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Abstract

Physical experiments and numerical simulations have observed a remarkable
stabilizing phenomenon: a background magnetic field stabilizes and dampens elec-
trically conducting fluids. This paper intends to establish this phenomenon as a
mathematically rigorous fact on a magnetohydrodynamic (MHD) system with
anisotropic dissipation in R3. The velocity equation in this system is the 3D Navier—
Stokes equation with dissipation only in the x1-direction, while the magnetic field
obeys the induction equation with magnetic diffusion in two horizontal directions.
We establish that any perturbation near the background magnetic field (0, 1, 0) is
globally stable in the Sobolev setting H>(IR3). In addition, explicit decay rates in
H?(R?) are also obtained. For when there is no presence of a magnetic field, the
3D anisotropic Navier—Stokes equation is not well understood and the small data
global well-posedness in R? remains an intriguing open problem. This paper re-
veals the mechanism of how the magnetic field generates enhanced dissipation and
helps to stabilize the fluid.

Mathematics Subject Classification: 35A05 35Q35 76D03

1. Introduction

This paper deals with the stability and large-time behavior problem on a system
of 3D anisotropic MHD equations near a background magnetic field. To shed some
light on the potential difficulties of this problem, we briefly review several facts
about the behavior of solutions to the Euler and the anisotropic Navier—Stokes
equations.

It is well-known that solutions of the incompressible Euler equations

ou+ (u-Vyu=-VP,
V-u=0
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can grow rather rapidly in time. In fact, Kiselev and Sverak were able to construct
a vorticity solution of the 2D Euler equations in a disk whose gradient grows
double exponentially in time [54]. In the periodic setting, an example of Zlatos
shows that the vorticity gradient can grow at least exponentially [110]. Choi and
Jeong obtained linear in time growth for the vorticity gradient for certain smooth
and compactly supported initial vorticity in R? [22]. Classical solutions to the 3D
Euler equations could develop finite-time singularities [20,38]. Many more results
in this direction can be found in a review paper by Drivas and Elgindi [35]. As a
special consequence, perturbations governed by the Euler equations near the trivial
solution are generally not stable. How much dissipation does one really need in
order to achieve the stability? Adding the full Laplacian dissipation is certainly
sufficient. As demonstrated by Schonbek and others (see, example, [75-77,88]),
solutions of the Navier—Stokes equations

ou+ (u-VYu=—-VP + nAu,
V-u=0

are asymptotically stable and decay in time with explicit decay rates. When the
dissipation is anisotropic and only in two directions, the Navier—Stokes equations
become

:atu—i—(wV)u:—VP—i—y,Ahu, (1.1

V-u=0,

where Ay, = 312 + 822 is the horizontal Laplacian. Due to its physical applications
and special mathematical properties, (1.1) has attracted considerable interest and
an array of beautiful small data global well-posedness results have been obtained
(see, example, [18,19,50,65,69,70,103,104]). New approaches have very recently
been developed to tackle the large-time behavior problem and explicit decay rates
have been extracted for (1.1) (see [52,96]). If we further reduce the dissipation to
be in just one direction, the resulting 3D anisotropic Navier—Stokes equations

Blu—i—(u-V)u:—VP—i—ualzu, xeR3 >0,

V.ou—0 (1.2)

are not well-understood. In particular, the small data global well-posedness problem
remains open. In addition, very little is known on the stability properties and the
large-time behavior.

This paper focuses on a system of the 3D MHD equations with anisotropic
dissipation

du+ w-Vu=—-VP+udlu+(B-V)B, xeR3, t>0,
B+ w-V)B=nARB+ (B-Vu, (1.3)

V-u=V-B=0,
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with the initial data
u(x,0) =ugp, B(x,0)= By.

