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1. ABSTRACT

In this paper, we are going to follow a text written by Jarvis, to explore
the concept of class numbers and class groups; moreover, we are going to
find ways to calculate the class number over number fields by deriving a
class number formula through Analytic Number Theory, with Dirichlet Unit
Theorem. We will first explain some geometric techniques in order to prove
the finiteness of class numbers and Dirichlet Unit Theorem, and then we will
use Analytic Number Theory to derive the formula. This formula is very
useful in computing the class number of a specific number field, and decide
if the number field is a unique factorization domain by analyzing the class
group of the number field.

2. PRELIMINARIES

Definition 2.1. An ideal I in a commutative ring R is defined with the
following properties:

(i)ogel

(ii) ifsand j € I, theni—j el

(ii) if i € I, c € R, then ci € 1.

Date: Started December 21. Last revision February 5, 2019.
1



2 TING GONG

An ideal with only one generator is called a principal ideal.
Definition 2.2. A field K is a number field if it is a finite extension of Q.

Definition 2.3. Let K be a number field, then Zg is the ring of integers
of K, with Zxg = {a € K|« is an algebraic integer}

1
Definition 2.4. A fractional ideal of Zy is a subset of K with the form —c,

with ¢ an ideal in Zg and  a non-zero element of Zy. The fractional ideal
is principal if ¢ is principal.

Definition 2.5. Let R be an integral domain, then R is a principal ideal
domain if every ideal is principal.

Definition 2.6. Let R be in a ring, and u € R. If there exists v € R such
that wv = 1, then w is a unit in R

Definition 2.7. Let p € R. Then p is irreducible if
(i) p is not a unit.
(ii) whenever p = ab, then either a or b is a unit.

Definition 2.8. A ring R is a unique factorization domain if it is an integral
domain in which every element a € R can be written as a = up; . .. pn, where
u is a unit and each p; irreducible.

Fact 2.9. Let ¢ : R — S be a ring homomorphism. Then there is an
isomorphism

R/ker¢ = im¢
Definition 2.10. An nth roots of unity is a number ¢ € C such that (" = 1.

Definition 2.11. After choosing a basis for K a number field, represent
a € K as a matrix. Thus, we define norm as the determinant of a, denoted

by NK/Q(G)
3. CALCULATE CLASS NUMBER THROUGH ALGEBRA

3.1. What is a Class Group and Class Number. In order to explain
what a class group is and how it works, we need several facts. [Thm. 4.31,
5.30, 5.32]{Jar14}

Fact 3.1. A principal ideal domain (PID) is a unique factorization domain
(UFD). If we do a contrapositive, we will see this fact as: If a domain doesn’t
have unique factorization, then there are some ideals that are not principal.

Fact 3.2. Ideals in a ring of integers of number field can be uniquely fac-
torized into prime ideals. This implies that we could use fractional ideals to
represent ideals in the ring of integers.

Fact 3.3. Fractional ideals and principal fractional ideals form an Abelian
group.
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Definition 3.4. Let K be a number field, §x be the group of fractional

ideals, and PFx be the group of principal fractional ideals. Then we define

the quotient group Cx = ‘g{;’( to be a class group of K. And we call the
K

number of elements in this group, hg, the class number.

Remark 3.5. From the definition, we observe that when hx = 1, the
class group C is trivial, meaning that the domain is a unique factorization
domain; otherwise, it will not be a unique factorization domain.

3.2. Class Numbers on Imaginary Number Fields. In this section, we
first introduce some preliminary concept and theorems, before we calculate
class numbers in imaginary number fields.

Definition 3.6. A gquadratic form in n variables is a homogeneous polyno-

mial of degree 2, i.e.
n n
E E Qi T3 5
i=1 j=1

Notice that this could be written as a product of vectors and matrices: Let
v =(21,...,2,)" and A = (a;j), then it could be written as v’ Av.

Definition 3.7. A binary quadratic form is a quadratic form in 2 variables,
thus can be written as

f(z,y) = ax® + bxy + cy?
this can be written as (a, b, c), and it has discriminant b — 4ac.

