L?-SOBOLEV THEORY FOR 0 ON DOMAINS IN CP"
MEI-CHI SHAW

ABSTRACT. In this article, we study the range of the Cauchy-Riemann operator 0 on
domains in the complex projective space CP™. In particular, we show that d does not
have closed range in L? for (2,1)-forms on the Hartogs triangle in CP?. We also study the
0-Cauchy problem on pseudoconvex domains and use it to prove the Sobolev estimates
for © on pseudoconcave domains in CP".
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1. INTRODUCTION

Since the fundamental work of Kohn for the 0-Neumann problem on smooth bounded
strongly pseudoconvex domains in C”, there has been tremendous progress on L?-Sobolev
theory of the d-operator and the O-Neumann problem for bounded pseudoconvex domains
in C". In particular, Kohn proved the following landmark results (see [29, 30]).

Theorem 1.1 (Kohn 1963). Let? be bounded strongly pseudoconvexr domain with smooth
boundary in C", n > 2. Then the J-Neumann operator
.72 2
N: L, (Q) — L, ()
exists on 2. Furthermore, the following sub-elliptic estimates hold for any s > 0
INflls+1 < Cllflls

and

10" N fll,1 < ClIFNs
where || ||s denotes the Sobolev s-norm W*(Q).

The solution & N f is called the canonical solution (or Kohn’s solution), since it is the
energy minimizing solution.

Corollary 1.2. Let f € Cgﬁl(ﬁ) with 0f =0 in Q, where 0 < p<n and 1 < g <n. There

exrists u = E*Nf € ;331—1(9) satisfying Ou = f in Q.

Another important result for 0 is the global regularity for 0 proved later by Kohn based
on the weighted 0-Neumann problem (see [31]).
Theorem 1.3 (Kohn 1973). Let Q2 be bounded pseudoconvex domain with smooth bound-
ary in C", n > 2. Let f € W, (Q) with 0f =0 in Q, where 0 <p<n and1<q<n and
s > 0, there exists us € W ,_1(Q) satisfying Ous = f in Q.
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Corollary 1.4. Let () be bounded pseudoconvexr domain with smooth boundary in C", n > 2.
Let f € C’;ﬁl(ﬂ) with Of = 0 in Q, where 0 < p < n and 1 < g < n. Then there exists

u € Cp5_1(Q) satisfying Ou = f in Q.

For s > 0, let H{;.(2) be the Dolbeault cohomology with Sobolev W* coefficients defined
by
_ {f e W5, () [0f =0}

{f S Wqu(Q) ‘ f = auvu S W;,q—l(ﬂ)}
When s = 0, we also use the notation H i’f(ﬂ) for the L? Dolbeault cohomology.

Similarly, we use HP(Q2) and HP4(2) to denote the Dolbeault cohiomology group for

(p, q)-forms with C*°(Q) and C*°(Q) coefficients respectively. Using these notation, Theo-
rem 1.3 can be formulated as

Hyr ()

(1.1) H{A(Q) =0, s> 0.
Corollary 1.4 can be written as
(1.2) HP1(Q) =0

When s = 0, L? existence for  was proved by Hérmander [26] for bounded pseudoconvex
convex domains, not necessarily with smooth boundary.

Theorem 1.5 (Hormander 65). Let Q2 be a bounded pseudoconver domain in C". Then
HPI(Q) =0, q > 0.

Similar results also hold for domains in a Stein manifold. Both L? and Sobolev regularity
for 0 have numerous applications. Though the L? and Sobolev theory for @ has been
studied extensively for domains in C", (see monographs [14, 27, 11, 47] for expositions on
the subject), much less is known for 9 on domains in complex manifolds which are not
Stein.

In this paper we present some recent results of the L? and Sobolev theory for d on domains
in the complex projective space CP". There are many known results on L? existence
theorems for 0 on pseudoconvex domains in CP". In particular, we have

HZ () =0 forall0<p<n, 1<qg<n

for any pseudoconvex domain 2 C CP™ with Lipschitz boundary b2 (see Theorem 2.9).

One of the main results in this paper is to show that 0 might not have closed range on
some pseudoconvex domain in CP? if the Lipschitz condition is dropped. In particular,
Theorem 1.5 does not hold for arbitrary pseudoconvex domains in CP". The examples are
given by the Hartogs triangles in CIP? (see Theorem 5.1 and Corollary 5.2).

The Hartogs triangles in C2 and CP? are important examples of domains which are
not Lipschitz. Hartogs triangles in CP? are also interesting examples in complex foliation
theory. They can be viewed as Levi-flat hypersurfaces with singularities since they are
both pseudoconvex and pseudoconcave. Non-closed range properties for 0 on domains in
complex manifolds with smooth Levi-flat boundaries have been obtained in [9] (see also
[35]).

The plan of the paper is as follows. In section 2 we summarize some known results for
0 in L? for pseudoconvex domains in CP" and give an alternative proof for Theorem 1.5
(see Theorem 2.6). In section 3, we prove the Sobolev estimates for & on pseudoconcave
domains in CP" using the d-Cauchy problem with weights. In section 4, we give some basic
properties of holomorphic functions and forms on the Hartogs triangles. The non-closed
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range property for 0 for (2,1)-forms with L? coefficients on Hartogs triangles in CP? is
proved in section 5. Theorem 5.1 is a stronger assertion of the earlier results proved in [36]
and [2]. The dimension of Hi’; (H™) is not only infinite, but is uncountable.

