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Zariski’'s Dream and Serre’s Question

X projective variety over C and Z C X a Zariski closed subset.
U=X\Z

is a quasi-projective variety.

Zariski's Dream [86]:
Understand the properties that the groups m(U) share and
their dependence on algebraic invariants if X = P2.

Serre’s Question [75]:
Which finitely presented groups G can appear as m1(U).

Why?
To understand coverings of X ramified along Z.
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@ X™ c P" locally complete intersection and Z c X closed Zariski
subset,

o A Whitney stratification of X s.t. Z = UL_,Aj, Aj € A,
@ H hyperplane section transversal to A,
o U:=X\Z

Then,

UnH<=U,

is an (m — 1)-equivalence.
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@ If X simply connected, only hypersurface complements
contribute to fundamental groups.

@ Enough to study curve complements on surfaces.
@ If X is smooth and Z = {), then condition on H is trivial.
@ The genericity condition is important.
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A=UUAyUA; UA3U Ay UAys UAji3U Ap13
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H; NOT transversal to A, since it contains Aps, )
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o U=P2\L=C2= m(U)={1}.

@ U=P2\(LoUL)=C xC* = m(U) = Z.

@ Lyo,...,L, concurrent, U=P?\ (LyU...UL,) =C x C \ {r points}
:>71’1(U)=]Fr.

e U=P2\({z=0}U{yz=x%}) =m(U)=2.
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@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.
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@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.

C*xC? — C?
(t,(y) = tx(xy) = (9% ty)
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Sp.q = {(x,y) € C2 | [|x]lp+llyllq= 1}
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@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.

Sp.q = {(x,y) € C2 | [|x]lp+llyllq= 1}

(t,(xy) = px(6y) = (9%, pPy),

where
t

R/ Iy Ta

w(t,x,y):=(1-1t)+
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@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.

Sp.q = {(x,y) € C2 | [|x]lp+llyllq= 1}

*(x,y) == (u9x, pPy),

where
t

it x,y) =1 -t ——o
/1 xle+1Yllg
1

%/ Ixllo+1llg
F(0,x,y) = (x,y) and F(1,x,y) = u(1,x,y) * (X, y), where

Note that 1(0, x,y) =1 and u(1,x,y) = . Hence

H/L(17X7y)qXHP+H/L(17X7y)pY||q: -

J.I. Cogolludo-Agustin Fundamental groups...



Settings and Motivations
Zariski’s Dream
A dimension reduction
First Examples

First Examples

@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.

mi(U) = 11 (S*\ Topy 1)

J.I. Cogolludo-Agustin Fundamental groups...



Settings and Motivations
Zariski’s Dream
A dimension reduction
First Examples

First Examples

@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.
m(U) = (m,...,mp 0, B,0: [ mi = a?8% (6, m] = 1,0 = aP = %)

where p = rpy, q = rq, ged(p1,g1) = 1,and aps + bgr = 1.
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@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.
m(U) = (m,...,mp 0, B,0: [ mi = a?8% (6, m] = 1,0 = aP = %)

where p = rpy, g = rqi, ged(p1,q1) = 1,and apy + bgy = 1.
o If r=1,then m(U) = (o, B : o = B9).
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@ U=C2\CwhereC={(x,y) € C?|y9 = xP}.
m(U) = (m,...,mp 0, B,0: [ mi = a?8% (6, m] = 1,0 = aP = %)
where p = rpy, g = rqi, ged(p1,q1) = 1,and apy + bgy = 1.

o If r=1,then m(U) = (o, B : o = B9).
o lfp=gqg=r,thenm(U) = (mi,mo,....,m: [[I_, mj,m] =1).
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Homology

Proposition

LetC =CyUCyU---UC, C P? irreducible decomposition of a plane
curve. Then

Hi(P?\C) =7Z" x Z/dZ,
where d := ged(ab, ..., d), d; := deg(C;).
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x, y, Z].
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x, y, Z].
Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x,y, z].

Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
Complement: U=P?\C = {[x:y:z] € P? | f(x,y,z) # 0} C P?
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x,y, z].
Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
Complement: U=P?\C = {[x:y:z] € P? | f(x,y,z) # 0} C P?
h: F — F
(vaaz) = fd(X,y,Z)

where ¢9 = 1 primitive.
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x, y, Z].
Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
Complement: U=P?\C = {[x:y:z] € P? | f(x,y,z) # 0} C P?
F L4 U
p=(xy,2) — [x:y:Z]
and j(p1) = j(p2) iff po = K*(py) for some k =0, ...,d — 1.
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x, y, Z].

Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
Complement: U=P?\C = {[x:y:z] € P? | f(x,y,z) # 0} C P?

F 4 U

1w

F/ih)
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x,y, z].

Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
Complement: U=P?\C = {[x:y:z] € P? | f(x,y,z) # 0} C P?

F/ih)
o

F 4 U

I e

Hence,
1— 7T1(F) — 7T1(U) — Z/dZZ H1(U) —0
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Milnor Fiber

Assume C = V(f) c P? irreducible, f homogeneous polynomial of
degree d in C[x,y, z].

Milnor fiber: F = {(x,y,z) € C3| f(x,y,z) =1} c C3\ {0}
Complement: U=P?\C = {[x:y:z] € P? | f(x,y,z) # 0} C P?

IfC C P? irreducible, then 71 (F) = [r1(U), 71 (U)].

J.I. Cogolludo-Agustin Fundamental groups...
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Meridians

p € Z smooth point on Z ¢ X"+ irreducible hypersurface in X
manifold.
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Meridians

p € Z smooth point on Z ¢ X"+ irreducible hypersurface in X
manifold.
(Xv Z, p) = (Bn+1 ) {Xn+1 = 0}7 O)
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Meridians

p € Z smooth point on Z ¢ X"+ irreducible hypersurface in X
manifold.

(Xv Z, p) = (Bn+1 s {Xn+1 = 0}, O)

N ={(0,...,0,x,.1)} transversal line positively oriented.
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Meridians

p € Z smooth point on Z ¢ X"+ irreducible hypersurface in X

manifold.

(Xv Zv p) = (Bn+1 ) {Xn+1 = 0}7 O)

N={(o0,...,0, x,,+1 )} transversal line positively oriented.
(t) = {(0,....0, &) [t [0,1]} C N
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Meridians

p € Z smooth point on Z ¢ X"+ irreducible hypersurface in X

manifold.

(Xv Zv p) = (Bn+1 ) {Xn+1 = 0}7 O)

N={(o0,...,0, x,,+1 )} transversal line positively oriented.
(t) = {(0,....0, &) [t [0,1]} C N

Definition

The loop « := § * 7, * 0 is called a meridian around Z.
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Meridians

p € Z smooth point on Z ¢ X"+ irreducible hypersurface in X

manifold.

(Xv Zv p) = (Bn+1 ) {Xn+1 = 0}7 O)

N={(o0,...,0, x,,+1 )} transversal line positively oriented.
(t) = {(0,....0, &) [t [0,1]} C N

Definition

The loop « := § * 7, * 0 is called a meridian around Z.

—_

2
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Meridians

Lemma (Generation by Meridians)

If X is simply connected, then w1(U) is generated by meridians
around the irreducible components of C.
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Meridians

Lemma (Conjugation class of Meridians)

If v1,vo are meridians around the same irreducible component in Z,
then vy and ~» are conjugated in 71(U).
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Meridians

Lemma (Conjugation class of Meridians)

If v1,vo are meridians around the same irreducible component in Z,
then vy and ~» are conjugated in 71(U).

Figure: Conjugate meridians
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Meridians

Lemma (Component deletion)

If vy meridian around the irreducible component Z; and Z = Zy U Z»
(Z1 & 2), U:=X\Z, U>:= X\ Z, then

1 =5 () - mU) 5 71(Us) - 1

1 ify meridian around Z;

7 ~  otherwise
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Meridians

Lemma (Component deletion)

If vy meridian around the irreducible component Z; and Z = Zy U Z»
(Z1 & 2), U:=X\Z, U>:= X\ Z, then

1 =5 () - mU) 5 71(Us) - 1

{1 if v meridian around Z;

7 ~  otherwise

If C has a locally irreducible singular point of multiplicity d — 1, then
T (U) = Z/dZ.

.
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Local Fundamental Group

peCcP
Study (BZ,C, p)
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Local Fundamental Group

peCcP
Milnor: (BZ(p), C N B(p)) = Cone(S2(p),C N S¥(p))
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Local Fundamental Group

peCcP
Milnor: (B(p),C N B4(p)) = Cone(S(p), K)
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Local Fundamental Group

peCcP
Milnor: (B(p),C N B4(p)) = Cone(S(p), K)

K

)

Figure: (C, p) at a smooth point.
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Local Fundamental Group

peCcP
Milnor: (B(p),C N B4(p)) = Cone(S(p), K)

p

Figure: (C, p) at a singular point of type x> — y® = 0
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Local Fundamental Group

peCcP
Milnor: (B(p),C N B4(p)) = Cone(S(p), K)

V(f)

Figure: (C, p) at a singular point of type fifo = (x — y)(x + y) = x> — y> =0
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Local Fundamental Group

peCcP
Milnor: (B(p),C N B*(p)) = Cone(S3(p),K)  Hence

BZ(p) \ (C NBL(p)) — Si(p) \ K.
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Local Fundamental Group

peCcP
Milnor: (B(p),C N B*(p)) = Cone(S3(p),K)  Hence

BZ(p) \ (C NBL(p)) — Si(p) \ K.

Definition

The invariant 7°<(C, p) := m1(S2(p) \ K) is called the local
fundamental group of C at p.
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Calculating local fundamental groups

K=$3nc¢
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J.I. Cogolludo-Agustin Fundamental groups...