Here u = (uy,u2,u3)',B = (By, By, B3)" and P represent the velocity field
of the fluid, the magnetic field and the scalar pressure, respectively. The constants
u > 0 and n > 0 are the viscosity coefficient and the magnetic diffusivity. The
MHD system (1.3) focused here is relevant in the modeling of reconnecting plasmas
(see, example, [23-25,72]). In fusion plasmas there is extreme anisotropy due to the
high temperature and large magnetic field strength. This causes diffusive processes,
heat diffusion and energy/momentum loss due to viscous friction, to effectively be
aligned with the magnetic field lines. This alignment leads to different values for the
respective diffusive coefficients in the magnetic field (see, example, [31,46,66,84]).

The motivation for studying (1.3) comes from two distinct sources. The first
is the stabilizing phenomenon observed in physical experiments involving elec-
trically conducting fluids. The experiments exhibit a remarkable phenomenon: a
background magnetic field actually stabilizes and damps turbulent MHD fluids (see,
example, [2—4,26-28,43,44]). We intend to establish this phenomenon as a mathe-
matically rigorous fact on (1.3). The second is to initiate new strategies and develop
innovative tools for stability and large-time behavior problems on anisotropic mod-
els.

We remark that anisotropic diffusion is a common physical phenomenon and
describes processes where the diffusion is directionally dependent. Anisotropic
diffusive processes occur in Darcy’s flow for porous media, large scale turbulence
where turbulence scales are anisotropic in size, and heat conduction and momen-
tum dissipation in fusion plasmas. Many mathematically rigorous studies have
been devoted to understanding such anisotropic flows. For example, there is a very
large literature on the primitive and the Boussinesq equations with anisotropic dis-
sipation. Various partial dissipation cases on the primitive equations have been
examined by Cao, Li and Titi (see, example, [11-13]). Their main focus has been
on the global existence and regularity problem. It may be interesting to understand
the stability of perturbations near physically relevant steady states such as shear
flows and hydrostatic balance.

To understand the stabilizing mechanism of a background magnetic field

u® =0, BY =e:=(0,10),
which is obviously a steady-state of (1.3), we study the dynamics of the perturbation

(u, b) with b = B — B _ Clearly, (u, b) satisfies the MHD equations

du+ (u-Vyu=—VP+pudtu+ b -V)b+dhb, xeR, t>0,
b+ w-V)b=nApb+ (b-Vu+ dhu,

(1.4)
V-u=V-b=0,

u(x,0) =upx), b(x,0) = by(x).
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Our main result asserts the global well-posedness and stability of (u, b), and pro-
vides precise decay rates for various Sobolev norms of (u, b). The precise state-
ment of these results is presented in the next theorem. To simplify the notation,

we use || f|[Lrrarr for the norm H “ Il fllrw) ||Lq(R)‘

and ||f||Lf£3 L0, for

L'(R)

[ ”f”Lflxz(Rz) LL Ry

Theorem 1.1. Assume that (ug, bg) € H>(R?) with V - ug = 0 and V - by = 0
satisfies

(0, bo), (3310, d3bo), (d3ug, 33bo) € L2 L1 (RY).

x3x1x2

Then there exists a sufficiently small constant § > O such that, if

(o, o) Il g3 w3y + Il (uo, b0)||L§3L,{1X2(R3) + [1(93u0, 33b0)||L§3L}(1x2(R3)

+ 1@3u0, 83b0)l2 11, =3) <8, (15)

then (1.4) admits a unique global solution (u, b) € C([O, o0): H3 (R3)). In addi-
tion, (u, b) is stable in the sense that, for an absolute constant C > 0,

13
G, DY 1373 sy + / (1916 (@33 g3, + 1026 @) 3 g3y + VD173 3)) de < €8
0

foranyt > 0.

Furthermore, (u, b) obeys the following time decay estimates, for 0 < & < g

36
1, )l gy < CA+072, [(Vat, Vi)l 2y < CA 4107,
(31, 33D) [ 23y < C(1 + t)*%“,

[1(310u, 019;b) [l 2R3y < C(1 +t)_%+8, j=12,

1@ 831, 31 33b) [l 23y < C(L+1)71FE,

(020 u, 029;b) [l 23y < C(1 + =3, j=2,3,

133, 832b)||L2(R3) <Cl+ t)_%.

