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Duality between Harmonic and Bergman spaces

Mei-Chi Shaw*

ABSTRACT. In this paper we study the duality of the harmonic spaces on the
annulus 2 = Q \57 between two pseudoconvex domains with Q— CC 25 in
C™ and the Bergman spaces on 2. We show that on the annulus €2, the space
of harmonic forms for the critical case on (0, n—1)-forms is infinite dimensional
and it is dual to the the Bergman space on the pseudoconvex domain 2~. The
duality is further identified explicitly by the Bochner-Martinelli transform,
generalizing a result of Héormander.

Introduction

Let Q= and ©; be two bounded pseudoconvex domains in C™ with Q= CC
Q7. In this paper we study the duality of the harmonic spaces on the annulus
Q=0;\Q and the Bergman spaces on Q. This paper is inspired by a recent
paper of Hérmander [H6 2] where the null space of the 9-Neumann operator on
a spherical shell as well as on an ellipsoid in C™ has been computed by explicit
formula for the critical case for (0,n — 1)-forms.

The 0-Neumann problem on the annulus has been studied in [Sh 1] on an
annulus between two pseudoconvex domains in C™ or in a hermitian Stein manifold.
When the boundary is smooth, the closed range property and boundary regularity
for O were established in the earlier work (see [BS] or [Sh1]) for 0 < ¢ < n—1 and
n > 2. In the case when 0 < ¢ < n — 1, the space of harmonic forms is trivial. In
this paper, we will study the critical case when ¢ = n — 1 on the annulus 2. In this
case the space of harmonic forms is infinite dimensional. Our goal is to establish
the duality between the harmonic forms in the critical degree with the Bergman
spaces on the domain 7.

In the first section, we recall the Hodge decomposition theorem on the annulus
between two pseudoconvex domains. In the second section we establish the duality
between the harmonic forms with coefficients in the Sobolev W (Q) spaces with the
Bergman spaces on ~. We then refine the duality to duality between L? spaces
in Section 3.
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1. L? theory for 0 on the annulus between
two weakly pseudoconvex domains in C"

We recall the following L? existence and estimates for 0 in the annulus between
two pseudoconvex domains (see Theorems 3.2 and 3.3 in Shaw [Sh4]).

THEOREM 1.1. Let Q cC C", n > 3, be the annulus domain Q = Q1 \ Q
between two pseudoconver domains 0y and Q. We assume that Q~ CC Q1 and
Q= has C? boundary. For any f € L%pﬁq)(ﬂ), where 0 <p<nand 0<qg<n-—1,
such that Of = 0 in Q, the following hold:

(1) there exists F' € W(;}q)(Ql) such that Flg = f and OF = 0 in Qy in the

distribution sense.

(2) there exists u € L%p,q—l)(Q) satisfying Ou = f in Q.

For ¢ = n — 1, there is an additional compatibility condition for the d-closed

extension of (p,n — 1)-forms.

THEOREM 1.2. Let Q CC C" be the annulus domain Q = Q1 \Q  between two
pseudoconvexr domains Oy and Q~. We assume that Q= CC Q and Q= has C?

boundary. For any O-closed f € L%pvn_l)(ﬂ), where 0 < p < n, the following hold:
(1) There exists F € W(;)ln_l)(Ql) such that Flg = f and OF = 0 in Q; in

the distribution sense.
(2) The restriction of f to b~ satisfies the compatibility condition

(1.1) / FAG=0, $€Wh_, Q)N Ker(d).
b
(3) There exists u € L%p!nd)(Q) satisfying Ou = f in Q.
Corollary 1.3. Let () be the same as in Theorem 1.2. Then 0 has closed range
in L%p,nq)(Q) and the 0-Neumann operator N, 1y exists on L%p,nfl)(ﬂ)'
Theorem 1.4 (Hodge Decomposition Theorem). Let Q@ CC C™ be the

annulus domain Q = O \ﬁ_ between two pseudoconver domains 1 and Q~. We
assume that Q= CC Q and Q= has C? boundary. Then the 0-Neumann operator

N(pq) exists on L%zuq) (Q) for0<p<nand0<qg<n. Forany f € L%p’q)(Q), we

have

f=9"0Ngof+Hpof  a=0.
f=00"Npof+00Nyf, 1<qg<n-2.
f=00"Npn-1f+0ONyn1f+Hpn1)f g=n—1.
= 55*N(p’n)f, q=n.
We have used the notation H, 4y to denote the projection operator from L? ()

(p,q)
onto the harmonic space Hp ¢y(2) = ker(p. q))-
For a proof of Theorem 1.4, see Theorem 3.5 in [Sh4].

