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ABSTRACT. In this paper we survey some results of the Cauchy-Riemann equation on
domains in C" and CP" related to Sibony’s work. We also raise many questions on
estimates for 0 for smooth and non-smooth domains.
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1. INTRODUCTION

In this paper, we survey some results on the estimates for @ on pseudoconvex domains
in C™ and CP", where Sibony’s work has profound influence. Our goal is to highlight some
of his important work that has impacted the author’s own research.

In Section 2 we first discuss some results in C", where tremendous work has been done for
the past few decades. For a general pseudoconvex domain with smooth boundary, Sibony’s
deep results provide many counter examples on function spaces other than L? or Sobolev
spaces (see Theorems 2.3, 2.4, 2.6).

The theory for 0 is less developed for domains in the complex projective space CP",
which is not Stein. The Fubini-Study metric on CP™ has a positive holomorphic bisectional
curvature which can be used to study these problems for (0, ¢)-forms, but not for (p,q)-
forms when p # 0. In Section 3 we discuss some methods and results on L? and Sobolev
estimates on pseudoconvex domains in CP", where the work of Sibony-Ohsawa (Theorem
3.6) plays an important role.

We also discuss some results on the Hartogs triangles in CIP2. These problems are impor-
tant not only in complex analysis, but in complex foliation theory and complex dynamics.
We raise some open questions at the end.

I first met Sibony when I was a graduate student at Princeton in the late seventies. How-
ever, it was at the Albany meeting in 1985 that his insight and enthusiasm in mathematics
really made an impression on me. Some of my research was inspired by his work. I dedicate
this article to his memory.

2. ESTIMATES FOR O ON PSEUDOCONVEX DOMAINS IN C™

Since the fundamental work of Kohn ([27, 28]) for & on smooth pseudoconvex domains
and that of Hérmander ([24]) on L?-estimates on bounded pseudoconvex domains in C",
there has been tremendous progress on L2-Sobolev theory of the d-operator and the O-
Neumann problem for bounded pseudoconvex domains in C" (see, for example, monographs
[16, 25, 31, 10, 51] for expositions on the subject).
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Theorem 2.1 (Hérmander [24]). Let §2 be a bounded pseudoconver domain in C". Then

for any f € L?Lq(Q) with Of = 0, there exists u € L]%’q_l(Q) such that Ou = f in Q with

[
-R
lull < \/; 171

where R is the diameter of the domain €.
Let Hﬁ’/qs (©) be the Dolbeault cohomology with Sobolev W*# coefficients defined by

{f eWp, ()| 0f =0}

2.1 Hp,qs Q) = = .
21) W) = W @) f = dua e W, (@)

Let HP4(Q2) denote the Dolbeault cohomology group with C°°(2) coefficients where we
substitute W*(Q) in (2.1) by C*(€2). Similarly, we denote the cohomology group HY;(9)
with forms in LP(Q).

The Sobolev estimates and boundary regularity for & on bounded smooth pseudoconvex
domains in C™ are well known.

Theorem 2.2 (Kohn [28]). Let Q be a bounded pseudoconver domain in C™ with smooth
boundary. For every 0 <p<n,0<qg<n ands >0,

(2.2) HEA(Q) =0,

In particular, we have

HP(Q) = 0.

Let C*“ be the Holder space of order k, o where k is a nonnegative integer and 0 < o < 1.
The classical Schauder theory states that C*® and W¥P® are the appropriate spaces to study
the interior regularity for elliptic equations. It is natural to ask if such estimates hold for &
with LP estimates , 1 < p < oo when p # 2 or in Holder spaces. This is true if the domain
is strongly pseudoconvex with smooth boundary using integral kernels. Sibony shows that
this is not true for general pseudoconvex domains.

Theorem 2.3 (Sibony [45]). There exists a bounded smooth pseudoconver domain € in
C? and a O-closed (0,1)-form f € C(Q) such that every solution Ou = f is unbounded.

This result is the first of many counterexamples that Sibony and others obtain in various
function spaces. In particular, Holder and C*® estimates also fail on certain pseudoconvex
smooth domains in C? (see [47]).

Theorem 2.4 (Fornaess-Sibony [14, 15]). There ezists a smooth bounded pseudoconvex
domain Q2 in C? such that for each p > 2, 0 : LP()) — L§ 1(Q) does not have closed range.