Definition 3.8. A quadratic form is positive definite if f(z,y) > 0, for all
xz,y € R, and f(x,y) = 0 iff x = y = 0. Notice that this is equivalent to
discriminant b? — 4ac < 0.

Definition 3.9. Quadratic forms f(x,y) is equivalent to g(z,y) if there
exists p,q,r,s € Z, such that ps — ¢r = 1 and one can map f(z,y) to
g(x,y) or other way round by (z,y) — (px + qy,rz + sy). And notice that
p,q,7,s forms a matrix, the mapping denotes a linear transformation, and
the matrix in GLo(Z). Similarly, f(z,y) is properly equivalent to g(x,y) if
p,q,7,s forms a matrix, the mapping denotes a linear transformation, and
the matrix in SLo(Z)

Definition 3.10. A form (a,b,c) is reduced if —a <b<a <cor 0 <b<
a=c.

Remark 3.11. One could prove that every positive definite binary qua-
dratic form is properly equivalent to a unique reduced form. The reason
this is introduced is that every ideal in a ring of integers has a correspond-
ing reduced quadratic form. Therefore, we classify all the ideals having the
same reduced quadratic form into a equivalence class. Therefore, we want
to show that there is a bijective relation between this equivalence class and
ideal classes; so that we could draw a solution about class group and class
number through studying quadratic forms.
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Now, we could start proving how to compute class numbers. But since
we know that the rings of integers of different number fields have different
forms, we need to distinguish Z[v/d] of whether d = 2,3 mod 4 or d = 1
mod 4. We assume d = 2,3 mod 4 for now.

Lemma 3.12. Let a be an ideal in the ring of integer Zy . Then there exists
positive integers a, b, c such that

a=aZ+ (b+ cVd)Z
with cla and c|b

Proof. Take a to be the minimal integer in a, ¢ as small as possible. We
claim that in this setting, we could represent a. We need to check three
properties:

(i) We know that aZ + (b + ¢v/d)Z C a, we only need to prove the other
direction. Take x + y\/& € a ,and Im such that = + y\/a —m(b+ C\/&) =
(z—mb)+(y—me)Vd, where 0 < (y+mc) < c. Since cis as small as possible,
we know that y +mc = 0 or we find a smaller integer which contradicts our
assumption. Now we discuss (x — mb). Since a is minimal, we know that
(x —mb) = 0 mod a, or we find a smaller integer in the ideal. Thus, we
know that a = aZ + (b + cVd)Z

(ii) Now we do the same trick. Since a € a, we conclude that av/d € a.
Therefore, 3t, av/d = t(b+ c¢v/d) + qa such that 0 < ¢t —a < ¢. If ¢t —a = 0,
c|a, otherwise we contradict the minimality of ¢

(iii) By the same reasoning as in (ii), bv/d + cd € a. Therefore, 3t such
that 0 < b — ¢t < ¢. Then we could conclude that cl|b. ad

Corollary 3.13. Assume we could write a = aZ + (b+ ¢v/d)Z in a ring of
integer Zy. Then Ni g(a) = ac

Proof. The norm of an ideal denotes the cardinality of the ring of integer
modulo the ideal. Therefore Ny /g(a) = |Zk /a|. But we know that a, c are
minimal, the set Zy /a = {z +yV/d|0 < z < a,0 < y < c}. Therefore, it is
clear that there are ac elements. ad

Proposition 3.14. Assume a,b,c € Z, then the Z-module aZ + (b+ C\/E)Z
is a ideal in Zx iff cla, c|b, and ac|c*d — b?

Proof. The difference between a Z-module and an ideal is that whether we
could multiply it by an element in the ring and still remain in the set.
Therefore, take z,y € Z, a = az + by + cyv/d. And we know that av/d € a.
Thus, 3s,t € Z, a/d = cyd + azVd+ byv/d = as + bt + ct\/d. Therefore, we

b
know that t = az + by
c

, which implies that c|a, c|b, then Vx,y € Z. Also,

_ 20 d—abo—b2 .
we have cyd = as + bt; thus we have s = Cyda bt — cyd Zﬁx %Y This is an

integer iff ac|c?d — b? O
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Theorem 3.15. Assume a = aZ + (b + cV/d)Z is an ideal of Zg. Then
Nijglaz + (b + cvd)y)
Ngg(a)

is a quadratic form with integer coefficients and discriminant 4d.

