢ = 0, then when v — 0+,
1

N Ot + Vikvh™ + k?).
v

(129)

" —upll 2 = O™+ Vhoh" +k3), IV —up)l 2 =

Since the L2 error of velocity does not contain the negative power of v, this method
with the div-free FEMs is robust.

4 Numerical tests

Two problems are used to test the performance of the proposed method, where Problem
1 has the exact and smooth solution and Problem 2 is a classic lid-driven cavity flow
problem. The finite element space is chosen as the P2/P1 Taylor-Hood pair. The
numerical integration uses a 24-point quadrature rule in [24], which is exact for 6th
degree polynomials in a tetrahedron. The non-symmetric matrix equation (117) is
solved by the ILUT preconditioned GMRES method [26, 27]. The stopping criterion
of the iteration (117) and (118), (119) is set as
Upy = o lhmax < € and 1 p ™ = il <€) or s > TerMax.
(130)

In practice, we use € = 10~2 and IterMax = 50.

4.1 Problem 1: exact solution is given and smooth

In Problem 1, the spatial domain is [0, 1]>. The Reynolds number is Re = %, where
the length scale L = 1, the velocity scale U is the maximum velocity magnitude. The
kinematic viscosity v is modulated to give various values of Re. The exact solution of
the test problem is

uy = cos(r)g(x)g'(y)g'(2). uy = cos(t)g'(x)g(»g'(2), (131)
us = —2cos(t)g' (x)g' (y)g(2), p = cos(3t) sin(2mrx) sin(ZJTy)z3, (132)

where g(x) = 10x2(1 — x)2. In this problem, U = 4.6 and Re = %. The regular
tetrahedral meshes are used to discretize 2 used with NV subdivisions in each direction.

4.1.1 Numerical tests of iteration convergence at a single time step
This group of tests examines the convergence of the projection iterations in one single

time step of the scheme (117), (118), and (119) of the test problem. This is done by
finding the velocity and pressure at f, where their values at 7y and #; are chosen as the
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Uzawa 02Itera':ive Standard Projection m,!terative Rotational Projection

£ _E
& 5
I e "
= = 10%) S
T, | — s S
£ £105} —
=) 2
3 3 —
B § 1000 — =10
z = v=10°
107 ! |
20 40 60 80 100 0 20 40 60 80 100 [ 20 40 60 80 100
s: iteration s: iteration s: iteration
o6 Uzawa Mglterative Standard Projection ” DIgtera':ive Rotational Projection
— =1 — =1 — =1
£ — =101 H — =101 H — v=101
504085 — »=107 40,085 — »=10"2 'L 0.085] — »=1072
= — =103 23 S — =102 B —  — =102
L 4 [N _ % [N _ 4
% 008 v=10 R —td I —a
> - 7= > oI V= 5 — 7=
> > e = Va
3
> »=10C 2 "4 »=10" = »=10"
§ 0.075 $ 0.075(/, S 0.075
@ 8 8
0.07 0.07 0.07
20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

s: iteration s: iteration s: iteration

Fig. 1 Weak and strong measures of velocity divergence over iterations of Problem 1. First row: weak measure. Second
row: strong measure

exact solutions. To track the divergence of the numerical velocity through iterations,
we adopt two measures. The first is a weak measure,

Iweak div|max = |73 (V - ) lmax = max I(Vuy, @], (133)

q is a basis function of Qy,

where 7, is the L? projection from Vj, to Qj,. The second measure is the strong
measure,
|strong div|max = mas)z( IV - uy (x)]. (134)
Xe

The mesh resolution is chosen as N = 80, and the time step size is k = 1073, The
computational results shown in Fig. 1 agree with the normal mode analysis. That is,
the Uzawa iterations give the fast decay of the weak measure only for large viscosity
values (v > 1072)). The standard projection iterations converge fast only for small
viscosity is small values (v < 1072). The rotational projection iterations converge fast
for all the viscosity values. The strong measure tends to a nonzero steady state in all
these simulations, which implies the limit velocity is not pointwise divergence-free.
This is because the Taylor-Hood FEMs are not divergence-free.

Based on extensive numerical tests, we find that the optimal parameter values for
achieving the fastest iteration convergence are problem-dependent, which are typically
found not at « = 1.5 and p = v, but rather within the range o € (1.5, 3) and
p € (v,2v). It is recommended to test the optimal values at the initial time step with
a coarse mesh before running a long-time evolution.

4.1.2 Numerical tests on accuracy of the iterative projection method
This group of tests investigates the stability and accuracy of the full scheme (117),
(118), and (119). The simulations run from ¢ = 0 to + = 0.5 with various Reynolds

numbers starting from Re = 920, where the error is evaluated at time ¢ = 0.5. All the
simulations in this section use « = 1.5, p = v, and kK = 0.001.
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Table 2 Errors at t = 0.5 when iteration=1

N lup —ullyr rate  |pp—pl;2  rate N lup —ullgr  rate  |pp—plp2  rate

60 020x107! 186 0.15x1074 201 60 0.12x10t3 11 031 x 10Tl 6
70 0.15x 1071 232 011x107% 211 70 042x 102 33 0.12x10t! 35
80 0.11x107! 189 083x107> 208 80 051x109 33  010x1071 62
90 0.88x 1072 204 065x1075 212 90 0.94x 1072 2.14 0.66x 1075 1.90
100 0.71 x 1072 0.52 x 1073 100 0.75 x 1072 0.54 x 1073

Left: Re = 920. Right: Re = 2300

(1) Re = 920: one iteration attains accurate solutions

When Re = 920 and only one iteration is used per time step, the numerical solutions
show the optimal convergence (see Table 2 (left)): second-order accuracy of both the
velocity (in H'! norm) and the pressure (in L? norm).