The sup-norm estimate for 0 is especially important since it is related to the Corona
problem. It is also proved in [15] that the Corona problem fails on certain pseudoconvex
domains with smooth boundary. The Corona problem for strongly pseudoconvex domains
remains to be one of the most important open problems in several complex variables. It is
not known even for the ball in C™ when n > 2.

Corollary 2.5. Let Q2 and p be be the same as in Theorem 2.4. Then Hg’pl(Q) is non-
Hausdorff.
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Recall that the Hausdorff property of the quotient group Hi;o(ﬂ) is equivalent to the
closed range property of . Not only can one not solve d with LP estimates for some
(0,1)-forms on such domain, but they fail badly. Thus L? is the only function space that
Hg’;(Q) = 0 for any bounded pseudoconvex domain. These results show the importance of

L? Hilbert space techniques for 0 in complex analysis. These counterexamples show that
in order to to obtain L? estimates for 0, certain conditions have to be imposed. This has
been carried out by many people under various finite type conditions. We refer the reader
the the excellent survey article by Sibony [46].

2.1. The Hartogs triangle in C?. We first recall some results in C2. Let T be the
Hartogs triangle in C? defined by
T = {(21722) € (C2 ‘ ’21| < ‘Z2| < 1}.

Since T is a pseudoconvex domain, we have H%(T) = 0. Moreover, using Hérmander’s
theorem, we have

) (T)=0, p=01,2
The Hartogs triangle 7" is not Lipschitz near 0 in the sense that the boundary is not the
graph of a Lipschitz function near 0.

Theorem 2.6 (Sibony[44, 45]). For any ¢ in the bidisc P = A x A and ¢ € P\ T, there
exists a C*°-smooth, 0-closed (0,1)-form ¢ defined in C*\ {C} such that there does not
exist any C™>-smooth function 8 on T such that 08 = ag.

We also refer the reader to the paper [11]) for related problems. One has a strengthened
version of Theorem 2.6 (see [34]).

Corollary 2.7. The cohomology group H*Y(T) is non-Hausdorff.
On the other hand, one has the following results.

Theorem 2.8 (Chaumat-Chollet[11]). For each nonnegative integer k and 0 < a < o0,

we have ng,ia(T) =0.

Remark. Notice that B

NRCP(T) = C(T).
Theorem 2.8 is in sharp contrast with Theorem 2.6. One should also compare it with the
results by Sibony in [47].

There have been numerous works on Hartogs triangles in recent years (see e.g. [34, 35]).
One of the most basic question is to ask if the Hartogs triangle is an extension domain.
Definition 2.1. A domain Q C R¥ is called a (Sobolev) extension domain, if for each
k€N and 1 < p < oo, there exists a bounded linear operator

e s WEP(Q) — WhP(RY)
such that ka‘g = f for all f € WkP(Q).

It is well known by a theorem of Calderon-Stein that every bounded Lipschitz domain
in RY is an extension domain (see [50, 36]).

Theorem 2.9. The Hartogs triangle T is a Sobolev extension domain.

Proof. This is proved in the recent paper that the Hartogs triangle 7" is a uniform domain,
hence an extension domain (see Theorem 2.12 in [2]). O
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Now we consider the annulus domain 2 = B\ T, where B is the ball of radius 2 centered
at 0. The following results are known for the annulus between the ball and the Hartogs
triangle.

Theorem 2.10. Let Q = B\ T. Then
(1) H%Y(Q) is non-Hausdorff.
(2) H%,ll(Q) is Hausdorff.

(1) is proved in [33], while (2) is proved in the recent paper in [2].
Question. (1) Determine if Hg;l(Q) is Hausdorff.

This question is equivalent to ask the following:

Question. (2) Determine if
(2.3) HYMN(T) =0.

We refer the reader to the papers [2] and [33], where Question (1) and Question (2) are

proved to be equivalent.

Remark. Question (1) is raised in [2] and is called the Dolloar Bill Problem since the
shape of € appears in the U. S. dollar bill.

