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SOLVING 0 WITH PRESCRIBED SUPPORT
ON HARTOGS TRIANGLES IN C? AND CP?

CHRISTINE LAURENT-THIEBAUT AND MEI-CHI SHAW

ABSTRACT. In this paper, we consider the problem of solving the Cauchy—
Riemann equation with prescribed support in a domain of a complex manifold
for forms or currents. We are especially interested in the case when the domain
is a Hartogs triangle in C2 or CP2. In particular, we show that the strong
L? Dolbeault cohomology group on the Hartogs triangle in CP? is infinitely
dimensional.

In this paper, we consider the problem of solving the Cauchy—Riemann equation
with prescribed support. More precisely, let X be a complex manifold of complex
dimension n, and let 2 C X be a subdomain of X. We ask the following questions:

Let T be a O-closed (r,1)-current, 0 < r < n, on X with support contained in
Q. Does there ezist an (r,0)-current on X, with support contained in Q, such that
a8 =1T7

If moreover T = f is a smooth form or a C*-form or an LY

loc-form, can we find
g with support contained in Q and with the same regularity as f such that dg = f?

This leads us to introduce the Dolbeault cohomology groups with prescribed
support in . Let us denote by H%loo (X)) the quotient space

{feCX(X) | 9f =0, supp f C Q}/9{f € C75(X) | supp f C Q}.
In the same way, we define H%lck (X), H%’}Llpoc (X), and Hg’lcur(X) for C*, LY ., and
the current category.

The cohomology groups Hg;o(X), Hélck (X), Hsiz’,lLf (X), and Hg,lcur(X) de-

scribe the obstruction to solve the Cauchy—Riemann equation with prescribed sup-
port in Q, respectively, in the smooth or C*¥ or LY or current category. Their
vanishing is equivalent to the solvability of the Cauchy—Riemann equation with
prescribed support in Q in the corresponding category (see [T} section 2], [10]).

Notice that the kernel of 9 is always closed by definition. The topology for the
quotient space is HausdorfF if and only if the range of 0 is closed. If the coholomogy
group is finite dimensional, then it is trivially Hausdorff since it is isomorphic to RV
for some N. When these groups are infinite dimensional, the Hausdorff property
for the quotient topology is equivalent to the closedness of the denominator, which
means that the 0 operator has closed range (see [I8, Proposition 4.5]).
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Note that, if Q is a relatively compact domain with Lipschitz boundary, by the

Serre duality (see [14] or [I1]), the properties of the groups H%IOO(X), HgvlLf'oc (X),

and Hglcur(X ) are directly related to the properties of the Dolbeault cohomology
groups H"~""~1(Q), HZ;T’n_l(Q), with 1 < p < o0, %—i— z% =1,and HY """ 1(Q)

loc

of Dolbeault cohomology for extendable currents and L -forms, and of smooth
forms up to the boundary.

If ® is a family of supports in the complex manifold X, for example, the family,
usually denoted by ¢, of all compact subsets of X, we can consider the Dolbeault
cohomology with support in ®. The group H, ;’f)o(X ) is the quotient of the space of

0O-closed, smooth (r, q)-forms on X with support in the family ® by the range by 0
of the space of smooth (r, ¢g—1)-forms on X with support in the family ®. Similarly,

we can define the groups Hy%, (X), Hy% , (X), and Hg? (X). It follows from [7,
’ 7loc ’

Corollary 2.15], [10, Proposition 1.2] that the Dolbeault isomorphism holds for the
Dolbeault cohomology with support condition. This means that all these groups
are isomorphic, and we denote them by HY?(X). In this paper, we will show that
such a Dolbeault isomorphism no longer holds if we change the condition supported
in a family of sets in X to prescribed support. For Dolbeault cohomology groups
with prescribed support, the following proposition is proved in Proposition [2.11

Proposition 0.1. Let X be a complex manifold, and let Q C X be a domain in

X. The natural morphisms from H%;(X) (resp., Hs%,lck (X), k>0, H%vlLfoc(X)’

1 < p < +00) into H%,lcur(X) are injective. In particular, if H%’iur(X) =0, then

HE' (X) =0, Hy o (X) =0, k> 0, and HY,, (X) =0.

loc

When ( is a Hartogs triangle type set in C2 or CP?, we show that the Dolbeault
isomorphisms fail to hold for the cohomology with prescribed support. When €2 is
an unbounded Hartogs triangle in C2, we get (see Corollary B3] and Theorems [3.5]

B0 and BX)

Theorem 0.2. If X = C? and Q = H™ = {(z,w) € C? | |z| > |w|}, then
H%;(X) =0, but H%é (X), k>0, H%’iur(X), and H%lL (X) are infinite di-
mensional.

In the case when (2 is a Hartogs triangle in CP?, we prove (see Corollaries [£.3]
and 10 and Theorem [A3)) the following.

Theorem 0.3. If X = CP? and Q = H™ = {[20, 21, 22) € CP? | |21| > |22|}, then
H%’LO(X) =0 and H%Ek (X)=0, k>0, but H%iur(X) and H%IL (X) are infinite
dimensional and Hausdorff.