Homology
First Properties and Examples Milnor Fiber
General Results
Local Fundamental Group

Maximal Cuspidal Rational Curves
Zariski’'s Coniecture
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K =$3NC = (8D3 x D2 Ur D2, x aD,)NC
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K=s*nc= (o3 xD3,)NC
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Calculating local fundamental groups

K:SSmcz(aDg xD5,)NncC

X /x

@/4//

Figure: Link of a nodal point
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Calculating local fundamental groups

K:SSmcz(aDg xD5,)NncC

X /x

@/4//

Figure: Link of a nodal point

m (D5, \ {~¢,¢}) x[0,1]/ 9)
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Calculating local fundamental groups

U(’y,'): Y2 if i =1
Yoy ifi=2
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Calculating local fundamental groups

K:SSmcz(aDg xD5,)NncC

X /x

@/4//

Figure: Link of a nodal point

m (D5, \ {-¢,}) x[0,1]/9)
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Calculating local fundamental groups

K:SSmcz(aDg xD5,)NncC

X /x

@/4//

Figure: Link of a nodal point

Gl ((Dgz \{-&¢}) x[0,1]/9) = (v,72:7=0%(n))
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Calculating local fundamental groups

K:SSmcz(aDg xD5,)NncC

X /x

@/4//

Figure: Link of a nodal point

i ((Dgz \{—e,¢}) x[0,1]/9) = (v,72:7% =3*())
= (11,721 = YNz )
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Calculating local fundamental groups

K:SSmcz(aDg xD5,)NncC

X /x

@/4//

Figure: Link of a nodal point

i ((Dgz \{—e,¢}) x[0,1]/9) = (v,72:7% =3*())
=(mr2m=rnn) = 72.
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Calculating local fundamental groups

Figure: Link of a singular point of type {y? — x9 = 0}
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Calculating local fundamental groups

In general,

L2

Figure: Link of a singular point of type y* — x9, p < q.

m (D5, \ {eés - k=0,...,p—1}) x[0,1]/ @) = (m,. ..

f0r520'10'2...0'p,1.

J.I. Cogolludo-Agustin

Fundamental groups...

Yo i = BY(i))




Homology
First Properties and Examples Milnor Fiber
General Results
Local Fundamental Group

Maximal Cuspidal Rational Curves
Zariski’'s Coniecture

Calculating local fundamental groups

If p=2, then
q q
m(SP\K) = ( v,%: T = Yoo )

Artin group A(.i.) associated with a singularity of type Ag_1.
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Calculating local fundamental groups

If p=2, then
q q
m(SP\K) = ( v,%: T = Yoo )

Artin group A(.i.) associated with a singularity of type Ag_1.

LetCz = {[x : y : z] € P? | y?z = x3} cuspidal projective cubic,
L={z=0}. Then

(P2 \ (C3 U L)) = (1,792 : y17271 = Y27172)-

V.
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Calculating local fundamental groups

If p=2, then
q q
m(SP\K) = ( v,%: T = Yoo )

Artin group A(.i.) associated with a singularity of type Ag_1.

LetCy={[x:y:z]€P?|y9=1z=x9}, L= {z=0}. Then

(P2 \ (CgU L)) = A(e—Z).

v

J.I. Cogolludo-Agustin Fundamental groups...
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])

v

= = — — -
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
@ Cy4 an irreducible rational nodal Plicker curve.

v
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
@ Cq4 an irreducible rational nodal Pliicker curve.
@ By genus formula, § = 3(d — 1)(d — 2)

v

= = — — -
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
@ By genus formula, § = 3(d — 1)(d — 2)
@ C* dual curve associated with C.

v

= = — — -

J.I. Cogolludo-Agustin Fundamental groups...




Settings and Motivations Homology
First Properti Milnor Fiber
Zariski-Van n Theorem General Results
Local Fundamental Group
Maximal Cuspidal Rational Curves

eometric Morphism Problernr Zariski’'s Coniecture

Maximal Cuspldal Rational Curves

Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
@ By genus formula, § = 3(d — 1)(d — 2)
@ C* dual curve associated with C.
@ From discriminant, d* = d(d —1) —25 =2(d — 1).

= = — = =
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Maximal Cusplaél Ratlonal Curves

Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
@ By genus formula, § = 3(d — 1)(d — 2)
@ C* dual curve associated with C.
@ From discriminant, d* = d(d — 1) — 2§ = 2(d — 1).
@ From Plicker formula (Hessian), x* = 3d(d —2) — 66 = 3(d — 2).

= = — — -
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Maximal Cusplaél Ratlonal Curves

Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
@ By genus formula, § = 3(d — 1)(d — 2)
@ C* dual curve associated with C.
@ From discriminant, d* = d(d — 1) — 2§ = 2(d — 1).
@ From Plicker formula (Hessian), x* = 3d(d —2) — 66 = 3(d — 2).

@ From genus formula again,
§* = 3(d* —1)(d* —2) — x* =2(d — 2)(d — 3).

= = — — -
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Maximal Cusplaél Ratlonal Curves

Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
By genus formula, 6 = 3(d — 1)(d — 2)
@ C* dual curve associated with C.
@ From discriminant, d* = d(d — 1) — 2§ = 2(d — 1).
@ From Plicker formula (Hessian), x* = 3d(d —2) — 66 = 3(d — 2).
@ From genus formula again,
0 = %(d* —1)(d*—2) — k* =2(d — 2)(d — 3).
C* is called a maximal cuspidal rational curve (of even degree).

(]
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Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
By genus formula, 6 = 3(d — 1)(d — 2)
@ C* dual curve associated with C.
@ From discriminant, d* = d(d — 1) — 2§ = 2(d — 1).
@ From Plicker formula (Hessian), x* = 3d(d —2) — 66 = 3(d — 2).
@ From genus formula again,
0 = %(d* —1)(d*—2) — k* =2(d — 2)(d — 3).
@ C* is called a maximal cuspidal rational curve (of even degree).

@ If t — [wo : @1 : 2] is @ parametrization of Cy4, then
Disc(Xowo + X101 + Xo2) is the equation of C*.

(]

= = — — -
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Maximal Cuspldal Ratlonal Curves

Example (Zariski ‘36 [85])
@ Cq an irreducible rational nodal Pliicker curve.
By genus formula, 6 = 3(d — 1)(d — 2)
@ C* dual curve associated with C.
@ From discriminant, d* = d(d — 1) — 2§ = 2(d — 1).
@ From Plicker formula (Hessian), x* = 3d(d —2) — 66 = 3(d — 2).
@ From genus formula again,
0 = %(d* —1)(d*—2) — k* =2(d — 2)(d — 3).
C* is called a maximal cuspidal rational curve (of even degree).

If t — [wo : ©1: o] is @ parametrization of Cy, then
Disct(Xowo + X101 + Xo2) is the equation of C*.

(]

e o

@ This is a hyperplane section of A := Disc,(3.%_, x;t')!!

= = — — -

J.I. Cogolludo-Agustin Fundamental groups...



Homology

First Properties and Examples Milnor Fiber
General Results
Local Fundamental Group
Maximal Cuspidal Rational Curves
Zariski’'s Coniecture

Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
Pd — (PY/Tg=X
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
Pd — (PY/Tg=X
[Xo:---:xq] +— Roots of Z,io x;t!
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
Pd — (PY/Tg=X
[Xo:---:xq] +— Roots of Z,io x;t!
A — Ax
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
Pd — (PY/Tg=X
[Xo:---:xq] +— Roots of Z,io x;t!
A — Ax
Pd \ A — X \ AX
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
Pd — (PY/Tg=X
[Xo:---:xq] +— Roots of Z,io x;t!
A — Ax
Pd \ A — X \ AX

Using Lefschetz hyperplane section (in a reverse way!)

m(P2\ C}) = m(P9\ A) = my (X \ Ax) = By(P').
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Maximal Cuspidal Rational Curves

Example (Zariski ‘36 [85])
Pd — (PY/Tg=X
[Xo:---:xq] +— Roots of Z,io x;t!
A — Ax
Pd \ A — X \ AX

Using Lefschetz hyperplane section (in a reverse way!)

m(P2\ C}) = m(P9\ A) = my (X \ Ax) = By(P').

For d = 3, C3 is a tricuspidal quartic and

m(P?\ C3) = B3(P') = (x,y : Xyx = yxy, xy?x = 1)

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski’'s Conjecture

Theorem (Zariski ’36 [85], Deligne ’81 [25], Fulton '80 [34], Nori
'83 [61], Zariski—Harris '86 [41])

The fundamental group of a nodal curve C C P? is abelian. In
particular,

m1(P?2\ C) = Hy(P?\ C) = 2"~ " x Z/dZ.
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Zariski’'s Conjecture

Theorem (Zariski ’36 [85], Deligne ’81 [25], Fulton '80 [34], Nori
'83 [61], Zariski—Harris '86 [41])

The fundamental group of a nodal curve C C P? is abelian. In
particular,

m1(P?2\ C) = Hy(P?\ C) = 2"~ " x Z/dZ.

Theorem (Nori ’83 [61])

LetC C X an irreducible curve in a smooth manifold X. Consider
7w : X — X a resolution of C so thatC U E is normal crossing.
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Zariski’'s Conjecture

Theorem (Zariski ’36 [85], Deligne ’81 [25], Fulton '80 [34], Nori
'83 [61], Zariski—Harris '86 [41])

The fundamental group of a nodal curve C C P? is abelian. In
particular,

m1(P?2\ C) = Hy(P?\ C) = 2"~ " x Z/dZ.

Theorem (Nori ’83 [61])

LetC C X an irreducible curve in a smooth manifold X. Consider
7 X — X a resolution of C so that C U E is normal crossing.If, C?> > 0,
then

7T1(X\C) *>7T1(X)

is a central extension.

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski’'s Conjecture

@ The result is also true if the hypothesis is satisfied for every
irreducible component.
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Zariski’'s Conjecture

@ The result is also true if the hypothesis is satisfied for every
irreducible component.

@ If X is simply connected, then it implies Zariski’s conjecture.
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Zariski’'s Conjecture

@ The result is also true if the hypothesis is satisfied for every
irreducible component.

@ If X is simply connected, then it implies Zariski’s conjecture.
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Zariski’'s Conjecture

@ The result is also true if the hypothesis is satisfied for every
irreducible component.

@ If X is simply connected, then it implies Zariski’s conjecture.

The projective complement of a cuspidal cubic is abelian.

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

COV‘ISSQUQHCES
Generalizations

Braid Monodromy

Due to Chisini '33 [19]

Problem (Chisini '47 [20])

Let S be a non-singular compact complex surface, letw : S — P? be a
finite morphism having simple branching, and let C be the branch
curve; then “to what extent does the pair (P?,C) determine r”?