(2) Re = 2300: iterations reduce/remove spurious solutions

The simulations with only one projection per time step lead to large errors when
N = 60, 70, 80, but accurate solutions when N = 90, 100 (see Table 2 (right)). These
errors coincide with sizes of the weak and strong incompressibility measures, as shown
in Fig. 2: when N = 60, 70, 80, the measures grow exponentially in time and then
stay at high values, but when N = 90, 100, the measures are small (less than 0.1).
This implies that the violation of the divergence-free condition causes the failure of
the conventional projection method.

To see the effects of iterative projections, we focus on the mesh N = 60 with a
fixed number of iterations per time step: iteration=1, 2, 4, or 6. Based on Table 3 (left),
the errors decrease when more iterations are used, and when iteration=6, the errors are
optimal in the given time and spatial discretizations. The plottings of the numerical
solutions in Fig. 3 reveal that there are strongly unphysical oscillations when only
one iteration is used, but the oscillations reduce when more iterations are added and
completely vanish when iteration=6.

We then use the stopping criterion (130) with € = 1072 and re-run the simulations
with Re = 2300. The optimal convergence is recovered as shown in Table 3 (right).
Note the iterative scheme spends 36h in the mesh with N = 60 to obtain a solution

Re=2300, Rot Projection, iter=1 Re=2300, Rot Projection, iter=1
4

4 107 — N=60, iter =1 10%) — N=60, iter 5

g —— N=70, iter =1 % — N=70, iterff1 1
= —— N=80, iter =1 .,,—E —— N=80, itaf =1 |
S 5| = N=90, iter =1 > —— N=90, j#fr=1 ]
e 10 N=100, iter =1 B 102 N=10

5 I
3 x

! £

x

g 10° IE’
= 0
2 o 10
T 105 g
g 10 @

" " " 10-2 " " "
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
time [a] time [b]

Fig.2 Weak (a) and strong (b) incompressibility measures when Re = 2300, iteration=1
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Table 3 Errors at # = 0.5 when Re = 2300

Re N iter [lup —ullyt |pn — plpz CPUtime N lup —ull g1 |pp — ply2  average iter CPU time

230060 1 0.12 x 1013 0.31 x 1011 251 60 0.23 x 1071 0.15 x 1074 5.2 36h
2300 602 0.43 x 1072 0.13 x 101! 26 h 70 0.16 x 10! 0.11 x 1074 3.5 60 h
2300604 0.29 x 10t1 0.26 x 1071 57h 80 0.12x 1071 0.83x 1073 1.7 66 h
2300606 0.23x 1071 0.15 x 1074 58 h 90 0.94 x 1072 0.66 x 1075 1 78 h
100 0.75 x 1072 0.53 x 1075 1 102 h

Left: a fixed number of iterations per time step. Right: stopping criterion is (130) with € = 1072

with |lup — ullg = 0.23 x 10~!. In contrast, the convectional projection method
needs to use a mesh with at least N = 90 and 78h to achieve the same or better
accuracy, through the comparison between Table2 (right) and Table3 (right). This
highlights the advantage of the iterative scheme in efficiently achieving reasonably
accurate solutions while significantly reducing CPU time.

(3) Some higher Reynolds numbers

This set of simulations applies the iterative projection method to handle some high
Reynolds numbers Re = 5 x 103, 1 x 104, 2 x 104, 4 x 10%, and the stopping criterion
is (130) with ¢ = 1072. The computational results are shown in Fig. 4. Both the
L? and H! errors of velocity are optimal and increase when the Reynolds number
is larger, which is consistent with the non-robust error estimates of this non-div-free
FEM. The average iterations per time step also increase with the Reynolds numbers
and are below 9 in these simulations.

(4) Comparison with iterative projections with explicit convection.

Following [3], we use a BDF2-IMEX scheme where the convection is fully explicit.
The only difference with the method proposed in this work ((117), (118), and (119))
is that the equation (117) is replaced with

L5 ) 4+ ko (Vul T Voy) — k(Y - oy, pp )

= Quj —0.5u ™" vp) + k(T vn) — k(T ywp o),
(135)
where u)ZJrl = 2u) — uz_l. The numerical simulations suggest this iterative IMEX
projection scheme is not so stable as the proposed scheme ((117), (118), and (119)).
When Re = 920 and k = 0.001, this scheme blows up around # = 0.1 (see Fig.5). In

&
oloRNW
°
o

0.5 A 0.5 05 0.5 7 0.5 0.5 0.5

POy [a] ooy [b] x 1oy [c] x 1oy [d]

X

Fig.3 Numerical solution u3 on the plane z = % at t=0.5 when Re = 2300 and N = 60. Iteration=1 ina, 2in b, 4 in c,
6ind
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average iterations per time step
w
3=
10 ‘

= Re=5x 10° |

sl

60 70 80 90 100 60 70 80 90 100 60 70 80 90 100

[a] [b] [c]

Fig.4 Simulation results for some high Reynolds numbers. a, b L2 and H! errors of velocity. ¢ Average
iteration numbers

contrast, the proposed scheme obtains the optimal convergence with just one iteration
in each time step according to Sect.4.1.2.