Theorem 1.1 rigorously confirms the smoothing and stabilizing effect of the
magnetic field on the electrically conducting fluids. Without the magnetic field, the
fluid motion is governed by the 3D anisotropic Navier—Stokes equation (1.2) alone
and whether or not the velocity is stable in Sobolev spaces remains an outstanding
open problem. When coupled with magnetic field, Theorem 1.1 ensures that any
perturbation near a background magnetic is stable and decays to zero at explicit
rates as t — 00.

We clarify the differences between Theorem 1.1 and some of the closely re-
lated results. Wu and Zhu [94] solved the stability problem for the MHD system
with horizontal dissipation Aju and vertical magnetic diffusion 83217. It appears
that the situation considered here is more difficult. This is due to the handling
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of the velocity nonlinearity (x - V)u. When the velocity dissipation is only in
one direction, the triple-product term ((u - V)u, u) g3 is much more difficult to
control than any triple product terms generated for the MHD system considered
in [94]. In fact, this term is exactly the reason why the well-posedness prob-
lem on the 3D anisotropic Navier—Stokes (1.2) is open. One main contribution
of this paper is the handling of the Navier—Stokes nonlinearity when the dissipa-
tion of the velocity is only in a single direction. The smoothing and stabilizing
effect of the magnetic field on the fluids, and the elaborate construction of time-
weighted energy functional are the key ingredients of this successful story. We
remark that there is a very large mathematical literature on the incompressible
MHD equations. In particular, there have been substantial recent developments on
the well-posedness and stability problems, and significant progress has been made
(see, example, [1,8-10,14-16,21,29,33,34,36,37,40-42,45,47-49,51,53,55,56,
58-64,71,73,74,78-80,85-87,90-92,95,97-99,101,102,105-107]).

We explain the proof of Theorem 1.1. Due to the lack of velocity dissipation in
two directions, we take the functional setting to be the Sobolev space H? in order
to guarantee the uniqueness. The local existence follows from a standard procedure
(see, example, [67]), so we focus on the global a priori bounds of (u, b). This is
accomplished via the bootstrapping argument (see, example, [83]). A crucial step is
to construct a suitable energy functional. Naturally it should include the H3-norm
together with the time integral pieces from the dissipative terms

t
Eé”(z)=0sup 1 (e), b))% + /0 (||81u<r>||§,3+||vhb(r>||§,3)dr.
<t<t

(1.6)

However, due to the lack of velocity dissipation in two directions, the triple product
generated by the nonlinearity, namely ((u - V)u, u) z3 can not be bounded in terms

of E(()l) (#). The most difficult piece is the following triple product:
/ 33(u - Vu) - 03u dx.

Here we have used [ to denote the integral in x over RR3. To distinguish the deriva-
tives in different directions, we further write that as

/ag’(u.W)-agudx
_ 2 3 2 3
—3/83uh'Vh83u-83udx—|—3/83uh~Vh83u-83udx
3 3
+/83uh-th-B3udx

+3/83u3 du - 833udx+3/832u3 d3u - du dx+[a33u3 d3u - d3u dx.
(1.7)

Clearly we need to seek enhanced dissipation in the x; or the x3 direction to com-
plement the existing dissipation in the x;-direction. The background magnetic field
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is along the x, direction and it is in this direction that the extra regularization is
generated. Mathematically this is reflected in the wave structure. We explain this.
To avoid unnecessary complications, we look at the linearized system of (1.4),
namely,

du = pdtu + db,

0:b = nApb + du, (1.8)

V-u=V-b=0.

By differentiating the first equation of (1.8) in # and making several substitutions,
we obtain

drut = nddpu + 020;b = 102 u + 02 (NARb + du)
= pdlou + nAy(du — pdtu) + du
= (37 + AR — und; Apu + d3u.
Similarly, we have, for b, that
deb = (ud? + nAR)db — und? Apb + 03b.
Therefore, (1.8) is converted into the following system of wave equations:
deu — (LT + nAR)du + pnd? Apu — d3u = 0,
deb — (W0F + nAR)b + undf Apb — 33 =0, (1.9)
V.-u=V-b=0.