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem Zariski-Van Kampen Theorem
Consequences

Generalizations

Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.
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Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.
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Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.

m1(B,p1,p2) x m(F,s(p1)) — mi(F,s(p2))
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Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.

7r1(B,(p1,p2) x m(F,s(p1)) — m(F,s(p2))
Y
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Generalizations

Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.

7r1(B,(p1,p2) X m(F,S)(m)) —  m(F,s(p2))
Y ) Q
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Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.

m1(B,p1,p2) x m(F,s(p1)) — mi(F,s(p2))
(v , @) =oal
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Generalizations

Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.

m1(B,p1,p2) x m(F,s(p1)) — mi(F,s(p2))
(v , @) =oal

moreover,
a(’h’yz) = (a% )’72'
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Generalizations

Braid Monodromy

Definition
Let 7 : X — B be a locally trivial fibration. We say that a morphism
s: B — Xisasectionif ros=1g.

Right action of the groupoid {m1(B, p1, p2) }p,cs 0N the groups
{m1(F,s(p))}pes, called monodromy action of Bon F.

m(B,p1,p2) x m(F,s(p1)) — m(F,s(p2))
(v : ) = a7 =s(y) "as(y)

moreover,
Ck(’Y1’Y2) = (a% )’Yz.

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Braid Monodromy

Definition (Braid Monodromy)

If F =D2\ {r points}, then m1(F, q) = F, and the monodromy action
is given by the action of the braid group B4(ID?) given by:

Gi+1 j=1i
g =1 0imgigyy j=i+1 (1)
gi otherwise.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy
Zariski-Van Kampen Theorem
Consequences
Generalizations

Zariski-Van Kampen Theorem

Braid Monodromy

The morphism
m(B,p) — Ba(D?)
Yi = Bi
is called the braid monodromy morphism.
If y1,...,vs form a geometric basis of B, then the s-uple
(B1,..., Bs) € BS(D?) contains the topological information of the
pair (C2,C) ([48, 15]).

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Theorem (Zariski—-Van Kampen Theorem [81])

Yo
\\ (o)1
S 9
9a
s &

b
Vs Vs—1 T T2 M Xo
J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Theorem (Zariski—Van Kampen Theorem [81])

Consider (P?,C, L, p) such that p € L th C and the projection from p is
generic. Then,

7T1(U):<g17"')gd:gi:g;‘Bj7i:1""’d7j:1""’s>7

where d := deg C and p; is the braid associated with
vj € m(C \ {spoints}, xo) =Fs, j=1,...,s.
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Zariski-Van Kampen Theorem
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Zariski-Van Kampen Theorem

Zariski-Van Kampen Theorem

Q@ p=[0:1:0],L={z=0},P2\L=C?3
CNC2={(x,y) e C?|f(x,y) =0}
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Zariski-Van Kampen Theorem

Q@ p=[0:1:0],L={z=0},P2\L=C?3
CNC2={(x,y) €C?|f(x,y) =0}
@ Projection from p becomes j(x, y) = x. Define Ly := j~'({\}).
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Zariski-Van Kampen Theorem

Q@ p=[0:1:0],L={z=0},P2\L=C?3

CNC2={(x,y) €C?|f(x,y) =0}
@ Projection from p becomes j(x, y) = x. Define Ly := j~'({\}).
Q R={f= 27’ =0} c Cfinite, A == f(R) = {\,...,As} C C.
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Braid Monodromy
Zariski-Van Kampen Theorem Zariski-Van Kampen Theorem

Consequences
Generalizations

Zariski-Van Kampen Theorem

Q@ p=[0:1:0],L={z=0},P2\L=C?3
CNC2={(x,y) €C?|f(x,y) =0}
@ Projection from p becomes j(x, y) = x. Define Ly := j~'({\}).
Q R:={f=g =0} ccfinite, A:=f(R) = {M,..., A} CC.
Q L=U L\, W=C3\(CUL),jIW: W C \Aisalocally
trivial fibration with generic fiber F = L, = C \ {d points}.
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Zariski-Van Kampen Theorem

Q@ p=[0:1:0],L={z=0},P2\L=C?3
CNC2={(x,y) €C?|f(x,y) =0}.
@ Projection from p becomes j(x, y) = x. Define Ly := j~'({\}).
Q R:={f=g =0} ccfinite, A:=f(R) = {M,..., A} CC.
Q L=U L\, W=C3\(CUL),jIW: W C \Aisalocally
trivial fibration with generic fiber F = L, = C \ {d points}.
Q 1> m(F)=Fyg— m (W) — m(C \ {spoints}) = Fs — 0.

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski—Van Kampen Theorem

=[0:1:0],L={z=0},P?\L=C?,

CNC?={(x,y) e C?| f(x,y) = 0}.
@ Projection from p becomes j(x, y) = x. Define Ly := j=1({\}).
QR _{f_—_O}CCflnlte A:=1f(R)={)\,..., s} CC.
Q L=U L\, W=C3\(CUL),jIW: W C \Aisalocally

trivial fibration with generic fiber F = L, = C \ {d points}.
Q@ 1 — m(F)=Fy — m (W) — m(C \ {spoints}) = Fg — 0.
Q@ Use the action of Fg on Fy to compute (W)

7T1(W): <717‘~'afysvg1v""gd:’in1gi71':giﬁj>'

O
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Zariski-Van Kampen Theorem
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Zariski-Van Kampen Theorem

Q@ p=[0:1:0,L={z=0},P2\L=C?
CNC2={(x,y) €C?|f(x,y) =0}
@ Projection from p becomes j(x, y) = x. Define Ly := j='({\}).
Q@ R:={f=§ =0} cCfinite, A:=f(R) = {\1,...,As} C C.
Q L=U,L,, W=C3\(CUL),jIW: W C\Aisalocally
trivial fibration with generic fiber F = L,, = C \ {d points}.
Q 1> m(F)=Fg— m (W) — m(C \ {spoints}) = Fs — 0.
@ Use the action of Fs on Fy to compute 71 (W)
@ Use Lemma 4 to obtain

7r1(U):<g1,...,gd:g,-:g,.ﬁ’,i:1,...,d,j:1,...,s>.

Ll

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Consequences

@ Since (9u9g—1---91)° = gago_1 - .. 91, one of the relations of
type g; = g/ is redundant.
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Braid Monodromy

Zariski-Van Kampen Theorem Zariski-Van Kampen Theorem

Consequences
Generalizations

Consequences

@ Since (gogga—1---91)® = 9agy_1 - - - 91, one of the relations of
type g; = g/ is redundant.

@ Consider g; = u(v;) at x; € A and P; = (x;, y;) above x;. If j3;
involves only branches involving mer|d|ans gi, with

i€ li={l,...,in} (multp, C = 1), then g, = g; is a trivial
relation unless i € ;. Denote by //* ={lt,...,In}-

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem Zariski-Van Kampen Theorem
Consequences

Generalizations

Consequences

@ Since (gogo—1---91)° = gugd—1 - .. g1, one of the relations of
type g; = g/ is redundant.

@ Consider g; = u(v;) at x; € A and P; = (x;, y;) above x;. If 3;
involves only branches involving meridians g;, with
i€ li={l,...,in} (multp, C = 1), then g,.B’ = g; is a trivial
relation unless i € ;. Denote by I7 = {i1,...,In}.

J.I. Cogolludo-Agustin Fundamental groups...
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Generalizations

Consequences

@ Since (gogo—1---91)° = gugd—1 - .. g1, one of the relations of
type g; = g/ is redundant.

@ Consider g; = u(v;) at x; € A and P; = (x;, y;) above x;. If j;
involves only branches involving meridians g;, with
i€ li={l,...,in} (multp, C = 1), then g,.B’ = g; is a trivial
relation unless i € ;. Denote by I7 = {i1,...,In}.

Hence a simpler presentation called Zariski’s presentation.

Theorem (Zariski’s Presentation)

m(C2\C)=(gr,....00: gi =9 i€ lj,j=1,....5).

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem
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Generalizations

Zariski-Van Kampen Theorem

Consequences

7T1(]P)2\C):<g17'--agd:gi:gjﬁjai:17"-ad7j:17-"asaHigf:1>'
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Zariski-Van Kampen Theorem
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Generalizations

Zariski-Van Kampen Theorem

Consequences

m(P2\C) = (G1,...,9a: Gi=g"i=1,....d,j=1,...,5 ;g = 1).

Show that (P2 \ C) = Z/dZ for C = {x9 + y — z¢ = 0}.
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Zariski-Van Kampen Theorem

Consequences

7r1(IP2\C):<g1,...,gd:g,-:g;g’,i:1,...,d,j:1,...,3,H,g,:1).

Show that (P2 \ C) = Z/dZ for C = {x9 + y — z¢ = 0}.

One can use the exercise above together with

If two curves Cy,Cy are in a connected family of equisingular curves,
then (PZ,C1) = (PZ, Cg)

to show that 7 (P2 \ C) = Z/dZ for ANY smooth curve C.

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Degeneration Theorem

Assume C C P? has a maximal order inflection point, that is, P € C
regular point such that (C - Tp) = d = degC, for Tp the tangent line of
C at P. Then m(P2\ C) = Z/dZ.

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Degeneration Theorem

Theorem (Dimca '92 [26])

Let {Ct}e(0,e) @ continuous equisingular family of curves converging
to a reduced curve Cy. Then,

m1(Up) = m1(Uy).
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Zariski-Van Kampen Theorem

Oka’s transversality Theorem

Theorem (Oka ’74 [65])

Let Cy and C, plane curves in C? intersecting transversally in dy d»
points, then

7T1(U) = ’/T1(U1) X 7T1(U2).

J.I. Cogolludo-Agustin Fundamental groups...
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Zariski-Van Kampen Theorem

Oka’s transversality Theorem

Theorem (Oka ’74 [65])

Let Cy and C, plane curves in C? intersecting transversally in dy d»
points, then
7T1(U) = ’/T1(U1) X 7T1(U2).

v

71(C2\ C) is abelian if m1(C2 \ C;) are abelian for all C; irreducible
component of C and C; th C;, I # j.
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Zariski-Van Kampen Theorem

Generalizations

Some of the genericity conditions in Zariski—-Van Kampen
Theorem 3.1 are not necessary.
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Generalizations

Some of the genericity conditions in Zariski—-Van Kampen
Theorem 3.1 are not necessary.