Proof. We first calculate
Ngglaz + (b + eVd)y) = (ax + by)? — dcy?
= a’2? + 2axby + V?y? — dc*y?
Therefore, we know that our original equation

Ngjglax + (b + cVd)y)  a2x? + 2axby + by? — dcty?

NK/Q(a) - ac
a 5 2b v —dc?

=2+ —xy+ —y
Cc Cc ac

Thus, by the last proposition, we know that this is a quadratic form with
integer coefficients. And the discriminant

B 4ab® — 4ab® + dadc?

Dk = 5 =4d

ac

Now we find a mapping from the ideals to quadratic forms, that

 Nijolaz + b+ /)
la) = N /o(@)

Before we spend time examine the bijectivity, we need to check that properly
equivalent quadratic forms lie in one class.

Lemma 3.16. If z is in the upper-half complex plane, and M = < ]; z ) €

GLy(Z), then a i % s in the upper half complex plane iff M € SLs(7Z)
p+rz

Proof. Now we simplify the fraction:
qg+sz _ (q+sz)(p+71Z)  pg+ qrz+psz+ srz|?
ptrz lp+rz|? lp + 722

im(z)(ps — qr)
Ip + rz|?
direction works in this case. O

Thus, the imaginary part is , therefore, it is clear that both

Proposition 3.17. If a and b are in the same ideal class, then ®(a) and
®(b) are properly equivalent.
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Proof. Since a and b are in the same ideal class, 30 = a//3, such that a = 6b,
thus, fa = ab. Now assume that a = yZ + 0Z, then fa = SyZ+ 657Z. Thus,
we know that

Nio((B)a) = [Nk o(B)|Nk/g(a)
and
Nio(Byr +By) = Nk o(B) N jo(ye + 0y)

Thus, we know that ®(Sa) = ®(a). And we could deduce ®(ab) = D(b).
Therefore, we know that ®(ab) = ®(Sa) O

b
We define ¥((a, b, c)) = aZ + (5 +1/d)Z and claim that this is the inverse
function of ®. We check:

Proposition 3.18. If (a,b,c) and (d’,b',c) are properly equivalent, then
U((a,b,c)) and V((a', V', ) lie in the same ideal class.

Proof. Since there are only three types of proper equivalence, we check all

the possibilities: (a,b,c) — (a,b £ 2a,c £ b+ a) and (a,b,c) — (¢,—b,a)
b+2 b

U((a,b+2a,ctb+a)) = aZ+( a+\/&)z = aZ—i—(i—k\/g)Z = ¥((a,b,c))

2
Since we know that b% — 4ac = 4d, we have —a = btfd

b+ 2vVd b+ 2vVd —b
2y b = 2 g (o va
b
= (5 +VAZ + (~0)Z = ¥((a,b,0))
Therefore, we know that they are in the same ideal class. a

Theorem 3.19. ® and ¥ are inverse bijections to each other between the set
of proper equivalence calsses of quadratic forms and the set of ideal classes

Proof. Now, it suffices to check ®(¥(a,b,c)) = (a,b,c) and ¥(P(a)) = a.
a o  2b b? —de* 1
V(®(a) = ‘I’(Eiﬂ + e + e Y )= E(GZ + (b4 ¢Vd)Z)

Therefore, we know that U(®(a)) gives a equivalence.

(U(a,b,c)) = ®((aZ + (g +Vd)7Z))

1 b —4d ,

_ L2 0
= —(a =)

— abxry —

= ax? + bxy + cy?

And this concludes our proof, since it gives exactly (a, b, c). ad
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Remark 3.20. We could do the same proof to d =1 mod 4, but we only
1 d
need to replace v/d with +2\[

Theorem 3.21. There are only finitely many reduced quadratic forms of
discriminant D.