We collect several open problems which are related to the L? or Sobolev estimates for 0
on domains in C" or CP" in section 6. Since Hartogs triangles in CP? are both pseudoconvex
and pseudconcave, Theorem 5.1 also provide examples that d does not have closed L? range
on some pseudoconcave domains in CP2. We remark that L? theory for even pseudoconcave
domains with smooth boundary remains an open question (see Problem 2). The missing
ingredient is exactly the lack of Kohn’s type Sobolev estimates (1.1) for pseudoconvex
domains in CP" (see Problem 1).

2. L? THEORY FOR O ON PSEUDOCONVEX DOMAINS IN CP"

In this section, we review some known results on pseudoconvex domains in CP™. Let w be
the Kéhler form associated with the Fubini-Study metric in CP™. Let 2 be a pseudoconvex
domain in CP" such that Q # CP" and © has C?-smooth boundary b§2. Let § be the
distance function from z to bS).

Let §(z) = dist(z,b82) be the distance, with respect to the Fubini-Study metric, from
z to the boundary bQ. Let Q. = {z € Q| d(z) > e}. It then follows from Takeuchi’s
theorem [48] that there exists a universal constant Ky > 0 such that

(2.1) i00(—log §) > Kow
on (2. In particular, there exists ¢y > 0 such that
(2.2) 09(=6)(¢, C) > KoelC[3

for all ¢ € Tp(bQ) for 0 < € < €. (See also [19, 6] for different proofs of Takeuchi’s
theorem.)
Using (2.2), we have the following theorem.

Theorem 2.1 (Takeuchi). Let Q be a pseudoconver domain in CP™ such that Q # CP".
Then the Dolbeault cohomology group HP1(Q2) =0 for all ¢ > 0.

2.1. L? existence theorems for (0, q)-forms. Let L]%,q(Q) be the space of (p, g)-forms u
on 2 with respect to the Fubini-Study metric w such that

lul2 = /Q 2V, < oc.

We will also use (-, ), to denote the associated inner product. Let 0: Lf)’q_l(Q) — L;q(Q)

be the weak maximal closure of @ and let 52 be the Hilbert space adjoint of 9. We now
recall an integration by parts formula.
Let Li,...,L, be a local orthonormal frame field of type (1,0) and ¢!,...,#" be the
coframe field. For a (p, ¢)-form u, we set
(Ou,u)y = Y (¢ A (LpaR(Ly, Li)u), u)y,
k=1

where R is the curvature operator on (p, g)-forms with respect to the Fubini-Study metric
and _ is the usual contraction operator (see e.g [5, 18]). We have that if u is a (p, ¢)-form
on CP" with ¢ > 1, then

(2.3) (Ou,u), =0, if p=mn; (Ou,u), >0, if p>1;
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and

(2.4) (Ou,u)y = q(2n+ D)|ul* if p=0.

With the above notations, we can now state the following Basic Identity (see [50, 45, 5]).
Theorem 2.2 (Bochner-Kodaira-Morrey-Kohn). Let Q be a domain with C? boundary

bQ in in CP™ and let w be the Fubini-Study metric. For any u € C';’q(ﬁ) N dom (3,,), we
have

(2.5) 10ullZ + 105ulZ = [Vull?, + (Ou, u). +/ ((90p)u, u)udS.,
bQ
where dS,, is the induced surface element on bQY and ||Vul|? = > i1 vaﬁuﬂi.
For a proof of these results, see [50] or Proposition A.5 in [5]. We first exploit the

positivity of the curvature © for (0, ¢)-forms. When p = 0, we have the following proposition
using (2.4).

Proposition 2.3. Let Q be a pseudoconvexr domain in CP"™ with C? boundary and 1 < q <
n—1. Then

(2.6) 10ullZ + 1107ulZ = q(2n + 1)]ull?
for any (0, q)-form u € dom (8) N dom (3,,).

Theorem 2.4 (L? existence for (0, q)-Forms). Let §2 be a pseudoconvex domain in CP"
such that Q # CP" and 1 < ¢ < n — 1. For any 0-closed (0, q)-form f € L%jq(Q), there
exists a (0,q — 1)-form u € L%’qfl(ﬂ) such that Ou = f with

1
q(2n +1)

Proof. If © has C? boundary, estimate (2.7) is then a consequence of (2.6). The general
case is then proved by exhausting €2 from inside by pseudoconvex domains with smooth
boundaries. g

(2.7) lull?, < 1112

Notice that the constant 1/q(2n + 1) in (2.7) is independent of the diameter of the domain
in CP™ with respect to the Fubini-Study metric.

Corollary 2.5. Let Q be a pseudoconver domain in CP™ such that Q # CP". We have
Hggq(Q) =0  for everyq> 0.

Theorem 2.4 gives an alternative proof of Hérmander’s L? existence for 0 for bounded
pseudoconvex domains in C".