> =

NN

\
-

Figure: Non-generic projections
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Zariski-Van Kampen Theorem

Generalizations

4 N\

Figure: Projective curve C = {F = 0}

C={F(x,y,x) = xyz(x® + y? + 22 — 2(xy + xz + yz)) = 0}.

(2 0) = AN Z 1(4,4.2)
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Zariski-Van Kampen Theorem

Generalizations

C3={y?=x%},L={x=0}

Fundamental group:




Braid Monodromy
Zariski-Van Kampen Theorem
Consequences
Generalizations

Zariski-Van Kampen Theorem

Generalizations

C3={y?=x%},L={x=0}

m(C2\ (CzUL)) =
x,y,z:z7"xz=xyxy "x Nz lyz=yxyxy 'x 1y 1) =
(X,¥,Z: XZXy = ZXyX, yZyxXy = Zyxyx).

J.I. Cogolludo-Agustin Fundamental groups...



Other techniques

Meridians and blow-ups

X =uv
— S y=v
(_

J.I. Cogolludo-Agustin

Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Fundamental groups...



Meridians and blow-ups
(p, g)-torus type curves

Other techniques Zariski Pairs

Meridians and blow-ups

y(t) = (0,€2™) +— 5(t) = (0, €*™).
Hence, 7 is a meridian of the exceptional divisor v = 0.

J.I. Cogolludo-Agustin Fundamental groups...



Other techniques

Meridians and blow-ups

X=U

|
<
i

J.I. Cogolludo-Agustin

Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Fundamental groups...



Meridians and blow-ups
(p, g)-torus type curves

Other techniques Zariski Pairs

Meridians and blow-ups

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, g)-torus type curves

Other techniques Zariski Pairs

Meridians and blow-ups

Note that v = []; gi and [v,g;] = 1 for all j € /p.
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Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Other techniques

Meridians and blow-ups

Note that v = []; gi and [v,g;] = 1 for all j € /p.

Check fundamental group of tricuspidal quartic using Cremona
transformation of the tritangent conic.

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves

Other techniques Zariski Pairs

(p, qQ)-torus type curves

Purpose: study the fundamental group of the complement of

C = V(F)
F:XaNbe—i—(XN—l—yN—l—memZ)d,

where d =a+ b, N=2m+ 1, and gcd(a, b) = gcd(N, d) = 1.

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves

Other techniques Zariski Pairs

(p, qQ)-torus type curves

Purpose: study the fundamental group of the complement of
C=V(F)

F— XaNbe + (XN+yN+memZ)d,
where d =a+ b, N=2m+ 1, and gcd(a, b) = gcd(N, d) = 1.
(Originally proved by Oka [62]. We will find an alternative proof.)

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves

Other techniques Zariski Pairs

(p, qQ)-torus type curves

Purpose: study the fundamental group of the complement of

C = V(F)
F:XaNbe—i—(XN—l—yN—l—memZ)d,

where d =a+ b, N=2m+ 1, and gcd(a, b) = gcd(N, d) = 1.
0o P—[0:0:1]ec, L= Y= ifteC
{x=0} ift=o00
@ LhynC={P}=L.NC
@ multpC =2md = (N —1)d.
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Meridians and blow-ups
(p, q)-torus type curves

Other techniques Zariski Pairs

(p, qQ)-torus type curves

Purpose: study the fundamental group of the complement of

C = V(F)
F:XaNbe—i—(XN—l—yN—l—memZ)d,

where d =a+ b, N=2m+ 1, and gcd(a, b) = gcd(N, d) = 1.
0o P—[0:0:1]ec, L= Y= ifteC
{x=0} ift=o00
@ LhynC={P}=L.NC
@ multpC=(N—-1)d = L;nC ={P}U{dpoints} if t € C*.

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves
Zariski Pairs

Other techniques

(p, qQ)-torus type curves

Purpose: study the fundamental group of the complement of
C=V(F)
F— XaNbe + (XN+yN+memZ)d,

where d =a+ b, N=2m+ 1, and gcd(a, b) = gcd(N, d) = 1.

(C, P) has two branches:
@ 0g tangent to Ly and singular type (aN + md, aN + (m + 1)d),
@ §., tangent to L., and singular type (bN + (m + 1)d, bN + md).
Moreover, L; N C = {P} U {d different points} fort € C*.

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves
Zariski Pairs

Other techniques

(p, qQ)-torus type curves

Purpose: study the fundamental group of the complement of
C=V(F)
F— XaNbe + (XN+yN+memZ)d,

where d = a+ b, N=2m+ 1, and gcd(a, b) = gcd(N, d) = 1.

(C, P) has two branches:
@ 0g tangent to Ly and singular type (aN + md, aN + (m + 1)d),
@ J, tangent to L., and singular type (bN + (m + 1)d, bN + md).
Moreover, LN C = {P} U {d different points} fort € C*.

@ Perform Nagata transformation to obtain X .

@ P2\ (CULULL)XEN\(CUEUEINUED)

@ A meridian around Ly (reps. Loo) is conjugated to a meridian
around EJ" (resp. EZ).

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves

Other techniques Zariski Pairs

(p, qQ)-torus type curves

m(P2\ C) = Z/dZ x Z/NZ.

o m(En\(CUE) =(gr,....00: 0 = 9", Gi = /™).

@ fo =% oo = B°% B =(01...04-1)".

@ Since ged(a,b) =1, g = g~ = g/

@ Since gcd(d, N) = 1, relations become af = o
(a2 =01...9a-1)-

@ A meridian around E is (g1 ... gq_1)N.

O

v

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups

(p, g)-torus type curves
Other techniques e P

(p, qQ)-torus type curves

Definition

A (p, q)-torus type curve (gcd(p, g) = 1) is a curve C that admits an
equation of type F = fJ + f§ = 0 (f, a homogenous polynomial of
degree m in three variables). Moreover, we call C generic if

Cp = {fp = 0}, Cq = {fy = 0} are both smooth and intersect
transversally (that is, at pq different points).

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves
Zariski Pairs

Other techniques

(p, qQ)-torus type curves

Definition

A (p, q)-torus type curve (gcd(p, g) = 1) is a curve C that admits an
equation of type F = fJ + f§ = 0 (f, a homogenous polynomial of
degree m in three variables). Moreover, we call C generic if

Cp = {fp = 0}, Cq = {fy = 0} are both smooth and intersect
transversally (that is, at pq different points).

IfCo and Cy are (p, q)-torus type curves and Cy is generic, then there
is an equisingular deformation {C:}:, t € (0, ¢] such that C; is generic.

J.I. Cogolludo-Agustin Fundamental groups...



Js and Motivations

- Meridians and blow-ups
e m (p, g)-torus type curves
Other techniques Zariski Pairs

Brai n

(p, Q)-torus typjé‘ 6‘u‘rves

A (p, q)-torus type curve (gcd(p, g) = 1) is a curve C that admits an
equation of type F = fJ + f§ = 0 (f, a homogenous polynomial of
degree m in three variables). Moreover, we call C generic if

Cp = {fp = 0}, Cq = {fy = 0} are both smooth and intersect
transversally (that is, at pq different points).

v
IfCo and Cy are (p, q)-torus type curves and Cy is generic, then there
is an equisingular deformation {C:}:, t € (0, ¢] such that C; is generic.

Under the previous conditions, any generic (p, q)-torus type curve C
admits an epimorphism 7./ pZ x 7.) qZ — 71(P? \ C).

J.I. Cogolludo-Agustin Fundamental groups...




Meridians and blow-ups
(p, q)-torus type curves

Other techniques Zariski Pairs

(p, qQ)-torus type curves

Definition

An orbifold curve is a quasi-projective Riemann surface X together
with a map ¢ : X — Z~( such that ¢(x) > 1 only for a finite number of
points X = {p1,...,Ps}-

Define m; := ¢(p;) and 79®(X \ X)/(g;" = 1). A (dominant, algebraic)
morphism f: Y — X is called an orbif/old morphism if for all x € X,
f*(x) is a p(x)-multiple.

J.I. Cogolludo-Agustin Fundamental groups...



Js and Motivations

Meridians and blow-ups
(p, q)-torus type curves
Zariski Pairs

Zariski-Van m

Other techniques

Brai

(p, Q)-torus type curves

Definition

An orbifold curve is a quasi-projective Riemann surface X together
with a map ¢ : X — Z- such that ¢(x) > 1 only for a finite number of
points X = {p1,...,Ps}-

Define m; := ¢(p;) and 79®(X \ X)/(g;" = 1). A (dominant, algebraic)
morphism f: Y — X is called an orbifold morphism if for all x € X,
f*(x) is a p(x)-multiple.

Iff:Y — X, is an orbifold morphism, then f induces a
homomorphism

£ mi(Y) = 7 (X,).

Moreover, if the generic fiber is connected, then f, is surjective.

™ = - = =

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, q)-torus type curves
Zariski Pairs

Other techniques

(p, qQ)-torus type curves

IfC is a generic (p, q)-torus type curve, then
m1(P2\ C) = Z/pZ * 7./ qZ.

By Lemmas 10 and 11 once has

Z/PL* L/qZ — m (P \ C) - Z/pZ * | qL.

Since Z/pZ « 7./qZ is a Hopfian group, then
(P2 \ C) = Z/pZ * 7./ GZ. O

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, g)-torus type curves

Other techniques Zariski Pairs

Zariski Pairs

The case p = 2, g = 3 was shown by Zariski [83].

J.I. Cogolludo-Agustin Fundamental groups...



and Motivations
Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Zariski Pairs

The case p = 2, g = 3 was shown by Zariski [83].
C» 3 is a sextic with six cusps on a conic and

71 (P2 \ Co.3) = Z/27Z x 7./3Z.
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Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Zariski Pairs

The case p = 2, g = 3 was shown by Zariski [83].
C» 3 is a sextic with six cusps on a conic and

71 (P2 \ Co.3) = Z/27Z x 7./3Z.
He also claimed the existence of a sextic Cg with six cusps NOT on a
conic whose fundamental group is abelian, that is,

m1(P? \ C¢) = Z/67Z.
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Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Zariski Pairs

The case p = 2, g = 3 was shown by Zariski [83].
C» 3 is a sextic with six cusps on a conic and

71 (P2 \ Co.3) = Z/27Z x 7./3Z.
He also claimed the existence of a sextic Cg with six cusps NOT on a
conic whose fundamental group is abelian, that is,

m1(P? \ C¢) = Z/67Z.