Remark: All the results can be extended to annulus between pseudoconvex do-
mains in a Stein manifold with trivial modification.
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2. The duality between H‘(/e}nfl)(ﬂ) and H"P9(Q7)

For k > 0, we define the Dolbeault cohomology H ‘(,5’,3) () with Wk (Q)-coefficients
by
(feWt (@) 0f =0}
@)1/ =duue W, (@

p,q—1)

H(PaQ) 0) =

(p,q)

For k € R, we define H‘(A’;’ko) () to be the space of (p,0)-forms with holomorphic
coefficients in W*(Q).

If © is the annulus between two pseudoconvex domains as in Theorem 1.2, we
have that the space {f € W(’;,’q) Q)| f=0u,ue W(k ) ()} is closed. Further-

p,q—1
more, we have from Theorem 1.4:

Hipn 1y (Q) = HE"V(Q).
We will use the notation H®"~1(Q) for Hé’;’n_l)(ﬂ) and Hyy1(Q) = Hég’lo)(Q).

Theorem 2.1. Let Q@ CC C" be the annulus domain Q = Q; \ Q  between
two pseudoconvex domains Q1 and Q= with smooth boundary and Q~ CC €,

n > 2. For each k> 0 and 0 < p < n, the space HI(/IZ;’kq)(Q) = {0}, when 0 < ¢ <

n—1 and the space H‘(A’;’kn_l)(ﬂ) 1s of infinite dimension. Furthermore, we have the

isomorphism:
H(p’n_l)(Q) ~ (H("—Pyo) (Q,)),

Wk W—k+1

where the right-hand side is the space of all bounded linear functionals on the space
H(”*Pao) (Q_)
W—k+1 .

PrOOF. First we assume that & = 0. Suppose that f € L%p,n—l)(Q) and

df = 0. We define a pairing between H®"~1)(Q) and H‘(,[T,Ll_p’o) (Q7)
L He=D(Q) x Hp Q) » ¢

by
(2.1) l([f],h)z/ fAh he HIPO Qo).
b —

First we note that the pairing (2.1) is well-defined. It is well-known any holomorphic
function or forms with L2(Q) coefficients has a well-defined trace in W~z (bQ) (see
e.g. [LM)]). For any f in L%p,nq)(Q) with f = 0 and 0*f = 0, we also have a
well-defined trace in W~z (bQ2) (see [Sh3] for details). Any function or form with
W(Q™) coefficients has trace in Wz (bQ~) from the Sobolev Trace Theorem. Thus

the pairing between f and ¢ in (2.1) is well-defined since

ARy gy Bl gy < 1z Wil

We also note that the pairing in (2.1) is independent of the choice of the repre-
sentation function [f]. Let f be another representation of [f], then f = f + Ou for

some element of the form du € L%p,n—l)(ﬂ) with u € L%p,n—Q)(Q)' Using Friedrichs’
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lemma, there exists a sequence {u,} such that u, € CF, (Q) such that u, — u

in LZ, 5 () and Ou,, — Ou in L3¢, 1)(Q). It follows from Stokes’ Theorem that

/ OuAh= lim Ou, A h
bQ-

v—00 Q-

~ lim (—1)p+n/b AR =0, he HGTP Q).

v—00

Thus the pairing (2.1) is well-defined.
If we assume that f satisfies the condition

[ Fhe=0. bW, 0)(@) NKer(),

from Theorem 1.2, there exists a 0-closed form F € W(;ln_g) (€1) which is equal to

f on Q and one can find a solution u € L%p’n%)(Q) satisfying Ou = f. This implies

that [f] = 0. Thus there is a 1-1 map from H®"=1(Q) to H‘(;fp’o)(ﬂ_)’.

