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1 Overview

This note works through Tacoviello (2005, AER): “House Prices, Borrowing Constraints, and Mone-
tary Policy in the Business Cycle.” In the model, housing is both a source of consumption flows (for
households) and also a factor of production (for entrepreneurs/firms). Because of a limited enforce-
ment constraint as in Kiyotaki and Moore (1997), housing serves as collateral for entrepreneurs. In
equilibrium, this borrowing constraint being binding results in too little housing being allocated to
entrepreneurs.

In addition to these features, the model is a sticky price New Keynesian model. Importantly,
debt is denominated in nominal terms. This generates a sort of formal “debt-deflation” mechanism.
A contractionary monetary policy shock lowers inflation, which, other things being equal, tightens
borrowers’ collateral constraints, and further cramps demand.

The paper has two parts. A base model with no adjustment costs and no physical capital, and
a more involved model with adjustment costs, capital accumulation, and additional shocks. I work
through both parts.

2 Basic Model

The basic model is comprised of the following agents: patient households (who consume housing),
entrepreneurs (who use housing as a production input), a competitive final goods producer, a
continuum of retailers (they repackage entrepreneurial output and this is where price stickiness is

included), and a monetary authority that sets nominal interest rates according to a Taylor rule.

2.1 Patient Household

Choices made by patient households are indicated with / notation. They can choose consumption,
¢;; housing, h}, labor, L}; and borrowing, B;. The gross nominal return on borrowing is Ry, the
nominal wage is Wy, the nominal house price is (¢, and the price of goods is P;. Money is included
in the model of the paper, but money ends up being irrelevant when policy is set via an interest

rate rule.



The household problem is:
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On the expenditure side of the budget constraint, the household can consume goods (P.c}),

consume housing (Qh}), and pays interest on its outstanding stock of debt, R;_1Bj ;. On the
income side, the household earns labor income, W; L}, has housing valued at Q;h;—1 that it inherited

from the previous period, P,F; denotes lump sum profits from firms, P,7] denotes transfers from

the government/central bank. It can also issue new debt, Bj.

Equation (1) in the paper re-writes this in real terms. Define ¢, = @Q;/P; and w, = Wy/P,.
Similarly, let by = B;/P; denote real debt holdings, and m; = P;/P,—_; as gross inflation. Dividing
through by P; and then using these, we would get:

¢+ qihy + Ry 1b,_ /7 <O, +w L + qhl |+ F, — T/

(1)

A Lagrangian where we take the budget constraint written in real terms is:
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Setting equal to zero and eliminating \; yields:
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(3) is a standard labor supply condition, and (4) is the standard Euler equation for bonds. The

intuition for (2) is as follows. Purchasing an additional unit of housing costs ¢; units of consumption,
1

t
purchasing more housing. The first term on the right hand side is the marginal utility, in period

which is valued at = in terms of utility. Hence, the left hand side is the marginal utility cost of
t, of having more housing. The second term is the extra utility one gets in period t + 1 from
purchasing more housing in ¢ — purchasing more housing in ¢ generates ¢q;+1 additional units of

income in ¢ 4 1, which is valued at §/c; ;. One could alternatively write (2) as:

C C
g =~ + BE; C,t qr+1 (5)

(5) says that the price of housing, ¢, is equal to the flow benefit of housing, measured in units
i<
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factor, fc;/c; ., with the future price, gs41.

of consumption, in period ¢ plus the expected value of the product of the stochastic discount

2.2 Entrepreneurs

Entrepreneurs produce an intermediate good, Y, ;, using their stock of real estate and labor hired

from the patient household. In particular:

Yui = AhY L}V (6)

I'm changing the notation somewhat by adding an w subscript (for “wholesale”); see below.
This intermediate output is sold to retailers before being available for consumption. Intermediate
output is sold to retailers at P. Repacked intermediate output is then sold at the aforementioned
P,. X; = P,/P/ is the markup. Really the w notation stands for “wholesale” rather than retail.

Entrepreneurs do not work. They discount future utility flows at v < 5. They are also subject

to a collateral constraint on their housing. Their objective and budget constraints are:

o
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The budget constraint says that entrepreneurial resources (left hand side) are the value of
output less payments to labor, plus new debt issued, plus the value of the existing housing stock.
On the expenditure side, the entrepreneur can consume goods or new housing and pays interest plus
principal on its outstanding debt. The borrowing constraint says that borrowing in the present
cannot exceed the discounted expected value of future housing. Next period’s expected value

of housing, Q:11ht, in effect serves as collateral. m is a parameter between zero and one. If



an entrepreneur defaults in ¢ + 1, the creditor can recover (1 — m)Q;+1h. Hence, the most an
entrepreneur can borrow is mE [Qy11h:/Ry].

We can re-write the constraints in real terms by dividing by P;:
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Setting these equal to zero and eliminating the multiplier on the budget constraint, we get:
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(9)-(11) are the same as in the paper. If you like, you can re-arrange (10) to be:

c VAhuflLlfu
q = E [7 ! ( L g | 4 m e (12)
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(12) says that the price of real estate is the expectation of the stochastic discount factor with



(i) the flow payout, which is the marginal product of housing received in t + 1, plus (ii) the
continuation value, ¢;+1. The final term is the amount by which having more housing eases the
borrowing constraint; A; is the shadow value (in utils) of easing the constraint, so \;¢; puts this
into units of consumption. (9) is a standard labor demand condition. (11) is a standard Euler
equation for bonds, except for the A\ R; term at the end. M\ R; is effectively how much more you

could borrow by relaxing the constraint.

2.3 Final Goods and Retailers

There are a continuum of retailers indexed by z € [0,1]. They costlessly transform wholesale
output, Y, ¢, purchased at P, into retail output, Y;(z). They then sell this retail output to a

competitive final goods firm at P;(z). The competitive final goods firm produces final output:

v = ( / Y()d) (13)

v - (22 T (14)

Demand for each retail good is:

And the price index is:

1
Pl = / Pi(2)'¢dz (15)
0

Note that there is bad notation in the paper, and footnote 10 about aggregation is wrong. So
I am changing things up a bit.