An earlier question when the domain is the annulus between the ball B and the the
bidisk P = A x A is called the Chinese Coin Problem. It is proved in [9] that Hg;l(B \ P)

is Hausdorff. Hence HSVII (P) = 0. In view of Theorem 2.8, it is plausible (2.3) could hold.
A more general question arises naturally.
Question. Let D be a bounded pseudoonvex domain C" with Lipschitz boundary. Deter-
mine if
0,1
o HY(D) =0
e H® (D) =0.
We remark that if D has C? boundary, we have Hgvll (D) = 0. This is proved by Kohn
[28] for domains with C* boundary and by Harrington [20]) for domains with C? boundary.
The proof for H 3/11 (P) = 01in [9] is completely different from the proof of Kohn’s theorem on

Sobolev W estimates for smooth domains (Theorem 2.2). There are many open questions
related to the Hartogs triangle in C2. We refer the reader to [43, 2].

3. L? THEORY FOR & ON PSEUDOCONVEX DOMAINS IN CP"

Let Q be a relatively compact domain in a complex Kéahler manifold X with C%-smooth
boundary b2 and Kéhler metric w. Let p(z) be the signed distance function from z to b2
such that p(z) = —d(z,bQ) for z € Q and p(z) = d(z,bQ2) when z € X \ Q. Let ¢ be a
rflal—valued C? function on Q. Let L2 (Q,e7¥) be the space of (p,q)-forms u on © such
that

||uHi = /Q |u]ief‘PdV < 00.

We use (-, -), to denote the associated inner product. Let 5:; be the adjoint of the maximally
defined 9: Lg,q(ﬂ, e ?) — L;Q(Q, e~?).
Let © be the curvature term with respect to the Kihler metric w and |Vu|? = >y |Viju|2,

where {L1,..., Ly} is an orthonormal frame for 719(X). The following Basic Identity (see
[53, 7]) is of fundamental importance in several complex variables and complex geometry.
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Theorem 3.1 (Bochner-Kodaira-Morrey-Kohn-H6rmander). Let Q2 be a relatively
compact domain in a Kahler manifold X with C?-smooth boundary bQ). For any u €
Cp ,(Q) Ndom (@), we have

(3.1)  [0ull} + 18,ull = [Vull} + (Ou, u)y + (00p)u, u)y + /bQ<(33p)u, ue”*dS

where dS is the induced surface element on b€,

The Kahler form associated with the Fubini-Study metric w in the complex projective
space CP" is given by

(3.2) w = 09 log(1 + |z|?)
(3.3) =i Y gu5(2) dza AdZg
a,B=1

in local inhomogeneous coordinates, where

_ Plog(1+ 2% (1 + 212)605 — Zazp

4 2 = =
(34) 9a5(?) 02007 A+ 2P
The volume form is then
1

where dVg is the Euclidean volume form. The curvature tensor is then given by

R05y5 = 905945 + 90595y
It follows that the complex projective space CP™ with the Fubini-Study metric has constant
holomorphic sectional curvature 2 and its holomorphic bisectional curvature is bounded
between 1 and 2. Furthermore, we have that if u is a (p, ¢)-form on CP" with ¢ > 1, then

(3.6) (Ou,u) =0, if p=mn; (Ou,u) >0, if p>1;
and
(3.7) (Ou,u) = q(2n + )|u*> if p=0.

For a proof of these results, see [53] or Proposition A.5 in the Appendix in [7].

3.1. L? theory of 0 for (0, q)-forms. The positive curvature gives the following estimates
for (0, g)-forms.

Proposition 3.2. Let Q be a pseudoconvex domain in CP™ with C? boundary and 1 < q <
n — 1. Let ¢ be a plurisubharmonic function on ). Then

(3-8) 10ull?, + 195ul? = a(2n + D]ull?

for any (0, q)-form u € dom (9) N dom (8;).
Proof. This is a direct consequence of the curvature property (3.1) and (3.1):

(3.9)  19ull} +119ull} = IVull + (Ou, u)y + (89p)u, u), + /bQ<(33p)u, uje¥dS

> (Ou, u)y > q(2n+ 1)lull2.
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Theorem 3.3. Let Q) be a pseudoconver domain in CP"™ such that Q # CP" and 1 <
qg < n—1. Let ¢ be a plurisubharmonic function on ). For any a—closied (0, q)-form
fe L%ﬁq(Q,e_W), there exists a (0,q — 1)-form u € L%ﬁq_l(Q,e_W) such that Ou = f with