Both C, 3 and Cs can be constructed using Kummer covers.

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, g)-torus type curves

Other techniques Zariski Pairs

Zariski Pairs

Definition

A pair of curves Cy,Co C P? with the same number of irreducible
components, with the same degrees, types of singularities, and
intersections are called a Zariski Pair if the pairs (P2, Cy) and (IP?,C»)
are not homeomorphic.

J.I. Cogolludo-Agustin Fundamental groups...



Meridians and blow-ups
(p, g)-torus type curves
Zariski Pairs

Other techniques

Zariski Pairs

Definition

A pair of curves Cy,Co C P? with the same number of irreducible
components, with the same degrees, types of singularities, and
intersections are called a Zariski Pair if the pairs (P2, Cy) and (IP?,C»)
are not homeomorphic.

The curves Cs 3, Cs form a Zariski Pair of sextics with six (ordinary)
cusps (type Ay).

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

@ Choose a generic point P ¢ C and a transversal line P € L ih C.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

@ Choose a generic point P ¢ C and a transversal line P € L i C.
@ Projection from P, j: P2\ L — C.
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Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

@ Choose a generic point P ¢ C and a transversal line P € L i C.
@ Projection from P, j: P2\ L — C.

@ Define discriminant A = {x, ..., Xs} such that
Jlw: (W, We) = C\ A, W:=P?\ (LUj~"(A)), We := WnNC,is
a locally trivial fibration.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

@ Choose a generic point P ¢ C and a transversal line P € L i C.
@ Projection from P, j: P2\ L — C.

@ Define discriminant A = {x, ..., Xs} such that
Jlw: (W, We) = C\ A, W:=P?\ (LUj~1(A)), We := WnNC,is
a locally trivial fibration.

@ Choose a geometric basis 71, ...,7vs in 1 (C \ A, xo) and define
Bi := (i) the braid associated with the monodromy around +;.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

@ All braids are quasi-positive and algebraic.
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Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

@ All braids are quasi-positive and algebraic.
@ Choice of a different geometric basis produces an action of Bs.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

@ All braids are quasi-positive and algebraic.

@ Choice of a different geometric basis produces an action of Bs.

@ Choice of a different section and base point on the generic fiber
produces an action of By.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

@ All braids are quasi-positive and algebraic.

@ Choice of a different geometric basis produces an action of Bs.

@ Choice of a different section and base point on the generic fiber
produces an action of By.

@ Both actions commute. The action of Bs x By on each BM
produces the Hurwitz class of (C, L, P).

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

There is a one-to-one correspondence between braid monodromy
representations and Hurwitz classes of (C, L, P).

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Braid Monodromy

Definition
The s-tuple BM := (54, ..., Bs) € B is the braid monodromy
representation associated with (C, L, P, xo).

There is a one-to-one correspondence between braid monodromy
representations and Hurwitz classes of (C, L, P).

Definition
The orbit of a braid monodromy representation by the action of
Hurwitz moves is called the braid monodromy class of C.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization

Since the line L intersects transversally, the product
S
BsBs—1- - P21 = Hu(%_m) = pdD = A2 = (01 04-1)°,
i=1

the Garside element of B.

Definition

A factorization of A3 by quasi-positive braids is called a braid
monodromy factorization.
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Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization

Since the line L intersects transversally, the product
S
BsPs—1--- 281 = HM(%—/+1) = pdD = A% = (01 ---04-1)7,
i=1

the Garside element of B.

Definition

A factorization of A3 by quasi-positive braids is called a braid
monodromy factorization.

.

Open Problem

@ Which (algebraic) factorizations are realizable in the algebraic
category? (Moishezon [56])

@ Problem solved for smooth curves (ltzhak-Teicher [11])

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization

Theorem (Carmona [15])

The braid monodromy class of C fully determines the topology of the
pair (P2,C). In other words, if two curves Cy and Co have the same
braid monodromy class, then there is a homeomorphism ¢ : P? — P?
such that o(Cq) = Ca.

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization

Theorem (Carmona [15])

The braid monodromy class of C fully determines the topology of the
pair (P2,C). In other words, if two curves Cy and Co have the same
braid monodromy class, then there is a homeomorphism ¢ : P? — P?
such that o(Cq) = Ca.

Retraction to a tubular neighborhood of C U (LU j~"(A)) and
reconstruct this tubular neighborhood using the braid monodromy. [

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization

Theorem (Carmona [15])

The braid monodromy class of C fully determines the topology of the
pair (P2,C). In other words, if two curves Cy and Co have the same
braid monodromy class, then there is a homeomorphism ¢ : P? — P?
such that o(Cq) = Ca.

Theorem (Libgober [50])

The 2-dimensional complex associated with the Zariski presentation
has the homotopy type of C?\ C.

J.I. Cogolludo-Agustin Fundamental groups...



Js and Motivations

Braid Monodromy: a definition
Monodromy Factorization

Monodromy FéCtorizatidH

Theorem (Carmona [15])

The braid monodromy class of C fully determines the topology of the
pair (IP’Z, C). In other words, if two curves Cy and C, have the same
braid monodromy class, then there is a homeomorphism ¢ : P? — P2
such that o(C1) = Co.

Theorem (Libgober [50])

The 2-dimensional complex associated with the Zariski presentation
has the homotopy type of C?\ C.

The 2-dimensional complex associated with the Artin presentation of
alink K c S® has the homotopy type of S° \ K. O

= = = = =
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Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

Consider the following quartic:

V.

J.I. Cogolludo-Agustin Fundamental groups...




Braid Monodromy: a definition
Monodromy Factorization

tric Morphism Problem

Monodromy Factorlzatlon a non-trivial example

Projecting from [0 : 1 : O]:

J.I. Cogolludo-Agustin Fundamental groups...



Js and Motivations

Braid Monodromy: a definition
Monodromy Factorization

Monodromy Factorization: a non-trivial example

Computing the braid monodromy:

J

|~

Geometric basis: v5747v37172 = OD.

J.I. Cogolludo-Agustin Fundamental groups...




Braid Monodromy: a definition
Monodromy Factorization

tric Morphism Problem

Monodromy Factorlzatlon a non-trivial example

Braids g2 and 3 look like local braids:

Bo = 02 and B3 = U?.

J.I. Cogolludo-Agustin Fundamental groups...




Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

However, the remaining braids 84 and 35 depend on global
monodromy:

here 51 = 03_101_10201 03.
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Braid Monodromy: a definition
Monodromy Factorization

Monodromy Factorization: a non-trivial example

There is a half-turn around the tacnode affecting the second
tangency. The braid becomes (4 = of - 07 - 0(4, and hence

Bs = (vayay172) "' A

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

Hence the braid monodromy factorization is

4 4 8 4 1
(Bs, 07020, ", 07,05 ‘07 ‘020103, 02),

B -8 4 _ 4 4
where s =0, ' - 05 0y ‘0, 01030, " -0{020; " - (010203)".

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

(n) g1= gf; = (9291)*91(9201)™* = [(%01)*, 1] =1
9= Q;; = (9291)*92(9201) ™" = [(9201)*, 92] =1

9B =0; =03
94=0; =04 (1)

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

() g1 =97 =0

92=07" =03 1 =0 =0
93=05°"=03020; =02=03 (1)
91=0s" =0

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

11
(rs) 9129531‘12‘3)292“9492 = 04 = 920105
- (a':; 0, 020103) -
32 ; 2%031011020103) ; :Zz (1)
° ?03_1"1_102‘71‘73) ’ —1 1 —1
gs =0, = 04092919, 94 = 94 = 02010,

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Monodromy Factorlzatlon a non-trivial example

(rs) g1 = 91(01 %7 — (93(0e1) 2(0192)201 95(02G1) 2) * 04
(re) g2 = 9201 G (93(9291)2(9192)°9195(9291) 2(9192)°91) * ga
() =" ) = 97", 0 22019201

04 = g;”"”” = 4,

(1) 94939201 = 1 = (929195 929201 = (9291)% = 1
(1)

i =T = = =

J.I. Cogolludo-Agustin Fundamental groups...




Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

m(C2\C) = (g1, 92 : [(9291)*, g1] = 1).

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

m(C2\C) = (91,92 : [(G201)*, 1] = 1).
Adding the relation g,g3g-g1 = 1 one obtains

m(P2\C) = (g1, 92 : (9291)° = 1) = Z x Z/2L.
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Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy

Monodromy Factorization: a non-trivial example

The homotopy type of C?2 \ C is given by the 2-complex associated
with a Zariski’s Presentation 3.3

[(9291)*, g1] =1,

g2 = 93,
(91,92,93,04: g4 = 9291Q£1a )

92 = 03,

94 = G201 951
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Braid Monodromy

Monodromy Factorization: a non-trivial example

The homotopy type of C?2 \ C is given by the 2-complex associated
with a Zariski’s Presentation 3.3

[(9291)*, g1] =1,

g2 = 93,
(91,92,93,04: g4 = 9291Q£1a )

92 = 03,

94 = G201 951

= (91,02 : [(geg1)* 1] =1,1=1,1=1)

J.I. Cogolludo-Agustin Fundamental groups...



Braid Monodromy: a definition
Monodromy Factorization

Braid Monodromy
tric Morphism Problerr

Monodromy Factorlzatlon a non-trivial example

The homotopy type of C?2 \ C is given by the 2-complex associated
with a Zariski’s Presentation 3.3

[(9201)*, 1] =1,

g2 = 93,
(91,92,05. 94 Gs = GoGiG5 ', )

g2 = 93,

94 = g201 92_1

= (91,0 [(geg)* gl =1,1=1,1=1)
Hence by Libgober’s Theorem 46 on homotopy type

v

c2\c% (SS\Kgs)vS2sz
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Braid Monodromy

Homotopy Type

Open Problem
@ IfU=C?\C. Isittrue that

71 (U) + x(C) = homotopy type?
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Braid Monodromy: a definition

Monodromy Factorization
Braid Monodromy

Homotopy Type

Open Problem
@ IfU=C?\C. Isittrue that

71 (U) + x(C) = homotopy type?

