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Abstract

This paper examines continuous and homogenous mappings from an Euclidean space to
itself. A new concept weak indecomposability is introduced. A mapping is called weakly in-
decomposable if whenever one vector dominates another in some but not all the components
then the images of these two vectors are not equal in one of the components where equality
held originally for some iterate of the mapping. For nonnegative square matrices, the two
concepts weak indecomposability and indecomposability are equivalent. For nonlinear map-
pings, weak indecomposability is strictly weaker than indecomposability. The existence of
a positive eigenvalue is proved under monotonicity and weak indecomposability. The cor-
responding eigenvector is also positive. This eigenvalue dominates all other eigenvalues in
modulus. Bounds for this dominant eigenvalue are given. Subsequently monotonicity is
weakened to weak monotonicity. Analogous results are obtained for weakly monotone and

weakly indecomposable mappings.
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1 Introduction

The Perron-Frobenius theorem for nonnegative square matrices originated with a series of writ-
ings by Perron (1907a, 1907b) and Frobenius (1908, 1909, 1912). It asserts that such a matrix
has a nonnegative eigenvalue and the corresponding eigenvector is also nonnegative. The eigen-
value dominates any other eigenvalue in modulus and is often referred to as the dominant
eigenvalue or the Frobenius root. In addition, if the matrix is indecomposable then both the
eigenvalue and the eigenvector are positive. This result has been of considerable interest in

various fields.

In economics, the Perron-Frobenius theorem is the principal tool in the analysis of linear
input-output models. It has led to further studies in matrix theory such as Debreu and Herstein
(1953) and McKenzie (1960). In the context of input-output models, the dominant eigenvalue
of the input matrix determines the rate of growth and the eigenvector corresponds to a balanced

growth path.

Solow and Samuelson (1953) considered a more general production system by dropping the
additivity assumption for matrices and obtained a balanced growth path for all the sectors in
the economy. In this nonlinear setting, Morishima (1964) and Morishima and Fujimoto (1974)
proved the existence of a positive eigenvalue and a positive eigenvector under indecomposabil-
ity. Kohlberg (1982) showed that if the mapping is primitive, in addition to existence, repeated
iterations take any semipositive vector to the positive eigenvector. Bounds for the dominant
eigenvalue were obtained in Rath (1986). The monograph by Lemmens and Nussbaum (2012)
contains an excellent account of the developments in nonlinear mappings and various appli-
cations. The Krein-Rutman theorem is an important result related to the Perron-Frobenius

theorem. Chang (2014) presents a unifying approach to both the results.

In the context of production, indecomposability means a strong linkage among the different
production sectors. In the linear case, joint production is not possible and inputs are combined
in fixed proportions to produce a unit of a single good. The inputs are combined linearly to
produce a positive output vector. Indecomposability in this context, i.e., each good needs every

other good directly or indirectly for its production, is a compelling assumption.

In nonlinear systems, however, joint production is possible and the input requirement for



each configuration of outputs is specified. A specific output vector may be produced using
its own input requirements, but can also be produced by combining the outputs of several
other production processes. Suppose that from a prespecified output vector, the outputs of
some but not all the goods are increased. To require an increase in the input requirement
of at least one of the goods whose output has been held fixed seems to be too strong in this
context. Some production processes may exhibit this property but other processes might not.
The overall production structure may have a high level of dependence among all the goods
but the dependence may be less strong among specific individual production processes. The

production processes might be interrelated in a notion weaker than indecomposability.

Another important notion in production is monotonicity. Higher output levels means higher
input levels of all the inputs. This implies free disposal of inputs, but really means more. Since
the production structure is quite general, higher output levels might be attained by increasing
the inputs of some of the goods but reducing the inputs of the remaining goods. In other words,

the production structure need not be monotonic.

Unfortunately, non-monotonicity and indecomposability may be incompatible sometimes.
This strengthens the case for a notion weaker than indecomposability. In this paper, we relax
both the notions indecomposability and monotonicity. Indecomposability is weakened to weak
indecomposability and monotonicity is weakened to weak monotonicity. Consider a mapping
from an FEuclidean space to itself. The mapping is weakly indecomposable if whenever one
vector dominates another in some but not all the components then the images of these two
vectors are not equal in one of the components where equality held originally for some iterate
of the mapping. Weak monotonicity has two parts. (I) If one vector dominates another, then
the same relationship holds between the images for some iterate of the mapping. (II) In certain
regions of the Euclidean space and for every iterate of the mapping, there is dominance among
the images of the absolute value of the vector, the vector itself and the negative of the absolute

value of the vector.

In terms of results we obtain the following. If the mapping is monotonic and weakly inde-
composable then it has a positive eigenvalue and the corresponding eigenvector is also positive.
This eigenvalue dominates all other eigenvalues in modulus. Bounds for this dominant eigen-

value are given. Thus, in the presence of monotonicity, indecomposability can be relaxed to



weak indecomposability, yet all the results obtain with full generality. Subsequently monotonic-
ity is weakened to weak monotonicity. Analogous results are obtained for weakly monotone and

weakly indecomposable mappings.

The paper is organized as follows. In the next section the basic notations and some com-
mon assumptions in the literature are listed. Section 3 points out the conflict between non-
monotonicity and indecomposability. It also contains the notion of weak indecomposability
and a motivating example. Section 4 explores the implications of monotonicity and weak in-
decomposability. Theorem 1 there is the Perron-Frobenius theorem under these conditions.
Theorem 2 provides bounds for the dominant eigenvalue. Section 5 introduces the notion of
weak monotonicity and discusses the implications of weak monotonicity and weak indecom-
posability. Theorems 3 and 5 there are the counterparts of Theorems 1 and 2 under weak
monotonicity and weak indecomposability. Section 6 concludes the paper. Details of some

examples and proofs of the results are relegated to Appendices A and B.

2 Notations and some common assumptions

For a positive integer L, R” is the L-dimensional Euclidean space and Ri its nonnegative
orthant. If 2 € R then || z || = 32X, || and |z = (|z1], ..., |zL]) € R, The unit simplex is
S={zeRl:|z| =1} Ifz,y € Rl z < y means z; < y; for every i, z < y means z < y but

x #y and < y means x; < y; for every i. For any two vectors x and y, E,, = {i : z; = y;}.

All matrices considered in this paper are nonnegative and square. A matrix A is decom-
posable if there is a nonempty proper subset J of {1,...,L} such that a;; = 0 for ¢ ¢ J and
j € J. A matrix is indecomposable if it is not decomposable and is not the zero matrix of
order 1. Sometimes the word reducible (irreducible) is used for decomposable (indecompos-
able). A matrix A is primitive if for some positive integer p, AP > 0. Every primitive matrix is
indecomposable but not the converse. Proofs of the Perron-Frobenius theorem with or without

indecomposability can be found in Nikaido (1968).

If A is a matrix then it has two properties: A(ax) = aAz (homogeneity) and A(z + y) =
Az + Ay (additivity). Nonlinear mappings typically relax the additivity assumption.