(1.9) is a system of anisotropic and degenerate wave equations. In comparison with
(1.8), (1.9) exhibits much more smoothing and stabilizing properties. In particular,
the two terms 822u and 822b in (1.9), emerged from the interaction of the velocity and
the magnetic field, generates the dissipation in the x;-direction. This confirms the

stabilizing effect of the background magnetic field. In fact, by energy estimates,
we can show that, any solution (u, b) of the wave equations (1.9) satisfies

1d 2 2 2 2
o (2||atu||L2 — 2(udu + nApu, du) + ||wdtu + nApull,
0 Vil 2, + 1053 )
+ 19372 + nllVadulls s + w?nllo7 Vaull7 s + wn® 101 Viull?,
+ wlld1daull? > + 0l Vadaull, = 0. (1.10)
Clearly,
2010,ull72 — 207U + nApu, du) + || 1d7u

2 1 2 2 2
+nApully, = Z(Hat“”Lz + lwdtu +nApully).
Integrating (1.10) in time yields an upper bound on various norms of u. The upper
bound for b is the same. These upper bounds reflect the smoothing and stabi-
lizing effect of the wave structure. In particular, we gain a regularization in the
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xp-direction. As we shall see in the proof of Theorem 1.1, this regularization can
be realized via a Lyapunov functional with a mixed scalar product. However, as we
can see from the simple energy estimate above, the wave structure provides much
more regularization. When we prove the decay estimates of Theorem 1.1, we need
to take full advantage of all these smoothing properties. This is done through the
integral representation in (5.5) and (5.6), which involves typical kernels for wave
equations.

We remark that the stabilizing phenomenon and the wave structure appear to
be universal for perturbations near steady states of many fluids. In particular, the
Boussinesq system governing the perturbations near the hydrostatic equilibrium
share many common features with the MHD systems such as the anisotropy and
the wave structure. The stability problems on the Boussinesq systems near the
hydrostatic equilibrium and/or the shear flow have recently attracted consider-
able interests and important progress has been made (see, example, [5-7,17,30,
32,39,57,68,81,82,85,93,100,108,109]). The Boussinesq wave structure reveals
the smoothing and stabilizing effect of the buoyancy on the fluids near the hydro-
static equilibrium. The stabilizing effect in the Boussinesq systems is weaker than
the corresponding one for the MHD systems.

To include this regularizing property in the energy functional, we define that

t
EP () = /0 ld2u (o)l pdr. (111

We emphasize that the extra dissipative effect in the x,-direction is one-derivative
lower than what a standard dissipation term 82214 provides. This is due to the fact
that such (partial) Laplace term is inside a wave-like equation (of second order in
time). As a consequence, this energy functional only allows the time integrability

of [|82ul|25. not [|dau]|%,;. Combining Eg” and ES gives

Eo(1) = E)" + EJ?

t
= sup [|(u(x), ()l + f
0

0<t<t

(N @15 + 102112 + 193515 )de.

However, there are still two terms in (1.7) (the third term and the fourth term) that
can not be bounded in terms of E((#). After invoking the divergence-free condition
o03u3 = —0juj — 0ruy, these terms are reduced to the difficult term

/|32u| |05 ul |83 u|dx. (1.12)
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Due to the aforementioned weaker smoothing effect in the x,-direction, (1.12) can
not be bounded by E(#). Extra maneuvers are necessary. Our idea is to include
two extra time-weighted energy functionals

Ey(1) = sup (1 4+ D[(Vau(z), Vhb(f))ll

0<t<t

/ 1+ (101 Vau(O1% + 19295132 + IV7b@ 1, )dr,

Ex0) = sup ((1+0l@@), b@)I3, + (1 + 02 (Vpu(@), V()7

0<t<t

+ 1+ 2 @3u(r), 3b()17,
2
+ 3+ 03 2 @1u(0), 019,12,
j=1
3

+ 34032 @20u(r), 9296
=2

+ (0272 @1 33u(D), D13b ()2, + (1 + D2 @Fu(), 33b()I2,.).