Proof. Assume (a,b,c) to be reduced, with 0 < |b] < a < ¢. Thus 0 <
b? < ac. Which yields —4ac < D < 3ac. Therefore, we have the range of

-D -D -D
ac, which is — < ac < ——. Thus, a? < ac < —. We found a to be

bounded, and for each choice of a and b, we have only one c. This tells us
that there are finitely many reduced form. a

Corollary 3.22. The class group of an imaginary quadratic field is finite.
Remark 3.23. We can find specific class numbers by using the bound in
Theorem 2.24, and counting quadratic forms.

4. FINITENESS OF CLASS NUMBER AND DIRICHLET’S UNIT THEOREM

In this section, we will need some geometrical techniques. This will be
introduced in the following sections.

4.1. Finiteness of Class Number.

Definition 4.1. Let V be an n-dimensional real vector space. A lattice in
V' is a subgroup in the form

I'=2Zvi+...+2Zvy,

where {v1...v,} are linearly independent vectors in V. The lattice is com-
plete if m=n

Definition 4.2. The fundamental mesh or fundamental region associated
to I', ®r, is defined as

dr = {a1v1+...—i—amvm|0 <a; < 1}

Definition 4.3. A subset I' C R"™ is discrete if for all radius » > 0, T’
contains only finitely many points at a radius at most r from 0.

Definition 4.4. A region X C V is centrally symmetric if x € X implies
—x e X

Definition 4.5. A region X C V is convez if z,y € X, and ¢ € [0, 1] then
the line {(1 —t)z +ty} C X

Now, we recognize three basic propositions, to which I will give a sketch
for the proofs in order to introduce a theorem faster.

Proposition 4.6. A subgroup I' C V is a lattice iff it is discrete
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Sketch. (=) We could define a continuous map: ¢ : ajvy + ... + apv, —
(ai,...an). We could draw a closed ball with radius r in the preimage, which
would be compact. Therefore, the image would also be compact, thus we
could take M to be the maximum and claim that we have a; < M.

(<) We could let " span Vjy and take I'g to be lattices in Vj, and we could
prove that ¢I' = I'y by discussing the extra points besides I'y. a

Proposition 4.7. A subgroup I' C V is complete iff 3 a bounded By € V
such that U, cr(By + 7).

Sketch. (=) Take B, to be ®p

(<) By is bounded, then every point is inside a radius r. If T' is not
complete, and Vj is the span, then V[ is not V. Then there will be points
out side of V| but inside V', which will lead to a contradiction. O

Proposition 4.8. Assume I' is a lattice in R™. If v; = (a;1,...,Gipn), then
the volume vol(T') = | det(a;;)|

Sketch. By changing of coordinates when computing the integral:

dr

Theorem 4.9. (Minkowski) Assume I' is a complete lattice in V. Let X be
a centrally symmetric convex subset of V.. Suppose vol(X) > 2"vol(I"), then
X contains at least one non-zero lattice point.

O

Proof. We prove this by contradiction. Assume there are no non-zero lattice
1 1

points. Then it is clear that (§X +7)N (§X +72) = 0, where v; and 75

are distinct lattices (if not, then we can find z1, 29 € X such that v3 — v =

1 1
—xg— 5551) Then, we know that {®pN §X+'y}76p = (). But this is a subset

2

1 1 1
of ®p. Thus vol(T") > vol(@pﬂ{§X+'y}7g) = vol(iX) = Q—nvol(X), which
is a contradiction. O

Definition 4.10. If 0: K < C, and ¢(K) C R, then o is called a real em-
bedding. Otherwise it is called a complex embedding. Its conjugate denoted
by & is defined as (k) = o (k).

Proposition 4.11. Let Kg = R" xC" (Since C = R?, we could understand
this space as a real space with (ry + 2rg)-dimensional space). And i be
a mapping from K — Kgr. T = i(Zk) is a complete lattice in Kgr and
vol(T') = | D |'/2.