The nonvanishing of HH(_)]I’,1 12 (CP?) is especially interesting since it is in sharp

contrast to the case of solving 0 with compact support for a bounded Hartogs
triangle in C? (see Remark [7). The infinite dimensionality of H]?H’_l 2 (CP?) gives
the following result (see Theorem [LTT]):

Let 9, be the strong L? closure of 9 on smooth forms up to the boundary in the
graph norm. Let Hgl 12 (H7) be the quotient of the kernel of 0, over the range of

0, i.e., the Dolbeault cohomology with respect to the operator 9.
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Theorem 0.4. Let H™ be the same as in Theorem 0.3. The space H;’ILZ (H™) s

infinite dimensional.

It is not known whether 0, agrees with the weak L? extension or if the range
of 9, is closed. If the domain Q is bounded and Lipschitz, then the weak and
strong closure are the same from the Friedrichs lemma. The Hartogs triangle is a
candidate in which the weak and strong closure of & might not be the same.

The vanishing of the Dolbeault cohomology groups with prescribed support in £
in bidegree (0, 1) is directly related to the extension of holomorphic functions defined
on the complement of 2. This implies the following result (see Corollary and
Proposition 27]).

Proposition 0.5. Let X be a complex manifold, and let Q@ C X be a domain in
X. Assume that H%;(X) = 0; then X \ Q is connected. If moreover X is not

compact, H*(X) = 0, and Q is relatively compact, then H%’;(X) =0 if and only
if X\ Q is connected.

We also prove (see Theorem 2.14) some characterization of pseudoconvexity for
domains in C? in terms of Dolbeault cohomology with the prescribed support.

Theorem 0.6. Let D be a bounded domain in C? with Lipschitz boundary. Then
the following assertions are equivalent:

(i) D is a pseudoconvex domain.
(i) H%}OO(CQ) =0 and H%?OO((CQ) is Hausdorff.

The plan of this paper is as follows: In section[I we recall some basic properties
of the support and the uniqueness of the solution for 9. In section @ we discuss
solving 0 with prescribed support and its relations with the holomorphic extension
of functions in various function spaces. In section [3] we study the nonvanishing of
Dolbeault cohomology with prescribed support on the unbounded Hartogs triangle
in C?. We analyze the Hartogs triangles in CP? in section @ Theorems and [0.3]
provide interesting examples which give the nonvanishing for the Dolbeault coho-
mology groups. This is in sharp contrast with the well-known results of solving 9
for (0,1)-forms with prescribed support for a bounded domain in C™. We prove the
results on the 9, operator for the domain H~ in CP? using L? Serre duality. This
gives us some insight about the intriguing problem on weak and strong extensions of
the 0 operator in the L? sense, when the domain is not Lipschitz. The unbounded
Hartogs domain in C? or Hartogs domains in CP? provide us with new unexpected
phenomena. Many open questions and remarks are given at the end of the paper.

1. PROPERTIES OF THE SUPPORT AND UNIQUENESS OF THE SOLUTION

Let X be a complex manifold of complex dimension n, and let T be a O-exact
(0,1)-current on X. We will describe some relations between the support of the
current T and the support of the solution S of the Cauchy-Riemann equation
08 =T.

Proposition 1.1. Let X be a complex manifold of complex dimension n, and let T
be a 0-exact (0,1)-current on X. IfQ° denotes a connected component of X \supp T
and if S is a distribution on X such that S = T, then either supp SN Q¢ =0 or
Q¢ C supp S.
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Proof. Note that, since S = T, S is a holomorphic function on X \ supp 7" and
in particular on the connected set 2¢. Assume that the support of S does not
contain Q¢. Then S vanishes on an open subset of Q¢ and by analytic continuation
S vanishes on Q¢, which means that supp S N Q¢ = 0. |

Corollary 1.2. Let X be a complex manifold of complex dimension n, and let T' be
a 0-ezact (0, 1)-current on X. Assume that X \supp T is connected. Then if S is a
distribution on X such that 0S =T, then either supp S = supp T or supp S = X.

Proof. The support of T is always contained in the support of S. If supp S # X,
then the other inclusion holds by Proposition [ Ilsince X \supp T is connected. O

Note that the difference between two solutions of the equation S = T is a holo-
morphic function on X. Then analytic continuation implies the following unique-
ness result.

Proposition 1.3. Assume that the complex manifold X is connected. Let T be
a 0-exact (0,1)-current on X such that X \ supp T # 0, and let S and U be two
distributions such that
0S=0U=T
and there exists a connected component Q¢ of X \ supp T such that
supp S NN =supp UNQ°=0.

Then S =U. _
In particular, the equation S = T admits at most one solution S such that
supp S =supp 7.