4.2 Problem 2: Lid-driven cavity flow

Problem 2 is a classic lid-driven cavity problem. The domain is 2 = (—0.5, 0.5)3,
and the boundary velocity is u = (0, 1, 0) on the sliding wall x = —0.5 and zero
on the other walls for all time. The initial velocity is set as zero everywhere in the
domain. The meshes use Gauss-Lobatto points (e.g., [2]), where x; = 0.5 cos(iﬁ”),

yj = O.SCos(jW”), 7] = % —05,i,j,l =0,---, N, where N is the number of

subdivisions in each direction. The Reynolds number of this problem is Re = % In
this section, the iterative projection scheme uses o« = 2, p = v, and k = 0.001.

4.2.1 Convergence of iterations at one single time step

Similar to Section,4.1.1, we first test the convergence of iterations at the time step
1, for various values of the viscosity. Since the exact solution is not available, the
solution at #; is taken the same as #yp = 0. The solution at #, is obtained by running
the scheme until convergence. We choose the number of subdivisions N = 40 in
this test. As shown in Fig. 6, the Uzawa iterations show roughly the same behavior
of weak divergence for all the viscosity values, which decrease only moderately.
The standard projection iterations perform excellently for small viscosity values but
poorly for large viscosity values. The rotational projection iterations perform best.
As for the strong measure of velocity divergence, both the Uzawa and rotational
projection iterations exhibit roughly the same decay rates to the equilibrium states,
but the standard projection iterations give very slow convergence for large viscosity
values. Because of the singularity of this problem, both the weak and strong measures
of the divergence are much larger than those for Problem 1 (compare Figs. 1 and 6).

Fig.5 Blowup of the iterative — |weak div| |
IMEX method with Re = 920 and o lstrong div]. .
k =0.001. The slop;)ing criterion is 101 e

(130) with e = 10~

10°
0 0.05 0.1
time
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Uzawa, [weak div]  =Ir, (V- u)| , Standard Projection, |weak div|, = (V- u*)|__ Rot Projection, [weak divl, = (V- u)|
10° 10 10*
v=1d0| —— v=1d0
— v=1d-1

—— v=1d-2

— v=1d-3
10° 10°
107 107 107
107" 107" 107
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
s: iteration s: iteration s: iteration
Uzawa,[strong div] =|V-u®] Standard Projection,strong div, . =IV-u®| Rot Projection, strong div|,  =IV-u®|
1400, - - - 1400 1400
—— v=1d0| S  ————————v=1dg —— v=1d0|
1200 — v=1d1 1200 N‘ 1200 — vtd-
—— v=1d-2 N —— v=1d—2 \ —— v=1d-2
1000] — v=1d-3 TS — v=1d-8
— v=1d4 — v=1d4
Ly v=1d-5 v=1d-5

600

400

200 \_’—_
0 0
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
s: iteration s: iteration s: iteration

Fig.6 Problem 2: Weak and strong measures of velocity divergence over iterations of problem 2. First row:
weak measure. Second row: strong measure

4.2.2 Steady-state solution when Re = 1000

When v = 0.001 or Re = 1000, we run two sets of simulations: one with the
conventional rotational projection method and the other with the iterative scheme
by using the stopping criterion (130) with € = 1072, With this stopping criterion
and N = 20 or 40, the average iteration number is 2 for the iterative scheme. When
N = 40, the conventional projection method shows very chaotic velocity and pressure
fields at + = 20, as shown in Fig. 7. But with the iterative scheme, the velocity field is
very smooth (Fig. 8).

The accuracy of the numerical solution is confirmed by comparing the steady-state
solution, achieved roughly around ¢ = 20, with the result of [2]. The comparisons
are shown in Fig.9 when the mesh is refined from N = 20 to N = 40. In [2], the
standard projection scheme with the BDF2 scheme in time and a spectral method in
space is used. More importantly, they construct a special solution u, addressing the
edge singularity to accompany the numerical solution. Therefore, without introducing

-1

[b]

Fig. 7 Velocity (a) and pressure (b) on the x-y plane of z = 0 at time # = 20. Re = 1000, max speed=22.79. Produced
by the conventional projection method
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1l

0.5
0
-0.5
M -0.5 g o
03 0 05 0 0.5 -0.5 y
: [b] o [b]

Fig.8 Velocity (a) and pressure (b) on the x-y plane of z = 0 at time ¢ = 20. Re = 1000, max speed=1. Produced by the
iterative scheme

the prescribed singular solution, the proposed iterative projection method obtains the
correct solution with averagely two projections in each time step.

5 Concluding remarks

This work studies a novel iterative projection method for the Navier—Stokes equations,
whose methodology is to iterate the projections to the divergence-free space in every
time step. To guarantee stability and convergence, a semi-implicit skew-symmetric
convection form and two tuning parameters are utilized. The benefits are signifi-
cant. First, it produces the weakly divergence-free velocity (pointwise divergence-free
velocity on div-free FEMs) when it is fully convergent. In contrast, the traditional pro-
jection method cannot produce weakly divergence-free velocity. Second, the stability
and error estimates for the limit scheme, which is the fully implicit BDF2 scheme
in time discretization, are theoretically established. Third, this iterative projection
method can handle high Reynolds numbers, while the traditional projection method
would fall short. Numerical experiments demonstrate that the desired stability and
accuracy can be attained with just a few iterations per time step, without requiring full
convergence.