We shall show that the time-weighted terms involving the x»-derivatives in E(¢)
and E>(t) enables us to bound the term in (1.12) suitably and thus establish a
closed energy inequality. The definition of E;(¢) is certainly not simple. It takes
into account of the precise time decay rate of each norm involved in E>(¢). We will
resort to the integral representation of (1.4) and spectral analysis to control the terms
in E>(t). Having obtained the necessary components of the energy functional, we
sum them up to form our total energy functional

E(t) = Eo(t) + E1(1) + Ex(1).
Our main efforts are devoted to proving the estimate
E(1) = C1Fuo, bo) + C(E3 (1) + E2(0)), (1.13)
where C| and C, are constants, and
F(uo, bo) = [|(uo. bo) I35 + Il (uo. bo)||iz L
+ N@suo. d3bo) 7y 1)+ 1@Fuo B350} I3, 11

Verifying (1.13) is a very lengthy process. For the sake of clarity, we dlvide the
whole process into the proofs of the following inequalities:

Eo(t) < CE(0) + CE3 (1), (1.14)
E1(t) < CE(0) + CEo(t) + CEZ (1), (1.15)
Ex0) = C(E20 + E20) + C (1o, bo) e + I wo. bo) 35 4

s, D3b0) 3y 1y A N@u0. B30, 1y ). (116)
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To prove (1.14), we realize that Eg(z) consists of two different types of terms
E(()l)(t) and E(()z) (1), as aforementioned in (1.6) and (1.11). The boundedness of

E(()z) () relies on the enhanced dissipation from the wave structure. Naturally the
proof of (1.14) is further split into two parts,

(@3 + 16@)15)
t
+zf0 (91 % + I Vib (I3, )dr < CE©) + CE3 ()
and

1 t
— (@u(t). b)) 2 + 5 /O 12u(D)112,2

t
- /O (H2b @) 12 + (12 + 1D Anb(D)I ) dT

< CE(0) + CE>(1).

The detailed estimates are provided in Sect.3. To prove (1.15), we also need to
divide the terms in E(¢) into two parts,

t
/ (1 + D) 02Vau() |7, dr,
0

and the rest of the terms. The regularization from the wave structure in (1.9) is used
to gain the time integrability of the vertical derivative. More technical details are
left to Sect. 4.

The proof of (1.16) is extremely elaborate and relies on the precise decay
rates of the norms involved in E>(¢). Direct energy estimates are not sufficient
for this purpose. Instead we solve the system of linear equations (1.8) and recast
the nonlinear system (1.4) into an integral form. This form relies on three kernel
functions. They are degenerate and anisotropic in the frequency space. We first
perform a detailed spectral analysis in suitably divided subdomains of the frequency
space to obtain sharp and precise upper bounds for the kernel functions. The terms in
E>(t) are then estimated according to the orders and directions of their derivatives.
After a lengthy process, we finally obtain (1.16).

Once (1.13) is at our disposal, a direct application of the bootstrapping argument
yields the desired global bounds and Theorem 1.1 then follows.

The rest of this paper is divided into four sections. Section 2 applies the boot-
strapping argument to the a priori inequality (1.13) to establish Theorem 1.1. In
addition, several anisotropic inequalities for products and triple products are pro-
vided here as well. They will be used in the subsequent sections. Section 3 details
the proof of (1.14). Section4 proves (1.15) while Sect. 5 is devoted to (1.16).

2. Proof of Theorem 1.1 and Anisotropic Sobolev Inequalities

This section serves two purposes. The first is to prove Theorem 1.1 by applying
the bootstrapping argument to the a priori inequality in (1.13). The second is to
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provide anisotropic inequalities for several products and triple products, which will
be used in the proofs in subsequent sections.

