J Geom Anal (2016) 26:220-230 @ CrossMark
DOI 10.1007/512220-014-9546-6

The Diederich-Fornaess Exponent and Non-existence of
Stein Domains with Levi-Flat Boundaries

Siqi Fu - Mei-Chi Shaw

Received: 29 June 2014 / Published online: 25 November 2014
© Mathematica Josephina, Inc. 2014

Abstract We study the Diederich—Fornass exponent and relate it to non-existence
of Stein domains with Levi-flat boundaries in complex manifolds. In particular, we
prove that if the Diederich—Forness exponent of a smooth bounded Stein domain in
an n-dimensional complex manifold is greater than k/n, then it has a boundary point
at which the Levi-form has rank greater than or equal to k.
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1 Introduction

Diederich and Forn@ss showed in 1977 that for any bounded pseudoconvex domain €2
with C? boundary in a Stein manifold, there exist a positive constant ;) and a defining
function r such that 7 = —(—r)" is plurisubharmonic on © ([12]; see also [24]). In
particular, any bounded pseudoconvex domain with C? boundary in C” is necessarily
hyperconvex (i.e., there exists a bounded plurisubharmonc exhaustion function on the
domain). This result of Diederich and Fornass was generalized to bounded pseudo-
convex domains with C! boundary by Kerzman and Rosay [18] and with Lipschitz
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Diederich—Fornass Exponent 221

boundary by Demailly [11] and Harrington [16]. The constant n is called a Diederich—
Fornass exponent. The supremum of all Diederich—Fornass exponents is called the
Diederich—Fornzss index of 2. The Diederich—Fornzss index has implications in reg-
ularity theory in the 3-Neumann problem. Kohn established a quantitative relation-
ship between global regularity in the d-Neumann problem and the Diederich—Fornzss
exponents ([19]; see also [17,23]). In particular, he provided an effective approach
to an earlier result of Boas and Straube [3] on global regularity of the d-Neumann
operator on a smooth bounded pseudoconvex domain with a defining function that is
plurisubharmonic on the boundary. Berndtsson and Charpentier further showed that
for a bounded pseudoconvex domain €2 with Lipschitz boundary in C”, the Bergman
projection and the canonical solution operator for the d-operator is bounded on L?2-
Sobolev spaces W*(2) for any s less than one half of the Diederich—-Fornass index
([4]; see also [6]). The Diederich—-Fornass index also plays a role in estimates of the
pluri-complex Green function [5] and comparison of the Bergman and Szego kernels
[10].

For a given bounded pseudoconvex domain in C”, it is difficult to compute
the Diederich—Fornass index in general. Diederich and Fornass showed that the
Diederich-Fornzss index of the worm domain 2, goes to 0 as y — o0, where
v is the total winding of €2,, [13]. Indeed, it follows from the work of Barrett [1] and
the aforementioned work of Berndtsson and Charpentier that the Diederich—Forness
index of £2,, is less than or equal to 277 /. Sibony proved that for a smooth bounded
pseudoconvex domain in C" that satisfies property (P) in the sense of Catlin, the
Diederich—Fornss index is one (see [9,26]). More recently, Fornaess and Herbig [14]
showed that a smooth bounded pseudoconvex domain in C" with a defining function
that is plurisubharmonic on the boundary also has Diederich—Fornass index one.

In this paper, we first establish an effective lower bound for the Diederich—Fornass
index on a C2-smoothly bounded domain that satisfies the strong Oka property (see
Sect. 2 below for detail). It was shown by Ohsawa and Sibony that such a domain has
positive Diederich—Fornass index [22]. We then relate the Diederich—Fornass index
to non-existence of Stein domains with Levi-flat boundaries in complex manifolds.
Our main result can be stated as follows:

Theorem 1.1 Let Q be a bounded Stein domain with C* boundary in a complex
manifold M of dimension n. If the Diederich—Forncess index of 2 is greater than
k/n, 1 <k <n—1, then Q has a boundary point at which the Levi form has rank
greater than or equal to k.

In particular, we have the following corollary:

Corollary 1.2 Ifthe Diederich—Forncess index is greater than 1/n, then its boundary
cannot be Levi flat; and if the Diederich—Forncess index is greater than 1 — 1/n, then
its boundary must have at least one strongly pseudoconvex boundary point.