There are many ways this work can be improved and extended. First, the scheme
proposed in this work does not use any stabilization techniques mentioned in [13]. A
simple and appealing stabilization is the grad-div method as mentioned in [9], which

05 - 0.5 e
b 3 B ¥
; 3 ; a
3 fﬂ ] 7
R, : e f
o e, e
p oo, & 4 o 4
_7 56 LZJ o
ol !
{ gz
-0.5 s, -0.5 5o
-0.5 0 0.5 -0.5 0 0.5
X [a] X [b]

Fig.9 Comparison of normalized velocities, v/2 (red) and u/2 (blue) on the center lines (x, 0, 0) and (0, y, 0) on the x-y
plane z = 0. The whole velocity vector is (u, v, w). The square symbols are extracted from figures of [2]. The solid lines
are from the iterative projection method of this work. a N = 20. b N = 40. Re = 1000, t = 20
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has been shown to achieve robust error estimates for non-div-free FEMs. Second, there
are many other forms of the convection term as shown in [7], whose theoretical and
computational properties can be studied. Third, the convergence rate of the projection
iterations for (12) and (13) is first order, and its comparison in efficiency with Newton’s
method with GMRES approach of solving the nonlinear system as in [7] will be an
interesting future work. Fourth, a general BDF2-type formula proposed in [23] may
lift the temporal accuracy to second order theoretically.

Appendix

One-step projection does not produce divergence-free velocity

Using the matrix and vector notations in Sect.2.2.1, the equations (5) and (7) can be
written as

> |
Gt = EBM*, (136)
Aoi" ' = Agu* — kBT "t (137)
where Ao is the mass matrix of Vj. Thatis, (Ag);; = (w;, wj),i, j =1,---, 1. These
two equations yield
Bi"™ = (I — BA,'BTG™")(Bii"). (138)

In general, BA; BT — G does not hold for mixed finite element spaces. Thus,
I —BA;'BTG™" # 0and Bi"*' # 0. This implies «"*! is not weakly divergence-
free in the one-step projection method.

Proof of Theorem 3

Proof 1t is easy to derive that for any w, v € V,
(NL(w, v),v) = 0. (139)

Thus, letting v, = uZ“ in (120) and ¢, = pZH in (121) eliminates the convection

term and k(V - uZH , pZ+1 ), and we obtain

@it 15wt = 2uf 4 0.5u ") + kv Vg I, = k(LD (140)

Applying the following algebraic identity for real numbers a"*!, a”, a"~! (e.g.,

4.7)in [17)),

Cln+1 . (1.5an+1 — 24" +0'5al‘171) — %(lan+1|2 + ‘2(1”+1 _an|2 + |an+1 — 24" _’_an*l|2

—la"]* = 24" — a"71?) (141)
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on the first term in (140), we obtain

1 1 1 1 1
a0+ 120 = w7 N = 20+ w1 + 4o Vi

= 13> + 120y, — w13, + 4k ("t (142)

Dropping the third and fourth terms on the left and replacing the last term on the
right by the upper bound in Young’s inequality [4k(f"+!, ”+])| < 4k|| frH1 ||2

kllu"t1)2,, we obtain

L2

(L =Rl 0+ 120 — w17 < 5o + 120 — ™ 150 + 4k1LF
(143)

Denoting A" = [lu} 17, + [|2u}, — u},~ ||L2, then (143) yields A"*! < Lo A" +
%II frrt ||2 Repeating this inequality backward leads to A"*! < = k),lAl +

4k Z’]H'% a k)"+2 -0 f/ || Usingabasic inequality (1 +x)/ < exp(jx) forx > —1

J ik
and j € N, we get —= k)J = (1+1k_k> <exp(l_) <exp(nk> =1,
Therefore, A"+! < exp (ﬁ) (Al + 4k Zn+1 (vl ) Atany timestep 1 <n <
L%J, one has nk < T and thus the estimate (122) follows. O

Proof of Theorem 4

In the error analysis, we adopt the approach from [13] to treat the spatial terms. Let
sV — Vf’” be the Stokes projection with

VAV = (v, € Vit (V-upqn) =0, Yai € Q) (144)

satisfying .
(Vrg(u), Vo) = (Vu, Vo), VYo, € V}fi”’. (145)

In addition, let the L>-projection mo: Q — Qpbe

(wo(p).q) = (p.q), Yq¢€ Q. (146)
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Suppose the degrees of local finite element polynomials in V}, and Qj, are r and
r — 1, respectively, where » > 2. There exist the following estimates according to
(131,

lu = 5 ) |y < CH 17"l s, m =0, 1, (147)
s )z < Cllul (148)
IVl < ClIVullze, (149)
IVl p < ClIVullp,  Vp e 2,00, (150)

lp = 7o llur < CH " |Ipllu, m=0,1. (151)

Furthermore, the followings hold, where the first one is Agmon’s inequality,

luellzse < (el g el gg2) ' < Null 2. (152)
Denote sZ = 7, (u™) and the error as
=u—ul =W =) — ) —s)) En" — ). (153)

The following lemma is used in the proof of Theorem4.

Lemma7 When u, L?OH;'H, then |t — 0|2 < Ckhr+l||ut||LooHr+l.
X t X

Proof Denote u(t) = u(t, x) as a map from [0, 7] to V. Note

Tt =" = @) — W - ™) = (- ) @ — u(e™))

iy tn+l

=/ 0y (I — my)u(t)dt =/ (I — mg)u,(t)dt.
" t
Thus,

n+l _ onp2
I =" fQ
trﬁ»] trH»]

=k / / |(I — mg)uy(1)]*dxdt < k / (I = 7)u(0))7.dt - (155)
th Q th x
<K2Ch¥ 2 lu, (1)) (156)

L[

fian!