On the other hand, suppose that f is a bounded linear functional on H‘(/{}l_p’o) Q7).

We will show that [ can be represented by some [f] in (2.1). Since we assume that
Q) is pseudoconvex and has smooth boundary, one has the duality for holomorphic
space HY(Q7) = L*(Q7) N Ker(d) and H (7)) (see [BB]). If the d-Neumann
operator is exact regular on W*!(£27), we can use the duality between the usual L?
spaces. Otherwise, one can use the exact regularity for the weighted d-Neumann
operator with weights ¢|z|? for sufficiently large ¢ > 0. The weight function can be
viewed as the bundle metric e~**I” for the trivial line bundle C and the dual space
will be equipped with the dual metric etl*” for C. In particular the pairing (2.1)
is well-defined. For simplicity, we assume that the 0-Neumann operator is exact
regular. But all the arguments remain the same if we use weighted spaces with the
dual weighted norms.

Thus [ can be represented by (n — p,0)-form g with distribution coefficients
in H1(Q7) = ker(9) N W~1(Q7). Extending g to be zero outside Q~, then xg
is a (p,n)-form on €, a top degree form which is always J-exact. The extension
by zero of g results in a form which is in W~1(£;). This is due to the fact that
holomorphic functions in W=1(227) is also in the dual of W!(Q7). We remark that
for a general function or forms, this is not true. But when the functions or forms
are harmonic, then the dual space of W, denoted by W1, coincides with the dual
space of W' for domains with smooth boundary. For detailed explanation of this
subtle point, we refer the reader to the paper by Boas (see Appendix B in [Boa]
where the dual space of W is denoted by W, 1.).

Thus we have that xg = OU on Q; for some U € L%p,n—l)(Ql)' Let f =U on
Q. Tt follows that df = 0 on Q and the linear functional

l(h):/ *g/\h:/ dUNh= | fAh, heHFTPO0Q).
2 Q- bQ—

Since f € L?pm_l)(Q), we have that the bounded linear functional ! is represented

by [f] € H®"=1(Q). This proves the theorem for k = 0.
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Suppose that & > 1 and f € WF () and 9f = 0. We define a pairing

(p,n—1)
between Hi(}f;’kn_l)(ﬁ) and H‘(/;ffﬁ)(ﬂf) by
L HEPD Q) x B TR (@)
(2.2 (= [ 1a
bQ—

It is easy to see that the pairing (2.2) is well-defined as before. If f satisfies the
condition

FAo=0, ¢eW T (Q7)NKer(d),
b~ ’

there exists a O-closed form F € W(’;*nl_ 1
can find a solution u € W(’;n_z)(Q) satisfying du = f. For a proof, see Corollary 2

in the recent paper by Chakrabarti-Shaw [CS2]. This implies that [f] = 0.

Thus there is a one to one map from H‘(/";’,Zl_l)(Q) to H‘(;f,fﬁ)(ﬁ’)’. Any

element in HI(/IT/L:S;?)(Q_)’ can be identified as a (p,n)-form xg with Hyyr—1(Q7)-
coefficients. Thus repeating the same arguments as before, there exists f € Wk(Q)
with 0f = 0 such that any bounded linear functional can be given by f in the

equation (2.1). O

(€1) which is equal to f on Q and one

We remark that in Theorem 2.1, the boundary is of € is assumed to be C*
smooth in order to have the duality for all k& > 0. For each fixed k, the duality result
holds for sufficiently smooth (depending on k) domains Q~ and ;. In particular,
Theorem 2.1 holds for k¥ = 1 for much less smooth domains €; and Q~. In the
following, we will only assume that the boundary for 2~ be Lipschitz, i.e., locally
it is the graph of a Lipschitz function.

Let O, : L%p,nfl)(Qi) — L%pm)(Q*) be the minimal closure of 0. By this we
mean that f € Dom(d,) if and only if that there exists a sequence of smooth forms
fu in C(C’;n_l)(ﬂ) compactly supported in  such that f, — f and df, — Of in
L?. Let 9 be the dual of 9.. Then ¥ is equal to the maximal closure of the operator

'19 . L%p,n) (Q_) — L%p7n71)(9_).