Lins Neto [20] first proved the nonexistence of real-analytic Levi-flat hypersurfaces
in CP" with n > 3. The nonexistence of smooth Levi-flat hypersurfaces in CP” with
n > 3 was established by Siu [25]. Subsequently, it was proved by Cao et al. [6]
that there exist no C2 Levi-flat hypersurfaces in CP", n > 3. The nonexistence of
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Lipschitz Levi-flat hypersurfaces in CP” with n > 3 was proved by Cao and Shaw in
[8]. In [6], it was stated that there exist no C 2 Levi-flat hypersurfaces in CP" for all
n > 2, but the proof only works for n > 3. The nonexistence of Levi-flat hypersurfaces
in CPP? remains open.

Our result above was inspired by the work of Nemirovskii who showed that any
smooth bounded Stein domain with a defining function that is plurisubharmonic on the
domain cannot have Levi-flat boundary ([21, Corollary]). We thank Professor Takeo
Ohsawa for informing us that similar results were obtained by Adachi and Brinkschulte
independently using different methods. !

2 The Diederich-Fornaess Index

Let M be an n-dimensional complex manifold with hermitian metric w. Let €2 be a
bounded domain in M. A continuous real-valued function » on M is called a defining
function of Qifr < 0on 2, r > 0on M\ Q,and C;8(z) < |r(z)| < C28(z) near b2,
where §(z) is the geodesic distance from z to the boundary »€2. We will also assume
that the defining function r is in the same smoothness class as that of the boundary
bQ2. A defining function r is said to be normalized if lim__, , |r(z)|/8(z) = 1. Note
that the signed distance function p(z) = —§(z) on Q and p(z) =d(z) on M \ Qis a
normalized defining function for €.

Aconstant0 < n < liscalled a Diederich—Forneess exponent of a defining function
r of Q if there exists a neighborhood U of h<2 such that

i99(—(—r)") >0 2.1

on U N 2 in the sense of distribution. The supremum of all such n’s is called the
Diederich—Forneess index of r and is denoted by Ipg(r). The supremum of Ipg(r)
over all defining functions of €2 is called the Diederich—Forncess index of Q2 and is
denoted by Ipr(£2). Notice that in the above definition of the Diederich—Fornzaess index,
we only assume —(—r)" to be plurisubharmonic on €2 near the boundary. When the
underlying complex manifold M is Stein, the above definition is equivalent to the
one that requires —(—r)" to be strongly plurisubharmonic on 2. This equivalence
can be seen easily by first replacing r with 7 = re ¢V, where ¥ (z) is a smooth
strongly plurisubharmonic exhaustion function for M and ¢ a sufficiently small positive
constant, and then extending 7 to the whole domain 2 (see, e.g., [12, p. 133]).

A defining function r is said to satisfy the strong Oka property if there exist a
constant K and a neighborhood U of b2 such that

i33(—1log(—r)) > Ko (2.2)

on U N2 in the sense of distribution. Denote by K () the supremum of all constants K
such that (2.2) holds. By Takeuchi’s theorem, the signed distance function of a (proper)

1 See: Adachi and Brinkschulte, A global estimate for the Diederich—Forncess index of weakly pseudoconvex
domains, Preprint, 2014.
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pseudoconvex domain in CP" with the Fubini-Study metric satisfies the strong Oka
property ([29]; see also [7,15]). Hereafter, the Fubini—Study metric is normalized
so that its holomorphic sectional curvature is 2 and hence its holomorphic bisectional
curvature is greater than or equal to 1. In this case, one can take, for example, K = 1/6
(see [7, Theorem 2.5]).

Let @ CC M be a bounded domain with C2-boundary. Let r be a defining function
of Q. Letw, = ar/|dr|,. Let L, be the dual vector of w,. For any (1, 0)-vector X near
b<2,let X, = (X, L)L, be the complex normal component of X and X; = X — X,
the complex tangential component. Write TR0 = {(z, X) € THO(M) | Xr = 0}.
For z € b2, we further decompose X, = X + X;, where X; is in the null space \; of
the Levi-form 99r at z and X5 L X;. Let S"0(M) = {(z, X) € T"O(M), |X|, = 1}.
Let W be the set of all weakly pseudoconvex points on bS2. Let

S(r) = max{|d9r(X;, L) @)|; 1Xilw = 1, X; € N2,z € W)

If b<2 is strongly pseudoconvex, we set S(r) = 0. Define

2
K@) 1}, 1—M} > 0. 2.3)

Ip(r) = max { min {—S(S(r))z’ 2 R0

With the above notations, our main result in this section can be stated as follows:2

Theorem 2.1 Let Q be a bounded domain with C*-boundary in a complex hermitian
manifold with a normalized defining function r that satisfies the strong Oka property.
Then Ipr(£2) = Ipg(r) = Io(r).