/ (I — m)us (Ddt

n

fian!

2
dxs/k/ (I = m)u; (1) 2dtdx  (154)
Q t

n

where the Cauchy-Schwarz inequality is used in the last step of (154), Fubini’s
theorem in the first step of (155) to switch the integration order, and the estimate
(147) is applied in the last step. O

Proof In the proof, we use C to denote a generic constant, which is independent of
u, p, k, h, but may depend on the domain and the terminal time 7'. The value of the
constant may vary line by line according to the context.
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Step 1. Derivation of the error equation (167). We rewrite (120) and (121) as

(1.5u;+1 —2ul}+0.5u}

) )+v<w"+1 Vo) +(NL@ L a0 up) — (V- o, pith

= ("), Yo, eV, (157)
(V-uy™ g) =0, ¥agu € On (158)

Consider the Navier—Stokes equations in the following weak form:

LSu"*t — 24" +0.5u" !
( u Z + 0.5u ,U>+u(Vu”+l,Vv)—i—(NL(u”“,u”*'),v)—(V~v,p”+l)
="+ R, v, YveV, (159)

(V-utg)=0, Vgeo0, (160)

where
150"t — 24" 4+ 0.5u"!

Rn+lk —
(k) k

—urtl (161)

is the truncation term from the time discretization. Subtracting (157) from
(159) with v = vy, in (159), we obtain

1.5¢"T — 2" 4 (0.5¢"]
( ¢ e+ 0.0 ,vh>+v(Ve”“,Vvh)—(V~vh,p” —prth

k
= B(up) + (RN (), vp),  Yup €V, (162)
where
B(vp) = (NL@p ™ ul ™), vp) — (NL@"™, w1, vy). (163)

Using the notations in (153), the above equation becomes

1.5¢ ! —2¢7 +0.5¢) "
k

B (1.51]”+1 — 2" + 0.517}1—1
B k

w) + 0 (VO V) + (7w, T = g + Bl

)+ VL V) = R, v, Yo € Vi
(164)

Letting vy = ¢”+1 in (164), we get

—(1 5ot =20 + 050 ¢y +vlIVer T + BT

+(v ¢n+]’ n+1 JTQ(pn+1))+(V ¢n+l j_[Q(pn-‘rl) Vl+l)
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1
:E(lsnn+l 2],’ +05nn 1 ¢n+1)+v(vnn+l V¢n+l) (Rl'l+1(k) ¢I’l+l)'
(165)

Note that (V - q)”“ mo(p"th) — "+1) = 0 because ¢"+1 e VA and
mo(p"th — ”H € Qy. In addition, (Vy"+1, V¢>"+1) = 0 because 17"“

u't — "H and (Vut!, Vqﬁ"“) (Vs,’f+1 V¢>”+1) by Stokes projection
with qb"“ e Vh v Thus, (165) becomes

1
500 =267+ 056471 i + vV I,

1
— 2(1-577”1 _ znn +O.5nn—1’ ¢Z+1) —(V- qj;’wrl7 pn+1 _ JTQ([Jn+1)) _ B(¢z+l) _ (R"-H(k), ¢Z+l)'
(166)

Applying the identity (141) on the first term on the left of (166) leads to

(||¢n+1 172 + 1205 = @2 +1105 ™ =200 + ¢4 72) +vIVe T

——(||¢;:||L2+||2<z>;:—¢Z‘1||i%)+—<1.5n"+1 2" +0.57" " gp
(V ¢n+1, n+ T[Q(pn-‘rl)) (Rn+1(k) ¢n+1) B(¢)n+l) (167)

Step 2. Estimation of some terms in (167). This refers to the last four terms on the
right of (167).

(1) As for the second term on the right of (167), we have
%|(1.5nn+l 20" 0.5, gi | = %l(l.s(nnﬁ»l ) =056 — Y, ¢
< l(1.5||n"+' ="z + 050" — n”" )y 22 (168)
(169)

+1 +1 +1 2r42
SCH ™ gl o grei ™ N2 < |I¢" IILz—i-Ch’ luee 1

— 10 LooHr+l

where Lemma 7 is used in (168) and Young’s inequality is used to earn (169).
(2) As for the third term on the right of (167), we can get

(Vegp ™ p" =o)<YV by 2 " = o (p" D2 (170)

< IVe; 2 CH I pll e (171)
CHplIF o s
<- ||V¢>"+‘ I3 +———— (7™

where the inequality (41) and the estimate (151) with m = 0 are applied to get
(171) and Young’s inequality is used in the last step. One way to avoid negative
powers of v is throwing derivatives to the pressure; thus, we can get

’(V ¢n+l’ n+ JTQ(Pn+1))| — |(¢;’ll+1’ V(pl’H-l _ T[Q(pn-'rl)))|
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<||<zs"‘“||Lz||V(p"+ — 7P ™llzz < Igp 2 CH  pllgery;  (173)

=35 L g 172 + CH 2Pl (174)
where the estimate (151) is used in (173).
Note if a divergence-free FE pair is used, then V - ¢,
(V. ¢n+1’ n+1 7TQ(pn+l)) =0.