Let H : RY — R be a continuous mapping. The following are some of the common



assumptions made in the literature.

(A1) Homogeneity. H(ax) = aH(x) for any o € R.
(A2) Nonnegativity. H(z) = 0 for all x = 0.

(A3) Monotonicity. If x <y then H(z) < H(y).

(A4) Indecomposability. If L =1 then H(1) > 0. For L > 2, if <y and E,, is a nonempty
proper subset of {1,..., L} then H;(z) # H;(y) for some i € E, .

(A5) Primitivity. There is an integer ¢ > 1 such that for any = <y, H(z) < H'(y).

Monotone mappings are called order-preserving by some authors. Proofs of the Perron-
Frobenius theorem with or without indecomposability can be found in Morishima (1964). If
(A1) and A(2) hold, then a nonnegative eigenvalue and a semipositive eigenvector exist. If
(A3) holds in addition then there are only a finite number of nonnegative eigenvalues. Under

(A1)—(A4), both the eigenvalue and the eigenvector are positive.

3 The notion of weak indecomposability and an example

A nonnegative matrix mapping is necessarily monotonic. Even though monotonicity is com-
monly assumed in the literature in the nonlinear setting, a nonlinear mapping need not be
monotonic. Non-monotonicity has significant implications for indecomposability, as the follow-

ing illustration shows.

Define H : R2 — R? as H(z) = (Jz1 — x2|,21 + 22).! Let z = (2,1) and y = (2,2).
Then H(x) = (1,3) and H(y) = (0,4), so H is not monotone. H is not indecomposable either.
Let 0 < e < xy =91, 20 =21 —€ and yo = y; + €. Then x < y, H(z) = (¢,2x; — €) and
H(y) = (¢,2y1 + €). Since E,, = {1} and Hi(z) = H;(y), indecomposability is violated.

This suggests that non-monotonicity and indecomposability will often be in conflict. This
makes the case for a relaxed notion of indecomposability to encompass a wider class of mappings.

Moreover, in the presence of monotonicity, such a notion should preserve the important results

of indecomposable mappings.

(A6) Weak indecomposability. If L = 1 then H(1) > 0. For L > 2, if z < y and E,, is a

!This mapping is extended to R? in Example 5. Many properties of the extended mapping are studied there.



nonempty proper subset of {1,..., L}. then for some integer k > 1, H¥(x HF for some
p y p p Y ) 7 g Y 1 I y

i € Eyy. (In general, the integer k£ above will depend upon « and y.)

Two inter-connections are immediate. (1) Every indecomposable mapping is weakly inde-
composable. This follows by taking k = 1 for every x < y in (A6). (2) A primitive mapping is
weakly indecomposable. This follows by taking k = ¢ for every x < y in (A6).

The mapping in the example below is monotonic and weakly indecomposable but neither
indecomposable nor primitive. It demonstrates that weak indecomposability is weaker than

both indecomposability and primitivity for nonlinear mappings.

Example 1 Consider the following regions in R?: Wy = {x € Ri cx > e}, Wo ={x € Rﬁ_ :
ro > a1y, Wa={zx € R?: 2y <0, 29 >0} and W = W; U Wy U Ws. Define H : R> — R? as

follows.

H(zx) = (2x9,71) ite e Wy
= (x1+x9,20) ifx €Wy
= (29,21 +x2) ifx el
= —H(-x) ife g W.

The nonnegativity of H is obvious. Continuity and homogeneity are relatively easy to verify
and we skip the details. For monotonicity, if < y then H(x) < H(y). Moreover, for any pair
of vectors = and y in RY, either k = 1, or k = 2 in the definition of weak indecomposability.

Monotonicity and weak indecomposability are verified in subsection A.1.

We will show that H is neither indecomposable nor primitive. Consider x and y such
that 0 < 1 < y1 < y2 = x2. Then x < y and both are in Wy. H(x) = (z; + x2,x2) and

H(y) = (y1 + y2,y2). Since 2 =y and Ha(x) = Ha(y), H is not indecomposable.

To show that H is not primitive, consider x and y such that 0 < 1 = 9 = y2 = y1/2. Then
x < y and both are in Wi. H(z) = (2x2,21) € Wi and H?(z) = (2x1,2z2) € Wi. Inductively
it can be shown that H'(z) € Wy for every ¢, H(z) = (20+1)/2g,, 2(0=1/22,) if ¢ is odd and
H'(z) = (24/221,2!/%25) if t is even. Similar properties hold for y: H'(y) € Wi for every ¢,
Hi(y) = (20F1/2yy,2=D/2y,) if ¢ is odd and H'(y) = (21/2y;,21/2y,) if ¢ is even.



Notice that if ¢ is odd then Hi(z) = Hi(y) and if ¢ is even then Hi(z) = Hi(y). Thus
H'(z) < H(y) never holds, which shows that H is not primitive.

We now address the eigenvalue problem: H(z) = Az, x # 0. H has two eigenvalues
A* =2 and A = (1 —V/5)/2. The corresponding eigenvectors are z* = (v/2,1) and z =
(=(v/5+1)/2,1). The reasoning is as follows.

Since eigenvectors are sign independent (by homogeneity), we will assume that an eigen-
vector of H belongs to W. (1) If z € Wy then H(z) € Wi. So, H cannot have an eigenvector
in Wa. (2) Suppose that z € Wj. Then (Az1, Aze) = (2x2,21). If 9 = 0 then z; = 0, a
contradiction. Let 5 = 1. Then 1 = A and A\?> = 2. This yields A* and z*. (3) Suppose that
x € Ws. Then (Ax1, A\x2) = (22,21 + x2). Since 9 > 0 and 21 < 0, A < 0. Let 29 = 1. Then
A=z +1,0r z; = A — 1. From Az; = 1 we get A(A — 1) = 1. This gives A and Z.

Notice that A* > 0, 2* > 0, \* > || and # # 0. These are consequences of Theorem 1 below.

4 Implications of monotonicity and weak indecomposability

Throughout this section, monotonicity and weak indecomposability are assumed. The main re-
sults are Theorems 1 and 2. These are direct generalizations of results under indecomposability.

First we prove some auxiliary results.

It was mentioned in the preceding section that indecomposability implies weak indecompos-
ability. Example 1 showed that the converse does not hold for nonlinear, monotonic mappings.

However, in the linear case the two concepts are equivalent.
Proposition 1 A matrix is indecomposable iff it is weakly indecomposable.

It is well known that if a mapping is monotonic and indecomposable, then the image of a
semipositive (resp. positive) vector is semipositive (resp. positive). These conclusions are valid

under weak indecomposability as well. The proofs, however, are more intricate.

Lemma 1 Suppose that (A1)—(A3) and (A6) hold. Then H(x) > 0 if x > 0 and H(x) > 0 if

x> 0.