We set
c -\ __ 9 . T2 — 2 —
D(p,n) (Q7)=0.9: L(pyn)(Q ) — L(p,n)(Q ).

The kernel of L7, ) (©27) is denoted by ™ (Q7), the space of harmonic forms of
degree (p,n) with compact support.

Theorem 2.2. Let Q CC C" be the annulus domain Q = Q0 \Q  between two
bounded pseudoconvexr domains Qqy and Q~ with Q= CC Qq, n > 2. We assume
that Qy has C? boundary and Q= has Lipschitz boundary. The space Hég’ln_l)(Q)
is of infinite dimension and we have the isomorphism:

HE' (@) « HED (Q7) = HPO(Q7),
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PRrOOF. From the closed range property for d on Q= and its L? dual for all
degrees, it follows (see [CS2]) that range of J, is also closed for all degrees. In
particular, we have

L%p’n)(ﬂ_) = Range(0.) & Ker(¥).
Here we only need the boundary 2~ to be Lipschitz smooth (see [CS2] for details).

This gives that

(2.3) HP™(Q7) = Ker(9).
Using star operator, one has that
(2.4) Ker(9) ~ H"=P0 Q7).

From the extension of the d-closed forms from the annulus to Q as in the
proof of Theorem 1.2, we will show that H‘(/f,)’lnfl)(Q) is isomorphic to the perp of
Range(d,.). To see this, let f € W(lp n—l)(Q) and let df = 0 in Q. We extend f to

be a form f € W(lp,nfl)(Ql)' The equation

(2.5) deu=0f

for some u € L?

(» n_l)(Q’) if and only if

(2.6) . fAG=0, ¢eLf, 0 (Q7)NKer(d).

For a proof of the equivalence of (2.5) and (2.6), see the proof Proposition 5 in
[CS2]. B
In this case, f can be extended to be J-closed form F where

{f, z € Q,
F: ~
f—u, z€eN.

It follows that OF = 0 in ; and F = f on Q. The form F is in L%p,n—l)(Ql) but F

is in W1(Q) since F = f on €. Since we assume that the boundary Q; is C2, we can
find a solution (see [Ha]) F = OU for some U € W(lp)n_z)(Ql). In fact we can use
the solution U = F + 0} Ny I by the weighted 0-Neumann operator N; on ;. Then
U is in W' near the boundary €; from the boundary regularity for the weighted
0-Neumann operator. Since the weighted 0-Neumann operator IV, is elliptic in the
interior of Qy, N;F is in W2(Q,loc). Thus the solution U is in W!(,loc). Thus
U is in W(lpm_Q)(Ql). This shows that for any [f] € H‘(/f;’ln_l)(Q), [f] = 0 if and
only if (2.5) or (2.6) is satisfied for any representation f € W(lp,nfl)(Q) Repeating
the arguments as in Theorem 2.1 and using (2.3) and (2.4), we have proved the
theorem. 0

3. The isomorphism between H®"~1(Q) and H" 79 (Q)

In this section we will further establish the isomorphism between the spaces
H®"=1(Q) and H"=P9(Q7).
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Theorem 3.1. Let Q CC C" be the annulus domain Q = Q0 \Q  between two
pseudoconver domains 1 and Q1= and Q= CC Q1, n > 2. We assume that the
boundary of Q= is C? smooth. Then we have the isomorphism:

(3.1) HP=1(Q) ~ g0 (7).

Furthermore, if we assume that  has C? smooth boundary, then we have the iso-
morphism.:

(3.2) HZM (@) ~ HE=D ().

PRrROOF. It follows from Theorem 2.2 that
HET V(@) =~ HO =20 (7).

Thus it suffices to prove (3.1).