(3) As for the fourth term on the right of (167), due to the general formula

"+ — 0 in L2 sense and

b
/ (a—9)uu(s)ds = (a—b)uy (b) +2(a —b)u;(b) +2u(b) —2u(a), (175)

we obtain from (161) that

1 Al

R = / " = P s — o [ @ = 5P (srds. (176)
mn ln—]

Thus, we can derive, by using the Cauchy-Schwarz inequality on the integrals on

t"+l 4 l"'H 1 4 .
s, the values of fz" (t" — s)*ds and ftn,l (t"7" — s)*ds, and Fubini’s Theorem
to switch the integrals on s and x,
tn+1

IR ®)lI7, < CK° [/ f [t412¢ (5., X)) dde+f /Qlum(s,X)lzdde}l77)
[N*

=< ck ||utrt||L?@L§~ (178)

1

This leads to the following estimate by applying Young’s inequality:

|(R™ (k). oyt 104172 + CRH luare |7 - (179)

=1

Step 3. In B(¢) ™), we replace u;, with u/ — 5/ +¢>,{ forj=n+41,n,n—1and
obtain

B(¢Z+1) — —(NL(M"+I n+1) ¢n+1 (NL(nn+] SZH—I n+l)+(NL(sn+l n+l) ¢n+1
+(NL(¢"+1 n+l) ¢n+l)+(NL(¢n+l ¢n+l) ¢Z+l ) (180)

Below is the estimate of the 5 terms on the right of (180).

(3A) Estimate of (NL(u"*!, n"+1),¢2+1). Because u"*! is exact solution, V -
(u"*1) = 0 almost everywhere in Q. Thus, NL(u"*!, p"*t1) = "1 . V)"t

Therefore,
1 1 1 1
|(NL(=u" ' ™, gp D1 < 1 e 1V 2 gy 2
1 1
<||u||LoonCh’||u||LocHr+1||<z>"+ I < 1ans"+ 132 + CH i

(181)
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where (152) is used to obtain [|u"*! e < ”””L?OH)%’ the estimate (147) to get
|V t! 2 < Ch"|lull o yr+1, and r > 2 and Young’s inequality are used in
X T X

the last step.
(3B) Estimate of (NL(y"+!, s7*1), g1,

|(NL(1’]"+1,SZ+1 n+l} }((nn-H V)Sn+1 ¢n+1 ((V nn-H) n+l n+1|
(182)
<IVsp e ™ 2 o e + 5 ||s"+‘ Iz IV 0" 2 gyt e
< (CH™ Ml go 3 Nl o gy 1 + Ch’nunpom el oo gt ) 165l 2 (183)
sch’nun2 e a1 (184)

||<z>”+1 172 + CH llull} (185)

LogHrJrl
To achieve (183), we have used IIVS"—HHLQo < ClVullporee = Cllullpops
due to (149) and (152), [["*'[|,2 < Ch*+1||u||L?cH;+1 and ||V - "2 <
Ch" ||u||LooH,+1 due to (147), and ||S"+1||L;o < Cllullgeep2 due to (148). To
get (184), we have used ||u||L§>csz < ||”||L$°H§ < IIMIIL?OH;H when r > 2 and
h < 1. In the step (185), Young’s inequality is applied.

In the div-free FEMs, the second term in (182) vanishes because V - n"“ =0
and the final upper bound in (185) becomes 15 ||<1’>”+1 || + Ch¥+2||u|*

(3C) (NL( n+1 ¢11+1) ¢n+1) —
(3D) Estlmate of (NL(qs"+1 "+1) orh.

LooHr+l

|(NL(¢)”+1 n+l n+1| |((¢ n+1 V)vn+l ¢n+l)+ ((V ¢n+1 n+1,¢lr11+l)|

<V el g, + f||s"+1||Loc (AR PP e P (186)

< Cllull o g 105132 + Cllull oo g 1V95 122 712 (187)
”u”L""H’ ' n+1 n+l

=C ”u”Lf”Hf“ + f ll#), “L,% + - ||V¢ ||L§‘ (188)

From (186) to (187) then to (188), the estimates (149) and (152) are employed
to obtain ||VS"+1||L90 < ClVullpere < C”M”L’ooH; < CllullLocHXrH when
r > 2, and (148) is used to obtain ||s”Jrl lzge < lullpoom2 < lull pooyr+1-
Young’s inequality is applied from (187) to (188).

Note for the div-free FEMs, the viscosity terms on the right of (188) vanish
because V - ¢>Z+ =0.

(3E) (NL(¢"+1 ¢n+1) ¢n+1
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Step 4. Dropping ||¢"Jrl 29 + ¢Z_1 ”i% on the left of (167) and replacing the

last four terms by their upper bounds in (169), (172), (179), (181), (185), (188), we
obtain for the non-divergence-free FEMs

(||¢”+1|| 12120 117 )+VIIV¢"“IIL2—k(ll¢hlle + 120 — 047" 1172)

+ 31Vt I3 + (1+ C(uuuLmHm ol ) )19

+ C(hz’”nutn S Pl o gt + k“numuLw)

(189)

LooHH—l

According to the inequality >/~ | xl.2 < (Zf”zl x,~)2 for any positive integer m and
positive real numbers x;,i = 1, --- , m, the sum of the four terms in the last pair of
parentheses on the right of (189) is bounded above by M?, where M, is defined in
(125). Then, by multiplying k£ on both sides and rearranging terms, we can rewrite
(189) as

kv _
(= kMO T, + 12047 = 017, + 5 IVeL I, < 19312, + 1265 — 717, +kCM3, (190)

where M is defined in (124).
We further denote

, _ kv
" 2GRl + 1265 — d g + IV, (191)
It is easy to check that when k < 1/Mj, the left side of (190) is bounded below by

(1 — kM)a"*!, and the right side of (190) is bounded above by a” + kCMZZ. Then,

. . . kCM?
(190) can be thrown into a recursive relation ¢! < Ba" + a, where o = T—F le

and 8 = 1= k o . This relation ultimately generates a” < "#~ 1)(a + ﬁ—) which

corresponds to a” < exp("ll‘TMk‘) (a' + CTIZ). By using nk < T forn < L;J and
dropping [2¢} — qﬁZ‘l ||i2 in a”, we obtain

kv T M, CM?