Proof A simple computation yields that

— 9dr  or Aor
39(—log(—r)) = — + 5 2.4)
—r r
and
— d9r ar Ao
90(—(=r)") = (=) (== + (1 = =5—)
—r r
— ar A or
= (=) (90~ log(=r)) = n=5=). 25)
r
It follows from (2.5) that (2.1) is equivalent to
_ [9r A 0.
i99(— log(—r) = =2 (2.6)
r
Let ¢ be a constant such that 0 < ¢y < K (r). Then
i33(—log(—r)) = cow 2.7)

2 We refer the reader to related work of Biard [2] which we became aware of after this work was completed.
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224 S. Fu, M.-C. Shaw

for z € Q2 near the boundary. It follows from (2.4) that

99r(X¢, X7)

> col X 2. (2.8)

Let C; be any constant such that C; > S(r). Then there exists a neighborhood U of
NYOW) ={(z, X) |z € W, X € N2, |X|o, = 1} in S"0(M) such that

189r(X, Ly)| < C1,  (z,X) eU. (2.9)
For (z, X;) € S'%(Q) \ U with z near bS2,
30r (X, X7) = Cal X2 (2.10)

for some constant C; > 0. We write X = X, + X, with X; € N as before. Then

39 (—log(—r)(X, X) =

90r (X¢, X¢) N 99r(X,, X,)

r —r

2Re 30r(X;, X Xr?

+ (X ”)+| 2' . 2.11)
—r r

Note that |X7| = | X,|e - |87|e. Let Ko = sup{|d9r|,; z € Q}. Then

1997 (Xy, X)) < KolXr[*/|dr|2 (2.12)
Similarly, B o

|Re 00r (X, X,)| < Kol X¢lw - |Xr|/107]e. (2.13)

We first deal with the strongly pseudoconvex directions. For (z, X) € T LO(Q) with
(z, X1 /1 X¢lw) € SV0(Q) \ U with z near b2, it follows from (2.13) and (2.10) that
for any positive constant M,

= < 1 2 M 2
|2Re 997 (X:, X,)| < Ko M|Xr|w+W|X"|
w 2.14
< Ko o5 x Y)+—K°M|X B e
r , r{ .
- MC, U a2
Therefore,
_ _ K dor(X,, X
aa(—log(—r))(x,X>z(1— 0) r(Xr. Xe)
MC, —r
, (2.15)
| _ KoM + Dirly 1X7]
|8r|3) r2

By choosing M sufficiently large and then letting z be sufficiently close to b2, we
know that (2.6) holds for any < 1.

@ Springer



Diederich—Fornass Exponent 225

We now deal with weakly pseudoconvex directions. For (z, X) € T1%(Q) with
(z, X¢/|X1|w) € U, we have

e |Xr?
Ir| [9r|2

I

21807 (Xz, Xu)| < 2C1|X|o| Xr|/|0r]0 < C1 ( X 12+ ) (2.16)

&

where ¢ is a positive constant to be chosen. Since r is a normalized defining function,
|or|, = 1/«/5 on b2. Combining (2.16) with (2.8), we have for any C; > Cj,

1 — (C1e + Ko|r|)|or|;2
,.2
1 —2Cie — K'|r|
r2

30 (—log(—r)) (X, X) > (co — C1/&)| X2 + |Xr|?

> (co — C1/8)| X + IXri>  (2.17)

for some positive constant K’ , after possible shrinking of U. B
We consider two cases: 4C12 < ¢o and 4C12 > c¢o. When 4C12 < c¢g, we take
& = C1/co. Then

30(—log(—r))(X, X) = (1 —2C}/co — K'IrDIXr|?/r2. (2.18)

When 4512 > cp, we take & = 1/451 < 51 /co. Then combining (2.17) with (2.7), we
have

_ _ (51 ) _ — 1=2Cie—K'Ir| _ 5
99(—log(=r)(X, X) = — | — — 1) 99(=log(—r) (X, X) + ——————|Xr|".
coe r

Therefore,

coe(1 —2C1¢) K/c08|r|) | Xr?