1

(3.10) 2 < 5D

I£11%-

Proof. If © has C? boundary, estimate (3.10) is then a consequence of (3.9). The general
case is then proved by exhausting €2 from inside by pseudoconvex domains with smooth
boundaries. g

Corollary 3.4. Let Q be a bounded pseudoconvex domain in C" with the Euclidean diameter
R, where R = sup, icq |z—2|. Then for any f € L2 (Q) with Of =0, there is a (p,q—1)-
form u € L%p qil)(Q) such that Ou = f with

(3.11) lull® < Cn g R2[1£11?
where Cy, 4 15 a constant depending only on n and q, but is independent of §2.

Proof. Since Q2 € C™ equipped with the Euclidean metric, we may assume that p = 0.
From (3.10) with ¢ = 0, we have

1
3.12 /uZde</ fI2dVi,.
(3.12) Q|| «@n 1) Q||

First we assume that Q C C" with diameter R < 1. It follows from (3.5) that

C
3.13 /u2dv gcn/ ugdeg"/ 2dv, < C, / 2av,
(3.13) Q|| E Q!I (@ + 1) Q\fl ,qu B

where C, 4 is a constant depending only on n and g, but is independent of (.
For general bounded domain © C C" with diameter 1 < R < oo, the estimate (3.11)

follows from scaling argument with z — z/R.
O

We remark that Corollary 3.4 gives an alternative proof of the Hérmander’s L? theorem
(Theorem 2.1).

3.2. Bounded plurisubharmonic exhaustion functions. The classical Oka’s lemma
states that for a pseudoconvex domain in C", any distance function § for {2 satisfies

(3.14) i09(—log §) > 0.

Let € be a pseudoconvex domain in CP™. We first recall the following theorem of Takeuchi
[52] (see also [5] for an alternative approach).

Theorem 3.5 (Takeuchi). Let @ CC CP" be a pseudoconvexr domain. Then the distance
function § satisfies

(3.15) i00(—1log d) > Cow
as currents where Cy > 0 and w is the Kdhler form of the Fubini-Study metric on CP".

Definition 3.1. A distance function § satisfying (3.15) is said to satisfy the strong Oka’s
lemma.
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In a Kéhler manifold with strictly positive holomorphic curvature, Ohsawa-Sibony [38]
showed that there exists a bounded plurisubharmonic exhaustion function for any pseudo-
convex domain with C? boundary.

Theorem 3.6 (Ohsawa-Sibony). Let Q CC X be a pseudoconvex domain with C? bound-
ary in a complete Kdahler manifold M. Assume that the holomorphic curvature of M is
strictly positive. let 6(x) = d(x,b82) be the distance function to b with the Kdhler metric
w. Then there exists t with 0 <t <1 and a constant C > 0 such that

(3.16) i00(—6") > Co'w.

In particular, Theorem 3.6 holds for CP". We will show that the strong Oka’s lemma
is equivalent to the eixistence of a Holder continuous strictly plurisubharmonic exhaustion
function for Q. This follows from ideas used in [7, 6, 22]).

Proposition 3.7. Let M be a complex hermitian manifold with metric w and let Q CC M
be a pseudoconvex domain with C? boundary b). Let § be a C? distance function for Q.
The following conditions are equivalent:

(1) The function 6 satisfies
i00(—1log d) > Cow

for some constant Cy > 0.
(2) There ezists a constant 0 <t <1 such that

i00(—8Y > Crot(w +i % ;2‘95)

for some Cy > 0.