Theorem 1 Suppose that (Al1)—(A3) and (A6) hold.
(i) There exist \* > 0 and x* > 0 such that H(x*) = \*z*.
(ii) «* is unique up to scalar multiplication.
(iii) If X # \* then there is no x > 0 such that H(x) = Az.
(iv) X* > |\| for any eigenvalue \ of H.

In the proof, Brouwer’s fixed point theorem is used to establish (i). (iii) shows that x* is

the only nonnegative eigenvector of H. \* is called the dominant eigenvalue because of (iv).
Theorem 2 Suppose that (Al)—(A3) and (A6) hold. Then for any x > 0,

< X\ < max

min 7HZ($) Hl(x)
i Z; A xT;
If x = z* then both inequalities become equalities. If x # x* then both the inequalities are

strict.

For monotone and indecomposable mappings these bounds were obtained in Rath (1986).
Let e denote the vector all of whose components are 1. It is obvious from the theorem that
min; H;(e) < A* < max; Hi(e). In the matrix case this is equivalent to the statement that
the dominant eigenvalue of an indecomposable matrix lies between the minimal and maximal

column (row) sums.
Corollary 1 = > H(x) for some xz > 0 iff \* < 1.

If \* <1 then * > H(z*). If x > H(z) for some x > 0 then \* < max;(H;(z)/z;) < 1.

This is a very important result and is commonly known as the viability condition. In an
economic system, the gross output of each commodity exceeds its total input requirement, so
the net output vector is positive. The system is viable, i.e., capable of economic growth. If z*
is the output vector then this is the balanced growth path and the rate of balanced growth is
(1/A*) — 1.

Recall that a primitive matrix is always indecomposable. In the following example, the map-

ping is monotonic and primitive (and hence weakly indecomposable), but not indecomposable.



Thus, unlike the linear case, monotonicity and primitivity do not imply indecomposability.?

Example 2 This example is a simple variant of Example 1. Define H : R? — R? by H(z) =
x + H(x), where H is as in Example 1.

For ease of reference note that, H(2) = (21 + 220,21 + 22) if 2 € Wy, H(2) = (221 + 22, 229)
if 2 € Wy and H(2) = (21 + 22,21 + 220) if 2 € W3. Also note that if z ¢ W then H(z) =
24 H(z) = ~(—2) — H(=2) = ~(~= + H(~2)) = ~H(~2).

Since H is continuous, nonnegative, homogenous and monotonic, H inherits these proper-
ties. Furthermore, since <y = H(x) < H(y), it follows that H(z) < H(y) if z < y. H is not
indecomposable. Consider x and y such that 0 < 21 < y; < y2 = 2. Then z < y and both are
in Wa. H(z) = (221 + 22,222) and H(y) = (2y1 + y2, 2y2). Since x2 = y2 and Ha(z) = Ha(y),
H is not indecomposable. H is primitive (and hence weakly indecomposable) with £ = 3. Some

further details are given in subsection A.6.

Here we show that ¢ cannot be reduced to 2 in this example. Let x = (1,6) and y = (2,6).
Then both z and y are in W, H(z) = (8,12) and H(y) = (10,12). Both H(z) and H(y)
are in Wa. So, H?(z) = (28,24) and H?*(y) = (32,24). Both H?(z) and H?(y) are in W7,
H3(x) = (76,52) and H3(y) = (80,56). It is important to observe that H(x) = Hy(y) and
13 (x) = H3(y)-

In terms of the eigenvalues of H, clearly H and H have the same eigenvectors and their
eigenvalues differ by 1. So, the eigenvalues of H are v/2+ 1 and (3 —+/5)/2. The corresponding
eigenvectors are (v2,1) and (—(v5+1)/2,1).

5 Implications of weak monotonicity and weak indecomposabil-

ity

In the previous section, monotonicity played an important role in the proof of Lemma 1 and
consequently in establishing Theorems 1 and 2. In this section we relax monotonicity to weak
monotonicity. However, this relaxed notion is not adequate to obtain the desired results and

we will supplement it with other conditions. Let R? = —Ri.

It was noted in Rath (1986) that a primitive mapping need not be indecomposable. That mapping was
non-monotonic, however.



(A7) Weak monotonicity. (I) If z,y € R, 2 < y and z £ y then for some integer p > 1,
HP(z) < HP(y). (The integer p, in general will depend upon x and y).

(I) If « ¢ RE URL then for every integer ¢ > 1, H(|z|) = H'(z) = H'(—|z|).

We will refer these two parts as WM I and WM II respectively. If monotonicity holds then
weak monotonicity holds. The converse is not true, as any of the examples below show. A
primitive mapping satisfies WM I, the integer £ in the definition of primitivity can serve the
role of p. Notice that WM I and WM 1II refer to distinct regions of RY. In the latter, the
restriction to x ¢ Rﬁ URZ’ is meaningful. If z € Ri URZE then the condition is automatically
fulfilled. If z € R%, then |z| = z. So, H'(|z|) = H'(z) and each belongs to RY. Moreover,
H'(—|z|) £ 0 for every t. Similarly, for x € RL.

Next we introduce anther condition.
A8) Iterative semipositivity. For some z € RL, H*(Z) # 0 for every integer ¢t > 1.
y + y g

How restrictive is this condition? Possibly not very. It definitely rules out the mapping
which is identically zero on the nonnegative orthant. Otherwise, it is fairly general. If the
mapping is weakly indecomposable and monotone then it holds for every z > 0 by Lemma 1.
A primitive mapping satisfies this condition as well. Let Z > 0 be given. Choose x such that
0 <z < z Then HYz) < H'(Z) and for every m > 1, H™(z) < H™(%). So, H*(z) # 0 for
every integer ¢ > 1. If this condition does not hold then the mapping eventually becomes zero
for some integer at any z. If x is a semipositive eigenvector then zero is the only corresponding

eigenvalue. This condition plays a key role in establishing Lemma 2.

5.1 Existence of a positive eigenvalue

Lemma 2 Suppose that (Al), (A2), (A6), WM I and (A8) hold. Then H(xz) > 0 ifz > 0.

Unlike Lemma 1, one cannot claim that if + > 0 then H(x) > 0. The examples below

demonstrate this.

Theorem 3 Suppose that (A1), (A2) and (A6)—(A8) hold.

(i) There exist \* > 0 and =* > 0 such that H(z*) = \*z*.



(ii) =* is unique up to scalar multiplication.
(iii) If X # \* then there is no x > 0 such that H(x) = Az.

(iv) X* > |\| for any eigenvalue \ of H.

In the proof, Brouwer’s fixed point theorem is used to establish (i). Also in the proof,

WM 1T is needed only in part (iv).

For primitive mappings part (iv) can be strengthened.

Theorem 4 Suppose that (A1), (A2) and (A5) hold. Then conclusions (i)—(iii) of Theorem 3
hold. Part (iv) of Theorem 3 holds with strict inequality for any eigenvalue X distinct from \*.

