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A The Full Non-Linear Model

This appendix describes the full set of non-linear equilibrium conditions of the model.
The optimality condition for retail firms may be re-written in stationary terms by defining
Pxt = P*,t/Pta Tit = Xl,t/Pt67 and xg; = X2,t/Pte_1:
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Toy =Y+ oBy App i T Tg 0y (A.3)

The aggregate inflation rate evolves according to:

1= (1—)pi, + oIl (A.4)
Price dispersion evolves according to:

vi = (1= @), i + Plvy_ (A.5)

Define lowercase variables as real values of nominal bonds, i.e. by = B;/P,. The balance sheet
condition of the FI may be written:

Qb +re =5+ X[ (A.6)
The leverage constraint of the FI may be written:
QI < o, X! (A7)
The central bank’s balance sheet can be written:
Qb = rey (A.8)
Similarly, the market-clearing condition for long term bonds in real terms is:
A N (A.9)
The auxiliary QFE; variable is just the real value of the central bank’s long bond portfolio:

QE; = Qb (A.10)

Under our assumption on the transfer from parent to child, the consumption of the child may
be written:

Cb7t - tht (A]_l)

A; and ©O; obey stationary AR(1) processes, where the non-stochastic steady state value of
productivity is normalized to unity and © denotes the non-stochastic steady state value of leverage.

InA; =palnAy_1 + sac4 (A.12)
In®; = (1 — pg) In® + pgInO;_1 + S0t (A.13)

To close the model, it is necessary to specify rules for the policy rate and the central bank’s



bond holdings. For the analysis in Subsection 2.3, we assume that the policy rate is set according
to a Taylor rule and that the central bank’s bond holdings obey an exogenous AR(1) process:

IR =(1-p)InR° + (1—p,)[¢r(InIly — InTI) + ¢5(InY; — InY;")] + spery (A.14)

ImQE: = (1—pg) nQFE + pgInQE;_1 + s¢eqt (A.15)

In (A.14)-(A.15), R® and QFE denote the non-stochastic steady state values of the policy rate and
the central bank’s balance sheet, respectively.

Y,* can be found by solving the full system of equations assuming price flexibility (¢ = 0) where
the credit shock is constant, i.e. ©; = ©. Taking Y," as given, the output gap is then:

InX; =Y, —InY/ (A.16)

The optimality conditions for the parent household, (2.5)-(2.7); the definition of the return on
the long bond, (2.12); the optimality conditions for the child, (2.13)-(2.14); the optimality conditions
for the FI, (2.19)-(2.20); the balance sheet condition for the FI and the leverage constraint re-written
in real terms, (A.6)-(A.7); the labor demand condition for the wholesale firm, (2.27); the optimal-
ity condition for optimal price-setting for retailers, re-written in stationary form, (A.1)-(A.3); the
market-clearing condition and aggregate production function, (2.30)-(2.31); the central bank’s pol-
icy rule for R}¢, (A.14); the central bank’s balance sheet and definition of the QE; variable, (A.8)
and (A.10); the central bank’s QE rule, (A.15); the consumption of the child, (A.11); the bond
market-clearing condition, (A.9); the evolution of inflation and price dispersion, (A.4)-(A.5); the
definition of the output gap, (A.16); and the exogenous processes (A.12)-(A.3) constitute twenty-
seven Variables, {Lt, Ct, W, At—l,tu Rf, Ht, Ab,t—l,t7 Rg, Qt, bf], @t, rég, St, Qt, R;e, Dty L1ty L2,t5 Pmit, }/t, At, Cb’t,
ot bep iy be, QE4, Xt} in twenty-seven equations.

B Details of the Linearized Model

This Appendix provides details of the linearization of the non-linear model, the equilibrium condi-
tions for which are given in Appendix A. Where possible, lowercase variables denote log deviations
from steady state, e.g. 0y = In©; — InO. Where the corresponding level variable is already low-
ercase, a “hat” is put atop the relevant variable to denote a log deviation from steady state, e.g.
DPm,t = Inpy s — Inpy,,. Variables without a time subscript denote non-stochastic steady state val-
ues. The model is linearized about a steady state with zero trend inflation (i.e. Il = 1) where the
leverage constraint on intermediaries binds. The complete list of linearized equilibrium conditions
are as follows:

Xl = —ocy + Wy (B.1)

M1t = —0(ct — ct—1) (B.2)