Retailers can update their price in each period with probability 1 — 8. They discount future
c
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profits via the stochastic discount factor of patient households, Ay = o

profit for each intermediary is:

Fi(2)" = P (2)Yi(2) — P"Yi(2)

They produce Y;(z), and they use Y, ; as input, but this is transformed costlessly into Y;(z), so

we can eliminate Y, ; and just write this in terms of Y;(z). Plugging in the demand function:

F(2)" = Pi(2) " PY; — BP(2) (Y,

Write this in real terms by dividing by P;:

Fy(z) = P(2)' P, = X, Pi(2) " FYY,

Where again X; = P;/P. The problem of a firm getting to reset is therefore to pick P;(z) to
maximize the PDV of Fy(z), where discounting is by the stochastic discount factor, Ay, as well

as the probability that a price chosen in ¢ is still in place in period t + k, 6*:
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We can write the numerator and denominator recursively as:

Ziy =X, P+ 0By A1 Z1 g
Zoy =P Y, + 0By Ay g1 70,441
We will need to re-scale these to get rid of price levels. Define z1; = Z1,/Pf and z2; =
Zgyt/Pf*l. We then have:
210 = X Y + OBy A1 mi g 21,041 (16)
294 =Y +0E; At,t—&-lﬂ';__llz?,t—i—l (17)

Since Z1/ 2ot = 21,4/%2,4 X Pt, we can then define mj = P}/ P, as the relative reset price. Then

we simply have:

" € Z1t
= L 18
Ty . (18)
2.4 Monetary Policy
The monetary policy rule is:
2\ 1—7 T T ry\ 1
Ry = (7)) TR (R )R (m 7 (Yo /Y)™Y) ey (19)

Here 7 is the steady state nominal rate and Y is steady state output. rp is a smoothing
parameter, 1 + r;, with r; > 0, is the coefficient on lagged inflation, and ry is the coefficient on
the deviation of output from steady state. egr; is a shock. Note that the Taylor rule is purely

backward-looking.



2.5 Aggregation

The aggregate price level evolves according to (15) taking into account properties of Calvo pricing:

P/ = 0P + (1 - 0)(P))° (20)
Divide both sides by Ptl_E to write this in terms of inflation rates:
1=0m 4 (1 —0) (7)) (21)
Integrate (14) across z, noting that Y;(z) = AhY_ L. We get:

AR (LI = Yl (22)

v} is a measure of price dispersion, which can be written:

v = (1= 0)(m{)"  + vy, (23)

Sum the budget constraints of the patient household and the entrepreneur together:

R, AhY_ Ly
L by A by) = (b4 B+ (e + By_y) +
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Here I have imposed labor market-clearing, so that the w;Lj; and w;L; terms cancel (i.e. L; =
L}). Market-clearing for bonds requires b; + b, = 0 (i.e. one lends, the other borrows). The
aggregate stock of housing is fixed at H, so hy +h, = H. But then these terms on the left and right

hand sides cancel, leaving:
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Because we have omitted money, 7/ = 0 (i.e. there is no transfer/tax from the government).
What about F;? Recall from above that we have:
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Aggregate profits are just profits integrated across retailers:
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Now, note from above that / Pt(z)l_edz = Ptl_e, so in the first term the price terms just drop

0
Bi(2)
B

1 —€
out. In the second term, the term inside the integral, / ( ) dz = . So we have:
0
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But since AhY L; " = Y;uP, the summed budget constraints work out to the typical resource

constraint:
ct+c, =Y (24)

2.6 Full Set of Equilibrium Conditions

For completeness, the full set of equilibrium conditions are presented below:

G 7 qt+1
==+ BE; (25)
¢, hy Cg+1
o, w
(L)t =~ (26)
C
1 1 R
— =BE ——" (27)
Cy Ciy1 Tt+1
(1 - V)Ahty_lL;V = tht (28)
VAhV—lLl—V
% _ g, [ 7 < bt +Qt+1> +m)\tQt+l7Tt+1] (29)
ct Ct+1 Xit1
1 1 R
— = ’YEt il 2 —+ )\th (30)
Ct Ct+1 Tt41
by = mE(qe1hemis1/Re) (31)
210 = X Y + OB A1l 21041 (32)
201 =Y +0E, At,t+177,5€;1122,t+1 (33)
* € 21t
_ Zht 34
Tt €—1zo4 (34)
Ry = (rr) TR (Ry_1)"™R (thff"(ytfl/y)ry)km eRt (35)
1=0n 4+ (1 —0)(x) e (36)
AR LY = Vil (31)
vf = (1= 0)(m}) " + Ompvp_, (38)
¢t =Y (39)
he +h, = H (40)
Ri_1bs— Y0P
bt =+ qt(ht — ht—l) + B + tht — adi (41)
Tt Xt



This is 17 variables, {¢}, hj, Lt, ct, by, by, Ye, Xi, 07, qe, we, Ry, T, ), 218, 22,1, )\t} and 17 equations.

2.7 Log-Linearization

Let’s log-linearize these conditions about the steady state. Denote the steady state with variables
without a time subscript. Let variables with “hats” denote log-deviations.

Without showing the work, we know that the price-setting conditions, (32)-(34), plus (36),
become the standard Phillips Curve:

%t = —K?)?t + BEt %\t-l—l (42)
The resource constraint is:
~ c.
}/;5 = ?Ct + ?Ct (43)

The patient household’s linearized Euler equation is:

¢ =k E;H — Ty (44)
Where 77; is the real interest rate:
7y = Ry — By Ty (45)

The linearized household labor supply condition is:

(n— 1)L, = & (46)

The linearized labor demand condition is:

vhi1 — vLy = @ + Xy (47)
Re-write the Euler equation for housing for the patient household:
/ /
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Totally differentiate (ignoring the expectation operator):

dgg 1 o
L Tl — it + Ba el — Ba s dct+1+ﬁdqt+1}

Simplifying:
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Now take logs of the bond Euler equation for entrepreneurs:

R
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Now totally differentiate:
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Using hat notation and re-arranging a bit:
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Now focus on the Euler equation for housing for the entrepreneur. Re-arrange slightly:
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Take logs, ignoring the expectations operator:
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Totally differentiate, noting that pom = X
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Using hat notation, this can be simplified to:
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Now, linearize the borrowing constraint:

Inby =lnm+Ing1 +Inh +Inmey — In Ry

/l;t:EtatJrl + hy — 7y (51)
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The price-setting conditions are already linearized and expressed via the Phillips Curve.
The Taylor rule is log-linear:
Ri=rrRioi+ (1= rg) |(1+ ro)fit + ryYVio1 | + gy (52)

The production function is log-linear, noting that price dispersion is constant to first order (so

we can drop it):

}//\; = V/}zt_l + (1 - V)Et (53)
The resource constraint and house market-clearing condition are fairly straightforward:
S5 c d
Y= ?Ct =+ ?/C\; (54)
!/
hy = ——hy (55)

h

Now, we need to log-linearize the budget constraint for the entrepreneur. First, re-arrange with

¢; 1solated on the LHS:

Ri_1bi—1 Yol
=b —q(hy —hy_1) — ———— —wyL
Ct ¢ — qe(he t—1) P Wil + X,
Now take logs:
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Now totally differentiate:

d 1 1 Y
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2.7.1 Full Set of Linearized Conditions
/
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(77 - 1)Et =W — ’é; (58)

I/ﬁt,1 — I/Et == ﬁ)\t + )?t (60)
G = v — EtCign) (ql;li); + 1) + ZZ)Y( (Et 1?14—1 —E: )?t+1 — Et) + YGi+1 + mAc (Xt +C + B qry1 + %\t+1) (61)
- - - Ac [~ ~
—Ct = *% E; Ciq1 + %Tﬁ, + 7 ()\t + Rt) (62)
/b\t:thAtH +ﬁt—ﬁ“t (63)
7o = —kX; + BE: T (64)
Ri=rpRi 1+ (1 —rg) |(1+72)71 + TY}A/%—I} +ery (65)
}/}t = Vﬁt—l + (1 — V)Et (66)
/
= C C
~ b~
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~

O ) SUEt Y
ccy = bby — qhhy + ghhy_1 — B (Rt71 +biq — 7'(‘75) — wL(wt + Lt) + }(Y} — Xt) (69)

Py = Ry — By Fpgn (70)

This is 14 variables {E{t, Et,ﬁ;,@,ﬁt,@, ?t, X, }Aft,@,%t,@t, m,Xt} and 14 equations. In the pa-
per, he lists nine equations (really ten, because the real interest rate is a separate in-text equation),
but focuses only {a,é},ﬁt,ﬁ,)@,ﬁ’t,ﬁt,@,(’1},7’@} (i.e. ten variables). The variables Ly, ﬁ;, Mt
and w; have been eliminated. Let’s eliminate these and see if we can recover what Iacoviello has
in the paper (equations L.1-L.9).

First, combine labor supply and demand to eliminate w;:
(77 — 1)Et + /C\g = Vﬁt_l — Vzt — 5(:15
But then we can solve for Zt as:

~ v ~ 1
Li=———h {1 ——o—
T -(1-v) n—1-v)

Now plug this into the linearized production function. That gives:

()?t +€t)

v(l—v) 1—v

227/31‘,714-7 t—1 —
n—(1-v) n—(1-v)

(5 +2)

Which simplifies to:
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= nv ~ 1—v Sy
Yi=———h g ————— <X ) 71
e (7 S )
(71) is exactly the same as (L7) in the paper.

Now, if you look at (25), we can solve for something about the steady state. Which is:

J_ 4
J 1=
h/ C ( /8)
But this means that:
-]
jc
a7
Now, use this, along with the fact that 774 = —%Et, and we can write (57) as
Ny h
t=Cy + (1 - B)— h, BEt Cip1 T+ BE; Gi11 (72)

(72) is the same as (L1) in the paper with « = (1 — 8)h/} .
Now, let’s re-write the budget constraint for the entrepreneur, subbing out w; and Et. First,

note that in steady state, we have wL = % Second, from (60), we can write:

ﬁ}t‘i‘it:ﬁt_)?t

Hence, we have the term:

WL+ L) + (T~ ) =~ (0= 0)(Fi - X - (T - %) = T (- K

But then we can write the entrepreneur budget constraint as:

b/~ ~ vY ~ ~
B (Rtﬂ + b1 — 7Tt> + Y(Yt - Xy) (73)

Now, we need to deal with the Euler equation for housing for the entrepreneur. It is first helpful

&, = bby — qhhy + qhhy—1 —

to start with the steady state. In steady state, we can write:

— g (2 +mA
qa="9q hX maq

But then the ¢ drop out, leaving:

Y ) =1
v X = mAc

And consequently:

Y
ZhLX:l—mAc—'y (74)
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This means we can write the Euler equation for housing for the entrepreneur as:

(’]\t = (1 - mAC)(Et - Et Et+1) + (1 — mAc — 'Y)(Et }/t+1 - EtXt+1 - /hjt) + ’Y(/]\t-}—l + m)\C(/):t +a§ + Et (/]\1§+1 =+ %t-‘rl)

Solve for Xt from the Euler equation for bonds:

ey = = B¢ + YCq1 — YT — (7T + 1)

Now combine these. We get:

gt = (1 —=mAc)(c — Eycppn) + (1 — mAe — 9)(Ey Vi1 — By Xyq1 — /ﬁt) + Vi1 —

mpBe, + mycir1 — myrry — mAC(TTE + Teg1) + mACC + MACGi+1 + MACT 41

Now group terms:

4G = (1 - mAc)(Et - Et5t+1) + (1 — mAc — ”Y)(Et Yig1r — B X1 — Et) + ’y@+1+

m(Ae — B)¢ + mycy1 — myrry — mAC(rry + Tep1) + MACG+1 + MACT41

Now, note that in steady state, Ac = § — . So we may write this as:

gt = (1 —=mAc)(c — E¢cppn) + (1 — mAe — 9)(E Vi1 — By Xyq1 — ﬁt) +YGer1—
m(Ac — B)c; — m(Ae — B)cip1 — myrry —m(B — ) (77 + 1) +m(B — )G +m(B — 7)Tr1