Primitivity implies weak indecomposability, WM I and iterative semipositivity. So, (i)— (iii)
follow immediately. Only (iv) requires a different proof and is given in subsection B.3. It asserts
that under primitivity, the dominant eigenvalue strictly dominates every other eigenvalue in

modulus.?

5.2 Bounds for the eigenvalue

Theorem 2 in the preceding section provided certain bounds for the dominant eigenvalue of
weakly indecomposable and monotone mappings. One would like to prove a similar result when
monotonicity is relaxed to weak monotonicity. An extra condition is needed. Given H, define
G as G(x) =z + H(z).
(A9) G-property. (I) If 2,y € R, 2 <y and = £ y then for some integer k > 1 and i € E,,
Gi(z) < Gf(y).

(IT) Let z > 0 and « and 3 be positive constants. If ax = G(x) then aG(z) = G?*(z). If
Bz < G(x) then BG(z) < G*(z).

(T) is somewhat stronger than weak indecomposability of G on the nonnegative orthant.
Here, the direction of inequality is specifically given. Notice that if G is primitive on the

nonnegative orthant then (I) automatically holds. The main reasons that we impose conditions

3For primitive mappings from R% to itself, Kohlberg (1982) has proved the uniqueness of \* and z* and that
repeated iterations of the mapping take any semipositive vector to the positive eigenvector.

10



on G and not on H are as follows. Even if z > 0, then H(z) need not be positive. On the other
hand, G'(z) > 0 for any t > 1. In the absence of monotonicity, the weak indecomposability
condition (on H) states that certain components be unequal. It does not give an inequality in
any direction. On the other hand, G may have some additional property and the direction of

inequality may be more specific.

Theorem 5 Suppose that (Al), (A2) and (A6)—(A8) hold. Suppose that (a) either G is
primitive on RY or (b) (A9) holds. Then for any = > 0,

H,
min Hi@) < A* < max
? ZT; 2

T

If x = z* then both inequalities become equalities. If x # x* then both the inequalities are

strict.
Corollary 2 = > H(x) for some xz > 0 iff \* < 1.
The proof and the interpretations are the same as Corollary 1

5.3 Examples with weak monotonicity and weak indecomposability

Three examples are given below. In each case G is primitive on ]RJLF. In Examples 3 and 4 the
G-property (A9) holds but it is violated in Example 5. So, primitivity of G does not imply the
G-property. The mappings are weakly indecomposable in all these examples. In Examples 3
and 5 weak monotonicity is satisfied and all the conclusions of Theorems 3 and 5 hold in these
two examples. Example 4 satisfies only WM T but violates WM II. Part (iv) of Theorem 3 does
not hold in this case. This underscores the importance of WM II in ensuring that the positive

eigenvalue is dominant.
Example 3 Lethz{meRi:mlsz}, W2:{$€R3_ZZE2>CL‘1}, Ws={recR?: 2 <

0, 2 >0, 21 +a2 >0}, Wa={z € R : 11 <0, 22 >0, 21 + 22 < 0} and W = U} W,.
Define H : R?2 — R2 as follows.

11



H(x) = (O,xl + 1'2) ifx e WiuUWy
= (xg—x1,x1+x2) if x € Wy

= —H(-x) ifx g W.

This mapping is not monotone. Let 0 < 21 < y1 < x2 = y2. Then H(z) = (z2 — 1, 21+ 22)
and H(y) = (y2 — y1,y1 + y2). Since x <y and Hi(x) > Hi(y), monotonicity is violated. Let
0 <z <ys <z =1y1. Then H(z) = (0,21 + x2) and H(y) = (0,y1 + y2). Since E,, = {1}
and Hj(x) = Hi(y), indecomposability is violated.

To show that H is not primitive, consider x and y such that 0 < z1 < y1 < 2 = y2. Then
r < yand both are in Wo. H(x) = (zo—x1,z1+22) € Wo and H?(z) = (221, 2x2) € Wa. Induc-
tively it can be shown that H(z) € Wa for every t, H!(z) = (2071/2 (29 — 21), 207 1D/2(21 + 25))
if ¢ is odd and H'(z) = (2%/221,2!/2x,) if t is even. Similar properties hold for y: H'(y) € Wy
for every t, H'(y) = (247D/2(yy — 41),207D/2(y1 + 1)) if t is odd and H(y) = (2/2y, 2"/2y,)
if ¢ is even. Notice that if ¢ is odd then H}(z) > Hi(y) and if ¢ is even then H}(z) = Hi(y).
Thus H'(z) < H'(y) never holds, which shows that H is not primitive.

(A8) is verified as follows. Take 0 < 21 < 2. Then x € Wy, H(z) > 0 and Hi(z) < Ha(z),
i.e., H(x) € Wa. Subsequent iterations have this property, i.e., for any ¢t > 1, H'(z) > 0 and

Hi(x) < Hi(z), which means H'(z) € Wa. So, any such z can serve as Z in (A8).

This mapping satisfies weak monotonicity (with p either 1, or 2) and weak indecomposability
(with k either 1, or 2). Furthermore, G is primitive (with £ = 2) on Ri and G-property holds.

Therefore, the conclusions of Theorems 3 and 5 hold.

H has two eigenvalues, A\* = /2 and A = 0. The corresponding eigenvectors are z* =

(V2—1,1) and = (—1,1).

Example 4 This example is a variant of Example 3. WM 1I is violated in this example. Let

the sets W;’s and W be as in Example 3. Define H : R? — R? as follows.

12



H(z) = (0,21 + z2) if x € Wy
= (29— 1,71 + x2) if x € Wy
= (xg —2x1,421 +x9) ifx € Ws
= (3xg,21 — 2x9) if oz e Wy
= —H(-x) ifx & W.

Notice that on Ri, this mapping and the one in Example 3 coincide. So, we can conclude
that none of monotonicity, indecomposability and primitivity hold in this example. Further-
more, G is primitive on ]RJLr and G-property holds. WM T and (A8) also follow. This mapping
satisfies weak indecomposability, but violates WM II.

As in Example 3, \* = V2 and 2* = (V2 — 1,1) satisfies A*z* = H(x*). Notice that if
= (—1,1) then H(Z) = (3,—3). So, —3 is an eigenvalue of H with the associated eigenvector
Z. Since | — 3| > v/2, (iv) of Theorem 3 does not hold.

To see the failure of WM II, consider z again. Then H(z) = (3,-3), |z|] = (1,1) and
H(|z|) = (0,2). Neither H(|z|) =2 H(Z), nor H(Z) =2 H(—|z|) holds.

Example 5 Let Wi = {z € R? : 27 < 0,29 > 0} and W:RiUWl. Define H : R? — R? as

follows.

H(z) = (lz1— 22|21+ 22) if:veRi
= (z1+x0,21+79) ifxeEW
= —H(-x) ifx g W.