Proof. We first prove (1) implies (2).
From (1), we have

(3.17) (00(—1logd),a A a) > Colal?

where a is any (1, 0)-vector.
To prove (2), we first prove that there exists to such that

(3.18) i00(—6") > 0.
Observe that inequality (3.18) is equivalent to
00(—0 06 A 96

Comparing (3.19) with

09(~=9) , 95 /95

(3.20) i00(—logd) =i 5 PR
we see that (3.18) is equivalent to
o i05 N 06

We will show that (3.21) holds for some 0 < g < 1.
Near a boundary point, we choose a special orthonormal basis w1, - - - , wy, for (1,0)-forms
such that w, = v/29(—9). Let Ly,---, L, be its dual and let a be any (1,0)-vector. We
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decompose a = a, + a, where a,, = (a, L,) is the complex normal component and a, is the
complex tangential component. We have

(00(—1logd),a A a)

99(—4 _ d0(— _
(322 =D o na+2mre @D o nay)
85(— ) _ |a1/|2
+( 5 Lay A\ ay) + 52
From (3.20) and (3.22), we have
(00(—logd),ar Aa,) = (88(6_5), a; Aay) > Colar)?.

Thus from (3.22),

_ 2 00(—0
(©0(~10g6).an3) > Jarf? + 128 (P00 o ng)
.y <85(—5)
0
Since § is a C? function, all second derivatives of § are bounded. Thus for any € > 0, we
have

(3.23)

LAy A ay)l.

d9(—94) _ 1o, laf?

. 14 S YT I
(3.24) I{ 5 yar A ay)| C<€]a |+ € 5
and

99(—9) _ €2

. < (O_—_
(3.25) (2 0, Aa)] < Olal

on a sufficiently small neighborhood U, near the boundary.
Substituting (3.24) and (3.25) into (3.21) and choosing e sufficiently small, we have

(3.26) (00(—logd),a Aa) > 3

for some large constant K depending on e.
Multiplying (3.17) by K/Cp and adding it to (3.26), we have

_ 1a,|?
(K +1)(90(~log ), a A a) > 5 ‘C;J .
This proves (3.21) with ¢y = Cy/2(K + 1) near the boundary, or equivalently, (3.19) is
proved near the boundary. Since €2 is Stein, on any relatively compact submanifold Q' cC

), there exists a bounded strictly plurisubharmonic function on Q.
By standard arguments one can extend  so that ¢ is the distance function near the
boundary and ¢ satisfies (3.21) in . Since (3.21) implies (3.18), we have proved that

d(—0) i05 N 06
— - >
5 T (—t)—5— >0

For any 0 < t < g, we have from (3.27)

00(—§ 6 N S i05 A 96

(3.27) i

(3.28) i00(—0") = it5t<



for some Cy = t(tgp — t) > 0. On the other hand,

90(—10g8) — 1209 5 (1= 1yo5(10g) = Co(1 — L.
1) to to
Thus
(3.29) i00(—6") = it6'(00(—log d) — ta(s(;;a(s) > Chw.

Combining (3.28) and (3.29), we have proved (2).
It is easy to see that (2) implies (1). Using (2) and (3.28), we have

e 96 A\ 06
(3.30) i00(—log d) > Ci(w + T)
which is even stronger than (1).

0

Remark. (1) If Q is a pseudoconvex domain in C" with C? boundary, let § = eI
with A > 0. Diederich-Fornaess [13] first showed that then (2) holds with § substituted by
5 for some large A. For this reason, the best exponent tg is sometimes called the Diederich-
Fornaess exponent.

From Proposition 3.7, we proved that actually any A > 0 suffices. This follows from
Oka’s lemma (3.14) and

i00(—log d) = i0d(—1logd) + \wg > Iwp

where wg is the Kahler form for C".

(2) If © is a Lipschitz bounded pseudoconvex domain in C™ or a Stein manifold, Demailly
[12] showed that there exists a bounded strictly plurisubharmonic function in € (see also
Kerzman-Rosay [30] for the C! case).

(3) Theorem 3.6 also holds for pseudoconvex domains with Lipschitz boundary in CP"
(see Harrington [21]).

3.3. Applications of the Ohsawa-Sibony Theorem. Based on an earlier result of
Berndtsson and Charpentier [3, Theorem 2.3] (see also [23, 7]), we obtain the following
theorem.

Theorem 3.8. Let ) be a pseudoconvex domain in CP" with Lipschitz boundary. Then
the 0-Neumann Laplacian O has a bounded inverse N on Lg,q(Q) and for uw € Dom(0) N

Dom(d"),

3.31 W )2 < 1Bu)? + 17l

(3.31) = Iull” < ll9ull” + (10" w]]”.
Furthermore, the operator N is bounded from W () — W, () with
(3.32) 10" Null? < CyllullZ: [ONull2 < Cyllul3-
for any uw € W () with 0 < s <to/2.