0= By Aepyr 475 — By g (B.3)
Abi—1,t = —0(cpp — Ccpi—1) (B.4)

rf = %Qt — Q-1 (B.5)

0=E; Apsi1 + Eg 7"?+1 — Ky (B.6)



g +0FT =6, (B.7)

(VT (1 — k)] e + QOB T — kQVTHT, + kQU ey + e ey = 5 5y (B.8)
E¢ Adpp1 — Egmr + f;Et Tfﬂ — f}jrf = wy (B.9)

ri¢=r{ (B.10)

Dat = T1t — Doy (B.11)

Tig=1—0B)Dms+ (1 — 0By + ¢BE AN 111 + €pBE M1 + ¢BEL T1 141 (B.12)
ZTog=(1— 0By + PBE My + (e — D)@ E 1 + 9B E Ty (B.13)
Wy = Pyt + a (B.14)

(1= 2)ct + zep =y (B.15)

U+ oy = a1 (B.16)

o =0 (B.17)

= ; Ll (B.18)

a + b = ey (B.19)

by = beIbt + b;bb (B.20)

Cot = Gt +/b\t ( )
ger = pgqer—1 + 8¢t (B.22)
ar = PAGL-1 + SAEA (B.23)
0 = pebi—1 + seco (B.24)
i = prriSy 4 (1= pr) [@nme + date] + Srery (B.25)
ge; = 1e; ( )
=Y — Yy ( )
This is twenty-seven equations in {lt, Cty Wy Me—1,45 75y Tty Nbt—1.45 7Y qt,/b\fl, O, 7et, Sty we, T4 °,
Ds,ts T1,t> 2,65 Dot Y5 Ot Ch s oF ,/b\fb,/b\t, get, iL‘t} in twenty-seven variables.
The model can be reduced to the equations presented in Subsection 2.1 as follows. First, (B.10)

can be used to eliminate 7{¢, so that the policy rule may be written as (2.34) in terms of rj.

Second, (B.11)-(B.13) can be combined with (B.18), which yields the textbook New Keynesian

Phillips curve expressed as a function of marginal cost, where v = M:

Tt = YDmyt + BE: T4 (B.28)

Combining (B.1) with (B.14) and (B.16), making note of the fact that ¥ = 0 around a zero
inflation steady state, yields:

Pt =Xyt — (L + X)a + ocy (B.29)



Making use of (B.15) allows us to write this as:
xX(1—2)+0o
1-=2
Combining (B.19)-(B.21) with (B.26) allows us to write:

. oz
DPmt = ye — (1+ x)ar — I (B.30)

bFI

R bcb
Cht = e <Qt + be> + ?qet (B.31)

Defining b1 = b¥7 /b and b = b /b (i.e. the fraction of total bonds held by financial interme-
diaries and the central bank, respectively, in steady state), and making use of the binding leverage
constraint, (B.7), leaves:

o = 0510, + b qe, (B.32)
Plugging (B.32) into (B.30) then gives:

x(1—2)+o

—~ oz - =
pm’t = 11— e Yt — (1 + X)at — E [bFIGt + beqet (B33)

Define the hypothetical natural rate of output, y;, as the level of output consistent with flexible
prices and no credit market shocks. That is, y; is the level of output consistent with p,,; = 6; =
qger = 0, or:

(04X -2

= B.34
(I (B.34)
But then, using (B.27), we can write marginal cost as:
~ l1—2)+0 oz [- _
Pmt = X 1 —)z L N [bFIQt + beqet} (B.35)

Plugging (B.35) into (B.28), defining ¢ = XULﬂ, yields (2.2).

z

To derive the IS equation, combine (B.2)-(B.4) with (B.6) and (B.15). Doing so yields:

1—2z

yr = Bt yr1 — (r{ —E¢meqr) — (Et e, — By 7Tt+1) (B.36)

z
o

But from the Euler equation for the impatient household, along with the “full bailout” assump-
tion embodied in (B.21), we can write:

Eirly —Eimpr = 0 [Brcpppr — cos] =0 [EFI (Bt Opg1 — 0;) 4 % (By gerq — qet)] (B.37)

Combining (B.37) with (B.36) yields:

1—=z2

Yy = Et yip1 — (ri —E¢mq1) — 2 [BFI (B¢ 011 — 04) + b (Ey gern — qet)} (B.38)

Note that an alternative, and arguably more intuitive, way to write the IS expression is based
on a simple algebraic manipulation of (B.36):

1 z
v = Eryip1 — pu (r{ —E¢mn) — pu (Et Tfﬂ - Tf) (B.39)
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(B.39) is the familiar IS/Euler equation, written in terms of output rather than the output gap,
appended with a term equal to the long-short interest rate spread, i.e. E; 7“? 1T

The natural rate of interest, r;, is defined as the real rate consistent with the IS equation
holding at the natural rate of output absent credit shocks. This implies that:

o
1—
Adding and subtracting y; and E; y/, | from both sides of (B.38) and re-arranging yields (2.1).