Proof. Assume I' = Ziwy + ... + Ziw, C Kg. Let M be the matrix (r;w;).
Then, by definition, we know that Dx = A{wi,...,w,} = det(M)?. Then,
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by the reasoning in proposition 3.8, we know that vol(I') = |det(rw;)| =
det(M) = |Dg|"/? 0
Definition 4.12. The discriminant of ideal a, if a = auZ + ... + anZ, is
D(a) = NMay, ..., an} = det(ria;)?, where 7 are all embeddings of K into C.
Corollary 4.13. If a is a non-zero ideal of Zk, then T' = i(a) is a complete
lattice in Kg, with D(a) = Ny q(a)? Dy, and ®, has volume NK/Q(G)|DK|1/2
Proposition 4.14. Let I" be a lattice in Ky, and let c1,...,¢r,,Ch, ..., Cry €

r2
R-g satisfy c1...c;, (C1...Cry)% > | = | wol(T'). Then there exists a non-zero
s

V= (L1, e, Trys 215 oy 2ry) € I such that |z;| < ¢j for all j = 1,...,m1, and
|zk| < Ck for all k=1,...,r9.

Proof. In this proof, we want to invoke Minkowski’s theorem. Let X be
the set of all elements with |z;| < ¢; for all j = 1,...,r1, and |z]| <
Cy for all kK = 1,...,79. Then it is clear that X is centrally symmetric
and convex. Then we have volg(X) > (2¢1)...(2¢,, ) (7C})...(vCE,). Thus,
we know that vol(X) = 27volg(X) > 22(2¢1)...(2¢,,)(7C?)..(wC2 ) >

2\"
PARRAEY Lk <> vol(I"). Therefore, we finally get vol(X) > 2"vol(T"). Thus
T

we know v exists. O

Proposition 4.15. Let a be a non-zero integral ideal of Zy. Then there

2\"

exists a non-zero a € a such that | Ny ()| < () NK/@(a)\DKP/Q
T

Proof. By Corollary 3.13, we take M, where

2" 2"
M > <7r> NK/Q(a)]DK|1/2 = (ﬂ) vol ()

Therefore, by proposition 3.14, we could choose cj...c,, (Cy...Cy,)? = M.
Therefore, there is a non-zero element o € a, such that each of its coordinates
is smaller than the embeddings. Therefore, we know that N qg(a) < M.
Since M can be infinitely close to the value, we know that we get the equation
required. O

Theorem 4.16. The class group C(K) is finite.

Proof. We take b € [a~!], where [a~!] denotes the ideal class of a=1 , WLOG,

we assume b € Zg. Then by proposition 3.15, we have 38 such that
2\ "

[Nr/g(B)] < <> NK/Q([J)\DKP/Q. Then let ¢ = (8)b~! € [a]. Therefore,
0

2 2
we have Ny g(c) = [Ng/q(B8)|Nkgb) ™! < (W |D|'/? = M. There-

fore, we know there are finitely ideals whose norm is within a bound. Thus
there are only finitely many ideal classes. a
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Now, let’s find a better bound.
Lemma 4.17. Let
Xe ={(z1, ey Tpy, 215 ooy 2|1 | + oo+ |20y | + 2|21 + oo + 2|20, | <t} C KR

n

t
Then vol(Xy) = 2" —
n!

Proof. Since C = R?, we could see each z as u;,v;. And by a former
proposition, vol(X) = 2"2volg(X), we only need to calculate volg(X) by

changing variables (u;,v;) to (?Z cos 0;, ?Z sin 0;), thus

volR(X)—/ ldzy...dzy, duidvy...duy, doy,
Xt

= QM4 (207)" / Ry..R,,dx:...dz, dRy...dR,,
Y:

t
_oriq—r T
= 2114772 2m)

n

t
Therefore, we have vol(X;) = 2" 7" — O
n!