As mentioned in section 3, H is neither monotone nor indecomposable. To show that H is
not primitive, consider z = (1,2) and y = (2,2). Then H(x) = (1,3) and H?(x) = (2,4).
Inductively it can be shown that H'(z) = (Z(tfl)/Q,Q(tfl)/Q x 3) if t is odd and H'(z) =
(24/2,2(+2)/2) if ¢ is even. Similarly, H(y) = (0,4) and H?(y) = (4,4). Inductively it can be
shown that H(y) = (0,2(+3/2) if ¢ is odd and H'(y) = (2(+2/2,2+2)/2) if ¢ is even. If ¢ is
odd then H!(x) > H!(y) and if ¢ is even then H(z) = Hi(y). So, H'(z) < H(y) never holds.
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This mapping satisfies weak monotonicity and weak indecomposability. (A8) follows form
Example 3. Furthermore, G is primitive on Ri. Thus, all the conclusions of Theorems 3 and 5

hold. This example does not satisfy (A9).

There are two eigenvalues, \* = /2 and A\ = 0. The corresponding eigenvectors are

¥ =(vV/2—-1,1) and 7 = (—1,1).

6 Conclusion

In this paper two weaker notions are proposed, indecomposability has been weakened to weak
indecomposability and monotonicity has been weakened to monotonicity. Two versions of the
Perron-Frobenius theorem have been proved, with monotonicity and weak indecomposability
and with weak monotonicity and weak indecomposability. This has widened the applicability

of Perron-Frobenius theory.

Often the mapping H is defined on a cone of a vector space to itself, depending on emphasis.
In our context that would have meant that H : RY — RE. In that case, from (i)—(iii) of
Theorems 1, 3 and 4, \* and x* are unique. Part (iv) of the theorems become irrelevant. The
task would have been a lot easier in the sense that much fewer cases would have been examined

in the examples pertaining to the property of the mappings.

However, A* > |)| is an interesting and important result in matrix theory. It is this result
that gives A* its name dominant eigenvalue. That is the main reason we wanted to explore
Perron-Frobenius theory in its entirety. Some key insights have emerged. Theorem 1 shows that
in the presence of monotonicity indecomposability can be weakened to weak indecomposability
without sacrificing any of the results. If monotonicity is relaxed, then weak monotonicity (II)

is the relevant condition to obtain this result.

In terms of the bounds for the dominant eigenvalue, the analysis is of course confined to R’}
No difficulty was encountered in the presence of monotonicity. Without it, further conditions

are needed to obtain the bounds.

There is an open problem pertaining to primitivity which is worthy of attention. It is well
known that if A is an indecomposable matrix then (I + A)*~! is a positive matrix. Therefore,

I + A is a primitive matrix with £ < L — 1. Given a nonlinear mapping H, define G as
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G(z) =  + H(x). It is also known that if H is indecomposable and monotonic then G is
primitive with ¢ < L — 1. This mapping has played an important role in our analysis. However,
not much is known about its properties when H is weakly indecomposable. Example 2 shows
that if H is weakly indecomposable then G need not be indecomposable. In the examples, when
needed, we have found that G is primitive. Any general result pertaining to primitivity of G

when H is only weakly indecomposable will be useful in future.

Appendix A
A.1 DMonotonicity and weak indecomposability in Example 1

We will verify monotonicity and weak indecomposability of H on ]Ri together. We will assume
that © <y and show that H(z) < H(y). On some occasions, H(z) < H(y). In that case, weak
indecomposablity is automatically satisfied. On other occasions, we will show that either H, or
H? satisfies the relevant inequalities for weak indecomposability. Cases (1)—(5) below examine

situations when = and y are in W.

(1) xz,y € Wy, or x,y € Wa, or z,y € W3. Suppose that z,y € Wi. Then H(z) = (222, 21) and
H(y) = (2y2,y1). Since x <y, H(z) < H(y). If E,, = {1} then x2 < yp and H;(z) = 222 <
2yo = Hi(y). If B,y = {2} then 21 < y1 and Ha(x) = 21 < y1 = Ha(y).

Suppose that z,y € W3. Then H(z) = (x2,z1 + x2) and H(y) = (y2,y1 + y2). Clearly,
H(z) < H(y). If E,, = {1} then Hi(z) = 22 < yo = Hi(y) and if E,, = {2} then Hy(z) =
1+ 22 <y1 +y2 = Ho(y).

Suppose that x,y € Wa. Then H(x) = (z1 + x2,22) € W1 and H(y) = (y1 + y2,y2) € Wi.
Since x <y, H(z) < H(y). H*(x) = (229,21 + x2) and H?(y) = (2y2,y1 + v2). If By, = {1}
then Hi(z) = 21 + 22 < y1 + y2 = Hi(y) and if E,, = {2} then H3(z) =21 + 22 < y1 + Y2 =
H3(y).

(2) z € Wy, y € Wo. Then z9 < 21 < 41 < yo2, H(z) = (222, 21) and H(y) = (y1 + y2,¥2)-
Hy(x) = 229 < 271 < 2y1 < y1 +y2 = Hi(y) and Ha(v) = z1 < y1 < y2 = Ha(y). Thus,

H(z) < H(y). This implies weak indecomposablity.

(3) z € Wy, y € Wi. Then 21 < 22 < yo < y1, H(x) = (21 + z2,22) and H(y) = (2y2,v1)-
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Hi(z) =21 + 22 < 229 < 2ys = Hi(y) and Hy(z) = 22 < yo <y1 = Ha(y). So, H(x) < H(y).

Observe that H(z) € W1, so H?(x) = (222,71 + x2). If 2y2 > y; then H(y) € Wy and
H?(y) = (2y1,2y2), but if 2yy < y1 then H(y) € Wy and H*(y) = (y1 + 2y2,y1)-

Since 21 < y1, Eyy = {1} cannot hold. Assume that E,, = {2}. If 2y5 > y; then H3(z) =
Ty + 2o < 2w9 = 2yp = H2(y). If 2ys < y1 then H2(x) = 21 + 22 < 279 = 22 < y1 = H2(y).

(4) x € W3,y € Wy UW,. Since x € W3, x1 < 0 < x9 and H(z) = (z2,21 + 22).

Let y € Wi. Then H(y) = (2y2,v1). Hi(z) = 22 < y2 < 2y2 = Hi(y) and Ha(z) =
1+ 22 < x2 < yo < y1 = Ha(y). Thus, H(z) < H(y). Weak indecomposability follows.

Now suppose that y € Wy. Then H(y) = (y1 +y2,92). Hi(z) =22 < y2 < y1+y2 = H1(y)
and Hy(x) = z1 4+ 22 < 23 < yo = Ha(y). Since 21 < 0 < y1, E;y = {1} cannot hold. If
E,, = {2} then we have shown that H(x) < Ha(y).

5z € W1 UWsy, y € W3. Note that 1 > 0 and y; < 0. So, z < y cannot hold, i.e., this
( Y Y y

possibility does not arise.

(6) x ¢ W,y & W. x <y implies that —z > —y. Moreover, —z € W and —y € W. Above we
have shown that H(—xz) > H(—y). So, H(z) = —H(—x) < —H(—y) = H(y).