‘Which can be reduced further to:

G = (1 - m/\C)(at - Et5t+1) + (1 — mAc — ’Y)(Et Yig1r — By X1 — Et) + ’y@:+1—
(mAc —mpB)(c; — Ciy1) +m(B — V)@ 11

We can go further:
/q\t = (1 — mﬁ)(@ — Et /C\t+1) + (1 —mAc— ’}/)(Et }/H-l — EtXt+1 —/}"L\t) — mﬂﬁ“t + (’}/(1 — m) —|—mﬂ)?]\t+1

But since Ac =  — 7, we can write (1 —mAc—7)=1—-m(f—7)—y=1—mB+my—~v=
1 —mpB —~(1—m). So we have:

14



Gi = (1=mB) (@ —Ei Cip1) +(1—mB—y(1—m)) (By Vi1 — By X 41— he) —mBriy+ (y(1—m) +mB) i1

(75)

This is identical to (L4) in the paper, where they define v, = mf + (1 — m)~y, since 1 — v, =
1—mpB—~(1—m).

So then the reduced linear system is:

¢ =k E;H — Ty (76)

by = By s + by — 77 (77)

T = —I{)?t + BE; T (78)

Ri=rpRi1+ (1 —rr) |(1 47171 +ryYi_1| + ERyt (79)
T,= o+ o (50)

@ = Ve Bt @1 + (1 — ve) B¢ (B¢ Vg1 — Ex X1 — /Ht) —mprry + (1 —mpB) (¢ — E¢ ¢1) (81)

= nv ~ 1—-v Sy
V= — 1§ —7<X ) 82
i (e S (%)
cct:bbt—qhht—kqhht_l—g(Rt_1+bt_1—7rt>+7(Yt—Xt) (83)
@:a+Lﬁt_BEta+l+ﬁEt@+l (84)
Py = Ry — By Fppn (85)

Where 7. = mf + (1 —m)y and ¢« = (1 — B)h/h/, and Kk = (1 — 0)(1 — 0B)/6. (76)-(85) are

identical to (L1)-(L9) in the paper (augmented to include the real interest rate expression).

2.8 Steady State

Let variables without time subscripts denote steady states. Further, assume zero steady state
inflation, so m = 1 (recall this is gross inflation). This means that 7* = 1 and v” = 1. This implies
that X = 5.

From (27), we get that R = B~! = r7. Since v < 3, this insures that the A > 0 (i.e. the

borrowing constraint binds in the steady state). Let’s start evaluating the other relationships in

steady state. We have:

L =(1-p)5 (86)
1= g (87)
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W=7 (88)
vY

q=7 ()(h + q) + m)\cq (89)
Ae=f—~ (90)
b = Bmgqgh (91)
Y = ALV (92)

d c

=1 =
v v (93)

h n
o1 = 4

b Y

b:c—i-g—i-wL—Y (95)

Let’s try to write these things out as ratios relative to output or the aggregate housing stock,
as this is what appears in the appendix.

We can eliminate wL from (88). This allows us to write (95) as:

—1b
p—1b _c¢_v (96)
6 Y Y X
Now fiddle with (89)-(90). We have:
vY
1= —+1 —
v (1) +mie =)
I can use this to solve for ¢gh/Y. In particular:
1 mB-v) vY
8 v qhX
Which is:
l-mB-y)—y_vY
% X qh
Or:
h 1

Y X1-mB-7) -7 1-7X
(97) is identical to the second expression for the steady state in the Appendix. But then we

can trivially get & from (91):

b pPmyw 1

Y 1—-7.X

(98)

(98) is identical to the third expression in the steady state appendix. But now that we know
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this, we can solve for <:

v

f-1pmwl v _c
f 1—7%X X Y

Which can be simplified further to:

v(1 = 70) = (1= Bymry

1- Ve
The numerator inside the brackets can be written: v (1 —mpg — (1 —m~y) — (1 — f)m~). But
this equals 1 —mpB —v(1 —mfB) = (1 — mfB)(1 — 7). Hence, we have:

Y X 11— X

c 1 [V_(l—ﬁ)mzm] :1[

1-— 1-—
¢ _v(@-mpf)(1l—-y) (99)
Y X 11—
(99) is identical to the expression in the appendix. But then we can get ¢

as simply one minus
this.

We are left with getting %, the lone remaining condition in the steady state appendix. Fiddle
with (86). We have:

(1—B)gh’
Now plug in that ' = H — h:

i’ = (1—-B)q(H —h)
Which can be written:

/

c H
]h:(l—B)Q(h—1>
Or:
_g¢ _H
(1—B)gh  h
So:
H jc
PR )P

Now multiply and divide the fraction on the RHS by Y:

H iy j Y
h (1 —pB)ghY 1-8Y qgh

But we now know everything on the right hand side. So we have:

(100)



At this point we have everything we need.
Note that we need to re-write the entrepreneur’s budget constraint to be in terms of ratios. We
have:
C .. b~ qh~ qh b

~ ~ ~ R Vo~ ~
?Ct = ?bt - 7ht + ?ht—l - W(Rt—l +bi—1 — ) + Y(YZ - Xy) (101)

2.9 Calibration

He sets 8 =0.99 and v = 0.98. He sets v = 0.03 and j = 0.1. He sets m = 0.89. Further, we have
n = 1.01. From this, we can solve for ¢ and 7, and all the steady state ratios that we need.
The figure below plots the impulse responses to a policy shock. The interest rate exogenously

increases. This results in output and inflation falling. Furthermore, the price of housing falls.