2 2 1 2

915 + 199015 <exp (f—r) (o' +57%) 92
As for the full error u" — uj) = " —s;) + ¢, we have

kv
" = w3, + IV = wpliz,
kv kv
<Iohl7s + S IVERIT, + " = sili7, + IV = spliz, (193)

kv
< ISR 17, + S IVERIT, + CH 2l s + CokR el (194)

Loc Hr+1
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where the inequality (147) is applied in the last step. Finally, the error estimate (123)
is obtained by combining (192) and (194).

In the case of the div-free FEMs, some terms in (189) are changed or deleted based
on the analysis in Step 3, but the same estimate (190) holds with M; and M> replaced
with M f“’o defined in (124) and Mgi v0in (126), respectively. The analysis after (190)
is the same as the case with the non-div-free FEMs. O

Author Contributions Conceptualization and methodology: X. Zheng, J. Wu, and D. Du. Software and
visualization: X. Zheng. Formal analysis: all authors. Writing: all authors.

Funding X. Zheng was partially supported by NSF grant DMS-2309747.

K. Zhao was partially supported by the Simons Foundation Collaboration Grant for Mathematicians
No.413028.

J. Wu was partially supported by NSF grants DMS-2104682 and DMS-2309748.

W. Hu was partially supported by the NSF grants DMS-2005696 (previously DMS-1813570), DMS-
2111486, and DMS-2205117.

Declarations

Conflict of interest The authors declare no competing interests.
References

1. Akbas, M., Kaya, S., Rebholz, L.G.: On the stability at all times of linearly extrapolated BDF2
timestepping for multiphysics incompressible flow problems. Numer. Methods Partial Differ. Equ.
33(4), 999-1017 (2017)

2. Albensoeder, S., Kuhlmann, H.C.: Accurate three-dimensional lid-driven cavity flow. J. Comput. Phys.
206(2), 536-558 (2005)

3. Aoussou,]., Lin,J., Lermusiaux, P.F.J.: Iterated pressure-correction projection methods for the unsteady
incompressible Navier-Stokes equations. J. Comput. Phys. 373, 940-974 (2018)

4. Benzi, M., Golub, G.H., Liesen, J.: Numerical solution of saddle point problems. Acta Numer 14,
1-137 (2005)

5. Brenner, S.C., Scott, L.R.: The mathematical theory of finite element methods. Springer, 3rd edn, (2008)

6. Brown, D.L., Cortez, R., Minion, M.L.: Accurate projection methods for the incompressible Navier-
Stokes equations. J. Comput. Phys. 168, 464-499 (2001)

7. Charnyi, S., Heister, T., Olshanskii, M.A., Rebholz, L.G.: On conservation laws of Navier-Stokes

Galerkin discretizations. J. Comput. Phys. 337, 289-308 (2017)

. Chorin, A.J.: Numerical solution of the Navier-Stokes equations. Math. Comput. 22, 745-762 (1968)

9. de Frutos, J., Garcia-Archilla, B., John, V., Novo, J.: Analysis of the grad-div stabilization for the
time-dependent Navier-Stokes equations with inf-sup stable finite elements. Adv. Comput. Math. 44,
195-225 (2018)

10. de Frutos, J., Garcia-Archilla, B., Novo, J.: Postprocessing finite-element methods for the Navier-
Stokes equations: the fully discrete case. SIAM J. Numer. Anal. 47(1), 596-621 (2009)

11. Doering, C., Wu, J., Zhao, K., Zheng, X.: Long time behavior of the two-dimensional Boussinesq
equations without buoyancy diffusion. Phys. D Nonlinear Phenom. 376-377, 144-159 (2018)

12. Fortin, M., Glowinski, R.: Augmented Lagrangian methods. North Holland, applications to the numer-
ical solution of boundary-value problems (1983)

13. Garcia-Archilla, B., John, V., Novo, J.: On the convergence order of the finite element error in the
kinetic energy for high Reynolds number incompressible flows. Comput. Methods Appl. Mech. Eng.
385, 114032 (2021)

14. Guermond, J.L., Migeon, C., Pineau, G., Quartapelle, L.: Start-up flows in a three-dimensional rect-
angular driven cavity of aspect ratio 1:1:2 at Re = 1000. J. Fluid Mech. 450, 169-199 (2002)

15. Guermond, J.L., Minev, P., Shen, J.: An overview of projection methods for incompressible flows.
Comput. Methods Appl. Mech. Eng. 195(44), 6011-6045 (2006)

o]

@ Springer



An iterative projection method for unsteady... Page370f38 44

16.
17.

18.
19.
20.
21.
22.
. Huang, F., Shen, J.: Stability and error analysis of a second-order consistent splitting scheme for the
24.
25.
26.
27.
28.
29.