Theorem 4.18. (Minkowski bound) Every ideal class of K contains an

L4\
integral ideal ¢ of norm at most it <) |Dgc|1/?
ntA T
Proof. Assume b € [a7*], with a an ideal class. We want to invoke Minkowski’s
n

t
theorem, so we choose a t, such that 2™ 7r’“2—' > 2™pol(b). Since n = r1+2r9,
n!

by a proposition proved before, we pick

4\ "

Then we know there exists a non-zero 5 € b with i(8) € X;. Moreover, we
have Arithmetic Mean-Geometric Mean inequality giving

1

(TTre)" = (S o)

Nig/o(B)] < (t>

n

I /4\"™
Nk o(B)] < n<> NK/Q([’)|DK|1/2

n" \m

Therefore, if ¢ = (3)b~! € [a], then plug in our previous result into N /o(c) =
[N /o(8)[Nkg(b) ™!, we get our result. O
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4.2. Dirichlet’s Unit Theorem.
Remark 4.19. We are going to introduce several mappings for future use:

Ui (21 ooy Ty s 214 oy 20y) = (log |21, .., log |20y |, lOg | 211, -0y 1OG | 215 |)
and
Zy ={ee Zk|Nggle) = +1}

S ={ye Kg|N(y) = £1}
and we have

H = {x ¢ R"™"2|tr(x) = 0}
Also,

AzZX S S h H

And let I' = \(Z).
Proposition 4.20. The kernel of X is w(K), group of roots of unity in K.

Proof. n(K) C ker(A) is clear. The embeddings clearly map the roots of
unity to 0.

Now we prove the other direction. If € € ker(\), then |i(¢)| = 1. There-
fore, it is a bounded region. And it is a lattice, thus it is discrete, thus it
is finite. And since the kernel is closed under multiplication, we know every
element has finite order. Thus it is a root of unity. ad

Corollary 4.21. T' is a subgroup of H.
Proposition 4.22. T' is a lattice in H.

Proof. It suffices to prove that I' is discrete. Thus, we want to show if
B(r,h) C H, then T'NB(r, h) is finite. Consider [~*(T'NB) = I~1(T)NI~1(B).
Since I7}(T") = i(Z}). We know i(Z}.) is finite, i(Z ) NI~ (B) is finite. And
I71(B) is bounded. Thus I is discrete. O

Proposition 4.23. There is a bounded region Bg C S such that

S= | i(e)Bs

GEZ;((

Proof. Consider the lattice i(Z ) € K of volume | D|'/2. Then if we move
the lattice by y, we have yi(Z}) also have volume |Dg|'/2, because N(y) =
+1. Then we can appeal to proposition Prop. 3.14 to set up a X contains
a non-zero point x € yi(Zy), and thus we have N(z) = Ng/g(a), with
o € Zy. Therefore, we know that N g(c) is bounded by an M from 3.14.
Thus, there are only finitely many «, thus we construct a set {ay,...,an}.
Thus, o = ¢ tag. Therefore, we know that y = xi(a)~! = zi(ag) ti(e).
Therefore, we could take Bg = {s € S|s € Xi(ay)1}. O

Corollary 4.24. T" is a complete lattice in H.
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Proof. By last proposition, S = UeEZ;( i(e)Bg, take By = I(Bg). We know
that Bg is a translate of X. And N(x) = %1, thus all the coordinates are
bounded away from 0. Thus the logarithm is not a problem. Thus, By is
bounded. Thus, we let H = Ueezix(()\(e) +Bu) = U,er(v+ Bu). Therefore,
by proposition 3.7, we know that I' is complete. O

Theorem 4.25. (Dirichlet) ey, ..., €, such that all € € Zy can be written
uniquely in the form

e =Cetoer
with ¢ € p(K), v; € Z, andr =11 +ro — 1 (L = p(K) X Z").
Proof. Consider the map: X\ : K* — R™%"2 restrict to A : Zj, — H. Then

the kernel is p(K), image is I', and T" is complete lattice in r-dimensional
vector space. Therefore, I' =2 7. a

Definition 4.26. We define €1, ..., €, as thefundamental units.

5. CALCULATE CLASS NUMBER THROUGH ANALYSIS
5.1. Riemann Zeta Function.
Definition 5.1. We define the Riemann Zeta Function as following;:

1

(s)=) —
n=1 n

Definition 5.2. We define the Gamma function as following:
o dt
I'(z) = / e
0 t

Definition 5.3. We define the functional equation as following:

£(s) = 77T (s/2)¢(s)
Definition 5.4. We define the Dedekind zeta function as following:

1
(k(s) =) Niso(a)y

a

where a is an integral ideal in number field K.
Fact 5.5. We can write the Riemann Zeta Function as

C(s) = QSWS_lsin(%s)F(l —8)C(1—s)

Fact 5.6. ((s),s € R, converges absolutely for all s > 1, and diverges for
s <1.