Remark 1. The equation S = T may have no solution S with supp S = supp 7.
Consider, for example, a relatively compact domain D with C*°-smooth boundary
in a complex manifold X and a function F € C°(D) which is holomorphic in D.
Denote by f the restriction of F' to the boundary of D, and set S = F'xp, where
Xxp is the characteristic function of the domain D. Then, by the Stokes formula,
0S8 = f]0D]%!, where [0D]%! is the part of bidegree (0, 1) of the integration current
over the boundary of D. Clearly the support of T = f[0D]%! is the boundary of
D, but, by Proposition [33, S is the unique solution of 08 = T whose support is
contained in D. So there is no solution whose support is equal to the support of T'.

Let us end this section by considering the regularity of the solutions.

Proposition 1.4. Let X be a complex manifold, and let f be a (0,1)-form with
coefficients in C*(X), 0 < k < +o0 (resp., LY. (X), 1 < p < +00), which is O-evact

loc -
in the sense of currents. Then any solution g of the equation dg = f is in C*(X),

0 <k <+o0 (resp., L (X),1<p<+400).

loc

Proof. By the regularity of the Cauchy—Riemann operator (injectivity of the Dol-
beault isomorphism [7], [I0]), if f has coefficients in CF(X), 0 < k < 400 (resp.,
LY (X),1 < p < +00), then, since f is d-exact in the sense of currents, the equation

0S = f has a solution in C*(X), 0 < k < 400 (resp., L (X), 1 < p < 4o0). With

—loc
the difference between two solutions of the equation 05 = f being a holomorphic

function on X, all of the solutions have the same regularity. ([l

Associating Propositions [[L3] and [[L4], we get the following corollary.
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Corollary 1.5. Assume that the complex manifold X is connected. If f is a (0,1)-
form such that X \ supp f # 0, then the equation Og = f has at most one unique
solution such that supp g = supp f, and this solution has the same regqularity as f.

2. SOLVING O WITH PRESCRIBED SUPPORT

Let X be a connected, complex manifold, and let_Q be a domain such that Q
is strictly contained in X and that the interior of € coincides with . We set
Q¢ = X\ Q, it is a nonempty open subset of X.

Let us denote by H%;(X) (resp., H%)lcur(X), H%:lck (X), H%’}L{)OC (X)) the Dol-

beault cohomology group of bidegree (0, 1) for smooth forms (resp., currents, C*-
forms, k > 0, L} -forms, 1 < p < +00) with support in Q. The vanishing of these
groups means that one can solve the 0 equation with prescribed support in Q in
the smooth category (resp., the space of currents, the space of C¥-forms, the space
of L}, -forms).

Propositions and [[L4] and the Dolbeault isomorphism with support condi-
tions [7, Corollary 2.15], [10, Proposition 1.2] lead to the following.

Proposition 2.1. The natural morphisms from H%;(X) (resp., HX' (X), k >

Q.ck
0, H%’IL,, (X), 1 < p < 400) into Hglc (X) are injective. In particular, if
’loc eur
HE (X) =0, then HY' (X) =0, Hy(, (X) =0, and H%lLl (X) = 0.

In the next sections, examples are given proving that there exist domains in C?
and CP? such that HZ'' (X) =0, but Ho' (X) #0.

We will now consider the link between the vanishing of the group H%’lcm(X ) and
the extension properties of some holomorphic functions in °.
Proposition 2.2. Assume that H%tur(X) = 0. Then any holomorphic function

on Q¢ = X \ Q which is the restriction to Q° of a distribution on X extends as a
holomorphic function to X.

Proof. Let f € O(Q°) and Sy € D'(X) be a distribution such that Sflge =S+ Con-

sider the (0, 1)-current 9Sy; it is closed and has support in . Since H%’lcur(X) =0,
there exists U € D'(X), with support in Q such that U = 9S; in X. Set
h =Sy —U. It is a holomorphic function on X and h|,. = Sy|,. = f. |

In the same way, we can prove the following.

Proposition 2.3. Assume that H%’ILP (X) =0, p>1. Then any holomorphic
~loc

function on Q°¢ = X \ Q which is the restriction to Q¢ of a form with coefficients in
Wli’f(X) extends as a holomorphic function to X.

Proposition 2.4. Assume that H%lck(X) =0, k > 0. Then any holomorphic

function on Q¢ = X \ Q which is of class C**! on X \ Q = Q¢ extends as a
holomorphic function to X.
Proposition 2.5. Assume that H%’;(X) = 0. Then any holomorphic function on

Q¢ = X \ Q which is smooth on X \ Q = Q¢ extends as a holomorphic function
to X.
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Corollary 2.6. Assume that H%;(X) =0. Then Q¢ = X \ Q is connected.

Proof. Assume that Q€ is not connected. Let f be a holomorphic function which
is a constant equal to 1 in one connected component of 2¢ and vanishes identically
on all the other ones. By analytic continuation, f cannot be the restriction to 2¢
of a holomorphic function on X, and by Proposition [Z5] we get H%’;(X )#£0. O

Remark 2. Note that, by Proposition [T, H>' (X) # 0 if and only if there exists

Q,cur Y
at least one d-exact (0,1)-current 7" with support contained in € such that the
support of each solution of the equation 05 = T contains at least a connected
component of €.

Let us give a partial converse to Corollary Let H!(X) denote the Dolbeault
cohomology group for (0, 1)-forms with compact support in X.