Theorem 2.6 (Hormander’s Theorem Revisited). Let  be a bounded pseudoconvex
domain in C" with diameter d, where d = sup, ,icq |z —2'|. Then for any f € L2 (Q) with
Of =0, there is a (p,q — 1)-form u € L? () such that Ou = f with

(p.g—1)
(2.8) lull® < enqd?®| £II*
where || || is the Euclidean norm and
(2.9) . _e(n+2q+1)
. ng = ————————

49(2n+1)
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Proof. Since the domain (2 is in C", p plays no role. We may assume that p = 0. We first
embed C" in CP™ and view 2 as a domain in CP" endowed with the Fubini-Study metric.
Using Theorem 2.4, there exists u € Laqfl(ﬂ) such that

1

2.10 2 < 2.
(2.10) Il < gy M1
Next we compare norm || ||, with the Euclidean norm || ||. The Ké&hler form w is given
by
(2.11) w = 09 log(1 + |z|?)
n

(2.12) =1 Z 9o5(2) dza N dzg

a,B=1
where

02 log(1 + |z/|? (14 121*)6,5 — Zazs
(2.13) 9ag(2) = ( - 1) _ o
02,073 (1+12?)
The volume form dV,, with respect to w is
1

where dVg is the Euclidean volume form. Furthermore, we have

2.15 <w< —FuwE.
( ) )2WE SWx 1+|Z‘QWE

(1+ |22
Assume that  has diameter d = 2¢ in C™ with respect to the Euclidean norm for some

e > 0. Without loss of generality, we may assume that Q C B.(0) = {z € C" | |z] < €}.
Then using (2.14), we have

(14“612)"+1dVE <dV, < dVg.
Using (2.15), we have
(1:62)2% <w<wg
and
(2.16) 1< |dzjlw < (14 |2%).

Let f =)y frdZk, where K is a multi-index with |K| = ¢. It follows from (2.14) and
(2.16) that
[Fl2dVie < [FIP(L+ [22)%9dVi < (1+ €)% 2V,

and
(2.17) 1£1% < (1 + €)% £
Similarly, we have

1
lul?dV, > |u?dV,, > i lu|?dVp,

(1+€2)
and

1
(2.18) ull?, > WHUHQ-



6 MEI-CHI SHAW

It follows from (2.10), (2.17) and (2.18) that we have

1+62)n+1+2q
2.19 2<(— 2
(2.19) lul < = oy I

when we assume that € has diameter 2e.
Suppose that Q lies in B;(0), the ball of radius 1. By scaling, we have for any ¢ > 0,

1 (14 e2)ntit2e
(2n+1) €2 A1
Since € > 0 is arbitrary, we see that the function
(1 4 62)n+1+2q

€) =
50 S
achieves its minimum m at e = 1/y/n + 2¢ with

(2.20) lull* < .

n+2q
= 2 (1 .
m=(n+2q+ )( +n+2q>

Since (1 + 1/(n + 2q))"™7 S e, let ¢, 4 be defined by (2.9). Then it follows from (2.20)
that

lull* < en g2 £11%.
when (2 has diameter 2.

Suppose the domain €2 in C™ is with arbitrary diameter d. Notice that the Euclidean
metric admits a dilation. Thus (2.8) follows easily from a scaling argument. O

Remark. Theorem 2.6 is an alternative proof of the Hérmander’s L? theory (see Theorem
1.5 and [26]). Hormander’s method is to use the weight function ¢ = ¢|2|? to obtain
the L? existence with estimate (2.8) with ¢, , = ¢/g. In comparison, the proof here uses
the positive curvature of the Fubini-Study metric and the constant ¢, , given by (2.9) is
comparable up to a factor to Hormander’s results.

2.2. The 0-Neumann operator with weights. When p > 0, L? theory for 0 on a
domain 2 in CP" requires more work since the curvature © is only nonnegative. Let €2 be
a pseudoconvex domain with Lipschitz boundary b2 in CP". We may assume that there
exists a Lipschitz defining function p = —4§ such that

(2.21) i00(—1logd) > Cw

for some C' > 0. Let t > 0 and let ¢, = —tlogd. Then ¢; is a strictly plurisubharmonic
function on . Using ¢; as the weight function in Hérmander’s L? methods with the weight

function ¢, we have
e—(j)t — 6tlog6 — 5t'

We use || ||; to denote the L? norm with weight under the under the Fubini-Study metric.

Let

0:L%, 1(92,6") = L2 (2,8

be the weak maximal L? closure of 0 and its Hilbert space adjoint is denoted by 5: such

that 9 : L2 ,(Q,0%) — L2 _,(Q,6") and if v € Dom(9;) if and only if
(Du,v); = (u, 0y v); for every u € Dom(9).

Now we use the Hérmander’s L? methods with the weight function ¢; combined with the

Bochner-Kodaira-Morrey-Kohn formula. Using the same notation as before, but now we
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suppress the dependence of the Fubini-Study metric w and emphasize on the weighted norm
with respect to ¢y.