CLASS NUMBER FOMULAE 13

Fact 5.7. If Re(s) > 1, then

=1 1.,

a3t
n=1 P

The same applies to Dedekind zeta function: If Re(s) > 1, then

1
C(S) - ];[ 1 NK/Q(p)is

In this section, we want to know a bit about the functional equation.
Thus, we will begin proving a result:

Lemma 5.8. Set 0(t) =3, ., e ™™, Then ift #0, 0(1/t) = t(t).

Proof. Fix t > 0, and let f(z) = e~™*". And define F(z) = Y onez f(x+n).
Thus F(z) = >,z e~ (@+1)* We know that F(0) = (t). It is periodic
with F(z) = F(z 4 1). We take its Fourier series. F(z) =13, _, ame* ™.
Thus, we compute a,:

am _/ F —27rzmxdx _ Z/ f $+n —27rzm(a:+n)d

ne”L

_ / f(m)e—%rimzdx — /OO e—thzQ—Qwimzdm
—00 —00

00

— 2 /¢2 _ ; 2 1 _ 2 /42

— M /t / e w(tx+im/t) dr =t 16 m?/t
—00

Therefore,

0= an=Y tleT™/ =¢719(1/t)

MmEZ meZ

Proposition 5.9. For Re(s) > 1, we have

/ SO0 — 1)Etdt = /2T (s/2)C(s)
0

Proof. We evaluate the integral by changing variable v = nt and v = 7u?

/ Z 77rt2n2ts ld[IZ—QZ 5/ 7ru2usfldu
n

n>1

=2((s) [ e o/m T 2m) e = w0 (5/20)

Theorem 5.10. For Re(s) > 1, £(s) =&(1 —s)
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Proof. We evaluate £(s) by changing variable v = 1/t, and by Lemma 4.8
and proposition 4.9, we have

£(s) = /100(0(15) — Dt lat + /Ol(e(t) — Dt lat
— > _ s—1 o u u—g—]_ u
_/1 O() — 1)t dt+/ () — 1)u—"'d
_ s—1 uw u—s—l uw
_/1 O() — 1)t dt+/1 D4 d
_ > s—1 > u” _ U — 1 _ 1
_/1 0(t) — 1)t dt+/1 1)d

Therefore, we get

/Oo(e(t) — D)+t dt — o1
1

s 1-—s

Which clearly satisfies £(s) = £(1 — s). O

5.2. Class Number Formula.

Remark 5.11. In this section, we are going to derive the Analytic Class
Number Formula:

2T1+r27TT2RKhK
m|DK‘1/2

Where R is the regulator of K, hi is the class number of K, and m is the
number of roots of unity in K

lim(s —1)Cr (s) =

Definition 5.12. Let €1, ..., €. be a set of fundamental units, r = r{+ry—1.
A : K — R™7"2 be the logarithm mapping. The regulator, R is the absolute
value of the determinant of any r X r minor in the (r + 1) x r-matrix with
entries \;(e;).

Definition 5.13. A cone in R" is a subset X C R" such that if x € X and
A € Ryg, then Az € X

Proposition 5.14. Let X be a cone in R", F : X — Ry, be a function
satisfies: F(x) = E"F(x), withx € X, £ € Ryg. Let T = {x € X|F(x) < 1}
be bounded, with non-zero volume v = vol(T). Let I' be a lattice in R",

1
with A = vol(I'). Then Z(s) = > rnx o) converges for Re(s) > 1 and
x

limg_1 (s — 1)Z(s) = %

1 A
Proof. First, we notice vol(~T') = —. Let N(r) be the number of points in
r r

1
—-I'N T, then N(r) is also the number of points in {x € ' N X|F(x) < r"}.
”
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A
Then v = vol(T) = lim N(r)—. Now we arrange 0 < F'(z1) < F(xg) < ...,