09 (—log(—r)(X, X) = ( z z 3

r

Hence
_ - co  K'coelr| ) |1Xr|?
00(=log(—rNH)X, X)) > = — ——=—— . 2.19
(—log(=r))( ) (8C12 20 ) P (2.19)
Note that when 45% < cp, we have
2C2 1 1
-1~ and 2= (2.20)
o 2 4-C1 2
Furthermore, when 4C 12 > cg,
1 co 26%
2 8C} co

Combining (2.18)—(2.21), we know that (2.6) holds for any n < Ip(r). We thus con-
clude the proof of Theorem 2.1 O
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226 S. Fu, M.-C. Shaw

Combining Theorem 2.1 with Takeuchi’s theorem (taking K = 1/6), we then have:

Corollary 2.2 Let Q be a proper pseudoconvex domain in CP* with C* boundary.
Then its Diederich—Fornaess index
1

1
Ipr(£2) > Ip(p) = max {min {W’ 2

Jo1=12650007%) > 0,

where p is the signed distance function to b2 with respect to the Fubini—Study metric.

Let z be a point in €2 near the boundary and 7 (z) be its closest point on b<2. Let
y (t) be the geodesic through z parameterized by arc-length such that y (0) = 7 (z).
For any (1, 0) tangent vector X at z near b2, let X (#) be the vector at y (¢) obtained
by parallel translation (of the real and imaginary parts) of X along the geodesic from
zto y(r) and let X° = X (0).

Proposition 2.3 Let @ CC M be a bounded domain with C* boundary and let r be
a normalized defining function. Let W be the set of weakly pseudoconvex boundary
points. Suppose (2.2) holds and there exists a positive constant K1 > 1 such that

008 (Xe, X)) (w)
liminf ————

< KK{|X,|?, 2.22
liminf "N < KKIIXC, (2.22)

forany z € W and (1, 0)-vector field X near z such that X; € N. Then

1 1
IDF(Q) Zmax[min[m,zl, 3—2K1] (223)

Proof From (2.2), we know that
® =idd(—log(—r)) — Ko

is positive semi-definite. Applying the Cauchy—Schwarz inequality to ® (X, L,) at
w, we then have

1©(X..L,)| < |0(X,, X0)['21O(L,, L,)|'/2.

(See [27, Proof of Theorem 1] for a related argument.) Therefore,

5 _ = - 2
- 30r(Xc, Xv) KX d9r(Ly, L) n |Lyr| KL ).
—r(w) —r(w) (r(w))?

99r(Xe, Ly)
r(w)

Multiplying both sides by (r(w))? and taking the limit, we then have at z:
|03r (X<, Lo)| < (K1 = DK)' Xl

The Inequality (2.23) then follows by applying Theorem 2.1 with S(r)
= ((K, — DK)'/2, o
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Let f € C*(M). Recall that the real Hessian H 1 is defined by
Hy(§,8)(2) = (Ve(V[), $)

for&, ¢ € Tp(M 2”), where V¢ denotes the covariant derivative. Forany X € T(é’o(M ),
we write X = %(EX — «/—1J&x) where J is the complex structure.

Proposition 2.4 Let Q be a proper pseudoconvex domain with C* boundary in CP".
Let p be the signed distance function to b2 with respect to the Fubini—Study metric.
Let

M(X) = [Vey (VP)I2, + Ve (VP2 + R(Vp, IV p, Ex, JEx)

where R is the Riemannian curvature tensor and let
Kr =max{M(X); ze W, X e N, |X|o, =1}

Then

1 1
Ipp(2) > in{ —————, — 3—-2K>¢.
DF( )_max{mmHS(Kz—l)’Z]’ 2]

Proof 1t follows from the Riccati equation that
1/ - _ _ —
lim_— (35X, (), Xe(0) — 83p (X%, X0)) = M(X").
t—>0t 1

(The above identity was proved in [28] for €2 in C". For Q in CP”, see [7, pp. 66—69]
for related arguments.) We then conclude the proof by applying Proposition 2.3 with
K = 1and any K| > K>. O

From Proposition 2.1, we also obtain the following slight variation of a result of
Ohsawa and Sibony ([22]; see also [6,8]):

Corollary 2.5 Let Q be a bounded domain in M with C* boundary. Suppose r is
a normalized defining function that satisfies (2.2). Then for any ¢ € (0, K) and
n € (0, Iy(r)), there exists a neighborhood V of b2 such that

199(—log(—r)) > co + (1 — i) ket s
g = K n r2
and _
N VRN o _ ¢, idrAndr
99(—(=1)") = n(=r)" (cw + (1 = Zm=—5).