Theorem 2.7 (Bochner-Kodaira-Morrey-Kohn-H6rmander). Let Q be a domain in
CP" with C? boundary b§). For any u € C’;jq(ﬁ) N dom (8;), we have

(2.22)  [|9ullf + 19, ullf = [ Vul + (Ou, U)t+((i35¢t)uaU)t+/ {(00p)u, u)e™*dS
b2

where dS is the induced surface element on bQ and |Vul|? = > i1 HVE],UH?.

Corollary 2.8 (Weighted L? Existence for 9). Let Q be a domain in CP™ with Lipschitz
boundary bQ2. For any0 <p<n—1,1<g<nand f € Lg’q(Q, §t) such that f is O-closed,

there exists a (p,q — 1)-form u € Lqu_l(Q, o) such that Ou = f with

2 2
(2.23) Ctllulli < 1I£17
where C' is the same constant as in (2.21).
Proof. Suppose Q is a domain with C? boundary, this follows from (2.22) since
N2 1B 112 2
[0ulli + 1[0y ully = Ctlull;-
For a domain with Lipschitz boundary, we can use an exhaustion argument. O

Suppose that © is a bounded domain in C" with C? boundary. Diederich and Fornaess
[13] proved that there exists a defining function p and an exponent 0 < 7 < 1 such that
—(—p)" is strictly plurisubharmonic in 2. Based on Takeuchi’s theorem, Ohsawa and Sibony
[38] generalized the Diederich-Fornaess results to domains in CP™. In fact, they showed
that one can take p = —J where ¢ is the distance function from z €  to bQ). Ohsawa-
Sibony results have been extended to domains with Lipschitz boundary by Harrington in
[24], where he proved that there exists a Lipschitz defining function p and 0 < 7 < 1 such
that

(2.24) i00(—6") > Oné"w
in the sense of currents for some constant C' > 0.

Using (2.24) and a technique of Berndtsson-Charpentier [3] have the following L? exis-
tence theorem without weights.

Theorem 2.9 (L? Existence for (p,q)-Forms). Let Q be a pseudoconver domain in CP"
with Lipschitz boundary. Then

(2.25) HPH () =0 for every ¢ > 0.

Furthermore, for any s < g, where 1 is the exponent in (2.24), we have

(2.26) HIA(Q)=0 for every q > 0.

Proof. We refer the reader to [3, 25, 18] for a proof of this theorem. O

The following proposition is a consequence of the above L?-theory for & on CP". Its
proof follows the same lines of arguments as those in [20, 12, 25, 5] when the boundary is
C?-smooth.

Proposition 2.10. Let 2 be a pseudoconver domain in CP™ with Lipschitz boundary.
Then the L* holomorphic (n,0)-forms in L%}O(Q) # {0}. Furthermore, L?> Holomorphic
(n,0)-forms separate points.
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Notice that in Theorem 2.9, we need the assumption of Lipschitz boundary for 2 when
p > 0. We will prove that Theorem 2.9 does not hold if the Lipschitz condition is dropped.
In contrast, if p = 0, we do not need any regularity for €2 in Theorem 2.4.

Remark. Bounded plurisubharmonic exhaustions functions have been studied in C" and
CP" extensively. The Diederich-Fornaess theorem has been extended to pseudoconvex do-
mains in C" with Lipschitz boundary (see Demailly [12]). The Diederich-Fornaess exponent
is the supremum of 0 < 1 < 1 such that (2.24) holds. It is related to the nonexistence of
Levi-flat hypersurfaces in complex manifolds (see [1, 16, 17]).

2.3. The 0-Cauchy problem with weights. For fixed ¢ > 0, let

De: L2, (92,07 = L2 (2,677

be the minimal (strong) closure of 9. By this we mean that f € Dom(d,.) if and only if
there exists a sequence of smooth compactly supported forms f, in C’gfnfl(ﬂ) such that

f, — fand 0f, — Of in L?(Q,077).

Lemma 2.11. The following conditions are equivalent:
(1) 0: L2, 1(Q,0") = L2 (Q,68") has closed range.

p,q—1
(2) 9, : L2 ,(2,6") = L2 (92,6 has closed range.
(3) O : L%_p’n_q(ﬂ, 5 — L%_pm_qﬂ(Q,&_t) has closed range.

Proof. Tt is well-known that 0 has closed range if and only if 5: has closed range (see [26]
or Lemma 4.1.1 in [11]). By using the Hodge star operator, we have that (1) and (3) are
equivalent (see [8, 34]). O

Theorem 2.12 (L? Serre Duality with Weights). Let Q be a pseudoconver domain
with Lipschitz boundary in CP™. We have for any t > 0,

Hp(Q,6") = Hy 707,67 = {0}, q#0.
Proof. Using Corollary 2.8, d has closed range in Lz’q(ﬂ, §%) for all degrees and ¢t > 0. Thus

using Lemma 2.11 and the L? Serre duality (see [8]), the theorem follows.
O

Corollary 2.13 (0-Cauchy Problem in L? Spaces with Weights). Let Q be a pseu-
doconvexr domain with Lipschitz boundary in CP", n > 2. Suppose that f € Lg’q(Q,é_t)
where t > 0,0 < p<n and 1 < q<n. Assuming that Of = 0 in CP" with f = 0 outside
Q. Then there exists u € Liq_l(Q,(S*t) with u = 0 outside Q satisfying Ou = f in the
distribution sense in CP"™.