T—00 T

k
and let 7, = F(x)Y/™. Then N(rp—¢) < k < N(ry,). Therefore, — < N(re)

7,.n
Tk k

Thus, Ve > 0, Jkg, such that

This gives ri@m@ = lim Flan)
v 1 1

Vk > k h ——€f)- < =
> ko, we ave-(A €)k<F(£L'k)<

v R I | v o= 1
G o<y <Gt
k=k k=ko k=ko

S

v 1
K + E)% Thus,

—~

Therefore, we know it converges when Re(s) > 1. And if we multiply
limg_,1(s — 1) on both sides, since the pole of ((s) is at s = 1. We will
get the equation we want. O

Definition 5.15. The cone X C Ky is defined with the following property
(x € X):

(i) N(z) # 0

(ii) The coefficients &; of I(x) satisfy 0 < & < 1

27
(iii) 0 < arg(z1) < —, where x; is the first component of x
m

Lemma 5.16. Ify € R", with N(y) # 0. Then y is uniquely of the form
zi(e), where v € X and € € Zj;.

Proof. Let l(y) = YA + 11A(e1) + ... + % A(e). Let’s write v; = k; + &,
with k € Z,& € [0,1). And let n = ¥'..éfr. Let z = yi(n). We know

T

2 2

that 0 < arg(z1) — 2km < =" for some k. Choose ¢ € u(K) such that
m m

71(¢) = €>™/™ then z = yi(n~ (%) € X, thus y = i(nC). O

Remark 5.17. Let connect what we have proved before with class numbers.
By Dedekind zeta function: (x = ) cec, fc(s), summing all the ideal

1
classes. And fo(s) = > .co W. But if we take b € C~!, then ab

is principal, say («). Thus, a and («) are bijective, and o € b. Thus,
fe(s) = Ngjo(0)* > oy = Let I' = i(b), © = {z € K|z =
/Q bl >NK/Q(a)S

i(a),a € B}, where B is a complete set of non-associate members of b,
s 1
then fo(s) = Ngo(b)® Y-, co N

Proposition 5.18.
oritra 2 p
vol(T) = £ TTRK
m

Proof. Let € € Zy. Then it preserves volume. And also by the last lemma,
we let T = JJ", Ti(¢*), and this has vol(T) = m - vol(T). Now, we let
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T1

_ . 2 _

T ={x € Tlx; > 0,Yi = 1,....,m71}. Then vol(T) = —wol(T). Now we
o m

compute vol(T') by change of variables first.

(1'1, vy Lpp g By oeey ZTQ) = (1.17 -"71.7’17R17 ¢17 ceey R’I‘27 (brg)
Where 2z, = Re'?. And the Jacobian of this change is R;...R,,. Now, since
l(x) =X+ &M (e1) + ... + & A(er), and

U@Ly ooy Ty s 21y oeny 2ry) > (log(z1), ..., log (2, ), 210g(RY), ..., 210g(Ry,))
1
. We could do another change of variable with log(z;) = —log &+> . &kXi(ex)
n

2
and log(R;) = - log& + > 41 &kAriti(er). And the Jacobian is computed

R
to be ’J’ = WI(‘R%Q Therefore,
vol(T) = 2"volg (T) = 2" /dxl...dxmdyrl_,_ldzhﬂ...dyr1+r2dzrl+72
T

— o / Ry...Rp,dzy...dw,, dRydy...dRy,doy,
T

= 9r2(27)"2 /J]Rl...Rmdgl...dgr = 2" Ry
T

Thus, we plug this back into our equation. We will then get what we want.
O

Let’s make a conclusion with our remark.

Remark 5.19.

. v NK (b)2T1+T27Tr2RK 2r1+7~2ﬂ_r2R
lim(s — 1)fe(s) = Nigjgl(b) 5 = — =

Nijg(b)m|D[V/2— m|D['/?
Therefore, we could use the relation between ((s) and fo(s) to get:
. QM2 T2 Ry b
li(s — )G (s) = 15
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