That is, given two affine curves C1 and C

=

1123

7T1(U1) 2771(U2) } = U

X(C1) = x(C2) Ce?
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Braid Monodromy: a definition
Monodromy Factorization

Homotopy Typéw

Open Problem
@ IfU=C?\C. Isittrue that

71 (U) + x(C) = homotopy type?

That is, given two affine curves C1 and C

=

1123

w1 (U) = m(U2) }
= U =2Us?
x(C1) = x(C2) LG
(Note that this problem has a negative answer in the general
case of 2-dimensional complexes, Dunwoody [29]).
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Braid Monodromy: a definition
Monodromy Factorization

Homotopy Type

Open Problem
@ IfU=C?\C. Isittrue that

71 (U) + x(C) = homotopy type?

That is, given two affine curves C1 and C

=

1123

71'1(U1) 2771(U2) } = U

X(C1) = x(C2) Ce?

(Note that this problem has a negative answer in the general
case of 2-dimensional complexes, Dunwoody [29]).

@ Does Libgober’s Theorem 46 on homotopy type also hold for
projective curves for some preferred presentation?

J.I. Cogolludo-Agustin Fundamental groups...
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Geometric Morphism Problem

Problem

Let U C X compact Kdhler manifold, v : m(U) —— G f.g. kernel,
G = m1(C).
Determine if/when there exists an admissible map F : U — C to a
smooth complex algebraic curve C realizing 1, that is, such that
and

F.: m(U,u) = m(C, F(u))

coincide up to isomorphism in the target.
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Geometric Morphism Problem

Problem

Let U C X compact Kdhler manifold, v : m(U) —— G f.g. kernel,
G = m1(C).
Determine if/when there exists an admissible map F : U — C to a
smooth complex algebraic curve C realizing 1, that is, such that
and

F.: m(U,u) = m(C, F(u))

coincide up to isomorphism in the target.
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Geometric Morphism Problem

Let U be a compact Kahler manifold (resp. a proper Zariski open set
in a compact Kéhler manifold) and let ¢ : w1(U) — G an epimorphism
with finitely generated kernel, where G is the fundamental group of a
smooth compact complex curve of genus g > 2 (resp. a free group F
with s > 2). Then there exists an admissible map F : U — Cg4, where
Cgy is a smooth compact complex curve of genus g (resp.

F:U— Cy,r, where Cy , is a smooth compact complex curve of
genus g with r = s + 1 — 2g points removed) with no multiple fibers
such that v coincides with F, up to isomorphism in the target.
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Orbifolds and Orbifold Fundamental Groups

Definition (Orbifold)

An orbifold curve Sg is a Riemann surface S with a function
m: S — N whose value is 1 outside a finite number of points. A point
P € S for which m(P) > 1 is called an orbifold point.
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Orbifolds and Orbifold Fundamental Groups

Definition (Orbifold)

An orbifold curve Sg is a Riemann surface S with a function
m: S — N whose value is 1 outside a finite number of points. A point
P € S for which m(P) > 1 is called an orbifold point.

v

Definition (Orbifold Fundamental Group)

For an orbifold S, let Py, ..., P, be the orbifold points,
m; := m(P;) > 1. Then, the orbifold fundamental group of S is

P®(Sm) = m(S\ {Py,..., Pa})/ " = 1),

where y; is a meridian of P;. We will denote Sz simply by Sy, ... m,-

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem

Geometric Orbifold Morphism Problem

Geometric Morphism Problem

Orbifold Morphisms

Definition

A dominant algebraic morphism ¢ : X — S defines an orbifold
morphism X — Sg if for all P € S, the divisor ¢*(P) is a
m(P)-multiple.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem

Geometric Orbifold Morphism Problem

Geometric Morphism Problem

Orbifold Morphisms

Definition

A dominant algebraic morphism ¢ : X — S defines an orbifold
morphism X — Sg if for all P € S, the divisor ¢*(P) is a
m(P)-multiple.

Proposition ([5, Proposition 1.5])

Letp: X — S define an orbifold morphism X — Sz. Then ¢ induces
a morphism ¢, : m(X) — 7°(Sp).

Moreover, if the generic fiber is connected, then . is surjective.

J.I. Cogolludo-Agustin Fundamental groups...
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Geometric Morphism Problem

Applications

Consider F equation of C» 3 in Zariski's Example. Since F fits in a
functional equation of type

h+h+ F =0, )
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Geometric Morphism Problem

Applications

Consider F equation of C» 3 in Zariski's Example. Since F fits in a
functional equation of type

h5+h3+F =0, 2)
Then (2) induces a rational map

p: P2 -—» P!
x:y:2) — [h3:hg
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Geometric Morphism Problem

Applications

Consider F equation of C» 3 in Zariski's Example. Since F fits in a
functional equation of type

h5+h3+F =0, 2)
Then (2) induces a morphism
¢: P2 — P

suchthat p = poe.
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Morphisms onto surfaces (after De Franchis)
A Factorization Theorem

Geometric Orbifold Morphism Problem

Applications

Consider F equation of C» 3 in Zariski's Example. Since F fits in a
functional equation of type

h+h+ F =0, )

@ Qlpz\¢ has two multiple fibers (over [0 : 1], [1 : 0]).

@ m([0:1]) =2, m([1:0]) =3

@ P23 :P?\C — P4\ {[1: —1]} orbifold morphism.

@ Since the pencil is primitive, there is an epimorphism

G235 m(P2\ C) = n§®(Pha \ {[1 : —1]}) = Zo * Zs.
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Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Applications

In general, suppose F fits in a functional equation of type

Fif + Fahd + Fahl = 0, (3)

@ Then (3) induces a morphism @ : P2 — P! given by
e(lx:y:2]) = [F A Fah].

@ Qlp2\¢ has three multiple fibers (over [0 : 1], [1 : 0], and [1 : —1]).

@ m([0:1]) =p, m([1:0]) =g, and m([1: —-1]) =r.

® ¢pqr: P2\ C—Pp, .\ @({FiF2F3 = 0}) orbifold morphism.

o If the pencil is primitive, there is an epimorphism

" - . ol * BZ
Bnar s TP\ C) > mi(B o, \ G({FiFaFs = 0))) = 2.

J.I. Cogolludo-Agustin Fundamental groups...
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Another Application

The number of multiple members in a (primitive) pencil of plane
curves (with no base components) is at most two.
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Geometric Orbifold Morphism Problem

Problem

Let U C X open in a compact Kéhler manifold and let ) : m(U) —— G
with f.g. kernel where G = 7¢"(C), C smooth complex algebraic
curve with an extra orbifold structure.

Determine if/when there exists an admissible map F : U — C to a
smooth complex curve C realizing 1), that is, such that, if C is
endowed with its maximal orbifold structure with respect to F, «) and
F.:m(U) — G = n¢"®(C) coincide up to isomorphism in the target.

v
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Curve orbifold group

Definition rve orbifold group)

A curve orbifold group is a group which admits a presentation of the
form

H[ahb/]—HX/HYK, > (4)

Gy, (r.m) == < aj, bi, Xj, Vi X = = X =

for some g,s,r > 0and my, ...
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Curve orbifold group

Definition rve orbifold group)

A curve orbifold group is a group which admits a presentation of the
form

H[ahb/]—HX/HYK, > (4)

Gy, (r.m) == < aj, bi, Xj, Vi X = = X =

for some g,s,r > 0and my, ...

n
’
Xg(rm) =2—2g—r—> (1 = m,>

i=1
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Geometric Orbifold Morphism Theorem

Let U C X open in a compact Kdhler manifold, + : wi(U) —— Gg, . m)
with £.g. kernel K, and xg,(r,m < 0. Then, 3 sm. qproj. curve C and
an admissible map F : U — C such that:

@ F induces an orbifold morphism F : U — Cg, where Cp, is
maximal with respect to F.

Q F.:m(U)— 7™ (Cam) coincides with > up to isomorphism in the
larget.

© C is projective if and only if r = 0.

©Q Ifr=0,Chasgenusg. Ifr > 1, Cis agenus g’ curve with
r" > 1 points removed, where 2g' +r' =2g+r.

Moreover, one such F is unique up to isomorphism of algebraic
varieties in the target.
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Examples

@ if 11 (P2 \ Cp,q) = Zp * Zq, then Cp q = {fJ + & = 0}
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Examples

@ if w1 (P2 \ Cpq) = Zp * Zq, then Cp g = {f7 + f§ = 0}
@ What if Xg,(r,m) > 07?
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Examples

@ if w1 (P2 \ Cpq) = Zp * Zq, then Cp g = {f7 + f§ = 0}
@ What if Xg,(r,m) = 0?
@ Case xg,r,m =0
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Geometric Morphism Problem

Examples

@ if w1 (P2 \ Cpq) = Zp * Zq, then Cp g = {f7 + f§ = 0}
@ What if Xg,(r,m) = 0?
@ Case Xg,(r,m) = 0

e Euclidean Compact groups: Go,(2,3,6), Go,(2,4,4)» Go,(3,3,3), Go,(2,2,2,2)
and G, = 72,
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Examples

@ if w1 (P2 \ Cpq) = Zp * Zq, then Cp g = {f7 + f§ = 0}
@ What if Xg,(r,m) = 0?
@ Case Xg,(r,m) = 0
@ Euclidean Compact groups: GO,(2,3,6), G0,(2,4,4), Go,(g,syg), Go’(gygyg,g),
and Gy = 72,
o7
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Examples

@ if w1 (P2 \ Cpq) = Zp * Zq, then Cp g = {f7 + f§ = 0}
@ What if Xg,(r,m) = 0?
@ Case Xg,(r,m) = 0
@ Euclidean Compact groups: GO,(2,3,6), G0,(2,4,4), Go,(g,syg), Go’(gygyg,g),
and Gy = 72,
o7
("] Zg * Zg.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem

Geometric Orbifold Morphism Problem

Geometric Morphism Problem

Examples

@ if w1 (P2 \ Cpq) = Zp * Zq, then Cp g = {f7 + f§ = 0}
@ What if Xg,(r,m) = 0?
@ Case Xg,(r,m) = 0
@ Euclidean Compact groups: GO,(2,3,6), G0,(2,4,4), Go,(g,syg), Go’(gygyg,g),
and Gy = 72,
o7
("] ZQ * Zz.