For q =n, if f satisfies the compatibility condition

(2.27) / fAP=0, ¢ €L ,0(Q,8)N Ker(d),
Q
then the same conclusion holds.

Proof. Since the boundary is Lipschtiz, we have that solving 0. is the same as solving 0
with prescribed support in €2 (see Lemma 2.3 in [34]). O



3. SOBOLEV ESTIMATES FOR 0 ON PSEUDOCONCAVE DOMAINS IN CP"

Let {2 be a pseudoconvex domain in CP" with Lipschitz boundary, where n > 2. We
always assume that Q # CP". Let QT be the complement of Q defined by

Qf =CpP\ Q.

Then Q7 is a pseudoconcave domain with Lipschitz boundary. Estimates for the d-equation
in Sobolev spaces W*(QF) have been obtained for k = 1 in earlier papers using the 9-Cauchy
problem (see [5, 7]. For k > 2, it is proved in Henkin-Iordan [25]) under the condition that
the boundary bQ+ is C2. Here we will give a streamlined proof of Sobolev estimates for
k > 1 for pseudoconcave domains with Lipschtiz boundary using the d-Cauchy problem
with weights.

Let W¥(Q) be the Sobolev space which is the completion of C§°(£2) under the W*(Q)
norm. We have the following characterization of the space W ().

Lemma 3.1. Let Q be a bounded Lipschitz domain in CP™. Let §(z) be the distance function
from z € Q to bQY. Then for k> 1, g € WF(Q) if and only if g € W*(Q) and

(3.1) s—tBIDBg e L2(Q)  for all |8] < k.

For a proof of this lemma, see Theorem 11.8 in Lions-Magenes [37], where theorem
is stated for smooth domains. Similar proof can be applied to domains with Lipschtiz
boundary (see also Grisvard [22]).

Theorem 3.2. Let Q“' be a pseudoconcave domain in CP™ with Lipschitz boundary, n > 2.
Let k € N. For any O-closed f € Wlﬁfq(ﬂ“'), where 0 < p < n, 0<q<n-—1, there exists

F € WEHCP") with Flg+ = f and OF =0 in CP" in the distribution sense.

Proof. The W1(QF) estimates have already been proved earlier (see [5, 7, 18, 25]). We
will show that the proof can be modified for & > 2. Since QT has Lipschitz boundary,
there exists a bounded extension operator from W*(Q%) to W¥(CP") (see, e.g., [46]). Let
fe W}, (CP") be the extension of f so that flor = f with Hf”wk((cpn) < Cllfllwwry-
We have 0f € L2 _;(Q,672+2), where Q = CP"\ Q).

From Corollary 2.13, there exists u. € Lqu(Q, 6~2+2) such that du, = 8f. Extending

u. to be zero outside Q, we have

Aue. = Of in CP".
Since u. satisfies an elliptic system, we have that u. € Lf,’q(ﬂ,é*%”) implies that u. €
WE-L(Q). Define

0,p,q
(3.2) F=f—u.
Then F € W;;l(CP”) and F is a O-closed extension of f. U

Corollary 3.3. Let Q be a pseudoconcave domain in CP™ with Lipschitz boundary, where
n > 2. Then W),(27) N Ker(d) = {0} for every 1 <p <n and W' (") N Ker(d) = C.

Proof. Using Theorem 3.2 for ¢ = 0, we have that any holomorphic (p,0)-form on QF
extends to be a holomorphic (p,0) in CP", which are zero (when p > 0) or constants (when
p=0). O
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Theorem 3.4. Let QT be a pseudoconcave domain in CP™ with Lipschitz boundary, where
n > 3. For any 0-closed f € Wﬁq(Q+), where 0 <p<n,1<g<n-—1,p#qandk €N,
there exists w € WF, _(QF) with du = f in QF.

Proof. Let F € W;;I(CP”) be the d-closed extension of f from €2 to CP". Since

HA L (CP") = {0},

there exists u € W;f’q,l(Q) such that Ju = F on CP". By the elliptic theory of the O-
complex on compact complex manifolds, one can choose such a solution u € Wlf’ q_l((C]P’”).

For ¢ = n — 1, there is an additional compatibility condition for the d-closed extension of
(p,n—1)-forms from Q% to the whole space CP". This case differs from the others since the
cohomology group does not vanish in general (see [15]). We first derive the compatibility
condition for the extension of d-closed forms when ¢ = n — 1.

Lemma 3.5. Let Q be a pseudoconver domain in CP" with Lipschitz boundary and let
OF = CP"\ Q. For any f € W}, (), k€ Nand ¢ € L2_,(Q,6°*72) N Ker(d), the
pairing

(3-3) fro

b+

n—p,0

is well-defined.

Proof. Since the boundary is Lipschitz, any function in W*(Q7) has a trace in Wk=2 (bQF).
Also holomorphic functions or forms in L(Q, §2#=2) have trace in W% (bQ) The pairing
(3.3) is well-defined follows from these known facts on Lipschtiz domains. The rest of the
proof of the lemma is exactly the same as in [42] and we give a sketch of the arguments.