Proposition 2.7. Assume that Q is relatively compact in a noncompact complex

manifold X such that H®'(X) = 0. If Q¢ = X \ Q is connected, then

0,1 0,1 0,1 0,1
Hg o (X) = Hg (X) = Hg o, (X) = Hg p, (X)=0.

Proof. By Proposition [[L4] it suffices to prove that H%’lcur(X ) = 0. This vanishing

result follows directly from Proposition[[LTl More precisely, if T is a O-closed current
on X with support contained in €, there exists a distribution S with compact
support such that dS = T since H*'(X) = 0. Then the support of S cannot
contain the connected set Q°, otherwise X = Q U supp S would be compact, and
hence supp S is contained in . O

In particular, if X is a Stein manifold with dim¢ X > 2 and Q a relatively
compact domain in X, then

H%:ICM(X) = H%’LO(X) = Hf_zlck (X) = H%IL (X)=0 & Q° is connected.

An immediate corollary of Propositions 2.7 and is the following.

Corollary 2.8. Let X be a noncompact, connected complexr manifold such that
HYY(X) =0, and let Q be a relatively compact, open subset of X with connected
complement. Then any holomorphic function on Q¢ extends as a holomorphic func-
tion to X.

Proof. Tt is sufficient to apply Propositions 27 and to a neighborhood D of Q
with connected complement and to conclude by analytic continuation. |

Corollary is the classical Hartogs extension phenomenon. Note that all of
the previous results remain true if we replace the family of all compact subsets of
a noncompact manifold by any family ® of supports in a manifold X, unlike the
family of all closed subsets of X (see, e.g., [14] for the definition of a family of
supports).

Proposition 2.9. Assume that the complex manifold X satisfies H*'(X) = 0.
If any holomorphic function on Q¢ which is smooth on X \ Q = Q¢ extends as a
holomorphic function to X, then H%;(X) =0.
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Proof. Let f be a smooth d-closed form in X with support contained in Q. Since
H%'(X) = 0, there exists a function g € C*(X) such that dg = f. Since the
support of f is contained in €, g is holomorphic in ¢, and by the extension
property it extends as a holomorphic function g to X. Set h = g — g. Then the
support of h is contained in Q and Oh = f. O

Similarly, since H%1(X) = H3'(X) = HY), (X) = H%L(X) = 0 by the Dol-

beault isomorphism, we have the following.

Proposition 2.10. Assume that the complex manifold X satisfies H*'(X) = 0. If
any holomorphic function on Q° which is of class C*, k >0 on X \ Q = Q¢ extends

as a holomorphic function to X, then H%lc,c (X)=0.

Proposition 2.11. Assume that the complex manifold X satisfies HOYX)=0. If
any holomorphic function on Q¢ = X\ Q which is the restriction to Q° of a function

LY (X), p > 1 extends as a holomorphic function to X, then H%’}Lp (X)=0.

loc

Proposition 2.12. Assume that the complex manifold X satisfies HY%L(X) = 0.
If any holomorphic function on Q¢ = X \ Q which is the restriction to Q° of a
distribution on X extends as a holomorphic function to X, then H%’lcur(X) =0.

Let us end this section by a characterization of pseudoconvexity in C? by means
of the Dolbeault cohomology with prescribed support.

Theorem 2.13. Let D be a bounded domain in C? with Lipschitz boundary. Then
the following assertions are equivalent:

(i) D is a pseudoconvex domain.
(ii) H%’IOO(Cz) =0, and H%’zoo(((?) is Hausdorff.
Proof. By Serre duality ([3] or [I1], Theorem 2.7]) assertion (ii) implies that H2(D)
is Hausdorff for all 1 < ¢ < 2, and moreover 32’1(D) = (0 as the dual space to
H%loo((cz). Let us prove now that the condition H%'(D) = 0 implies that D is
pse{ldoconvex. We will follow the methods used by Laufer [9] for the usual Dolbeault
cohomology and prove by contradiction.

Assume that D is not pseudoconvex. Then there exists a domain D strictly
containing D such that any holomorphic function on D extends holomorphically
to D. Since interior (D)= D, after a translation and a rotation, we may assume
that 0 € D \ D and that there exists a point 2y in the intersection of the plane
{(21,22) € C? | 2y = 0} with D which belongs to the same connected component
of the intersection of that plane with D.

Let us denote by B(z1, 22) the (0,1)-form defined by
Z1 dZo — Z9 dz3

‘ |4 ANdzy N dzy.
z

B(Zl, 22) =
It is derived from the Bochnerfl\/[artinelli kernel in C2 and is a 0-closed form on
C2%\ {0}. Then the L} -form 2% A dz; A dzy defines a distribution in C? which
loc |z]
satisfies

5(% dz1 Adzy) = 21B(21, 22) on C*\ {0}.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6538 CHRISTINE LAURENT-THIEBAUT AND MEI-CHI SHAW

On the other hand, if H*'(D) = 0, there exists an extendable (2, 0)-current v such
that dv = B on D, and by the regularity of 0 in bidegree (2, 1), v is smooth on D
since B is smooth on C? \ {0}. Set
F=zv-— 2—2/\d21/\d22.
|22

Then F is a holomorphic (2,0)-form on D, so its coefficient Fjs should extend
holomorphically to D, but we have Fi5(0,2;) = % on D N{z = 0}, which is
holomorphic and singular at z = 0. This gives the contradiction since 0 € D \ D.
This proves that (i) = (i).