Note that E_, _, = E,,. We have shown that if E_, _, = {i}, ¢ = 1,2; then ei-
ther H;(—z) > H;(—y), or H?(—x) > H?(—y). Note that H(z) = —H(—x) and H?*(z) =
H(H(z)) = H(-H(-x)) = —H(H(—2)) = —H?(—x)). Similarly, H(y) = —H(—y) and
H%*(y) = —H?(—y)). Therefore, either H;(z) = —H;(—x) < —H;(—y) = H;(y), or H?(z) =
—H?(—x) < —H?(—y) = HX(y) for E,, = {i}.

(MNzxeW,ygdW. iz e WyUW;, then 0 £ z < y. So, y € Wi UWs, a contradiction. If
x € W3 then 0 < 22 < yo means y € W, a contradiction. Thus, this possibility does not arise.
(8) = ¢ W,y € W. Suppose that —x € W3. Then —z; < 0 and —z9 > 0, ie., 27 > 0 and

x9 < 0. H(—x) = (=2, —x1 — x2) and H(z) = (22,21 + x2). Since 1 > 0, y € W3 U Wh.

If y € W; then H(y) = (2y2,y1). H1(£U) =29 <0< 2y = Hl(y) and HQ(.T) =21+ a2 <
xy <y = Ha(y). If y € Wy then H(y) = (y1 + y2,92). Hi(z) =22 <0 < y1 +y2 = Hi(y)
and Hy(z) = 1 + 22 < 1 < y1 < y2 = Ha(y). Thus, in any case, H(z) < H(y). Weak

indecomposability follows.
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Suppose that —x € Wy. Then —zo > —x; > 0,16, 20 <1 < 0. H(—2z) = (—x1 — 22, —22)
and H(z) = (x1 + x2,22) < 0. If y € Wy U Wy then H(y) =2 0. So, H(z) < H(y). If y € W3
then H(y) = (y2,y1 +y2). Hi(x) =21+ 22 <0< ys = Hi(y) and Ha(z) =22 <21 <y <
y1 +y2 = Ha(y). So, H(x) < H(y).

Lastly suppose that —z € Wy. Then —x1 > —x2 > 0, ie., 1 < x9 < 0. Since x # 0,
x1 < 0. H(—z) = (—2x9,—x1) and H(z) = (2z2,21) < 0. If y € W1 U Wy then H(y) = 0. So,
H(z) < H(y). Since 1 < 0, B, # {1}. If E;, = {2} then Hy(z) = 21 <0 < Ha(y).

If y € W3 then H(y) = (y2,y1 + y2). Hi(z) = 222 < 0 < yo = Hi(y) and He(x) = 1 <
Y1 < y1+y2 = Ha(y). So, H(x) < H(y).

We have shown that H is monotonic and weakly indecomposable on R?.

A.2 Proof of Proposition 1

It suffices to show that weak indecomposability implies indecomposability. Assume that a
matrix A is decomposable. Then there is a nonempty proper subset J of {1,..., L} such that
a;; =0for i € Jand j € J. Let @ and y be such that 0 < z; <y; if j € Jand 0 < x; = y; if
j&J. Then x <yand E,, = J°.

Let i € Eyy = J¢ Then
(Ay)i — (Az)i = Y aily; —2) + Y aijly; — x;) = > aij(y; — ).
jeJ JEJ jeJ
The last equality follows from the fact that z; = y; for every j € J. Since a;; = 0 for i € J¢
and j € J, (Ay); — (Az); = 0.

Now suppose that for some integer m > 1, (A™x); = (A™y); for every j ¢ J. Consider
A™F g and A™Hly. If § € J¢ then

(A" ) — (A™ ), = Y ag[(A™y); — (A™2)) + > ai[(A™y); — (A™);)
jeJ g

= > ayl(Amy); - (Amw);).

jeJ

The last equality follows from the fact that (A™z); = (A™y); for every j ¢ J. Since a;; = 0
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forie JCand j € J, (A™Hly); — (A™Hlg); = 0.

This shows that A is not weakly indecomposable. "

A.3 Proof of Lemma 1

First suppose that x > 0 and for some j, z; = 0. Then Ep, is a nonempty proper subset of
{1,...,L}. Weak indecomposability implies that for some k > 1, 0 = H¥(0) # HF(z) for some
i € Ep . Since H*(x) # 0, H(z) # 0 and by nonnegativity H(z) > 0. Now suppose that 2 > 0.
Then there exists z > 0 such that z; = 0 for some j and z < z. From above, H(z) > 0 and by
(A3), H(z) =2 H(z) > 0. We have shown that H(x) > 0if z > 0.

To show that H(z) > 0 when x > 0, we first construct a vector w > 0 such that H(w) > 0.
Fix a component i € {1,...,L}. Define z* € Ri as: z{ = 0 and zé > 0 if j # 4. Then
Ey . = {i}. By nonnegativity and weak indecomposability, there is an integer k; > 1 such that
0 < HF(2%). Let w' = 2% if k; = 1 and w? = H*1(2%) if k; > 1. In either case, H;(w') > 0.
Such a w® € RY can be constructed for each i € {1,...,L}. Let w = ZZ'L:1 w'. Then w > w'

for each i and by monotonicity, H(w) = H(w"). Since H;(w') > 0 for each i, H(w) > 0.

Now let z > 0 be given. Then there is > 0 such that fw < z. By homogeneity, H(fw) > 0
and by monotonicity, H(x) = H(fw) > 0. .

A.4 Proof of Theorem 1

(1) If £ > 0 then || H(x) || > 0 by Lemma 1. Define a mapping F' from S to itself by
F(x) = H(z)/ || H(x) ||. Then F is continuous. By Brouwer’s fixed point theorem it has a
fixed point z*. Let A* = || F(z*) || > 0. Then \*z* = H(z*).

Suppose that o7 = 0 for some j. Then Ep,+ is a nonempty proper subset of {1,..., L}. By
weak indecomposability, there exists k > 1 such that H¥(0) # HF(z*) for some i € Ey .+, i.e.,

0 # (A*)kz7. This is a contradiction since 2} = 0. Therefore, z* > 0.

(74) Suppose that there is Z # 0 such that \*z = H(z) and T is not a scalar multiple of z*.
Since eigenvectors are sign independent, without loss of generality we can assume that z; > 0
for some j. Let J = {j : z; > 0} and 0 = max{z;/z} : j € J} > 0. Then fz* =  with equality

holding for some j € J. If z* = Z then Z is a scalar multiple of *, a contradiction. Therefore,
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0z* > z and Ejz g,+ is a nonempty proper subset of {1,...,L}.

By weak indecomposability, there exists k& > 1 such that HF(z) # HF(0z*) for some
i € Bz 9+, 1., (A*)*z; # (A*)F0xr. This is a contradiction since z; = 62 > 0. So, z* is unique

up to scalar multiplication.
Henceforth, to facilitate presentation, we will take z* to be scalar independent.