Since the boundary is Lipschitz, for any 0-closed (holomorphic) (n — p,0)-form ¢ with
52(9,52’“_2) coefficients, there exists a sequence ¢, € Cp°  ((Q) such that ¢, — ¢ and
0¢, — 0 in L?(Q,6%*~2)-norm. This implies that ¢, — ¢ in W=**1(Q) norm since ¢ is
holomorphlc

Let f e W pn 1(CP") be a bounded extension of f. We have

(3.4) /fw,,—/afwu [ofna,x [Fnoo,~ [3Fno

Thus the limit on the left-hand-side of (3.4) exists and is independent of the approximating

sequence {¢,} that we choose. It is also independent of the extension function f. Hence
the pairing (3.3) is well-defined. O

Theorem 3.6. Let Q) be a pseudoconvexr domain in CP" with Lipschitz boundary and let
QF = CP"\ Q. For d-closed f € W;n_l(QJF), where k> 1,0<p<n andp#n—1, the
following conditions are equivalent:

(1) The restriction of f to QT satisfies the compatibility condition

(3.5) f Np=0, ¢eL (6% N Ker(d).
[29]

(2) There exists F' € Wk L (CP") such that Flg = f in Q" and OF = 0 in CP" in the
sense of dzstmbutzon B
(3) There exists u € W), (7 satisfying du = f in QF.
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Corollary 3.7. Let Q7 be the same as in Theorem 3.6. Then 0 : W;,‘in_Q(Q“‘) — Wﬁn_l(Q‘F)
has closed range, where k> 1 and 0 < p < n.

Proof. Let f be a d-closed (p,n — 1)-form in W;f,n—1(9+)- Suppose that f is in the closure
of the range of 0 : W, (%) — WF _ (Q"). There exists a sequence u, € WF, ,(QF)
such that du, — f in W;n_l(QJr). It suffices to show that there exists u € Wzﬁn_z(ﬂﬂ

such that Ou = f.
From Theorem 3.6, it suffices to show that the condition (3.5) is satisfied for every
pe L2 (9Q,6%2)NKer(d). This follows from

n—p,0

(3.6) fAN¢= lim Ou, A ¢ = lim (—1)p+n_2/ uy A Op = 0.
bt

O+ vV—r00 O+ vV—r00

Thus f = du for some u € W;n_Q(QJ“). Thus the range of J is closed in W]f’n_l(QJr).
(|

Combining the results, we have proved the following theorem.

Theorem 3.8. Let Q1 be the same as in Theorem 3.6. Then for any k € N,
e Hi(Q7)=0,if0<qg<n—1andp#gq;
° HI’/’I’/Z_I(Q*) is Hausdorff and infinite dimensional, if p #mn — 1.

Remark. It is still an open question if Theorems 3.4 and 3.6 hold for £ = 0 (see Problem
2). The missing ingredient is the lack of W!-estimates with pseudoconvex domains in CP".

When the domain Q is a bounded domain with smooth boundary in C", there has
been a lot of results obtained earlier. The space of L? harmonic forms for the critical
degree ¢ = n — 1 on an annulus between two concentric balls or strongly pseudoconvex
domains in C" has been computed in [28]. This has been generalized to annulus between
two pseudoconvex domains in C" in [42, 43]. We also remark that the conditions on the
cohomology groups can be used to characterize domains with holes with Lipschtiz boundary
in C" (see [15]). All these results depend on the Sobolev estimates for & proved by Kohn
(see Theorem 1.3).

4. PROPERTIES OF HOLOMORPHIC FUNCTIONS AND FORMS ON THE HARTOGS TRIANGLES

We denote the homogeneous coordinates in CP? by [Zy, Z1, Zs]. Let H* and H~ be the
Hartogs triangles defined by

HY = {[Z: Z1: Zo] € CP? | |Zy] < | Za|}
H™ ={[Z0: Z1: Zo] € CP? | |Z1| > | Za|}
then HY NH™ = and H UH = CP2
Let U; = {[Zo, Z1,Z2] | Zj # 0}, 5 =0,1,2. Then HT C Us. In local coordinates,
HY = {(z,w) € C? | |w| < 1}.

Thus H* is the product C x D, where D is the unit disk. Hence H* is pseudoconvex.

In this section, we first recall some known results on the Hartogs triangles. The Hartogs
triangles are not Lipschitz. However, some function properties for the Hartogs triangles
still hold. Recall that a domain 2 C CP" is called a Sobolev extension domain if for any
f e W3(Q), there exists f € W#(CP") such that f = f on Q.

Lemma 4.1. The Hartogs triangles HT and H~ are Sobolev extension domains.
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Proof. The Hartogs triangle H* is smooth except at the point [1,0,0]. If we set z = 21/2g
and w = z3/20, then the domain H™ is defined by the inhomolgeneous coordinates (z,w)
by

HY = {z,w) € C*| |2| < |w|}.
The Hartogs triangle Ht and H™ are not Lipschitz at (0,0). At (0,0), the singularity of
H' and H~ are the same as the Hartogs triangle

T ={(z,w) € C?| |2| < Jw| < 1}.