For the converse, first note that if D is a pseudoconvex domain in C2, then
C2%\ D is connected and, by Proposition 2.7l we have H%loo((cz) = 0. Then we
apply [4, Theorem 5] to get that if D is pseudoconvex with Lipschitz boundary,
then H2!(C? \ D) is Hausdorff. Let us prove that if H:!(C? \ D) is Hausdorff,
then H%Q (C?) is Hausdorff.

oo

Let f be a d-closed (0,2)-form on C? with support contained in D such that
for any O-closed (2,0)-current T on D extendable as a current to C2, we have
(T, f) = 0. Since H%2(C?) = 0, there exists a smooth (0, 1)-form g on C? such that
0g = f on C2, in particular dg = 0 on C2\ D.

Let S be any 0-closed (2,1)-current on C? with compact support in C? \ D.
Then, since H2!'(C?) = 0, there exists a compactly supported (2,0)-current U on
C? such that OU = S and in particular U = 0 on D.

Thus

<Svg> = <8U7g> = <U7 ag> = <U7 f> =0,
by hypothesis on f. Therefore the Hausdorff property of H:!(C?\ D) implies that
there exists a smooth function A on C? \ D such that Oh = g. Let I be a smooth
extension of h to C2. Then u =g — Oh is a smooth form with support in D and

Euzg(g—gﬁ) =g = f.
This proves that H%Qoo (C?) is Hausdorff, which proves that (i) = (ii). O

3. THE CASE OF THE UNBOUNDED HARTOGS TRIANGLE IN C2
In C2, let us define the domains HT and H~ by
H* = {(z,w) € C? | |2] < |wl]},
H™ = {(z,w) € C* | |2| > |wl}.

Then HY NH- =@ and H' UH = C2.

Let us denote by H%’E’OO(CQ) (resp., H%’l,cur((CQ)’ H%’}’Lfoc (C?), H%’,lyck (C?)) the
Dolbeault cohomology group of bidegree (0, 1) for smooth forms (resp., currents,
L2 -forms, CF-forms) with support in H .

The vanishing of these groups means that one can solve the d equation with
prescribed support in H in the smooth category (resp., the space of currents, the
space of L2-forms, the space of C*-forms).

We can apply Propositions and for Q = H~ since H*1(C?) = 0, and we
get the following.
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Proposition 3.1. We have H%’,l (C?%) = 0 if and only if any holomorphic function
,00
on Ht which is smooth on ' extends as a holomorphic function to C2.

Proposition 3.2. Any holomorphic function on H' which is smooth on H' estends
as a holomorphic function to C2.

Proof. Let f € C“(E+) NO(H™). By Sibony’s result [16, page 220], for any R > 0,
the restriction of f to HT NA(0, R) x A(0, R) extends holomorphically to the bidisc
A(0,R) x A(0,R) and then by analytic continuation f extends holomorphically
to C2. O

Propositions B.I] and immediately lead to the following.
Corollary 3.3. H%’_l (C%) =0.

Let us consider now the case of currents. We can apply Proposition 2.4 to get
the following.

Proposition 3.4. Assume that we have H%’,l o (C%) =0, k> 0. Then any holo-

morphic function on HT, which is of class C**! on E+, extends as a holomorphic
function to C2.

Theorem 3.5. For any k > 0, H%’,l o (C?) is infinite dimensional.

Proof. Consider the function h; defined on HT by hy(z,w) = z'(£), I > 0. It is of
class CF+1 on H if ] > k + 2, but it does not extend as a holomorphic function to
C2. In fact, if h; admits a holomorphic extension H; to C?, then we would have

Hy(z,w) = zl(%) on C2\ {w = 0},

which is not bounded nearby {(z,w) € C? | z # 0,w = 0}. By Proposition 3.4, we

get H%’,l)ck (C?) #£0.

For I > k + 2, let %l be an extension of class C**1 of h; to C2. We set g; =
Oh;. Then dg; = 0 and supp g C H , so the cohomology class [g;] belongs to

H%Ll o (C?%). We shall prove that the cohomology classes [g;], | > k + 2 are linearly

independent, and hence H%’,l o (C?) is infinite dimensional. For any N > 1, we set

Gy = Zl]\il ¢ig; for some complex constants ¢;, and we assume that [Gy] = 0 in

H%Ll ok (C?), which means that there exists a C* function u with support contained

in H such that Ou = Gn. Set Hy = Zf\;l cth;. The function Hpy is holomorphic
in 't and Hy = Zl]il ¢ihy is an extension of class C¥*1 of Hy to C2, which verifies

that OH ~ = Gn, and therefore H ~ — u is a holomorphic extension of Hy to C2.
Moreover by analytic continuation,

N
Hy —u=(2)(Y as') onC?\ {w=0},
=1

which is not bounded nearby {(z,w) € C? | 2 # 0,w = 0} unless ¢; = --- =
CN = 0. O
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Proposition Bl still holds if we replace smooth forms by Wil _-forms (for D c C?,
WL (D) is the space of functions which are in W*(D N B(0, R)) for any R > 0) in
the following way.