(7i7) Suppose for some A\ # A\* and = > 0, H(x) = Az. By Lemma 1, H(z) > 0, i.e.,
A > 0. Suppose that  # 0. Then Ej, is a nonempty proper subset of {1,...,L}. Weak
indecomposability implies that for some k > 1 and i € Ey,, 0 # HF(z) = Ma; = 0, a

contradiction. So, z > 0.

Since A # \*, x is not a scalar multiple of z*. Take x < z*, x £ x*. By monotonicity,
A = H(xz) < H(z*) = Ma*. Since x; = 27 > 0 for some i, A < A\*. Similarly, take z* < z,
x* ¢ x. Then Nz* = H(z*) < H(x) = Az and A\* < A\. Thus, A = A\*. This contradiction
proves the claim.

(iv) Suppose that for some # # 0, H(Z) = A¥. We have |Z| = z = —|z|. Choose z* such
that * 2 |z| with equality holding in at least one component.

By (A1)~(A3), H(x*) = H(#l) 2 H(z) = H(~|]) = —H(z]). This implies H(z") =
H(|z|) =2 |H(z)|. Since H(z*) = Ma* and |H(Z)| = ||

z} = |Z|; > 0. So, A* > |\l

= |\||z], A*2z* > |)||z|. For some i,

This completes the proof. "

A.5 Proof of Theorem 2

If x = 2* then \* = H;(2*)/z} for every i and there is nothing to prove. Suppose that z > 0
and z # z*. By Lemma 1, H(z) > 0 and repeated applications give H™(x) > 0 for m > 1.

First we will show that A\* < max;[H;(z)/z;]. Let 61 = max;[H;(z)/x;] and for m > 1,
O = max;[H™(2)/H™ *(x)]. That {6,,} is a non-increasing sequence is seen as follows. Since
612 = H(z), 61H(z) = H?(z) by homogeneity and monotonicity. Therefore, §; > HZ(x)/H;(x)
for every i, i.e., 61 > 03. For any m > 1, 0, H" Y(z) = H™(z) implies that 0,,H™(x) =

H™(2), 50 01y > 01
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Let z* be such that * <z, 2* £ 2. Then E,~ , is a nonempty proper subset of {1,...,L}.
By weak indecomposability, there is & > 1 such that H]k(x*) < Hj’“(az) for some j € Ep« .
We can suppose without loss of generality that H;"(z*) = H"(x) for every m < k. Then,
Hf(x*)/HJk_l(fL’*) < ij(a:)/Hf_l(x) < Op < 61. Since H'(z*) = (A*)™z} for every m,
Hf(x*)/ij_l(x*) = \*. Therefore, \* < 0; = max;[H;(z)/z;].

The arguments to establish min;[H;(z)/x;] < A* are analogous. Let o1 = min;[H;(x)/x;]
and for m > 1, oy, = ming[H(x)/H™ " (x)]. Tt is easy to show that {o,,} is a non-decreasing

sequence.

Choose z* such that z < z*, x £ z*. Then E, ,~ is a nonempty proper subset of {1,..., L}.
By weak indecomposability, there is &’ > 1 such that ij/(x*) > H]k/(m)) for some j € E .
We can suppose without loss of generality that H]m(:n*) = H"(z) for every m < k'. Therefore,
H]’?/(:E*)/Hf/fl(az*) > H]’-“,(:U)/H]’?Ll(w) > oy > o01. Since H]’?/(x*)/HJI?Ll(:I:*) =N N >0 =
min;[H;(x)/x;]. ]

A.6 Primitivity in Example 2

Since H(z) = z + H(z), H(z) = (21 4 222,21 + 22) if 2 € Wi, H(2) = (221 + 22,220) if 2 € Wa
and H(z) = (21 + 22,21 + 222) if 2 € W3. Also note that if 2 ¢ W then H(z) = z + H(z) =

—(=2) - H(=2) = (-2 + H(=2)) = —H(=2).

Before examining primitivity, we prove a claim pertaining to this example.

Claim 1 (i) H maps W, to itself. If z € Wy then H(z) can either be in Wy but can be in W7.
In either case, H?(z) € W7.

(ii) If u < v then H(u) < H(v).

(i4) If for some u,v € R? and t > 1, H'(u) < H(v) then H™(u) < H™(v) for every m > t.
Proof (i) If z € Wy, then H(2) = (21 + 229,21 + 22). Since zo > 0, Hi(z) > Ha(2) and
H(z) € Wy. If 2 € Wy then H(z) = (221 + 20,229). If 229 > 2 then H(z) € Wj and

H?(z) € Wy. Tf 221 < 25 then H(z) € Ws. Since H (I:I(z)) = (221 + 329,22) and H?(z) =
H(z)+ H (H(2)) = (421 + 422,429) € W1,
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(i1) Since u < v, by the monotonicity of H, H(u) £ H(v). Therefore, H(u) = u + H(u) <
v+ H(v) = H(v).

(ii7) Suppose that H!(u) < H!(v). By the monotonicity of H, H(H'(u)) £ H(H'(v)). So,
A () = B (B'(w) = B (u) + H (B'(w) < B (v) + H (H'(v)) = B+ (0).

This completes the proof. "

To show that H is primitive, one needs to show that if x < y then H3(z) < H3(y). Because
of Claim 1 (#44), it suffices to show that H™(x) < H™(y) for some 1 < m < 3. If x < y then
Claim 1 (i) shows that H(z) < H(y) and there is nothing more to prove. Henceforth, we will
suppose that x <y and x £ y.

Several cases were examined to show the weak indecomposability of H in Example 1.

Primitivity of H can be established by examining those cases. We will illustrate only one.

Suppose that x € Wy and y € Wa. Then 29 < 21 < y1 < y2, H(z) = (21 + 219, 21 + 22)

and H(y) = 2u1 + y2,212). Hi(x) = 21 + 222 < 327 < 3y1 < 2y1 + yo = Hi(y) and
Ho(z) = o1 + 20 < 221 < 2y1 < 2yo = Ha(y). So, H(z) < H(y). Claim 1 implies that
H3(x) < H3(y).

Appendix B
B.1 Proof of Lemma 2

First suppose that x > 0 and for some j, ; = 0. Then Ep, is a nonempty proper subset of
{1,..., L}. By nonnegativity, H(z) = 0. Weak indecomposability implies that for some k > 1,
0 = HF(0) # HF(x) for some i € Ep . Since H*(x) # 0, H(x) # 0 and H(z) > 0.

Now let > 0. Consider z in (A8). If Z is a scalar multiple of = then H(z) > 0. If Z is not
a scalar multiple of = then for some 6 > 0, 0z < z and 0z £ x. By WM I, HP(0z) < HP(x)
for some p > 1. Since HP(0z) = OHP(z) > 0, HP(x) > 0. So, H(z) # 0 and by nonnegativity
H(x) > 0. ]
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B.2 Proof of Theorem 3

(¢) If x > 0 then || H(z) || > 0 by Lemma 2. Define a mapping F' from S to itself by
F(z) = H(x)/ || H(z) ||. Then F is continuous. By Brouwer’s fixed point theorem it has a
fixed point z*. Let \* = || H(z*) || > 0. Then \*z* = H(z*).