Figure 1: IRFs to Policy Shock
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The next figure recreates Figure 2 in the paper, which plots the cumulative response of output

to a policy shock. This is identical to what he reports in the paper.
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Figure 2: Cumulative Output Response

w
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The important insight here is that the borrowing constraint amplifies the response to the mon-
etary policy shock. I'm not going to show that explicitly as it is more difficult than just re-
parameterizing something (i.e. you need to have households and entrepreneurs to have the same
discount factor, which makes the borrowing constraint non-binding). But we can think about the
logic for the why constraint exacerbates the output effects of the policy shock by focusing on the

response of the multiplier facing the entrepreneur.
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Figure 3: Response of Multiplier, \;
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We observe that A; goes up quite markedly — i.e. the borrowing constraint gets tighter. There

are several reinforcing effects driving this. Recall that the borrowing constraint is given by:

Ge+1 e
by =mE; | ———
t t[ » ]

First, here is a direct effect at play — the increase in R; causes the right hand side to get smaller,
other factors being equal. This tightens the constraint. Second, there is the effect on house prices.
With declining aggregate demand ¢4+ will decline, also tightening the constraint. And then there
is a “debt deflation” channel that occurs because nominal debt is not indexed to inflation (in the
paper, Tacoviello talks a decent amount about this). In particular, the decline in inflation also itself
makes the constraint tighter. All three of these things work in the same direction — \; goes up,
which exacerbates the steady state misallocation wherein the entrepreneur has too little housing
relative to what would be efficient. The shock makes it even harder for the entrepreneur to get land,

which moves the economy even further from the efficient allocation. And of course, through general
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equilibrium all these effects on the tightness of the constraint are exacerbated in a “multiplier” or
“accelerator” type mechanism — a tighter borrowing constraint for entrepreneurs further reduces

the price of housing and inflation, which further tightens the constraint, and so on.

2.10 Solving the Non-Linear Model

Instead of linearizing by hand (which is often useful for intuition but is frankly a pain), we can
also simply put in the non-linear equations and let Dynare just solve the model for us (via first
order or higher approximation). That is, use (25)-(41) without linearization by hand and without
eliminating static variables.

We have to think a bit about the steady state. What matters for the linearization are steady
state ratios relative to output — the absolute size of steady state output is irrelevant. To solve the
steady state of the non-linearized model, however, we do have to worry about absolute sizes. There
is typically a “free” normalization at play. Most often, we normalize A = 1. lacoviello instead
normalizes Y = 1. This is absolutely fine, and maps in nicely to the steady state ratio work when
constructing the linearized model. But we have to pick A to be consistent with that normalization,
instead of the typical approach of setting A = 1. The choice of steady state H (the total available
fixed stock of housing) will matter for the requisite normalization of A in this setup but is otherwise
not directly relevant.

(97)-(100) give us ¢h/Y, b/Y, ¢/Y, and h/H. Normalizing Y = 1, this then gives us steady

state values of gh, b, and ¢ (and hence ). Let’s just set H = 1. But then we can use (100) to give

us h:
i 41
h=|14 —— 102
[ 13 qh] (102)
The FOC for labor supply can be written:
wLY
N=——
Y ¢
But from the labor demand condition we know:
wh _1-v
Yy X
Using this, along with the normalization of Y = 1 and the above-found value of ¢/, gives us:
1—v 1/n
L=——+ 103
() (103)

But since we know L and h now, we can determine the A that is consistent with Y = 1 from

the production function:

1

A= ——
hl/Ll—V

(104)
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I can put the non-linear equations into Dynare and let it do the linearization, and I get virtually

identical impulse response functions and moments as when I do the linearization by hand.

3 The Extended Model

The extended model is basically the same as the base model, with a couple of modifications. First,
entrepreneurs can accumulate physical capital. Second, an additional impatient household is added
that is also subject to a borrowing constraint. Third, all households face convex housing stock
adjustment costs. Fourth, there is now a stochastic productivity shock and a preference shock to

housing.

3.1 Entrepreneurs

Entrepreneurs produce wholesale output according to:

Yopu = AKL Ry (L) =)L) (e dmpy) (105)

The “prime” denotes the labor supply of the patient household and the double-prime the im-
patient household. The budget constraint of the entrepreneur is:
Y, Ry 1b—
Xw’t + bt + gthe—1 — wy Ly — wy' L = ¢; + qihy + % + I+ et + Ert (106)
t t

On the income side, the entrepreneur earns income from selling to retailers, issues new debt,

earns income from its existing stock of housing, and pays labor (to both types of households).
On the expenditure side, it consumes, buys new housing, pays interest on its debt, invests in new

capital, and pays adjustment costs on housing and capital. These adjustment costs are given by:

I 2K,
e =0 (s - 0) 55" (107)
2
€ot = e <ht hth1“> qth;’l (108)

Preferences are the same as before, as is the borrowing constraint. A Lagrangian is:

00
L= EO Z’yt{ In ct + )\t (m Et Qt+1ht7rt+1 - bth) +
t=0

AL iy (£ 0 (1) 000w

M1t Xt + bt + qtht_1 — ’LUQL; — ’LU;/LQI
Ri_1bi—1 I 2 Ky hi — hi—1 2 qihi—1
—ci—qihy———————1I;— -0 — Qe I 1-96 41— K
ci—qihy o = (Kt—l ) 55 o Iy 5 Fpo (I + ( VK1 t)
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The FOC are:

oL 1
éTct = Cj — Mt
L a(l—-p—-v)Y; ,
oL~ Lix,
IL _ (l_a)(l_M_V)Yt —
oLy LI X, ¢

oL _ P I;
a1, = Hu <1 5 (Ktl 5)) + po

oL Yt Y (T > (L T
g E SR (s & RN N I Ay (e R ) a2l 1-6)E
oK, po + v Eq p1 g1 KX 2% UK, + 3 X, X, +7( )Et pot41
oL
T MRy + p1 — v Eg pa 1 Re /T
t
oL hy — hy_
a7 = MM Ey qamipr — p1qe (14 @ o) ) 4
8ht ht—l

vYii1 Ge ((hiy1 — Iy 2 hiy1 —he\ qeeihesr
]E + + - T - e
tMl,t ! (htXtJrl i+ 2 < ht at ht ht

The labor demand schedules are straightforward:

,_o(l—p—v)Y

1
wy X, (109)
l—a)(l—p—v)Y;
wy ——( ) X, ) (110)

Now let’s deal with the multipliers. From the FOC for investment, we have:

1 )
——(1+Z —
Wt o ( + 5 <Kt1 5))

This is what he calls v; in the appendix. I will use this notation. Then if you go to the capital
FOC, we have:

L Y (I Lyi W (L ?
NS P oy e SN e 2 R Y (e
vt i tCt+1 [(5 ( Kt ) Kt 20 Kt

Now, (111) looks almost just like what is in the appendix, except for the timing terms on the

i1
+~E [—1— 1—-9d)v 111
VB e (1= Gun | (1)

adjustment cost part. This has to be a mistake — K;_1 is predetermined, you are choosing Kj,
and that only affects adjustment costs in ¢ + 1, so (i) there should be discounting, (ii) it should be
weighted by 1/ci11, not 1/¢;, and (iii) the terms should be I;1; and Ky, not I; and K;_;. Note if
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you go to the technical appendix on Iacoviello’s homepage, he has the right timing consistent with
(111).
The FOC for housing can be re-written:

hy — hi—
(o (i52)-
ct hi—1

vYii _ Qeiv1 (heyr — e 2+¢ hiv1 — he \ @e41hi1
! 2 ht ¢ ht ht

+mA Et 1741

(112)

(112) is the same as in the paper, just modified to include the terms related to the adjustment
cost. The first order condition for bonds is the same as in the standard model:
1 1 Ry

—=vE, —— + MRy (113)
Ct Ct+1 Tt+1

3.2 Impatient Households

The new agents are impatient households, denoted with ”. They discount via 8” < 3. Their
problem looks just like the patient household, modified to include a housing adjustment cost, with
the exception that, like the entrepreneurs, they face a borrowing constraint. Their budget constraint
is:
on (b —h 1\
& + qhy + Reab)_y /m = b + ¢/hi_| +w/ L} +T}" — > (h,, 1* ) qihy_y
t—

Preferences are the same as in the base model, though modified to include a preference shock

for housing, j; (i.e. j is now stochastic, and will apply to both patient and impatient households).A

Lagrangian is:

= (Ly)"
L =8 ) B"S Inc/ +jilnhj - :7 + N [m" By qrarhimin — bf Ry
t=0
2
" /! 1 IIL/I 1! ¢h hé/ - 2/—1 1/ /! 1 1/
+ g |by +athy_ +wp Ly + T — 9\ T qhi_y — ¢ — qthy — Ry—1by_y/m
t—1
The FOC are:
OL 1 /)
od =g M
t t
OL
_ _(L//)n—l 4 M”w”
oL} t t Wy
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oL
—ReXN + pf — BBy Re /41

o
oL " " h” t 1
N +m >\t Et Gt+17Tt+1 — K Qbh — |9 — Gt +
8h;’ h// t h;/,1
2 " "
OrGi+1 hft/+1 - h%’ t+1 h t+1
B Bty | qe1 — + én Q41
t 9 h/t, h;/ h;/

We can eliminate the multiplier and write these as:

==y (114)
t
1 1 R
— =8, 7 L RN (115)
C Cey1 Te+1

@ 1_|_¢ u — jit_i_
L7\ hy

h// h//
,3// E, %/t/—i—l 1— ﬂ ( t+1 . ) T ( t+1 . ) t—;l + m,/)\th-i—th—i-l (116)
t+1 2 ht ht ht

(116) is close to what he has in the appendix, but he seems to be missing the term involving

the square of the difference.

3.3 Patient Households

The patient households look exactly like the impatient households, except they are not subject to
a borrowing constraint. They are subject to the same adjustment cost and same preference shock,
j¢- Hence, their FOC are:

S (! (117)
Cy
1 1 R
= = BE ——— (118)
Cy Cryq Te+1

qt hl t—1 Jt
oo ()2
ci [ h;q hi

BE der1 (4 _ @ i1 — N 2+¢ i1~ hi\ b (119)
"l 2 hy "\ h h]
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3.4 Other Parts

The retailer problem is identical to before. Aggregation related to price-setting and aggregate
production is the same. Aggregation on the demand side is a bit trickier. We need to sum the

budget constraints of the three agents. We have:

Ri_1b,_4 Ri1b]_4 Ri—1bi—1

¢, + qihl + + &+ F @b + + & ot qhi+ L+ Eer+ &=

Yot
v, + wiLly + qihy_y + Fy + —X + by + qthi—1 — wi L, — w, LY + b + q/hy_ +wj LY
t

Bond market-clearing requires b} + b} +b; = 0. House market-clearing requires h} +h} +h; =
Imposing these things plus labor market-clearing gives (using the same fact about remitted profits)

gives the resource constraint:

Gl te+hi+Eei+ &+ &+ =Y (120)

Where the € terms are shorthands for the adjustment costs:

3.5 Full Set of Conditions Extended Model

The full set of equilibrium conditions are:

=y (121)
t
1 1 R
~ = BB ——— (122)
Cy Ct+1 Ti+1

BE, |9t 1% 1 — N 2+¢ 1~ ht\ P (123)
e 2\ K "\ n ;

S =yt (124)
Cy
1 1 R
— =3"E, — + RN/ (125)
/! /!
G Cit1 Tt+1
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Qt hg - hg—l ]t

YA N 2 YA /AN N/
8", Qj;/+1 1— n < t+1 § t) + o < t+1 _ t> tﬁl
o 2 h h h!

+m M qimgr (126)

by = m" Bt [qer1hymee1 /Ryl (127)
w) = W (128)
1¢:<r—w%§£—un; (129)
vtzclt<1+1§ (Kft_l —5>> (130)