3 Non-Existence of Stein Domains with Levi-Flat Boundaries

We prove Theorem 1.1 in this section. We first recall the following well-known simple
lemma. Let 2 be a bounded domain with C? boundary in a complex hermitian manifold
M of dimension n. Let p be a defining function for Q. For ¢ > 0, let Q_; = {z €
Q; p < —t}. Leti;: b2_; — M be the inclusion map. Let 1 < k < n be an integer.
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228 S. Fu, M.-C. Shaw

Lemma 3.1 [f the rank of the Levi form of b2 is less than or equal to k — 1 at all
Z € bS2, then
i dp A ddp)""y = 0" )dS, 3.D

where d S; is the surface element of bS2_;.
We sketch the proof for the reader’s convenience. Note that dS; = i/ (xdp)/|dp|e

and
if(dp A (@dp)"™") = va((dp/ldpl) A dp A (ddp)" ")

where v is the dual vector of dp/|dp|,. By choosing local holomorphic coordinates
that diagonalize the Levi form, we then obtain (3.1).

We now prove Theorem 1.1. Let p be a defining function of 2 such that p = —(—p)”"
is plurisubharmonic on €2 for some constant n > k/n. Let Q_, = {p < —t}, t >
0. Since 2 is Stein, 2_; has at least a strongly pseudoconvex boundary point for
sufficiently small 7. Let

£ = / (ddp)".
Q_;

Then f(¢) > 0 and f(¢) is decreasing. By Stokes’s theorem,
= [ s @ah.
b,

Since

o s A 30, pAd
dp = in(~p)""@p — 3p) and ddfp=2mp”(_—§+<1—n> — p),

we have . |
d°p A (ddc'é)”— — nn(_p)n(ﬂ—l)dcp A (ddcp)"—

Suppose the Levi rank of b<2 is less than or equal to k — 1 at all boundary points, then

by Lemma 3.1,

i*(dp A (ddp)" ™) = 0" M)ds,.

Thus
f@) = 0"

Therefore, lim,_, o+ f(f) = 0 and hence f(#) = O for small + > 0. This implies
that »2_; has Levi rank less than or equal to n — 2 at each point, which leads to a
contradiction. This concludes the proof of Theorem 1.1.

Corollary 1.2 follows easily. The following theorem is a variation of Theorem 1.1.

Theorem 3.2 Let M be a complex manifold of dimension n with a hermitian metric
w. Let Q be a bounded Stein domain in M with C* boundary. Suppose there exist a
defining function p, a constant n > 0, and a neighborhood U of b<2 such that

idp /\5,0)

(") = e(—p) o+ = (3.2)
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Diederich—Fornass Exponent 229

on U N2 for some constant ¢ > 0. If n > 1/n, then Q cannot have Levi-flat boundary.

Proof In light of Theorem 1.1, it remains to prove the case when n = 1/n. We follow
the notations as in the above proof of Theorem 1.1. Let ¢ be sufficiently small such
that Q\ Q_,, C U N Q. We set

£y = / (dd*pY"
QN\Qe,

for 0 <t < gg. Suppose b2 is Levi-flat, then as in the proof of Theorem 1.1,

dp A (ddcﬁ)"_l‘

= 1"(=p)" " Vdp A (ddp)" | = 0u"Nds, = Cds;.
. " (=p) p A (ddp) b0 @"hds; < y

-t

By Stokes’s theorem,
£ = / d°p A (ddp)"! — / EpAEAP <C. (33
b, bQ—g,
On the other hand, it follows from (3.2) that
c\n n idp Agp " nn—2
@d“p)" = C(=p)" (0 + L) = c—py2av,
0

where dV is the volume element. Thus

£ = / dd°p)" = C / (=) 2dV
2.\ Q.\2

—t
>C [ (=p)'dp > C(~logt + logep).

—&0

Therefore, lim;_, g+ f () = oo, which leads to a contradiction with (3.3). This con-
cludes the proof of Proposition 3.2. O
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