It is proved in [2] that T is an extension domain. Thus the lemma follows from the same
proof. O

It is also proved in Theorem 3.13 in [2] that the weak and strong extensions of 0 are the
same. Define the L? Dolbeault cohomolgy group with respect to 9. as follows:

_ Ker(0.)
P (H7) = o)
Oe,L? (H) Range(d..)

The following lemma is proved in Proposition 6 in [8].

Lemma 4.2. Let HY C CP? be the Hartogs’ triangle. Then we have the following:

(1) The Bergman space of L* holomorphic functions L*(H") N O(HY) on the domain
H™* separates points in HT.

(2) There exist non-constant functions in the space W1 (H') N O(H"'). However, this
space does not separate points in Ht and is not dense in the Bergman space L?(H1)N
O(H™).

(3) Let f € W2(HT)NO(H") be a holomorphic function on HY which is in the Sobolev
space W2(H™T). Then f is a constant.

Lemma 4.3. The following results hold:
(1) H2O(HY) = 0;
(2) HO () = 0;
(3) Hi’;(Hi) is infinite dimensional.

Proof. Let z = 2z¢/z2 and w = z1/2z9. Then H™ is biholomorphic to Cx D. Let ¢ = fdzAdw,
where f is holomorphic in Cx D. Since ¢ is a (2, 0)-form, its L2-norm is metric independent.
We can just use the Euclidean metric on C x D. If f € L?(C x D), then f is L? on the leaf
(-,w) a.e., where w € D. Since f is holomorphic, this implies that f =0 on C x D. Thus
¢ =0 on HT. This proves (1).

(2) is already proved in Corollary 2.5. The proof of (3) uses Lemma 4.2. It follows from
[36] combining with the results in [2] (see also [44]). O

5. NON-CLOSED RANGE PROPERTY FOR O ON HARTOGS TRIANGLES CP?
We now state and prove the main result in this paper.

Theorem 5.1. 9 : L3 o(H") — L3, (H") does not have closed range.

Corollary 5.2. Hi’gl(H+) is non-Hausdorff.

Proof. We will show that the corollary follows easily from the theorem. It is well-known
that & : L3 ,(H') — L3 (H") has closed range if and only if Hzgl (H*) is Hausdorff (see
e.g., Treves [49]). O
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It remains to prove Theorem 5.1. To prove the theorems, we need two lemmas.

Lemma 5.3. The following are equivalent:
(1) 9: L3 ,(HY) — L3, (H"Y) has closed range.
(2) O : Lg}l(H‘F) — Lg’2(H+) has closed range and the range is L%72(H+).
(3) Hypi(H™) =0.

Proof. Tt follows from Lemma 2.11 that 9. : L§ ,(H') — L§ o(H") has closed range if and

only if & : L3 ,(H') — L3 (H™) has closed range. Using (1) in Lemma 4.3 and L* Serre
duality, we have and

0,2 ~ 172,0
(5.1) Hy" (H") = H;»'(HY) = 0.

This proves that the range of J, is L%Q(HJF). We have proved that (1) implies (2). Thus
(1) and (2) are equivalent.

Next we prove that (2) implies (3). Since H™ is an extension domain by Lemma 4.1, let
f be an extension of f to Woljl((CIF’Q). Let f, = &f. Then f, € L(Q)Q(H*). Using (2), there
exists u. € Lg’l(HJr) such that O.u. = f. in CP?. Letting F = f— .. Then F € Lal(CPz),
OF =0in CP? and F = f in Q. Any O-closed f € Wol’l(Q"') extends to be an L? O-closed
form F in CP2. So F = 0U with U in W!(CP?). Letting u = U |-, then u € W1(H")
and Ou = f. We have proved (3).

Finally, we prove that (3) implies (2). Let f € L§o(H'). Then there exists V €
Wol’l((C}P’Z) such that 9V = f in CP2. We set v = V|g-. Using (3), we there exists
u € W(H™) such that Ou = v on H~. Let @ € W!(CP?) be an extension of u.

We define

u. =V — 0.
Then du. = f in CP? and u. = 0 on H~. This proves (2). The lemma is proved. O

Lemma 5.4. Suppose Hg‘}ll (HT) = 0. Then functions in W(HT)NO(H™) separate points
in HT.

Proof. The proof is similar to the proof of Proposition 4.3 in [25]. Let a and b be two
distinct points in H' and let ¢ € H™. There exists a Riemann surface S of degree 2 passing
through a, b, c¢. The Riemann surface is given by S = {[Z] = [Z1, Z2, Z3] | P(Z) = 0},
where P(Z) is a homogeneous polynomial of degree 2 in [Z]. We can choose ¢ such that
dP #0on S. Let H* be an open neighborhood of H' and ¢ ¢ ]I:HJF.~ Then Riemann surface
S NHT is Stein and there exists a Stein neighborhood U of S N H™ such that U is Stein
(see [21]). Let h be a holomorphic function in U such that h(a) # h(b).