(C%) = 0 if and only if any function f €

2
’loc

Proposition 3.6. We have H%’,l

O(HT) N V[/lgc(ﬁﬂ, which is the restriction to T of a form with coefficients in
WL (C?), extends as a holomorphic function to C2.
Theorem 3.7. H%’,l L2 (C?) is infinite dimensional.

loc

Proof. Let us consider the function h; defined on H by hy(z,w) = 2(£),1 > 3. Tt
is of class C? on EJr, and it is in VVI})C(EJF) and extends as a C? function to C2? by
the Whitney extension theorem, but it does not extend as a holomorphic function
to C2. In fact, if h; would admit a holomorphic extension H; to C?, then we would

have
Hi(z,w) = zl(g) on C?\ {w = 0},

which is not bounded nearby {(z,w) € C? | z # 0,w = 0}. By Proposition 3.6, we
get H%’,l (C2) #0.

In the same way as for the C*¥ case, we get that in fact H%Ll

2
’Lloc
2

(C?) is infinite
’loc

dimensional. 0

Theorem 3.8. H%’,l (C?) is infinite dimensional and Hausdorff.
,cur

Proof. Using Proposition 1] it follows from Theorem that H%’,l (C?) is in-

cur

finite dimensional. By the Serre duality, to prove that H%’,l (C?) is Hausdorff, it
,cur

is sufficient to prove that H22?(H ) = 0.

Let f be a smooth (2,2)-form on H . Then f extends as a smooth (2,2)-form on
C?, called f Since the top degree Dolbeault cohomology group H?2(C?) vanishes,
there exists a smooth (2, 1)-form u on C2? such that du = fon C2. Then v = u__is

a smooth form on H which satisfies v = f on H~. O

Remark 3. Note that if we replace H™ with the classical Hartogs triangle T~ =
H™ NA x A, where A is the unit disc in C, then by Proposition 2.7 we have
(C*) = Hy' ,(C*)=H' (C*)=0.

0,1
Hff,cur L2
Remark 4. We can also consider the classical Hartogs triangle T~ as a domain in
the bidisc A2 = A x A, but now we have that both H%’,l (A?) and H%Ll (A?)

ur ,L2

e . 0,1 .
are infinite dimensional and H_" (A?%) = 0, since we can repeat the arguments
(o)

s

used for the unbounded Hartogs triangle H~ in C2.

So for solving the O-equation with prescribed support in a noncompact complex
manifold X such that H>!'(X) = 0, which is the case for both C? and A2, it is
quite different to consider a relatively compact domain or a nonrelatively compact
domain as support.
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4. THE CASE OF THE HARTOGS TRIANGLES IN CP2

In CP?, we denote the homogeneous coordinates by [29, 21, z2]. On the domain

where 2y # 0, we set z = i—; and w = z—i Let us define the domains H* and H~ by

HT = {[ZO VA 22} S (C]P)Q ‘ |21‘ < |ZQ|},
H™ = {[20: 21 : 22] € CP? | |21]| > | 22|}

Then H NH~ = @ and A" UH = CP?. These domains are called Hartogs’
triangles in CIP2. The Hartogs triangles provide examples of non-Lipschitz Levi-flat
hypersurfaces (see [@]).

For k > 0 or k = oo, we denote by H%’,l CP?) (resp., H%’,l (CP?), HY?

7ck( cur H ,L2
(CP?)) the Dolbeault cohomology group of bidegree (0,1) for C*-smooth forms
(resp., currents, L?-forms) with support in H .

Again the vanishing of these groups means that one can solve the d equation with
prescribed support in H  in the C¥-smooth category (resp., the space of currents,
the space of L2-forms).

We can also apply Propositions 2.4] and for Q = H~ since H%!(CP?) = 0,
and we get the following.

Proposition 4.1. We have, for k > 0 and for k = oo, H%’_l o (CP?) = 0 if and
only if any holomorphic function on HT which is C**1-smooth on H' estends as a
holomorphic function to CP2.

Proposition 4.2. Any holomorphic function on HT which is continuous on ' s
constant.

Proof. Let f € C(ﬁ+) N O(H'). Notice that the boundary bHT of H is foliated
by a family of compact complex curves described in nonhomogeneous coordinates
by

(4.1) Sy = {z = e"w}, 0 eR.

Restricted to each fixed 6, f is a continuous C'R function on the compact Riemann
surface Sg. Thus f must be a constant on each Sy. Since every Riemann surface
Sy contains the point (0,0), this implies that f must be constant on bH. O

Note that in the case of the unbounded Hartogs triangle in C2, the function f
needs to be of class C* on H' to be extendable as a holomorphic function to C2
(see Proposition B and the beginning of the proof of Theorem B.5). But in CP?,
contrary to C? we get the following (compare to Corollary B.3] and Theorem [B.5])
from the previous propositions.