1|y (I Ly ¥ (L
=vyE;, — — =0 — - == -
vt 7 tCt+1 [(5 ( Kt > Kt 20 Kt

hy — hy_
(1o (52)-
ct hi—1

Y1
+9E | ——m—— 4+ (1 = 6)v 131
wthﬂ&&ﬂ ( >HJ< )

t ctil }:3;:1 b per — <Z5eég+1 <ht+1ht— ht>2 o (ht+1ht— ht) Qt—l—;:tbt—i-l A By gt
(132)
=B AR (133)
by = mE; [Qt+1ht7Tt+1/Rt] (134)
210 = X, Y+ OBy Ay 121041 (135)
Zop =Y+ OE; At,t+17T§;1122,t+1 (136)
= ejl 2; (137)
Ry = (1) " (Rea)™ (2 (Vi /Y)™) " e (138)
L=0m "+ (1—0)(m)' (139)
AL By (L)) (L) A0 mmy) — (140)
of = (1—0)(7})~ + Omol (141)
ottt L+ttt é =Y (142)
hy + by + hi = H (143)
K= I+ (1—6)Ko (144)
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h hi_
fe,t % ( tht lt 1) qrhi—1 (145)
2
/ ¢h h; - ;&-1) /
= () e
"o on (h:t/ - ;5/—1>2ch” (147)
hit = o -1
t 2 h:f/_1 t
LG T (148)
M= o5 \ Ky t—1
R;_1b Y oP
be = ¢t + qr(he — he—1) + % +wy Ly +wi L 4 T 4 Eep + &gy — ;:t (149)
t ¢
R _ b/l
b=l -+ P g, (150
Je =1 —pj)i+pjji—1 + sjcj (151)
At =1 —pa)A+paAi1+sacaz (152)

This is 32 equations. There are 32 variables:
{CtaC:ﬁacg?ht7h:§7h;/7L{‘,7L1,ﬁlaIt7Kt7}/;57Xt7bt7bg7qt7Rt7wévw2/771—15771—;(721,75722,t7vfavt7Ata)‘:5,7jt7At7§€7t7§k,t752,h£;{,t}

3.6 Steady State

I’'m going to solve for the steady state by hand. First of all, the steady interest rate is standard:

R=p"! (153)

We know that v = % But this means we can write the Euler equation for capital as:

- [I‘gﬁu—a)}

Since we are targeting Y = 1 and have a target value of X, this allows us to solve for the steady

state capital stock:

1
X{%—(l—é)}

Given K, we then have I = 6 K. None of the adjustment cost terms will be different than zero

K = (154)

outside of steady state, and with zero trend inflation the pricing conditions are straightforward.
Let’s write out a bunch of other equations in steady state and work from there, given what we
know and given the normalization of Y = 1.

w'L’
/

—wy

C
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qa_J q

o= w P

w//L//

Cl/

= (L")"
"no__ i ol
RX' = = (1-B"R)

q

J n 4q v
c//:h//+/8 g—i_m Nq
b//R:m//qh//

W' — 0‘(1_”_’/)

X
l—a)(l—p—v)
//L//:(
v X
9_T[ ¥
c ¢ [hX+q] mAg
1
R\ = —[1 —~R]
c
bR = mqh

AKFRY (L) O-r=) () A-a)(-p=v) —
ct+d+"+0K=1
h+h+h =H
b=c+Rb+w'L +uw"L"+6K -Y/X
V' ="+ Rb" —w"L"

Let’s start eliminating things. First, we can eliminate the wage terms. We get:

1y —
Ak
l—a)(l—p-—
( O‘)(X p—v) _ c//(L//)n
l—p—v 1
b(l1—R) = ———— 4+ 0K —
( )=c+ e + X
1—a)(1—p—v)
b'(1 — _ (
(1-R)=c <
Furthermore, note that we can write:
1
A=—(8—
~(B=7)
A// — i(,@ _B//)
c//



This means that we can write the housing Euler equations as

q

//q m" 1 1"
o= WJrﬁ Q7(5—5)
a_7
. [thﬂLq}ﬂLmq (B=)

q

J q
=wthe

Focus on the second expression. The ¢ cancel, and we can multiply both sides by h

v
gh =~ [Y + qh} +mqh(8 — )
Or, simplifying:

qh = L =
—(B=v)mX
Similarly:
qh// — jc// + B//qh/l _|_ m//qh//(/B . ﬂ//)
Or:
gh" = jc"
1 _ /8” _ m//(/B _ /6//)
And, finally:
gh' = jc' + Bah’
Or:

Now we can solve for ¢. How? Because we know:

L (B-1 pt+v
c—b< 3 >+ ¥ 0K

But we know that:

b = Bmgqgh
So we get:

c=mqh(B — )+%—5K

Knowing gh, we now have c. We similarly now can solve for ¢
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oo (B51) 4 Lmellzpy)

But b = Bm'qh’:

= m”qh"(ﬁ _ 1) + (1 — a)(l —H— V)

X

But we know ¢gh” from above. So:

no__ Mg jcl/ (1_0‘)(1_ﬂ_y)

" =m"(B 1)1—,3”—m"(5_6”)+ X
So:

L Jm"(B-1) o 1=a)(1—p—v)
1_/8//_m//(/8_5//) X

Or:

O L RS ]1(1a)(1ul/)
1_/6//_m//(/8_6/l) X

But then we can solve for ¢’ from the resource constraint:
d=1—-c—d -K

But then we can solve for L' and L”:

1
a(l—p—wv)]n
[ === =/

e [u SR v)}i

But now we can solve for ¢, but noting that gh + gh’ + gh” = q (since h+h' + 1" = H = 1).
1 v/ )
_ v 1. jc L
TG mX 1w ) 18

But then we can recover h and A/, knowing ¢, and then h” =1 — h — h’/. But then we also have

q

the b an b’ from the borrowing constraints:

b// — ﬂm//qh//
b = Bmgqgh

We can also solve for the A consistent with our normalization:

A= KMhV(L’)a(lﬂu*V) (L/l)(lfa)(lfufz/):| -1
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3.7 Parameterization and IRF's

For the extended model, Iacoviello calibrates some parameters and estimates others. More on the
estimation below. The calibrated parameters are 5 = 0.99, v = 0.98, and 3" = 0.95. The parameter
on labor in the utility function is n = 1.01 and the steady state weight on housing in the utility
function is 7 = 0.1. Two of the three production function parameters are p = 0.3 and v = 0.03.
The depreciation rate is § = 0.03 and the capital adjustment cost parameter is ) = 2. Even though
we went to the trouble of writing down the model with the housing adjustment cost, this is set
to zero — ¢, = ¢p = 0. The steady state markup is X = 1.05 and the probability of non-price
adjustment is = 0.75.