Making use of (B.23), allows one to write an AR(1) process for 7} as in (2.36), where py = p4 and

o —1)(14+
Sf= (i?l—z?)(—l—UX)'

= (Bt yiv1 — vi) (B.40)

* 0(pA — 1) *
ry=—>=" B.41
t 11—~ Yt ( )
Computing the dynamics of z¢, 7, and r{ does not require keeping track of ys, y5,qi, 77, we, 8¢,

/l;f £ , /l;t, /b\cb,t or ¢p. Given the solution for z;, m;, and r{, the dynamics of these variables can be
computed using the full system, (B.1)-(B.27).

C Determinacy of Interest Rate Rules

The linearized four equation model as laid out in Section 2 — as captured by the IS equation, (2.1),
the Phillips curve, (2.2), and rules for the policy rate, (2.34), and the central bank’s long bond
portfolio, (2.35) — has exactly the same requirements for equilibrium determinacy as the textbook
three equation model when the central bank’s long bond portfolio is exogenous.

For the purposes of examining equilibrium determinacy, one can treat purely exogenous variable
as constant — e.g. set rf = 6, = 0, and set ge; = 0 since we are thinking of it as exogenous for now.
Define a vector of variables, z; = [m Ty rf_l]/. This vector of variables evolves according to:

Et Ziy1 = AZt, (Cl)

where:

1+ L= <¢z(1 —pr) + %C) 122 (6n(1—pr) = 571) P
. . . 0 . (C.2)

B
¢x(1 - pr) wa(l - pr) Pr

The proof of determinacy follows Woodford (2003), Appendix C. The vector z; includes two
forward-looking variables, m; and x;, and one state variable, r;_;. For a unique rational expectations
equilibrium, there must be exactly two unstable eigenvalues of A. The characteristic roots of A
satisfy:

P(p) = p® + Agp® + Aypp+ Ag =0, (C.3)

where:



Ay = —det(A), (C.4)
Ay = % (t(A?) - tr(A)?),
Ay = —tr(A). (C.6)
For exactly two unstable eigenvalues, the following conditions must be satisfied:
1+ Ay+ A1+ Ag >0, (C.7)
-1+ A4 — A1+ A0 <0, (C.8)

A2 — AgAs+ A1 —1>0. (C.9)

(C.8) is automatically satisfied given assumptions on signs of the parameters. A necessary and
sufficient condition for (C.7) and (C.9) being satisfied is that:

¢7r(1 - pr) + ﬂ

e ¢z(1—pr) >1—py, (C.10)

or, more compactly:

1-5
T Qg 1. C.11
br + 7<<Z>> (C.11)

This is the same condition required for equilibrium determinacy in the three equation New
Keynesian model, subject to the caveat that the slope coefficient in the Phillips curve, v, is
slightly different in the four equation model. (C.11) requires that the central bank react sufficiently
aggressively to endogenous variables inflation and the output gap. Intuitively, so long as the central
bank’s long bond portfolio is exogenous, in terms of endogenous variables the four equation model
takes exactly the same form as the three equation model, only with slightly different coefficients on
the output gap in the Phillips curve and on the real interest rate in the IS equation. Hence, it should
not be surprising that the condition on the parameters of the interest rate rule for determinacy is
the same as in the three equation model.

When we consider an endogenous QE rule, as in Section 4, the system of variables expands to
four: z; = [77,5 Ty T4 qet_l]/. The system of endogenous variables may be written:

B1 Et Ziy1 = BQZt7 (012)
where:
B8 0 0 — % peb
5E =2 (1 Pg)Ax 1 2b%(1 — Pg)Aa — 52 b1 - Pq)
B, = 0 0 ! 0 , (C.13)

0 0 0 1
1 —C¢ 0 O

B, = 0 1 00 . (C.14)



We then have:

Et Ziy1 = AZt, (015)

where:

A =B 'B,. (C.16)

As discussed in Section 4, we numerically characterize restrictions on policy rule reaction coef-
ficients for equilibrium determinacy (i.e. for there to be exactly two unstable eigenvalues in A).