Corollary 4.3. For each k >0, H%’,l CP?) =0, and H%’,l (CP?) = 0.

Ck ( ,00
As in the case of C2, we get the following for extendable currents.

Proposition 4.4. Suppose that H%Ll (CP?) = 0. Then any holomorphic function

cur
on H™T which is extendable in the sense of currents is constant.

Theorem 4.5. H%’,l (CP?) does not vanish and is Hausdorff.

cur

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



6542 CHRISTINE LAURENT-THIEBAUT AND MEI-CHI SHAW

Proof. Let us consider the function h defined on the open subset HT of CP? by
h([zo0 : 21 : 22]) = L. It is holomorphic and bounded and hence defines an extend-

able current, but it is not constant, so by Proposition 4] we get H%Ll (CP2) £ 0.

cur

By the Serre duality, to prove that H%Ll (CP?) is Hausdorff, it is sufficient to prove
,cur

that H22(H ) = 0.

Let f be a smooth (2,2)-form on H , and let U be a neighborhood of H . We
can choose U such that U is a connected proper subset of CP?. Then f extends
as a smooth (2,2)-form on U, called f By Malgrange’s theorem, the top degree
Dolbeault cohomology group H??2(U) vanishes since U is a noncompact connected
complex manifold. Thus there exists a smooth (2, 1)-form u on U such that du = f
on U. Then v = up__ is a smooth form on H which satisfies dv = f on H™. (]

Let us now consider the L? Dolbeault cohomology with prescribed support in
a Hartogs triangle in CP?. As usual we endow HT with the restriction of the
Fubini-Study metric of CP2. The following proposition was already proved in [4}
Proposition 6].

Proposition 4.6. Let HY C CP? be the Hartogs triangle. Then we have the
following:

(1) The Bergman space of L? holomorphic functions L*(H') N O(H") on the
domain HT separates points in HT.

(2) There exist nonconstant functions in the space W*(HT)NO(HT). However,
this space does not separate points in H' and is not dense in the Bergman
space L*(H*) N O(HT).

(3) Let f € W2(HT)NO(HY) be a holomorphic function on HY which is in the
Sobolev space W2(H). Then f is a constant.

Proposition 4.7. Let Ht C CP? be the Hartogs triangle. Any function f €
WYH*') N O(HT) can be extended to a function in W (CP?).

Proof. In the nonhomogeneous holomorphic coordinates (z,w) for Ht, any function
f € WHHT) N O(H") has the form (see [4, Proposition 6])

z

Jr(z,w) = (—)k ke N.

w

It suffices to prove the proposition for each fi(z,w).
Let x(t) € C*(R) be a function defined by x(t) = 0if ¢ < 0, and x(¢) = 1 if
t > 1. Let fi be the function defined by
; 1 |22
(4.2) frlzw) =x |1+ (1= =3) | fi(z, w).

37 Jup

On |z| < |w], it is easy to see that fi = fix. Thus f is an extension of f; to CP2.
To see that f is in W1 (CP?), we first note that the function

WG
U B T
when restricted to {|z| > 2w|}. Thus it is supported in {|z| < 2Jw|}. On its

|2

support, the function Tl is bounded. Using this fact and differentiating under the
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chain rule, we have

43) ox (14 50— ) < ctuiv < o

. X “(1-—=—) ]| <CBuplx¥|)— <C—.
35w |w] |w]

Repeating the arguments as before, we see that the function ﬁ is in L? on {|z] <

2|wl[}. Since the function fi is bounded on the set {|z| < 2|w[}, we conclude from
A3 the partial derivatives of fi are in L?(CP?). Thus fy is an extension in W1 (CP?)
of fk. U

Remark 5. Suppose that D is a bounded domain with Lipschitz boundary. Then
any function f € W(D) extends as a function in W!(CP?). It is not known if this
is true for the Hartogs triangle H*. In the proof of Proposition 7 we have used
the fact that the function fj is in W1(H") and is bounded on H*.

Theorem 4.8. Let H™ C CP? be the Hartogs triangle. Then the cohomology group
H%’,l L (CP?) # 0 and is infinite dimensional.

Proof. We recall that Ht = CP2\H . From Proposition B8] the space of holomor-
phic functions in W!(HT)NO(H™") is infinite dimensional. In the nonhomogeneous
coordinates, consider the holomorphic functions of the type fi = (%)k , keN.

We define the operator 0z as the weak minimal realization of 9. Then the domain
of 95 is the space of L?-forms f in CP? with support in H such that df is also an
L2-form in CP2.

Using Proposition 7] each holomorphic function fj can be extended to a func-

tion fr € W1(CP?). Suppose that H%’,l L (CP?) = 0. Then we can solve dzuy = B fr

in CP? with prescribed support for u; in H . Let Hj, = fk — ug. Then Hy is a
holomorphic function in CP?, and hence a constant. But Hj, = fi, on H*, a con-

tradiction. This implies that the space H%’,l L2 (CP?) is nontrivial.