A subset of other parameters are estimated. The estimation is via impulse response matching.
The exercise is a bit weird so I will describe it in words here. First, he is estimating a four variable
VAR in the nominal interest rate, inflation, the housing price, and output. Then he is identifying
impulse responses via a recursive Choleski ordering, with the variables following this ordering (i.e.
the interest rate is ordered first, etc). To be able to estimate a four variable VAR, he is adding a
fourth shock — an “inflation” shock which appears as a residual in the linearized Phillips Curve (I
have not included that in my exposition of the model here).

The important point here is this — this VAR ordering only makes sense from the perspective of
the model for the interest rate. Why does the ordering only make sense for the interest rate? Well,
the interest rate specification has monetary policy reacting only with a lag to inflation and output.
This means that ordering monetary policy “first” means that the reduced-form innovation in the
interest rate equation can be interpreted as the monetary shock — this affects all other variables
immediately, but the interest rate only reacts to other shocks with a lag of one period.! The other
orthogonalized shocks from the VAR don’t map into model. In the recursive VAR, inflation does
not react within period to the last two orthogonalized shocks. But in the model, inflation will
react immediately to all shocks. So, we cannot interpret the VAR impulse responses other than
the response to the identified monetary shock in a structural way in terms of the model. It is a
well-defined exercise to take the DSGE model, form a reduced-form VAR and compute IRFs to
the Choleski-identified orthogonal “shocks” — these are, if you will, interesting moments one might
hope the model can match. But the IRFs to these shocks do not map one-to-one into the IRFs to
the actual shocks in the model (again, other than for the interest rate).

Let W be a vector collecting of impulse responses of variables from the empirical VAR. Let \TI(C )
be a vector collecting the model impulse responses, where ( is the vector of parameters to estimate
(see below). But what impulse responses in the model? These are not the impulse responses to
different shocks in the model. Rather, they are impulse responses to the Choleski orthogonalization
of the reduced form VAR representation of these four variables in the model. As I said above, only

the impulse response to the “R shock” will be interpretable as the response to a shock in the model.

nterestingly, it is worth noting that this is ezactly the opposite from how monetary policy shocks are identified
in most empirical VARs. In those VARs (see, e.g., Christiano, Eichenbaum, and Rebelo 2005), monetary policy is
ordered “late” in the VAR wherein monetary policy is assumed to react instantaneously to other shocks but only
affects other variables with a lag.
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Put differently, the responses shown in Figure 5 are not responses to the four shocks in the model;
they are responses to the four Choleski-orthogonalized innovations from the reduced-form VAR
representation of the model.

The parameters he estimates are a (the share on the two kinds of labor), m and m” (the down
payment requirements for the entrepreneur and the impatient household), and the parameters of
the shock processes (but not the monetary policy rule, which is based on estimation of a single
equation Taylor rule). The objective function is to pick ¢ to minimize the distance between the

VAR and model impulse responses:

min [\I:(g) . @]'«I) [\I:(g) - \TJ}

Here @ is the weighting matrix. Typically in these kinds of exercises, the weighting matrix is
the inverse variance-covariance matrix of empirical moments that you are targeting (in this case,
the IRF's to the Choleski shocks in the VAR). Tacoviello does something slightly different — see the
discussion in the paper. The estimates are in Table 2. He essentially estimates the productivity
shock to be iid. For what I’'m going to show below, I use p4 = 0.803 instead of p4 = 0.03. Otherwise
I use what they report in the paper. The impulse responses to the three shocks I have in the model

are shown below:
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Figure 4: IRFs to Policy Shock
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The policy shock impulse responses look similar to what shows up in the simple model. They
are also basically exactly the same as what he reports in Figure 5 of the paper (solid lines for
the model); based on the discussion above, this makes sense, as we actually can interpret the first
orthogonalized response as the response to the structural monetary policy shock. The C response 1
show is aggregate consumption (the sum of consumption of the three types of agents). Investment
goes down (by a bit more than output); that’s really the only new response relative to the simple
model. As shown before, the Lagrange multipliers on the now two borrowing constraints go up —
i.e. these constraints become tighter. This amplifies the negative output response to the shock.
The decline in the house price, increase in the nominal rate, and decrease in inflation tightens
the constraints on patient households and entrepreneurs and amplifies the effects of the exogenous
monetary policy disturbance.

Next, I show IRF's to the productivity shock in the model. As noted above, these are not directly
comparable to the IRFs he shows in Figure 5; furthermore, I have changed the AR parameter on

the productivity process to something more reasonable. These look a little weird relative to most
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standard models — the increase in productivity is contractionary on impact for output (before going
up) and contractionary for investment, whereas in most standard models it would be expansionary
for both over all horizons. What is going on? The productivity improvement leads to an increase in
the price of housing — patient households end up wanting more of it because their consumption goes
up. This price increases causes entrepreneurs to shed their stock of housing, which keeps output
from rising much. Note that the entrepreneurs’ constraint becomes tighter (i.e. A\; goes up), even
though ¢ also goes up — part of what is driving this is that the productivity shock is deflationary.
This is kind of a general result in these collateral constraint models. When constraints apply to
nominal asset holdings, the constraint tends to amplify the effects of demand shocks (which move
inflation in the same direction as output, therefore loosening constraints in periods where demand

is high) but does the opposite for supply shocks (because inflation falls, which works to tighten the

constraint).
Figure 5: IRFs to Productivity Shock
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The responses to the housing preference shock are shown below. Households and patient house-
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holds decide they like housing more. The immediate impact of this is pushing up the price of
housing. On its own, this would cause the entrepreneur to want less housing. But the increase in g;
eases the entrepreneur’s borrowing constraint by quite a lot, as evidenced by the decline in A\;. In
spite of the higher price of capital, this actually increases the amount of housing that entrepreneur’s
have, h;, at least immediately. This triggers an increase in investment because the marginal prod-
uct of capital is higher. Because of the higher housing initially held by the entrepreneur and the
higher investment, the wage goes up initially and labor increases, so we get a temporary output
boom. But eventually, the higher price of housing dissuades entrepreneurs from holding housing —
basically, the constraint on entrepreneurs is only eased for a while. After that time, housing ends up
being consumed by patient and impatient households, which actually results in output eventually

falling.

Figure 6: IRF's to Housing Preference Shock
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