D Potential, Flexible Price, and Efficient Output

As noted above, we define potential output, y;, as the level of output consistent with flexible prices
and no credit market shocks. It is given by (B.34). One could alternatively define flexible price
output, y{ , as the level of output consistent with flexible prices only. This would satisfy:

;o (1=2)(1+x) oz
Yi = at
xX(l—2)+0o xX(l—2)+0o
The difference between (D.1) and (B.34) is that credit market disturbances — both 6; as well as

ge: — impact flexible price output but not potential output. If we were to instead define the output
gap as l‘{ =y — y{ , the Phillips curve representation would be:

BFIQt + Bd’qet] (Dl)

T = VC%{ + BE; T4 (D.2)

In other words, written in terms of flexible price output, the Phillips curve, (D.2), features no en-
dogenous cost-push wedge related to credit market disturbances. The cost-push wedge comes from
defining potential output as not featuring credit market disturbances in addition to price flexibility.
Credit market shocks drive a wedge between y; and ytf , in a similar way to how markup shocks
are often used to justify a wedge between flexible price and efficient output — and a corresponding
cost-push wedge in the Phillips curve — in the standard three equation model.

To be clear, (D.2) and (2.2) are equivalent ways to describe the supply-side of the model. If
one prefers to work with (D.2), one simply needs to write the IS equation and exogenous processes
in terms of x,{ , y{ and r{ instead of z¢, y;, and r;. We prefer working with the specification in
the text, using our definition of potential output, because it aligns closer to the notion of efficient
output, which is ultimately what is relevant for welfare. Our model features two time-varying
welfare-relevant distortions, not one as in the standard New Keynesian model.

We can motivate our notion of potential output, y;, as coinciding with efficient output under a
particular welfare criterion. Suppose that the planner’s objective is to maximize the utility of the
parent, (2.3), subject to perfectly smoothing the child’s consumption at some constant level, Cj.
Absent credit market disturbances, even with price stickiness the full bailout assumption would
result in perfectly smooth consumption for the child. Formally, the planner’s problem would be:

s tjzoﬁ -0 YT1y (D-3)
s.t.
Cy < ALy — Gy, (D.4)



With no endogenous states, the planner’s problem is effectively static. The first order condition
is:

LY = Cp 7 Ay (D.5)

Defining Y,¢ = C; + Cj, = A;L;, and linearizing about the steady state in which Cj,/Y® = z, one
obtains:

o 000-2)
E (1l =—2)+o0

The linearized expression for y§ in (D.6) is identical to that for y;, (B.34). In the non-linearized
model, Y;* would differ from Y by a constant owing to the markup of price over marginal cost,
though this constant drops out in the linearization. This steady state distortion could be eliminated
by appealing to a constant Pigouvian subsidy to labor, as is commonplace in the New Keynesian
literature on optimal monetary policy.

ay (D.6)

E Model Calibration

The parameters of the model are calibrated as follows. The unit of time is a quarter. We assume
a zero trend inflation rate, so II = 1. This implies that steady state price dispersion is vP = 1 and
the steady state relative reset price is p, = 1. We set ¢ = 11, which implies a steady state price
markup of ten percent. The discount factor of the parent is set to f = 0.995, which together with
IT = 1 implies a steady state short term rate of 200 basis points at an annualized frequency (i.e.
R® = 1.005). We then target a steady state spread of the return on the long bond over the short
term bond of 200 basis points at an annualized frequency, which implies £, = 0.99 and R’ = 1.01.
We set K = 1 —40~", implying a ten year duration of the long bond. Together with R’, this implies
a steady state value of Q.

The coefficient of relative risk aversion, o, and the inverse Frisch elasticity, x, are both set to 1.
We target a steady state share of child consumption, z = Cp/Y, of one-third. We then pick ¥ to
normalize steady state labor input to unity. Together, these parameters imply a value of the steady
state transfer from parent to child, X°. We assume that the Calvo parameter is ¢ = 0.75, implying
a mean duration between price changes of one year. We assume that the size of the central bank’s
balance sheet is 10 percent of steady state output, i.e. QF = 0.1 xY. We pick a steady state target
of the risk-weighted leverage ratio of © = 5. This then implies a value of the steady state equity
transfer from the parent to the FI, X7,

For the exercises in Subsection 2.3, we assume that the Taylor rule parameters are p, = 0.8,
¢r = 1.5, and ¢, = 0. The autoregressive parameter of the QE process, pg4, is also set to 0.8.
The autoregressive parameters for productivity and the credit shock are also both set to 0.8. This
implies, as shown below in Appendix B, that the AR parameter in the natural rate process is also
0.8.