Suppose that z7 = 0 for some j. Then Ep 4+ is a nonempty proper subset of {1,...,L}. By
weak indecomposability, there exists k > 1 such that HF(0) # HF(x*) for some i € Ep .+, i.e.,

0 # (\*)*x¥. This is a contradiction since ¥ = 0. Therefore, z* > 0.

(73) Suppose that there is z # 0 such that \*z = H(z) and z is not a scalar multiple of z*.
Without loss of generality we can assume that z; > 0 for some j. Let J = {j : z; > 0} and
¢ = max{z;/x} : j € J} > 0. Then fz* = 2z with equality holding for some j € J. If 02" = z
then z is a scalar multiple of 2*, a contradiction. Therefore, f2* > 2z and E, g,+ is a nonempty

proper subset of {1,..., L}.

By weak indecomposability, there exists k > 1 such that HF(z) # HF(fz*) for some
i € E, gy, le., (N2 #£ ()\*)kOx;-". This is a contradiction since z; = 6x] > 0. This shows that

x* is unique up to scalar multiplication.

(7i1) Suppose for some X\ # \* and z > 0, H(x) = Az. By Lemma 2, H(xz) > 0, i.e.,
A > 0. Suppose that © # 0. Then Ep, is a nonempty proper subset of {1,...,L}. Weak
indecomposability implies that for some & > 1 and i € Fy,, 0 # HF(x) = Ma; =0, a

contradiction. So, z > 0.

Since A # A*, x is not a scalar multiple of z*. Take x < z*, z £ x*. By weak monotonicity,
for some p > 1, HP(z) < HP(z*), i.e, Nz < (A*)Px*. Since x; = z7 > 0 for some i, A < A%,
Similarly, take 2* < x, * £ x. By weak monotonicity, for some p/ > 1, H? (z*) < H” (z), i.e,
(A 2* < APz, Since x; = x; > 0 for some 7, \* < X\. Thus, A = A*. This contradiction proves

the claim.

(iv) Suppose that for some z # 0, H(Z) = AZ. Since eigenvectors are sign independent, we
can assume that Z; > 0 for some i. So, z & RE. If £ > 0 then (ii4) of the theorem ensures that
A = \* and there is nothing to prove. So, assume that z ¢ Ri URE.

Choose z* such that z* 2 |z|, z* % |Z|. Suppose that * = |z|. Then H(z*) = H(|z|) and
by WM II, H(|z|) 2 H(z) =2 H(—|z|) = —H(|z|). So, H(z*) = |H(Z)|. Since H(z*) = X\*z*,
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|H(Z)| = |A\z| = |M||Z] and z} = |Z|; > 0 for some i, \* > |)].
Now suppose that z* > |z|. By WM I, HP(z*) = HP(|z|) for some p > 1. By WM II,
HP(l) 2 HP(z) 2 HP(—Jz]) = —HP(z]). These yield, HP(s*) 2 [HP@)), e (A2 2

|A|P|Z|. Since z} = |Z|; > 0 for some i, \* > |)].

This completes the proof. "

B.3 Proof of Theorem 4

Suppose that for some Z # 0 and A # \*, H(Z) = AZ. Since eigenvectors are sign independent,
we can assume that Z; > 0 for some i. If # > 0 then (44i) of the theorem ensures that A = \*,

a contradiction. So, |Z| > z. Since Z; > 0 for some i, T > —|Z|.

Choose z* such that =* = |z|, * % |z|. Since H is primitive, there is £ > 1 such that
H'(z*) z H'(|z|) > HY(z) > H'(=|z[) = —H'(|z]). So, H(|z|) > |H'(z)| and H'(z") >

|H*(Z)|. The last inequality gives (\*)‘2z* > |\|¥|Z|. Since 2} = |Z|; > 0 for some i, \* > ||

B.4 Proof of Theorem 5

If x = 2* then \* = H;(z*)/x} for every i and there is nothing to prove. Henceforth, we will
work with the mapping G. Since G(z) = = + H(x), G and H have the same eigenvectors and
their eigenvalues differ by 1. So, 2™ is an eigenvector of GG associated with the eigenvalue \* +1.
Moreover, if x > 0 then for any ¢, G;(z)/x; = (x; + Hi(x)/x; = 1+ (Hi(x)/x;). So, we need
show that if z > 0 and x # z* min;(Gi(z)/z;) < \* 4+ 1 < max;(Gi(z)/z;).

If G is primitive on R% then the result has been proved in Theorem 2 of Rath (1986).
Below we work with (A9). If z > 0 then G(z) > 0 and repeated applications give G™(x) > 0

for m > 1.

First we will show that A\* + 1 < max;(G;(z)/xz;). Let 81 = max;(G;(x)/x;) and for m > 1,
O = max;(GT () /G~ (x)). That {f,,} is a non-increasing sequence is seen as follows. Since
b1x = G(z), 01G(z) = G*(x) by (A9). Therefore, 6, > G3(x)/Gi(x) for every i, i.e., 61 > 0s.
For any m > 1, 6,,G™ 1(x) = G™(x) implies that 0,,G™(x) = G™ 1 (x), 50 01, > Oppy1.

Let z* be such that * <z, 2* £ x. Then E,~ , is a nonempty proper subset of {1,...,L}.
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By (A9), there is k£ > 1 such that G;“(az*) < Gf(:z) for some j € E,« ;. We can suppose without
loss of generality that G'(z*) > G7'(z) for every m < k.

Therefore, G¥(x*)/G¥ 1 (2*) < G¥(x)/G¥ () < 6 < 0;. Since G (z*) = (A" + 1)™a]
for every m, G?(x*)/G?_l(x*) = A"+ 1. Therefore, \* + 1 < 6; = max;(G;(x)/x;).

The arguments to establish min; (G;(z)/x;) < A*+1 are analogous. Let o1 = min;(G;(x)/z;)
and for m > 1, o, = min;(GT(x)/G*" (). Using (A9), it is easy to show that {oy,} is a

non-decreasing sequence.

Choose z* such that < 2%, £ 2*. Then E, ., is a nonempty proper subset of
{1,...,L}. By (A9), there is ¥’ > 1 such that Gé?'(x*) > Gf’(:v)) for some j € Eg ;.
We can suppose without loss of generality that G7'(2*) < G7'(x) for every m < k. There-
fore, G¥ (2*)/GY "' (¢*) > G¥ (2)/GY " (x) > o) > o1. Since G (2*) /G~ (2%) = A + 1,
AN4+1>0 :mml(Gl(a:)/xz) [
B.5 Weak monotonicity and weak indecomposability in Example 3

B.6 Weak monotonicity and weak indecomposability in Example 4

B.7 Weak monotonicity and weak indecomposability in Example 5
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