30.

31.
32.

33.

Guermond, J.L., Quartapelle, L.: On the approximation of the unsteady Navier-Stokes equations by
finite element projection methods. Numer. Math. 80, 207-238 (1998)

Guermond, J.L., Shen, J.: On the error estimates for the rotational pressure-correction projection
methods. Math. Comput. 73, 1719-1737 (2004)

Heywood, J.G., Rannacher, R.: Finite element approximation of the nonstationary Navier-Stokes prob-
lem. I. Regularity of solutions and second-order error estimates for spatial discretization. SIAM J.
Numer. Anal. 19(2):275-311 (1982)

Heywood, J.G., Rannacher, R.: Finite element approximation of the nonstationary Navier-Stokes prob-
lem. II. Stability of solutions and error estimates uniform in time. SIAM J. Numer. Anal. 23(4):750-777
(1986)

Heywood, J.G., Rannacher, R.: Finite element approximation of the nonstationary Navier-Stokes prob-
lem. I1II. Smoothing property and higher order error estimates for spatial discretization. STAM J. Numer.
Anal. 25(3):489-512 (1988)

Heywood, J.G., Rannacher, R.: Finite-element approximation of the nonstationary Navier—Stokes prob-
lem. Part IV: Error analysis for second-order time discretization. SIAM J. Numer. Anal. 27(2):353-384
(1990)

Horn, R., Johnson, C.R.: Matrix analysis. Cambridge University Press, 2nd edn, (2013)

Navier-Stokes equations. SIAM J. Numer. Anal. 61(5), 2408-2433 (2023)

Keast, P.: Moderate-degree tetrahedral quadrature formulas. Comput. Methods Appl. Mech. Eng. 55(3),
339-348 (1986)

Olshanskii, M.A., Rebholz, L.G.: Longer time accuracy for incompressible Navier-Stokes simulations
with the EMAC formulation. Comput. Methods Appl. Mech. Eng. 372, 113369 (2020)

Saad, Y.: ILUT: a dual threshold incomplete LU factorization. Numer. Linear Algebra Appl. 1(4),
387-402 (1994)

Saad, Y., Schultz, M.H.: GMRES: a generalized minimal residual algorithm for solving nonsymmetric
linear systems. SIAM J. Sci. Stat. Comput. 7, 856-869 (1986)

Schroeder, P.W., Lube, G.: Pressure-robust analysis of divergence-free and conforming FEM for evo-
lutionary incompressible Navier-Stokes flows. J. Numer. Math. 25(4), 249-276 (2017)

Scott, L.R., Vogelius, M.: Conforming finite element methods for incompressible and nearly incom-
pressible continua. In Lectures in Applied Mathematics 22, 221-244 (1984)

Temam, R.: Une méthode d’approximation de la solution des équations de Navier-Stokes. Bull. Soc.
Math. France 96, 115-152 (1968)

Temam, R.: Navier-Stokes equations: theory and numerical analysis. AMS Chelsea Publishing, (1984)
Timmermans, L.J.P., Minev, P.D., Van De Vosse, FEN.: An approximate projection scheme for incom-
pressible flow using spectral elements. Int. J. Numer. Meth. Fluids 22(7), 673—-688 (1996)

Zheng, X., Lowengrub, J., Anderson, A., Cristini, V.: Adaptive unstructured volume remeshing-II:
applications to two- and three-dimensional levelset simulations of multiphase flow. J. Comput. Phys.
208, 625-650 (2005)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable

law.

Authors and Affiliations

Xiaoming Zheng'® - Kun Zhao?3 . Jiahong Wu* . Weiwei Hu’ - Dapeng Du®

B Xiaoming Zheng

zhenglx@cmich.edu

@ Springer


http://orcid.org/0000-0003-0941-9089

44 Page380f38 X.Zheng et al.

B Jiahong Wu
jwu29@nd.edu

Kun Zhao
kzhao@tulane.edu

Weiwei Hu
Weiwei.Hu@uga.edu

Dapeng Du
dudp954 @nenu.edu.cn

Department of Mathematics, Central Michigan University, Mount Pleasant, MI 48858, USA

2 School of Mathematical Sciences, Harbin Engineering University, Harbin 150001, Heilongjiang,
China

3 Department of Mathematics, Tulane University, New Orleans, LA 70118, USA

4

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556, USA
5 Department of Mathematics, University of Georgia, Athens, GA 30602, USA

School of Mathematics and Statistics, Northeast Normal University, Changchun, Jilin Province
130024, P.R. China

@ Springer



	An iterative projection method for unsteady Navier–Stokes equations with high Reynolds numbers
	Abstract
	1 Introduction
	2 Convergence of projection iterations at a single time step
	2.1 Normal mode analysis without convection
	2.2 Iteration analysis with mixed finite element method
	2.2.1 Iteration analysis without convection
	2.2.2 Iteration analysis with implicit convection


	3 Stability and error analysis of the limit scheme
	4 Numerical tests
	4.1 Problem 1: exact solution is given and smooth
	4.1.1 Numerical tests of iteration convergence at a single time step
	4.1.2 Numerical tests on accuracy of the iterative projection method

	4.2 Problem 2: Lid-driven cavity flow
	4.2.1 Convergence of iterations at one single time step
	4.2.2 Steady-state solution when Re=1000


	5 Concluding remarks
	Appendix
	One-step projection does not produce divergence-free velocity
	Proof of Theorem 3
	Proof of Theorem4

	References