Next we prove that H%’_l L (CP?) is infinite dimensional. Each function f cor-

responds to a (0,1)-form gfk. We set g, = gfk. Then g, is in Dom(9;) and satisfies

0zgr = 0. Thus it induces an element [gi] in H%’,l L2 (CP?). To see that [gx]’s are

linearly independent, let N > 1 be a positive integer and Fy = Zszl ¢k fr, where
¢y, are constants. Set Gy = Zgﬂ ¢kgk- Suppose that [G ] = 0. Then we can solve
0zu = Gy, and the function Fy holomorphic in H*t extends holomorphically to
CP2. Thus Fyy must be a constant and ¢; = --- = cy = 0. Thus [gx]’s are linearly

independent. This proves that H%Ll L (CP?) is infinite dimensional. O

Remark 6. It follows from Proposition 2] and Theorem [A.§ that H%’,l (CP?) is

,cur
also infinite dimensional.

Lemma 4.9. The range of the strong L? closure of 0,
(4.4) 0y Lg,l(Hi) - L%,Z(Hi)a
is closed and equal to L3 o(H™).

Proof. It is clear that 0 has closed range in the top degree, and the range is
L3,(H™). Let f € L3,(H™). We extend f to be 0 outside H™. Let U be an

open neighborhood of H . Then f is in L%’Q(U). We can choose U such that U is
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a proper subset of CP? and U has Lipschitz boundary. Since one can solve the 0
equation for top degree forms on U, there exists u € L%l(U) such that

ou=f

in the weak sense. _
It suffices to show that f is in the range of ds. Since U has Lipschitz boundary,
using Friedrichs’s lemma, there exists a sequence u,, € C*°(U) such that u, — u

and du, — f in L3 ,(U). Restricting u, to H , we find that u is in the domain of
9, and that

Osu = f.
Thus the range of d is equal to L3 ,(H™). The lemma is proved. O

Corollary 4.10. The cohomology group H%Ll 1 (CP?) is Hausdorff and infinite

dimensional.

Theorem 4.11. Let us consider the Hartogs triangle H= C CP2. Then the coho-
2,1 N e ) ; .
mology group H5 12 (H™) is infinite dimensional.

Proof. Suppose that 0, : L3 o(H™) — L, (H~) does not have closed range. Then
Hgl ;2 (H7) is non-Hausdorff, and hence infinite dimensional.

Suppose that 8, : L3 o(H~) — L3 ; (H™) has closed range. Using LemmalL3, 0 :
L3 (H™) — L3 ,(H") has closed range. From the L? Serre duality, 9z : L*(H™) —

L3, (H™) and 0z : L3 (H™) — L§ o(H™) both have closed range. Furthermore,

2,1 -\~ 7701
(4.5) Hy L (H) = He- |, (CP?).
Thus from Theorem K8 it is infinite dimensional. a
Remark 7.

(1) Let T = {(21,22) € C? | |22] < |21] < 1} be the Hartogs triangle in C2.

Then by Proposition 7]
0,1 0,1
Hy - (T) = Hy (C*) =0.

This is in sharp contrast to Corollary .10

It is well known that H%!(T) = 0 since T is pseudoconvex, but H%!(T)
(cohomology with forms smooth up to the boundary) is infinite dimensional
(see [16]). In fact, H%!(T) is even non-Hausdorff (see [12]). We also refer
the reader to the recent survey paper on the Hartogs triangle [I5].

(2) If D is a domain in CP" with C? boundary, then we have L? existence
theorems for  on D for all degrees (see [1], [6], [2]). This follows from the
existence of bounded plurisubharmonic functions on pseudoconvex domains
in CP™ with C? boundary (see [13]). This is even true if D has only Lipschitz
boundary (see [0]).

(3) Suppose that D is a pseudoconvex domain in CP™ with Lipschitz boundary.
We have H73'(D) = 0 for all ¢ > 0. By the L? Serre duality (see [4]), we

have Hgll,L"‘ (D) = H%,ILQ (CP™) = 0. Corollary L I0shows that the Lipschtz

condition cannot be removed.
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(4) From a result of Takeuchi [I7], H~ is Stein. It is well known that for any p,
0<p<2,0:L2,(H",loc) — L2, (H",loc) has closed range (see [§]), and
the cohomology H 2’21 (H™) in the Fréchet space L2 ;(H™,loc) is trivial.

2 :

(5) The (weak) L? theoO;y holds for any pseudoconvex domain without any
regularity assumption on the boundary for (0,1)-forms. The (weak) L?
Cauchy—Riemann operator 0 : L>(H™) — L, (H™) has closed range and
Hg’gl (H™) =0 (see [6] or [2]).

(6) For p = 1 or p = 2, it is not known if the Cauchy-Riemann operator
0: L2 o(H™) — L2 | (H™) has closed range. It is also not known if 0 in the

weak sense is equal to 0. _
(7) It is not known if the strong L? Cauchy-Riemann operator 9, : L3 (H™) —
L3, (H™) has closed range.
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