Table E.1: Parameter Values of Full Model

Parameter  Value Description (Target)

B 0.995 Discount factor, parent

o 1 Inverse elasticity of substitution

X 1 Inverse Frisch elasticity

P 1.36 Labor disutility scaling parameter (target L = 1)
B 0.99 Discount factor, child (target spread of 200 b.p. annualized)
II 1 Steady state trend inflation

€ 11 Elasticity of substitution (target markup ten percent)
K 1—40=* Coupon decay (target duration ten years)

0] 0.75 Calvo price

(C] 5 Steady state risk-weighted leverage

QFE 0.1 Steady state central bank bond portfolio

z 0.33 Steady state child share of consumption

Xt 0.33 Steady state parent-child transfer

XFI 0.046 Steady state parent-FI equity transfer

Pr 0.8 Taylor rule smoothing

o 1.5 Taylor rule inflation

o 0 Taylor rule gap

PA 0.8 AR productivity

Po 0.8 AR credit

Pq 0.8 AR QE

Note: this table lists the values of calibrated parameters for the exercises in Subsection 2.3.

F Robustness
F.1 Full Bailout

In the baseline four equation model, we make a “full bailout” assumption that there is a
complete payoff from the parent household, each period, of the outstanding debt of children
(see (2.32)). This significantly simplifies the model in that it makes the child’s consumption
equal to the value of bonds, (2.33).

As noted in the text, this assumption on the transfer is not critical for the quantitative
characteristics of the model. To see this more cleanly, we assume that the transfer from
parent to child is fixed each period, equal to the steady state version of (2.32). This leaves
the steady state of the modified model identical to our baseline model, but does affect some
dynamics. Figure F.1 shows impulse responses to a natural rate shock, Figure F.2 to a
conventional monetary policy shock, and Figure F.3 to a credit/QE shock with and without
the full bailout assumption. The solid lines are responses with the full bailout and are
identical to the responses in the baseline model shown in the text. Dashed blue lines are
responses in the four equation model with a fixed bailout.



Figure F.1: IRF's to Shock to Potential Output, Fixed vs. Full Bailout
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Notes: Black solid lines: IRFs to a one percentage point shock to potential output in the baseline four
equation model. Output and the output gap are expressed in percentage points, while the responses of
inflation and the short term interest rate are expressed in annualized percentage points. Blue dashed lines:
IRFs to the same-sized natural rate shock in the four equation model where there is no full bailout from

parent to child.
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Figure F.2: IRF's to Policy Shock, Fixed vs. Full Bailout
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Notes: Black solid lines: IRFs to a conventional monetary policy shock in the baseline four equation model.
The size and sign of the shock are chosen to generate the same impact response of output as in Figure F.1.
Output and the output gap are expressed in percentage points, while the responses of inflation and the short
term interest rate are expressed in annualized percentage points. Blue dashed lines: IRF's to the same-sized
policy shock in the four equation model where there is no full bailout from parent to child.

In the case of natural rate and monetary policy shocks, the differences for the responses of
aggregate output, inflation, and the interest rate with or without the full bailout assumption
are inconsequential. In comparison to our baseline model, output reacts slightly less to a
natural rate shock on impact without the full bailout assumption; it reacts slightly more to
a monetary policy shock without the full bailout assumption.
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Figure F.3: IRFs to Credit/QE Shock, Fixed vs. Full Bailout
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Notes: Black solid lines: IRFs to a credit (6;) or QE (ge;) shock in the baseline four equation model. The
size and sign of the shocks are chosen to generate the same impact response of output as in Figure F.1.
Because the QE and credit shock only differ according to scale in the linearized model (i.e. b7 # b°®) and
the AR parameters are the same, the normalized impulse responses are identical. Output and the output
gap are expressed in percentage points, while the responses of inflation and the short term interest rate are
expressed in annualized percentage points. Blue dashed lines: IRFs to the same-sized credit/QE shock in
the four equation model where there is no full bailout from parent to child.

