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DETAILS OF THE TIME-DOMAIN MEASUREMENT

To measure the dispersion of the structure, we use terahertz
time-domain spectroscopy (THz-TDS) in the self-referenced ge-
ometry. Broadband terahertz pulses are generated at the facet
of the quantum cascade laser (QCL) by the injection of a pulse
from a mode-locked Ti:Sapphire laser, and the round-trip propa-
gation through the laser is measured. For measuring dispersion,
it is essential that a clean Fabry-Perot cavity be used instead
of a multi-section device [1–3], as the presence of a separate
emitter will act as a dispersive element itself and would need
to be deconvolved from the measurement. Figure S1 shows the
raw time-domain pulses corresponding to the data in Fig. 2,
measured at different biases. Three echoes are evident in the
resulting time-domain pulses, corresponding to pulses that have
traversed the laser cavity one, three, and five times. The higher-
order echoes experience the least loss above laser threshold, and
as a result this is where they are most evident. The amplitude of
the higher-order echoes encodes the round-trip loss, and their
temporal spread encodes the dispersion.

Because the QCL being probed is also being pumped with
near-infrared light, a great deal of attention needs to be placed
on the choice of facet pump power: large pump powers affect
not only the gain but also the dispersion via the injection of
additional free carrier losses [4]. These free carrier losses can
reduce the dispersion by an order of magnitude or more, and so
it is critical that the pump power is as low as possible to prevent
these effects. As there is little difference in the results at pump
levels of 10 mW and 20 mW, we know that a pump level of 10
mW is sufficiently low to eliminate these effects. In addition,
wider devices will support more than one or two lateral modes,
but because they possess different group velocities they will
arrive at the detector at different times, giving rise to false GVD
in the measurement. The choice of a narrow waveguide (25 µm)
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Fig. S1. Raw terahertz time-domain pulses corresponding to
the data in Fig. 2. Echoes arriving at t=2, 14, and 26 ps have
traversed the laser cavity one time, three times, and five times,
respectively.
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mostly eliminates this effect.

DENSITY MATRIX SIMULATIONS OF THE GAIN MEDIUM

To verify that our interpretation of the gain and phase dynamics
are reasonable, we perform here simplified density-matrix simu-
lations [5–7] of the electron transport and linear susceptibility of
the gain medium. We incorporate eight states in our model and
assume that scattering is dominated by LO phonon scattering,
with an electron temperature that is 80 K higher than the lattice
temperature [6]. In addition, we assume that different states de-
cohere with a phenomenological pure dephasing rate of T∗

2 = 1
ps, which takes into account the various un-modeled scattering
mechanisms and is responsible for the majority of the linewidth
broadening. A disadvantage to this approach is that all of the
spectroscopically-accessible transitions have linewidths which
are roughly the same, since at low temperatures the broadening
due to LO phonon scattering is relatively small. In addition,
because we do not incorporate the feedback of the cavity, we
are only calculating the small-signal susceptibility and cannot
observe gain clamping. The advantage to this approach is that
it has only a single fitting parameter (i.e., the pure dephasing
rate).

Figure S2 shows the simulated data corresponding to Fig. 2.
Because the design bias of the real laser differs from the design
bias of the simulated laser (due to growth imperfections and
the QCL’s contact), the simulated voltages are plotted over a
range of 6.1 V to 8.3 V. The resulting gain and phase spectra
agree reasonably well with the measured data, although some
differences in the transition frequencies and lineshapes are ap-
parent. In particular, the calculated transition frequencies are
all moderately lower than the actual transition frequencies—a
consequence of growth imperfections—and the calculated full-
width half maximums of B and C are approximately the same—a
consequence of their common pure dephasing rate.

One may also notice that the measured gain spectra shown
in Fig. 2 exhibit less of a frequency shift with bias than would be
predicted by the computed band structure. This is most clearly
evident in transition A, which shows a strong shift in simulation
but essentially none in measurement. In fact, the fitting proce-
dure used to calculate the individual intersubband contributions
in Fig. 3(c) implicitly assumed that the transition energies were
static over the dynamic range of interest. This can be understood
as a consequence of the electrical properties of resonant-phonon
QCLs. Because several states of the laser need to be in align-
ment to conduct current through the structure, near design bias
space charge will tend to hold the voltage across the structure
relatively constant, and only the intersubband populations will
change. Indeed, nanoscale imaging of the potential distribution
of THz QCLs [8] has shown that because of domain formation,
the actual electric field established in some portion of the device
can remain constant, even as the applied field is changed. Of
course, this assumption ceases to be valid over a larger dynamic
range.
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Fig. S2. (a) Round-trip phase of a 400 µm long laser at 48 K,
calculated using a simplified density matrix formalism. The
static contribution of dispersion has been added to the inter-
subband contribution. (a) Intersubband gain, with the three
primary transitions highlighted.
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