@ Case xg,(r,m > 0 with finite kernel also true.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem
Morphisms onto su after De Franchis)

A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

[d H. Abelson, Topologically distinct conjugate varieties with finite
fundamental group, Topology 13 (1974), 161—-176. MR 0349679
(50 #2172)

[d E. Artal Bartolo, J. Carmona Ruber, and J.I. Cogolludo Agustin,
Braid monodromy and topology of plane curves, Duke Math. J.
118 (2003), no. 2, 261-278. MR 1980995 (2004k:14015)

[4 E. Artal Bartolo, J. Carmona Ruber, J.I. Cogolludo-Agustin, and
M.A Marco Buzunériz, Topology and combinatorics of real line
arrangements, Compos. Math. 141 (2005), no. 6, 1578-1588.
MR 2188450 (2006k:32055)

[d E. Artal Bartolo, J. Carmona Ruber, J.I. Cogolludo Agustin, and
M.A. Marco Buzunériz, Invariants of combinatorial line
arrangements and Rybnikov’s example, Singularity theory and its
applications, Adv. Stud. Pure Math., vol. 43, Math. Soc. Japan,
Tokyo, 2006, pp. 1-34. MR 2313406 (20087:32042)

J.I. Cogolludo-Agustin Fundamental groups...



C'Pomslm Morph\ sm blem
(after De Franchis)

Geometnc Orbifold Morphlsm Problem

Geometric Morphism Problem

[§ E. Artal, J.I. Cogolludo, On the connection between fundamental
groups and pencils with multiple fibers, J. Sing., vol. 2, 2010,
pp. 1-18. MR 2763015 (14H30:14C21))

[4 E. Artal Bartolo, J.I. Cogolludo, and H. Tokunaga, Nodal
degenerations of plane curves and Galois covers, Geom.
Dedicata 121 (2006), 129—-142. MR 2276239 (2008a:14038)

[4 E. Artal-Bartolo, J.I. Cogolludo, and H. Tokunaga, A survey on
Zariski pairs, Algebraic geometry in East Asia—Hanoi 2005, Adv.
Stud. Pure Math., vol. 50, Math. Soc. Japan, Tokyo, 2008,
pp. 1-100. MR 2409555 (20099g:14030)

[3 E. Artin, Theory of braids, Ann. of Math. (2) 48 (1947), 101—126.
MR 0019087 (8,367a)

] WA. Arvola, Complexified real arrangements of hyperplanes,
Manuscripta Math. 71 (1991), no. 3, 295-306. MR 1103735
(92d:52027)

J.I. Cogolludo-Agustin Fundamental groups...



C'Pomslm Morph\ sm blem
(after De Franchis)

Geometnc Orbifold Morphlsm Problem

Geometric Morphism Problem

B

, The fundamental group of the complement of an
arrangement of complex hyperplanes, Topology 31 (1992), no. 4,
757-765. MR 1191377 (93k:32078)

[@ T.Ben-lizhak and M. Teicher. Properties of Hurwitz equivalence
in the braid group of order n. J. Algebra 264 (2003), no. 1, 15-25.
MR 1980683 (2004c:20061)

[3 D.Bessis, Variations on Van Kampen’s method, J. Math. Sci. (N.
Y.) 128 (2005), no. 4, 3142-3150, Geometry. MR 2171593
(20069:55014)

[§ J.S. Birman, Mapping class groups and their relationship to braid
groups, Comm. Pure Appl. Math. 22 (1969), 213-238.

[3 R. Brown, Topology and groupoids, BookSurge, LLC, Charleston,
SC, 2006, Third edition of 1t Elements of modern topology
[McGraw-Hill, New York, 1968; MR0227979], With 1 CD-ROM
(Windows, Macintosh and UNIX). MR 2273730

J.I. Cogolludo-Agustin Fundamental groups...




Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

@ J. Carmona Ruber, Monodromia de trenzas de curvas
algebraicas planas, Ph.D. thesis, Universidad de Zaragoza, 2003.

[§ F Catanese, On a problem of Chisini, Duke Math. J. 53 (1986),
no. 1, 33-42. MR 835794 (87g:14013)

[3 D. Chéniot, Une démonstration du théoréme de Zariski sur les
sections hyperplanes d’une hypersurface projective et du
théoreme de Van Kampen sur le groupe fondamental du
complémentaire d’une courbe projective plane, Compositio Math.
27 (1973), 141-158. MR 0366922 (51 #3168)

[4 D. Chéniot and A. Libgober, Zariski-van Kampen theorem for
higher-homotopy groups, J. Inst. Math. Jussieu 2 (2003), no. 4,
495-527. MR MR2006797 (2005a:14024)

[@ O. Chisini, Una suggestiva rappresentazione reale per le curve
algebriche piane, Ist. Lombardo, Rend., Il. Ser. 66 (1933),
1141-1155.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphi
Morphisms of

Geometric Morphism Problem

B

, Sulla identita birazionale di due funzioni algebriche di piu
variabili, dotate di una medesima varieta di diramazione, |st.
Lombardo Sci. Lett. Rend CI. Sci. Mat. Nat. (3) 11(80) (1947),
3—6 (1949). MR 0034054 (11,537¢)

[4 D.C. Cohen and A.l. Suciu, The braid monodromy of plane
algebraic curves and hyperplane arrangements, Comment. Math.
Helv. 72 (1997), no. 2, 285-315. MR 1470093 (98f:52012)

[d R. Cordovil, The fundamental group of the complement of the
complexification of a real arrangement of hyperplanes, Adv. in
Appl. Math. 21 (1998), no. 3, 481-498. MR 1641238 (999:52015)

[d R. Cordovil and J.L. Fachada, Braid monodromy groups of wiring
diagrams, Boll. Un. Mat. ltal. B (7) 9 (1995), no. 2, 399—-416. MR
1333969 (96€:20057)

[3] H.S. M. Coxeter and W.O.J. Moser, Generators and relations for
discrete groups, fourth ed., Ergebnisse der Mathematik und ihrer

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto su after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem
Grenzgebiete [Results in Mathematics and Related Areas],
vol. 14, Springer-Verlag, Berlin, 1980. MR 562913 (81a:20001)

[4 P Deligne, Le groupe fondamental du complément d’une courbe
plane n’ayant que des points doubles ordinaires est abélien
(d’'apres W. Fulton), Bourbaki Seminar, Vol. 1979/80, Lecture
Notes in Math., vol. 842, Springer, Berlin, 1981, pp. 1-10. MR
636513 (83f:14026)

@ A.Dimca, Singularities and topology of hypersurfaces,
Springer-Verlag, New York, 1992. MR 94b:32058

[4 A.Dimca, S. Papadima, and A.l. Suciu, Formality, Alexander
invariants, and a question of Serre, Preprint available at
arXiv:math/0512480v3 [math.AT], 2007.

[4 1. Dolgachev and A. Libgober, On the fundamental group of the
complement to a discriminant variety, Algebraic Geometry,
Chicago 1980, Lecture Notes in Math. 862 (1981), 1-25,
Springer Verlag, New York.

J.I. Cogolludo-Agustin Fundamental groups...



C'Pomslm Morph\ sm blem
(after De Franchis)

Geometnc Orbifold Morphlsm Problem

Geometric Morphism Problem

& M.J. Dunwoody, The homotopy type of a two-dimensional
complex, Bull. London Math. Soc. 8 (1976), no. 3, 282—285. MR
0425943 (54 #13893)

[W C. Ehresmann, Sur les espaces fibrés différentiables, C. R. Acad.
Sci. Paris 224 (1947), 1611-1612. MR 0020774 (8,595b)

[§ F Enriques, Sulla costruzione delle funzioni algebriche di due
variabili possedenti una data curva di diramazione, Ann. Mat.
Pura Appl. 1 (1924), no. 1, 185-198. MR 1553061

[3 M. Falk, The minimal model of the complement of an
arrangement of hyperplanes, Trans. Amer. Math. Soc. 309
(1988), no. 2, 543-556. MR 929668 (89d:32024)

, Homotopy types of line arrangements, Invent. Math. 111
(1993), no. 1, 139-150. MR 1193601 (93}:52020)

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

[d W. Fulton, On the fundamental group of the complement of a
node curve, Ann. of Math. (2) 111 (1980), no. 2, 407—409. MR
569076 (82e:14035)

[4 M. Goresky and R. MacPherson, Stratified Morse theory,
Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results
in Mathematics and Related Areas (3)], vol. 14, Springer-Verlag,
Berlin, 1988. MR 932724 (90d:57039)

[1 G.-M. Greuel, C. Lossen, and E. Shustin, Geometry of families of
nodal curves on the blown-up projective plane, Trans. Amer.
Math. Soc. 350 (1998), no. 1, 251-274. MR MR1443875
(98:14034)

, Plane curves of minimal degree with prescribed
singularities, Invent. Math. 133 (1998), no. 3, 539-580. MR
MR1645074 (999:14035)

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)

A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

B

, The variety of plane curves with ordinary singularities is
not irreducible, Internat. Math. Res. Notices (2001), no. 11,
543-550.

[d A. Grothendieck and M. Raynaud, Revétements étales et groupe
fondamental, Springer-Verlag, Berlin, 1971, Séminaire de
Géométrie Algébrique du Bois Marie 1960-1961 (SGA 1), Dirigé
par Alexandre Grothendieck. Augmenté de deux exposés de M.
Raynaud, Lecture Notes in Mathematics, Vol. 224.