Quantitatively, differences are somewhat more noticeable when it comes to a credit or
QE shock. Compared to the baseline model with the full bailout assumption, output and
inflation react less on impact to a credit/QE shock when there is a fixed transfer. The
responses are also less persistent. But qualitatively, they are in-line with our baseline model.

F.2 Parameterization of z

Our linearized four equation model differs from the standard NK model via the parameter z;
when z = 0, the model is equivalent to the standard three equation model. In this subsection,
we show impulse responses to natural rate, monetary policy, and credit market shocks for
different values of z. Responses with our baseline value of z = 0.33 are depicted via solid
black lines; we also show responses when z = 0.167 (dotted black lines) and when z = 0.67
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(dashed black lines). For point of comparison, the blue dashed lines shows responses in the

three equation model (z = 0).
In response to all three shocks, the bigger z is, the more the responses differ from the

conventional three equation model. Relative to our baseline case (z = 0.33), the impulse
responses with z = 0.167 or z = 0.667 are not very wildly different.

Figure F.4: IRFs to Shock to Potential Output, Different Values of z
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Notes: Black solid lines: IRFs to a one percentage point shock to potential output in the baseline four

equation model with z = 0.33. Output and the output gap are expressed in percentage points, while the

responses of inflation and the short term interest rate are expressed in annualized percentage points. Blue

dashed lines: IRFs to the same-sized natural rate shock in the three equation model (equivalent to the four

equation model with z = 0). Black dotted lines: responses in the four equation model with z = 0.167. Black

dashed lines: responses in the four equation model with z = 0.667.
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Figure F.5: IRF's to Shock to Policy Shock, Different Values of z
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Notes: Black solid lines: IRFs to a conventional monetary policy shock in the baseline four equation model
with z = 0.33. The size and sign of the shocks are chosen to generate the same impact response of output
as in Figure F.4 when z = 0.33. Output and the output gap are expressed in percentage points, while the
responses of inflation and the short term interest rate are expressed in annualized percentage points. Blue
dashed lines: IRFs to the same-sized natural rate shock in the three equation model (equivalent to the four
equation model with z = 0). Black dotted lines: responses in the four equation model with z = 0.167. Black
dashed lines: responses in the four equation model with z = 0.667.
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Figure F.6: IRFs to Shock to Credit/QE Shock, Different Values of =
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Notes: Black solid lines: IRFs to a credit (0;) or QE (ge:) shock in the baseline four equation model with
z = 0.33. The size and sign of the shocks are chosen to generate the same impact response of output as in
Figure F.4 when z = 0.33. Because the QE and credit shock only differ according to scale in the linearized
model (i.e. bf'T # b?) and the AR parameters are the same, the normalized impulse responses are identical.
Output and the output gap are expressed in percentage points, while the responses of inflation and the short
term interest rate are expressed in annualized percentage points. Blue dashed lines: IRF's to the same-sized
natural rate shock in the four equation model where there is no full bailout from parent to child.

G Optimal Monetary Policy

We consider optimal monetary policy under discretion. The central bank’s objective function
is to pick instruments, r§ and ge;, and endogenous variables, m, and x;, to minimize (3.1)
subject to the IS equation, (2.1), the Phillips Curve, (2.2), a ZLB constraint on the policy
rate, and a potential constraint on the use of balance sheet policies. Formally:

: 2 2
, in ux; +
T¢,q4€t,Tt,Tt

s.t.
1—2

Ty = Et Tyl — (Tts — ]Et 41 — 7’:) —Z BFI (Et 9t+1 — 61/) -+ BCb (Et q€ii1 — qet) ] s (Gl)
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Yo |- _
T = YCr — %_Z [bFIQt + beqet + BE; T, (G.2)

r; =0, (G.3)

qe; = 0. (G.4)

(G.3) only holds when the policy rate is constrained by the ZLB (i.e. the policy rate is
fixed), as in Section 3.2, while (G.4) only binds when QE is unavailable, as in Section 3.3.
In solving the problem under discretion, the policymaker treats expectations of all future

variables as given.
A Lagrangian is:

1—=2

L = pa+mi 4+, (ft —Eizin + (] —Eymgr — i) + 2 [BFI (E¢ 041 — 0;) + 0% (E¢ gery1 — geq) D

Y0 [- .
+ Aot <7Tt —Cry + 1i—z b0, + beqet] - BE, 7Tt+1) — X347y — Aaqey.