Let x be a function in C§°(U) such that xy = 1 in a neighborhood of S N H*. Consider
the (0, 1)-form

Then a € Cg (EJF) Using the assumption that Hgvll (H*) = 0, there exists v € W1 (H™")
such that du = « in H'. Let

F = xh — Pu.
Then F € WHH*') N OHT). Furthermore, F(a) = h(a) # h(b) = F(b). The lemma is
proved. ]
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5.1. Proof of Theorem 5.1. Suppose that 0 : L3 ((H") — L3 ;(H") has closed range.
Using Lemma 5.3,

Hyh(HY) =0.
It follows from Lemma 5.4 that holomorphic functions in W!(H") separate points. This is
a contradiction to (2) in Lemma 4.2. Theorem 5.1 is proved. u

We have also proved the following corollary.

Corollary 5.5. H&,ll (H*) # 0.

6. OPEN PROBLEMS

There are numerous open problems concerning 0 on domains in C* and CP". In this
section we list only a few open problems which are related to this article.

Problem 1 (Sobolev Estimates for 9 on Pseudoconvex domains CP"). Let Q be a
bounded pseudoconvex domain in CP"™ with smooth boundary. Can one solve 9 with W?*
estimates for all s > 0?7 In other words, prove (or disprove)

(6.1) HEL(Q) = 0.

We remark that by Corollary 5.5, some smoothness of {2 must be assumed. When (2
is a bounded pseudoconvex domain in C"™ with smooth boundary, this is exactly Kohn’s
therorem (Theorem 1.3).

Problem 2 (L? Existence for 9 on Pseudoconcave domains CP"). Let Q be a
bounded pseudoconvex domain in CP" with smooth (or Lipschitz) boundary and let Qt =
CP™\ Q. Prove (or disprove) that

HYAQY) =0
ifp#qgand g <n—1.

Problem 3. Let 2 be a bounded pseudoconvex domain in C™ with Lipschitz boundary.
Determine if

HyL(Q) =0.

In other words, can one extend Kohn’s results for s = 1 (Theorem 1.3) to Lipschitz
pseudoconvex domains? This.question has been raised many years ago. It has been shown
that W' estimates hold for pseudoconvex domains with C? boundary (see [23]). But it
remains unsolved for general Lipschitz domains. When the domain is the bidisk D x D,
this is proved rather recently (see [10]). One can also ask similar questions for the Hartogs
triangle in C? (see Problem 6 and Problem 7).

Let Q be a bounded domain in CP"™ with smooth boundary. Let 0 < p < n and 1 <
q < n — 1. Consider the induced operator 9 : L;q_l(bﬂ) — L]%’q(bQ), the tangential
Cauchy-Riemann operator on bf).

Let 0y : L ,(bQ) — L2 1 (bQ) be the adjoint operatorr of 9, with respect to the Fubini-
Study metric. Let

Oy = 9 + 960y : L ,(b2) — L2 (b9)
be the Jj-Laplacian (or Kohn-Rossi operator).
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Problem 4 (Kohn-Rossi Cohomcllogy). Let Q be a bounded pseudoconvex domain in
CP™ with smooth boundary. Does 0 : L;q_l(bQ) — Lqu(bQ) have closed range where
Ogggnandlgqgn—l?

If 0y has closed range for all degrees, show that for 1 < g < n—1, show that the dimension
of the Kohn-Rossi cohomology vanishes, i.e.,

dime Hp?, , (b2) = dime Ker(T}!) = 0.
If not, what is the dimension of the Kohn-Rossi cohomology dime H2? ,(b€2)?
by

We remark the following results are known: If §2 is strongly pseudoconvex, then we have
that 0y has closed range following the results of Kohn-Rossi [33].

If Q is a bounded pseudoconvex domain with smooth boundary in C", the closed range
property and L? existence for 9y is proved in [40] for ¢ < n — 1 and in [4, 32] for ¢ = n — 1.
In this case, we have that the Kohn-Rossi cohomology vanishes for ¢ < n — 1.

Problem 5. Determine if the L2 Dolbeault cohomology on the Hartogs triangles for (1,1)-
form Hi’; (H*) satisfies

(1) H}J’Ql (H*) is Hausdorff,

(2) Hpz (H) = 0.

We have proved that Hi;l (H*) is non-Hausdorff in Theorem 5.1. We also know that
Hg’gl (H*) = 0.. It remains to investigate the closed range property for (1,1)-form.

Problem 6. Let T be the Hartogs triangle in C2.

(1) Let B be a ball of radius 2 centered at 0. Determine if H 01(B\T) is Hausdorff.
(2) Determine the spectrum of the 9-Neumann operatoor on 7,
(3) Determine the spectrum of the d-Neumann operator,

This problem is raised in [2]. Since T is pseudoconvex and bounded, Hérmander’s L?
existence theorem holds for T. We have

Hf’;(T) =0 forall 0 <p <2

Notice that H%'(B \ T) is Hausdorff is equivalent to H*!(B \ T) is Hausdorff. This
question is equivalent to the following question (see [2] and also [34]).

Problem 7. Determine if
Hy\(T) =0.
It is proved in a recent paper [39] that

Hyr,(T) =0, keN, p>4.

However, it is still not known if this holds for W12(T) = W(T). By Corollary 5.5, we have
Hyh (HY) # 0.

There are numerous other interesting problems on 0 which are yet to be understood. We
list only these few problems to highlight the importance of understanding the L?-Sobolev
theory for 0 on domains in complex manifolds.
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