W H.A. Hamm, Lefschetz theorems for singular varieties,
Singularities, Part 1 (Arcata, Calif., 1981), Proc. Sympos. Pure
Math., vol. 40, Amer. Math. Soc., Providence, RI, 1983,
pp. 547-557. MR 713091 (85d:32025)

[@ J. Harris, On the Severi problem, Invent. Math. 84 (1986), no. 3,
445-461. MR 837522 (87f:14012)

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem
Morphisms onto su after De Franchis)

A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

[d E. Hironaka, Abelian coverings of the complex projective plane
branched along configurations of real lines, Mem. Amer. Math.
Soc. 105 (1993), no. 502, vi+85. MR 1164128 (94b:14020)

[d V. Kharlamov and Vik.S. Kulikov, Diffeomorphisms, isotopies, and
braid monodromy factorizations of plane cuspidal curves, C. R.
Acad. Sci. Paris Sér. | Math. 333 (2001), no. 9, 855-859. MR
1873224 (2003c:14047)

[4 Val.S. Kulikov, On a conjecture of Chisini for coverings of the
plane with A-D-E-singularities, Real and complex singularities,
Lecture Notes in Pure and Appl. Math., vol. 232, Dekker, New
York, 2003, pp. 175-188. MR 2075064 (2005f:14059)

[§ Vik.S. Kulikov, On Chisini’s conjecture, lzv. Ross. Akad. Nauk
Ser. Mat. 63 (1999), no. 6, 83—116. MR 1748562 (2001¢:14030)

, On Chisini’s conjecture. I, Izv. Ross. Akad. Nauk Ser.
Mat. 72 (2008), no. 5, 63—76. MR 2473772 (2009j:14019)

J.I. Cogolludo-Agustin Fundamental groups...




C'Pomslm Morph\ sm blem
(after De Franchis)

Geometnc Orbifold Morphlsm Problem

Geometric Morphism Problem

[d Vik.S. Kulikov and V.M. Kharlamov, On braid monodromy
factorizations, lzv. Ross. Akad. Nauk Ser. Mat. 67 (2003), no. 3,
79—118. MR 1992194 (2004i:14015)

[4 Vik.S. Kulikov and M. Taikher, Braid monodromy factorizations
and diffeomorphism types, lzv. Ross. Akad. Nauk Ser. Mat. 64
(2000), no. 2, 89—120. MR 1770673 (2001f:14030)

[d K. Lamotke, The topology of complex projective varieties after S.
Lefschetz, Topology 20 (1981), no. 1, 15-51. MR 592569
(81m:14019)

[1 A. Libgober, On the homotopy type of the complement to plane
algebraic curves, J. Reine Angew. Math. 367 (1986), 103—114.
MR 839126 (87j:14044)

B

, Homotopy groups of the complements to singular
hypersurfaces Il, Ann. of Math. (2) 139 (1994), 117-144.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

B

, Homotopy groups of complements to ample divisors,
Singularity theory and its applications, Adv. Stud. Pure Math.,
vol. 43, Math. Soc. Japan, Tokyo, 2006, pp. 179—204. MR
2325138 (2008d:14035)

[4 S.MacLane, Some Interpretations of Abstract Linear
Dependence in Terms of Projective Geometry, Amer. J. Math. 58
(1936), no. 1, 236—240. MR 1507146

[4 S. Manfredini and R. Pignatelli, Chisini’s conjecture for curves
with singularities of type x™ = y™, Michigan Math. J. 50 (2002),
no. 2, 287-312. MR 1914066 (2004a:14038)

@ J. Milnor, Singular points of complex hypersurfaces, Annals of
Mathematics Studies, No. 61, Princeton University Press,
Princeton, N.J., 1968. MR 0239612 (39 #969)

[3 B. Moishezon, The arithmetic of braids and a statement of
Chisini, Geometric topology (Haifa, 1992), Contemp. Math., vol.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

164, Amer. Math. Soc., Providence, Rl, 1994, pp. 151-175. MR
1282761 (95d:20069)

[3 B.G. Moishezon, Stable branch curves and braid monodromies,
Algebraic geometry (Chicago, Ill., 1980), Lecture Notes in Math.,
vol. 862, Springer, Berlin, 1981, pp. 107-192. MR 644819
(83c:14008)

4 J.R. Munkres, Topology: a first course, Prentice-Hall Inc.,
Englewood Cliffs, N.J., 1975. MR 0464128 (57 #4063)

[d M. Namba, Branched coverings and algebraic functions, Pitman
Research Notes in Mathematics Series, vol. 161, Longman
Scientific & Technical, Harlow, 1987.

[3] S.Yu. Nemirovskii, On Kulikov’s theorem on the Chisini
conjecture, lzv. Ross. Akad. Nauk Ser. Mat. 65 (2001), no. 1,
77-80. MR 1829404 (2001m:14025)

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

[d M.V. Nori, Zariski’s conjecture and related problems, Ann. Sci.

Ecole Norm. Sup. (4) 16 (1983), no. 2, 305-344. MR 732347
(86d:14027)

3 M. Oka, On the fundamental group of the complement of certain
plane curves, J. Math. Soc. Japan 30 (1978), no. 4, 579-597.

E , Alexander polynomial of sextics, J. Knot Theory
Ramifications 12 (2003), no. 5, 619-636.
E , A survey on Alexander polynomials of plane curves,

Singularités Franco-Japonaises, Sémin. Congr., vol. 10, Soc.
Math. France, Paris, 2005, pp. 209-232.

@ M. Oka and K. Sakamoto, Product theorem of the fundamental
group of a reducible curve, J. Math. Soc. Japan 30 (1978), no. 4,
599-602. MR 513072

J.I. Cogolludo-Agustin Fundamental groups...



C'Pomslm Morph\ sm blem
(after De Franchis)

Geometnc Orbifold Morphlsm Problem

Geometric Morphism Problem

[4 S.Yu. Orevkoy, Realizability of a braid monodromy by an
algebraic function in a disk, C. R. Acad. Sci. Paris Sér. | Math.
326 (1998), no. 7, 867-871. MR 1648548 (99m:32048)

[4 Z. Ran, Families of plane curves and their limits: Enriques’
conjecture and beyond, Ann. of Math. 2 (1989), no. 130,
121-157.

[d R. Randell, The fundamental group of the complement of a union
of complex hyperplanes, Invent. Math. 69 (1982), no. 1, 103—108.
MR 671654 (84a:32016)

, Correction: “The fundamental group of the complement
of a union of complex hyperplanes” [Invent. Math. 69 (1982), no.
1, 103—108; MR0671654 (84a:32016)], Invent. Math. 80 (1985),
no. 3, 467—468. MR 791670 (87e:32010)

, Milnor fibers and Alexander polynomials of plane curves,
Singularities, Part 2 (Arcata, Calif., 1981), Proc. Sympos. Pure

J.I. Cogolludo-Agustin Fundamental groups...

B




Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

Math., vol. 40, Amer. Math. Soc., Providence, RI, 1983,
pp. 415-419. MR 713266 (85h:14018)

@ G Rybnikov, On the fundamental group of the complement of a
complex hyperplane arrangement, Preprint available at
arXiv:math.AG/9805056.

[4 M. Salvetti, Arrangements of lines and monodromy of plane
curves, Compositio Math. 68 (1988), no. 1, 103—122. MR 962507
(89m:32026)

] ____, Onthe homotopy type of the complement to an
arrangement of lines in C?, Boll. Un. Mat. Ital. A (7) 2 (1988),
no. 3, 337-344. MR 966915 (90b:32025)

[d H. Seifert, Konstruktion dreidimensionaler geschlossener rdume,
Berichte Uber d. Verhandl. d. Sachs. Ges. d. Wiss., Math.-Phys.
KI. 83 (1931), 26—66.

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto surfaces (after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

[d J.-P. Serre, Sur la topologie des variétés algébriques en
caracteéristique p, Symposium internacional de topologia
algebraica International symposium on algebraic topology,
Universidad Nacional Auténoma de México and UNESCO,
Mexico City, 1958, pp. 24-53.

[4 J-P. Serre, Exemples de variétés projectives conjuguées non
homéomorphes, C. R. Acad. Sci. Paris 258 (1964), 4194—4196.
MR 0166197 (29 #3474)

[§ F Severi, Vorlesungen (iber algebraische Geometrie: Geometrie
auf einer Kurve, Riemannsche Fldchen, Abelsche Integrale,
Berechtigte Deutsche Ubersetzung von Eugen Léffler. Mit einem
Einflhrungswort von A. Brill. Begleitwort zum Neudruck von
Beniamino Segre. Bibliotheca Mathematica Teubneriana, Band
32, Johnson Reprint Corp., New York, 1968. MR 0245574 (39
#6880)

J.I. Cogolludo-Agustin Fundamental groups...



Geometric Morphism Problem

Morphisms onto su after De Franchis)
A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

[@ . Shimada, Lecture on Zariski Van-Kampen theorem, Lectures
Notes, March 2007.

[d E. Shustin, Smoothness and irreducibility of families of plane
algebraic curves with ordinary singularities, Proceedings of the
Hirzebruch 65 Conference on Algebraic Geometry (Ramat Gan,
1993) (Ramat Gan), Israel Math. Conf. Proc., vol. 9, Bar-llan
Univ., 1996, pp. 393—416. MR MR1360516 (97¢:14028)

[§ E.R. Van Kampen, On the connection between the fundamental
groups of some related spaces, Amer. J. Math. 55 (1933),
no. 1-4, 261-267. MR 1506962

, On the Fundamental Group of an Algebraic Curve,
Amer. J. Math. 55 (1933), no. 1-4, 261-267.

[d V.A. Vassiliev, Introduction to topology, Student Mathematical
Library, vol. 14, American Mathematical Society, Providence, R,
2001, Translated from the 1997 Russian original by A. Sossinski.

J.I. Cogolludo-Agustin Fundamental groups...




Geometric Morphism Problem
Morphisms onto surfaces (after De Franchis)

A Factorization Theorem
Geometric Orbifold Morphism Problem

Geometric Morphism Problem

B

, On the Problem of Existence of Algebraic Functions of
Two Variables Possessing a Given Branch Curve, Amer. J. Math.
51 (1929), no. 2, 305-328. MR 1506719

, On the irregularity of cyclic multiple planes, Ann. of
Math. (2) 32 (1931), no. 3, 485-511. MR 1503012

, On the Poincaré Group of Rational Plane Curves, Amer.
J. Math. 58 (1936), no. 3, 607—619. MR 1507185

, Algebraic surfaces, Springer, Heidelberg, 1971, 2nd. ed.

[
[
[

J.I. Cogolludo-Agustin Fundamental groups...