The first order conditions are:

oL 1—2z

G = M = =0, (G5)
OL - 2yob®
Sae = b+ e 17_ ] (G.6)
JL
a—ﬂ_t = 27Tt + )\2’1‘/ = 07 (G7)
JL
a— = 2/,Ll’t + )\1715 - ’7<)\27t =0. (GS)
Tt

G.1 Both Instruments Available

When both instruments are available, we have A\3; = Ay = 0. From (G.5), this means that
A1¢ = 0. But then from (G.6), A1 = Ay = 0 implies that Aoy = 0. But then (G.7) then
requires that m; = 0. Then, from (G.8), we see that z; = 0.

G.1.1 Proof of Theorem 1

The theorem can be proved by contradiction. Suppose first we can achieve z; = m; = 0 with
qe; = 0 for all . Then the Phillips curve may then be written as:

2o

0:_1—2

vt (G.9)

which does not hold unless #; = 0, which contradicts the assumption. Hence, there is a
contradiction.
Second, suppose we can achieve z; = m;, = E, 2441 = E; 141 = 0 with v = 0 for all ¢.
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Then the Phillips curve becomes

0= % [E“et + Bbge,|. (G.10)
This requires
Rl
qer = —Wet- (G.11)

Note that (G.11) is identical to the equilibrium path for ge; given in Proposition 2. With
the policy rate fixed and the equilibrium path of QE given in this way, the IS curve becomes

1_
—

7“: —Z Z)FI (]Et 9t+1 - et) + BCb (]Et q€iy1 — qet) :| . (G12)

Further apply (G.11) on both ge; and E; ge;;1. This implies

1_
P

res (G.13)

g

which does not hold unless z = 1 (which we have ruled out) or r; = 0 (which contradicts
the assumption). Hence, we have another contradiction.l

G.2 The ZLB
G.2.1 First Order Condition

Next, suppose that the ZLB binds, so A3, > 0, but QE is available, so Ay, = 0. We will have
A1 > 0. We can solve for A;; in terms of Ay, from (G.6):

o
Ay = 17_ Do (G.14)
Then, from (G.8), we have:
2p(1 — 2)
= Aoy G.15
WA —2) —qo = (G-15)
Plug (G.15) into (G.7):
2p(1 — 2)
2 = 0.
TP
Simplifying yields:
p(l = =z)
_ 1
T e " (G16)

as shown in the main text.
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G.2.2 Proof of Proposition 2
When the ZLB is binding, the IS curve becomes

11—z

Ty = Et Ti41 — <— Et 41 — 7’:) —Z EFI (Et 0t+1 - 9t> + [;Cb (Et qety1 — q€t) ] y (G].?)
and the Phillips curve remains as (2.2). (3.4) holds and describes balance sheet policy, and
the policy rate is fixed, i.e. r; = 0.
Guess
Ty = wlrf + w30t,

then (3.4) implies

W —2) =0
(1= z)
If in period ¢ + 1, the economy exits the ZLB, then both instruments are available, which

implies m7 = 2441 = 0. If in period ¢ + 1, the economy is still at the ZLB, m =
WiTh 1 + wsbig1, T = wawiryy; + wsbipr). As a result,

T = (w1} + w3by) = wo(wir] + wsby).

Eimiyn = Oé(waﬂ‘:JrPewﬁt),

Eizipr = aws(prwrry + powsby).
We also guess the equilibrium path of QE is:
qer = 11 + waby.

If in period t+1, the economy exits the ZLB, then everything goes back to the unconstrained

case: qers1 = — ey 0per. Otherwise, gy = 77, + wablyr. Then,
1FI
Eigera = apgrri + apwsty — (1 - 04),09%97:.

Plugging the guesses into (2.2) and (G.17), we have:

w1y + wsby = YCwa (w7 + wsby) — 12102 [ (BFI + l_)wa4) 0, + BCbTr;‘] + Ba(ppwiry + powsby),
(G.18)
1—2z
wo(wiry +wsby) = aws(prwiry + ppwsby) — [—a(pswnry + powsby) — 7]
- - pEI
—2b" (pg — 1) 0, — 20 [ap9w4 - (1- oz)pgﬁ — w4] 0,
—2b%(ap; — 1)1}, (G.19)

18



Matching coefficients, we have the following system of equations:

270 -
N (S JTZ?)CE’T + Bapsun (G.20)
1—=2 _
Wowy = Qwapswi + T(apfwl +1)— zbd’(apf -7 (G.21)
2o - -
w3 = YCwawz — 17Tz (b"" + b%wy) + Bapews (G.22)