The exponent tg in Theorem 3.6 is closely related to the Levi-flat hypersurfaces in CP",
see the articles by Fu-Shaw [17] and Adachi-Brinkschulte [1].

Theorem 3.9. Let Q be a bounded Stein domain with C? boundary in a complex manifold
M of dimension n. If the Diederich-Forness index ty of Q is greater than k/n, 1 < k <
n — 1, then Q has a boundary point at which the Levi form has rank > k.
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The proof of Theorem 3.9 is based on an earlier reuslt of Nemirovski [37], where k = n
and to =1.

4. SOME OPEN QUESTIONS FOR O IN CP"

4.1. Non-vanishing Results for L? Dolbeault Cohomolgy. The situation is different
if the pseudoconvex domain §2 is not Lipschitz in CP". Theorem 3.8 might not hold for
(p, q)-forms, where p # 0.

We consider the Hartogs triangles in CP2. We denote the homogeneous coordinates by
[20, 21, 22]. On the domain where zy # 0, we set z = j—(l) and w = z—i Define the domains
H* and H~ by

HY = {[20 : 21 : 20] € CP? | |21] < |22}
H™ = {[20: 21 : 20] € CP? | |21] > |22}

then H+NH~ = ¢ and T UT~ = CP2. These domains are called Hartogs’ triangles in CP2.
They are not Lipschitz domains at [1,0,0]. The Hartogs triangles are both pseudoconvex
and pseudoconcave. They are especially important since they provide simple examples of
singular Levi-flat hypersurfaces (see [8]).

Theorem 4.1. The L? Dolbeault cohomology group Hz’zl(H_) (or Hz’r}(Hﬂ) is infinite
dimensional.

The proof of Theorem 4.1 essentially follows from [35] and the recent work [2]. In [35],
it is proved that Hg’l 2 (H™) is infinite dimensional where O is the 0 closure in the strong
sense of Kohn. In [2], we show that the strong closure 9 is equal to the weak closure 9 (in

Hormander’s sense). Combining these two results, Theorem 4.1 follows.
From Theorem 3.3, we have H%!(H~) = 0. The following question remains open.

Question. (1) Determine if HE’QI (H™) is Hausdorff.
(2) Determine if Hé’gl (H™) =0.

We refer the reader to the papers [19, 26, 39, 41, 42] for related results.

4.2. Sobolev Estimates for d. Suppose that Q is a pseudoconvex domain in CP". Not
much is known for Sobolev estimates for 9 if €2 is a smooth pseudoconvex domain in CP"
except for small s < % (see Theorem 3.8).

However, if we consider the complement of a pseudoconvex domain, a pseudoconcave
domain, then the following results are known.

Theorem 4.2. Let QT = CP"\Q, where 2 is a pseudoconvex domain in CP™ with Lipschitz
boundary. Then

o HIA(QF) =0 for all0 <p<n andp # q;
o HP9(Q") is Hausdorff for allp=gq or q=mn—1.

Here we only need that Q2" to be Lipschitz (see [7, 6] and the recent paper [18]). We
finish the paper by raising the following questions.

Question. Let ) be a bounded pseudoconvex domain in CP" with smooth boundary. For
every 0 < p <n, 0 < ¢ <n, determine for k € N,

(4.1) HP2(Q) = 0.
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It is especially interesting to know if (4.1) holds for £ = 1 and n = 2. An affirmative
answer to this question will complete the proof of the nonexistence of Levi-flat hypersurfaces
in CP? in [7]. For the nonexistence of Levi-flat hypersurfaces in CP* with n > 3, see [32],
[49], [7] and [6]). Sibony’s most recent paper [48] is very closely related to this question. If
(4.1) is not possible, perhaps one should ask a weaker result.

Question. Determine if

(4.2) HP, () = 0.

The Sobolev 1/2-estimates are related to the closed range of 9. If Q is a domain in C"
with C? boundary, then we have L? existence for d (see [40, 4, 29] and [10]). We remark
that Theorem 3.8 yields only Sobolev regularity for s < % The lack of Sobolev estimates
for 0 in the complex projective space CP" is one of the most challenging open questions.
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