
EXERCISES – DISTRIBUTION OF CLASS GROUPS AND THEIR

NONABELIAN GENERALIZATIONS

YUAN LIU

Problem 1: Class group of quadratic fields.
Let K be a quadratic extension of Q.

(1) Prove: if L is an unramified abelian extension of K, then L/Q is Galois.
(2) If L is an unramified abelian extension of K, then can you determine the Galois group of

L/Q?

(3) Write K as Q(
√
d) with d = (−1)rp1p2 · · · ps, where r = 0 or 1 and pi are distinct prime

numbers. Determine the maximal extension L of K such that L/K is unramified and
Gal(L/Q) is a 2-elementary abelian group.

Problem 2: For a global field K and a set S of primes of K, let KS denote the maximal extension
of K that is unramified outside S. Similarly, given another set T of primes of K, let KT

S be the
maximal extension in KS such that KT

S /K is split completely at all primes in T .

(1) Prove that KS and KT
S are Galois over K. Then denote GS(K) := Gal(KS/K) and

GT
S (K) := Gal(KT

S /K).

(2) What is GØ(Fq(t))? What is G
{∞}
Ø (Fq(t))? What is GØ(Q)?

(3) When K is a number field, let ∞ denote the set of archimedean primes of K. Show that
G∞

Ø (K) = GØ(K).

Problem 3: Use the Grothendieck-Lefschetz trace formula to compute #P1(Fq) and #A1(Fq).

Problem 4: Let G be a finite p-group or a finitely generated pro-p group.

(1) Prove that if M is a maximal subgroup of G, then G/M ≃ Z/pZ.
(2) The Frattini subgroup Φ(G) of G is defined to by the intersection of all maximal subgroups

of G. Prove that Φ(G) is a normal subgroup of G. Let π denote the surjection G ↠ G/Φ(G).
Prove that a set {g1, . . . , gd} ∈ G generates G if and only if {π(g1), . . . , π(gd)} generates
G/Φ(G).

(3) Prove that dimFp H
1(G,Fp) is the minimal number of generators of G.

(4) Furthermore, assume G is finitely presented, and assume dimFp H
1(G,Fp) = d. Let Fd

denote the free pro-p group on d generators. Then there exists a surjection ρ : Fd ↠ G.
The minimal number of relators of G is the smallest integer r so that there exists a set
{x1, . . . , xr} ∈ ker ρ satisfying that ker ρ is the smallest normal subgroup of Fd containing
{x1, . . . , xr}. Prove that dimFp H

2(G,Fp) = r.
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Problem 5: Use the estimation of dimFp H
i(GØ(K),Fp) for i = 1, 2 [NSW08, Theorem 10.7.10]

and the Golod-Shafarevich Theorem [NSW08, Theorem 3.9.7] to find a number field K and a prime
p such that the p-class tower group of K is an infinite pro-p group.

Problem 6: Let x1, . . . , xn be random elements in Z⊕n
p with respect to the Haar measure. Prove

the following formulas:

lim
n→∞

Prob
(
Z⊕n
p /[x1, . . . , xn] ≃ H

)
=

1

|Aut(H)|

∞∏
i=1

(
1− 1

pi

)
,

lim
n→∞

E
(
#Sur(Z⊕n

p /[x1, . . . , xn] → H)
)
= 1.
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