Let h € HPO(Q7). We will associate h with a d-closed form At in Q as
follows:

Let p be a normalized C? defining function for Q~. Since h has holomorphic
coefficients in L?(27), it is well known that h has W2 boundary values on bQ~.
Let hy = h A dp. The form xh; is a (p,n — 1)-form on Q= and it has boundary
value in W2 (b27). We denote the restriction of xhy to b2~ by

(3.3) hy = *h1 b -
Let ht = BTh, and h~ = B~ hy, be the Bochner transform of h; defined by

(3.4) ht =Bth, = B(C,z) ANhy, z€Q,
bQ—

(3.5) h_:B_hb:/ B(C,z)Nhy, z€Q.
.

We have the jump formula:
hy=BYhy — B hy=h" —h~

in terms of distributions. Also each At and A~ are d-closed and L? on Q and Q~

respectively.
We define a map [T : H"79(Q7) — HP»=1(Q) by

I"h=[nt], heH™PYQ)

where ht is defined by (3.4). Since h* is O-closed on €2 and has L? coefficients, the
map [ is well-defined.
We next show that [T is one to one. If [T(h) = [ht] = 0 for some h €

H®=P0)(Q7), we will show that h = 0. Since [hT] = 0, this implies that At can

be represented by a 0-exact form and there exists ut € L%p n_2)(Q) such that

(3.6) ht = ou™.
Let h~ be defined by by (3.5). Since Q™ is pseudoconvex, we have
(3.7 h™ = 0u~
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- 2
for some u~ € L(p,n72

ge HI PO Q0),

/ hb/\g:/ (h+—h*)/\g:/ (Out —du~)Ag=0.
b~ bQ - b~

This implies that hy is a linear functional vanishing on H. ‘(}31_ P.0) (27). But from the

regularity for the weighted d-Neumann operator for W(1 () (since we assume

y(27). It follows from (3.6) and (3.7) that that for each

n—p,1)
that Q~ is C?), we have that the space H‘(/‘T,Ll_p’o)(Q*) is dense in Hg;_p’o)(Q*).
Since the functional vanishes on a dense subspace, h;, must be zero. This proves
that h =0 if [Th = [AT] = 0. Thus I is one to one.

To show that I* is onto, take an element F' € L /() such that OF = 0.
For simplicity, we assume that p = n. We will construct a holomorphic function
h in L?(2) such that I*h = F. Note that from Theorem 1.4, any element [F] can

be represented by a harmonic form and we may assume that F' is in H, n—1)(Q).

This implies that OF = 0*F = 0. It follows that F has boundary value with V_V’%—
coefficients. Choose a special orthonormal frame field basis wy, - -+, w, = \/58;) for

(1,0)-forms. Then near the boundary F' written in the special orthonormal frame
fields as

F =Y F(dV.w)
i=1
where dV = wi AWy ... w, AW, is the volume element. Using

1 1
7,” = n = = d = —d
*W *W 5 *dp 5 o

on b€)~, we have
1
F yo-= FpdV sy, |po-= §Fnd07

where do is the surface element on b)~.

We claim that F), is a CR distribtution on bQ~. To see this, note that OxF = 0
since YF = 0. Restricted to the boundary, this implies that dF},, A w, = 0 on bQ2~.
Thus F, is a CR distribution in W~2(b27). Let h = F, be the holomorphic
extension of F,, from the boundary to Q. Then h is an L? holomorphic function

on Q7. Let h*t = [Th be the 0-closed form in L%n,nq)(Q)' It remains to show that
[hT] = [F]. This follows from h* — h™ = hy = %(F,, A Op) = F,dV 1w, on bQ~. If
we define

o { Foht 2c0Q

h=, ze€Q.
Then G is an L_2 O-closed form in Q. Thus we have G = OU for some U €
L%n,n—Q)(Ql) is 0-exact on Q. Thus [F] = [hT] in H™"~1(Q). This proves that
IT is onto. The theorem is proved.