1—2 - _ bt
Wow3 = QWapews + Tapgwg — 20" (pg — 1) — 2b® [ap9w4 - (1- a)pgﬁ — oéq.%)
Solve T as a function of w; in the first two equations
(1 — 2)(yQuawr + Bapsw; — wr)
b zyo

Qwaprwy + %(apfwl + 1) — wowy
W aps — 1)

The first equation is the same as (3.10). Then,

awypwr + 2 (appwr +1) —wawr (1 — 2)(vwawy + Baprwr — wi)

2b(apy — 1) bebzyo

Simplify, we get

(1 —2)
(apr — 1)(1 = 2)(vCws + Papy — 1) — yoawspr — v(1 — 2)aps + yows

w1 =

This is the same as (3.8).
Next, simplify (G.23)

1—-2 - -
Walds = QWaPgus - — - QPes 2(1 = apg) (b™ + b%ws)

Therefore,

_ - Wy — Qwapy — 2a

B fh, = 2R T g O (G.24)

z(1 —apy)
Similarly, rearrange (G.22)
1—-=2

0"+ 6%y = (YCws + Baps — 1)

w3 (G.25)

zyo
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Combining (G.24)-(G.25),

1—z

Wy — QW Py — ~=0LPg 1— 2

2 2 — (yCwa + Baps — 1) w3 =10
2(1 — apy) 2yo

This has to hold for any parameter specification. Therefore,
W3 = 0.

Plug back to (G.24), we get
Rl

W4:—Bcb.

G.3 No QE Available
G.3.1 First Order Condition

When QE is unavailable, we have Ay; > 0, but A3; = 0. The later implies from (G.5) that
A1t = 0. From (G.7), we have:

)\Q,t = —27Tt. (G26)
Plugging into (G.8), we have:
2ux; + 2vCm = 0, (G.27)
which implies:
1
T = ——Ty, G.28
t ot ( )

as shown in the text.

G.3.2 Proof of Proposition 3

When QE policy is not available, (3.11) holds, and ge; = 0. The IS Phillips curves can be

written:
1—=2

Ty = ]Et xt—{—l — (Tf — Et Ttr1 — Tr) — ZBFI (Et 0t+1 — Qt) s (G29)

and o
Ty = ’yCZL’t - :bFlet + 5]Et T41- (G30)

Substitute (3.11) into (G.30)

Y23 zyo

T+ BE T — 1

bt (G.31)

Ty = —
—Z
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Solve the above equation forward, we have
T = by
where
_ H 209 I
VP4 (1= PBpe) 1 — 2

Combining the solution for m; and (3.11), we obtain

(p:

Plug the solutions for m; and z; into (G.29):

o(l— 1 — pg)ozb™!
-z U 1—2z
As a result,
(1 — 1 — pg)ozb™!
0= po + (1 po) 7€, (L= po) '
-z W 1—=2
|

H Additional Results

(G.32)

(G.33)

(G.34)

(G.35)

(G..36)

Figure H.1 plots the optimal QE response to a natural rate shock, 7, as a function of «,
which governs the expected duration of a ZLB episode. These results are discussed in Section

3.2 of the text.
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Figure H.1: 7 As a Function of ZLB Duration, «

Notes: This figure plots the response of QE to a natural rate shock under optimal policy when the ZLB binds
for different values of «. The expected duration of the ZLB is 1/(1 — «), so higher values of « correspond to
higher expected ZLB durations. The figure is generated assuming a value of pu = 1.
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Figure H.2 plots the optimal QE response to a natural rate shock, 7, as a function of y,
the relative weight the central bank attaches to the output gap. These results are discussed
in Section 3.2 of the text.

Figure H.2: 7 as a Function of p

'24 T T T T T T T T T

-26 7

.30 H 4

Notes: This figure plots the response of QE to a natural rate shock under optimal policy when the ZLB
binds, with o = 3/4, for different values of p, the welfare weight on the output gap.
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Figure H.3 plots the optimal interest rate response to a credit shock, 7, in a situation in
which QE is unavailable. We show the plot as a function of p, the weight the central bank
attaches to the fluctuations in the output gap. For low values of pu, n is positive; for large
values of u, 7 is negative. These results are discussed in Section 3.3 of the text.

Figure H.3: n As a Function of u
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Notes: This figure plots 1 as a function of u, the welfare weight on the output gap, for the case when ge; = 0.
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