Corollary 3.2. Let Q2 be the same as Theorem 3.1. Each element f in the
harmonic space H(p n—1)(2) can be represented by some h*, where h is a harmonic
form in L%nfp 0) (Q7). We have the following representation for the harmonic space

H(pvnfl) (Q) = {h‘+ | h e L%nfp,o)(Q_% 5h‘ = 0}
where h™ is defined by (3.4).
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PrOOF. We have proved that for every f € H,,—1)(Q2), we can write f =
xhOp = h dp for some holomorphic h in L%n_pp)(Q’). On the other hand, any
h € Hn—po) (), the associated BT (hy) = h' is in L%pﬁnfl)(Q). The form At is
automatically O-closed. To see that it is in the domain of 9* and d*h™ = 0, we
repeat the arguments before and the corollary is proved.

Remarks:

(1) All the results can be extended to any annulus between two pseudoconvex
domains in a Stein manifold with trivial modification. It can also be applied
to an annulus between two pseudoconvex domains in complex manifolds if
one has the existence and the W' regularity of the O-Neumann operator on
the pseudoconvex domain 2~. We refer the reader to some related results
in [HI] (see also [CaS] and [CS1] and [CS2]).

(2) If we assume that the boundary is C°° smooth, we can also have the
isomorphism between H®"~1(Q) and H‘(/";’,Zl_l)(ﬂ) for all k following the
same proof.

4. The null space for the J-Neumann operator between balls

When the domain Q@ = {z € C" | 0 < Ry < |z| < Ry} is the annulus between
two balls centered at 0, the harmonic space H g ,—1) has been computed explicitly
in Hormander (see equation (2.3) in [HO6r2]). He proved that any (0,7 — 1)-form
f is in the null space of the d-Neumann operator if and only if

(4.1) f= Z j| ‘Qn ( |2)dz1/\ CAdZi_1 NdZjp1 A A dZn,

where h is a holomorphic function in L?(Q*), Q* = {z € C" | |2] < RLO} It is easy
to check that Of = 9f = 0.
To see that f is in the domain of 9*, we note that f = ‘Zn h (I ‘2) * 0p where

p = |z%2. Thus f € Dom(9*). We will show that the representation by the Bochner
transform stated the harmonic forms from Corollary 3.2 agrees with the formula
(4.1). For simplicity, we will assume that the inner ball is the unit ball, i.e., Ry =1
and h is a holomorphic (n,0) form in L(2n’0) (B1). Let p(z) = |2|?> — 1. Then h(z) is
holomorphic with L? coefficients. The Bochner transform described in Section 3 is
given by

Bthy = / Bo(¢,2) A (C) A xdp(C)
¢ebBy
- /«;ewl (6. 2) ) A Z e 46

where [d(;] denote the (n,n — 1)-form dV .d(;. It is easy to see that

(4.2)

Z e
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We also have
- Ok C_kC) ¢
5 1 Ok _ kG5 av
<|<|2> Z\a% G ZZ awk<|<2 RANE
_ Y B
‘Zawk(w ) =

Applying Stokes’s Theroem to (4.2), we see that

Bth, = Z‘ = ( |>vadzJ

We mention that in [Hor2], it is also proved that for any f € Dom(9) N Dom(9*) N
H(n,nfl) (Q)J_

(4.3) max (n — 2, 1) f|[* < RE[|0f|* + 0" FII*.

Notice that the constant in (4.3) is independent of the inner diameter Ry. It is not
known if one can have such estimates on the more general annulus between two
pseudoconvex domains.

References

[BB] Bell, S. R. and Boas, H. P., Regularity of the Bergman projection and duality of holo-
morphic function spaces, Math. Ann. 267 (1984), 473-478.

[Boa) Boas, H. P., The Szegé projection: Sobolev estimates in regular domains, Trans. Amer.
Math. Soc., 300 (1987), 109-132.

[BS] Boas, H. P. and Shaw, M.-C., Sobolev Estimates for the Lewy Operator on Weakly
pseudo-convex boundaries, Math. Annalen 274 (1986), 221-231.

[BSt] Boas, H. P., and Straube, E. J., Sobolev estimates for the O-Neumann operator on
domains in C™ admitting a defining function that is plurisubharmonic on the boundary,
Math. Zeit., 206 (1991), 81-88.

[CaS] J. Cao and M.-C. Shaw, The 0-Cauchy problem and nonexistence of Lipschitz Levi-flat
hypersurfaces in CP™ with n > 3, Math. Zeit. 256 (2007), 175-192.

[CS1] D. Chakrabarti and M.-C. Shaw, The Cauhcy-Riemann equations on product domains,
To appear in Math. Annalen (on line July 27, 2010).

[CS2] D. Chakrabarti and M.-C. Shaw, L2 Serre duality on domains in complex manifolds
with applications, To appear in Trans. Amer. Math. Society..

[CS] Chen, S.-C. and Shaw, M.-C., Partial Differential Equations in Several Complexr Vari-
ables, American Math. Society-International Press, Studies in Advanced Mathematics,
Volume 19, Providence, R.I., 2001.

[Fo] Folland, G. B., The tangential Cauchy-Riemann complex on spheres, Trans. Amer. Math.
Society 171 (1972), 83-133.

[FK] Folland, G. B. and Kohn, J. J., The Neumann Problem for the Cauchy-Riemann Com-
plex, Ann. Math. Studies 75, Princeton University Press, Princeton, N.J., 1972.

[Gr] Grisvard, P., Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.

[Ha) Harrington, P.S., Sobolev Estimates for the Cauchy-Riemann Complex on C1 Pseudo-
convexr Domains, Math. Z. 262 (2009), 199-217.

[HI] Henkin, G. M. and Iordan, A., Regularity of & on pseudoconcave compacts and appli-

cations, (see also Erratum: Asian J. Math., vol 7, (2003) No. 1, pp. 147-148), Asian J.
Math. 4 (2000), 855-884.

[Horl] Hormander, L., L? estimates and existence theorems for the & operator, Acta Math. 113
(1965), 89-152.

[Ho6r2] Hérmander, L., The null space of the 8-Neumann operator, Ann. Inst. Fourier (Grenoble)
54 (2004), 1305-1369.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DUALITY BETWEEN HARMONIC AND BERGMAN SPACES 171

[Hor] Hortmann, M., Uber die Lésbarketi der 0-Giechung mit Hilfe von LP, C*, und D’-
stetigen Integraloperatoren, Math. Ann. 223 (1976), 139-156.

[Ko1] Kohn, J.J., Harmonic integrals on strongly pseudoconver manifolds, I, Ann. of Math.
78 (1963), 112-148.
[Ko2] Kohn, J. J., Global regularity for 0 on weakly pseudoconvexr manifolds, Trans. Amer.

Math. Soc., 181 (1973), 273-292.

[Ko3] Kohn, J.J., The range of the tangential Cauchy-Riemann operator, Duke Math. Journ.
53 (1986), 525-545.

[KoR]  Kohn, J. J., and Rossi, H., On the extension of holomorphic functions from the boundary
of a complex manifold, Ann. Math., 81 (1965), 451-472.

[LM] Lions, J.-L., and Magenes, E., Non-Homogeneous Boundary Value Problems and Appli-
cations, Volume I, Springer-Verlag, New York, 1972.

[MS] Michel, J., and Shaw, M.-C., Subelliptic estimates for the O-Neumann operator on piece-
wise smooth strictly pseudoconver domains, Duke Math. J., 93 (1998), 115-128.

[Ra] Range, R. M., Holomorphic Functions and Integral Representations in Several Complex
Variables, Graduate Texts in Math.,Vol.108, Springer-Verlag, N.Y., 1986.

[Shi] Shaw, M.-C., Global solvability and regularity for & on an annulus between two weakly
pseudoconvexr domains, Trans. Amer. Math. Soc., 291 (1985), 255-267.

[Sh2] Shaw, M.-C., L2 estimates and existence theorems for the tangential Cauchy-Riemann
complez., Invent. Math. 82 (1985), 133-150.
[Sh3] Shaw, M.-C., L? estimates and ezistence theorems for 8y, on Lipschitz boundaries, Math.

Zeit. 244 (2003), 91-123.
[Sh4] M.-C. Shaw, The closed range property for 8 on domains with pseudoconcave boundary,
Proceedings for the Fribourg conference, Trends in Mathematics (2010), 307-320.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, NOTRE DAME, IN 46556
USA
E-mail address: Shaw.1@nd.edu

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