Proof of Theorem 1.1. The local (in time) well-posedness of (1.4) in H 3 can be
shown via standard procedures (see, example, [67]). It suffices to establish the
global bounds stated in Theorem 1.1 in order to obtain the global existence. This
is accomplished by applying the bootstrapping argument to (1.13), namely,

E(®) = C1F(uo, bo) + Co(E3 () + E2()), @.1)
where
Fuo. bo) = l1Guo, b0) s + a0, b0z 1y + I@swo, 330075 1y
+ 1@5u0, 33607 1y

A useful description of the bootstrapping argument can be found in [83, p.21]. In
order to apply the bootstrapping argument, we make the ansatz that

E(t) < M := min { 2.2)

1
L)
(4Cy)?
‘We then verify that E(¢) actually admits a smaller bound,
E@) < il
= 2 .
Inserting (2.2) in (2.1) and recalling the initial assumption (1.5), we have
E(t) < C1F(ug, bo) + C2 (M% T M)E(t)
< €182 + 20, M2 E(1)
5 1

<Ci8” + EE (@),

or
E(t) <2C;8°.

If the initial data is sufficiently small, say

5 M
8 < —
—4C

then we derive that
, M

The bootstrapping argument then implies 7 = oo and asserts that, for any time
t >0,

E(t) < C8?,
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which, in particular, implies the desired global bound on the solution (u, b). As a
consequence, we obtain the global existence of solutions. The uniqueness is obvious
due to the high regularity of the solution. The global bound on E>(¢) yields the
desired decay rates stated in Theorem 1.1. This completes the proof of Theorem
1.1. O

In the second part of this section, we provide several anisotropic upper bounds
for products and triple products. The bounds stated in the following lemma are
powerful tools in controlling the nonlinearity in terms of the anisotropic dissipation:

Lemma 2.1. For some constants C > 0, i, j,k =1,2,3 andi # j # k, we have

[ 178h1dx = CULAI o) 191 s
182812 g, I g 19501 23)
[ 175 = CILAIZ o) 10 oy 195 e 1903 1 s
81 g 188812 s W2 4
I felos < C||f||iz(w 1311 e 187 7112 g
< 106) £l e, ||g||L2(Rx 10681122 g @.5)

If gllz o, < CUF Wy 185 £ 122 s N8 2 (2.6)

Proof. The first two estimates have been stated and proven in [94]. Here we give the
proof of (2.5) and (2.6). Without loss of generality, we assume i =2, j =3,k =1
in (2.5). Now we prove (2.5). By Holder’s inequality, for / = 1, 2, 3, we have the
simple fact

I lg@ < V2ILIE, L ® ||31f||L2 ®- @)
By (2.7),

/g2y < 170, Nghos N
T
<C el
= ClS ez, N, Ny o

1 1
2 2
=< C||f||L$§X3 L-’%l ||g||L2(R3) ”alg”LZ(R’j)‘
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By Minkowski’s inequality, (2.7) and Holder’s inequality,

I egs, 22, = |1 g

X X3

1
2 12 = €| 11 : ||32f||z§2 Iz 1

<c| sl

2
Lx1

1
<C| I lles ” 1921 Le sz

< Clf W ||aaf||L2(R3 |I32f|ILz(R3 10293 1112 g

Therefore,

1
1Flizas = Il 1921 s 10512 R3)||3233f||L2(R3
“g”ZZ(R% ||alg||1%2(R3)-

To prove (2.6), we apply Holder’s inequality, Minkowski’s inequality and (2.7) to
obtain

1£ghizor = C|1fliz, gl

x37x1xp X1Xp

o Mellews

= cfifies
L)263 3 X1X2
C”f”Lz(Rx ”83f||L2(]R*) ||g||L2(R3)'

This completes the proof of Lemma 2.1. O

3. Estimate for Ey(r)

This section is devoted to proving the a priori estimate (1.14) for E¢(¢). More
precisely, we prove the next proposition. We exploit the extra smoothing reflected
in the wave structure (1.9) to make up for the lack of vertical dissipation in the
velocity equation. The idea is to consider a Lyapunov functional involving an inner
product besides the standard H>-norm.

Proposition 3.1. Let (u, b) be a solution of the system (1.4). Then, for some constant
C > 0, we have

Eo(t) < CE(O)—i—CE%(t). 3.1
To prove (3.1), we work with the Lyapunov functional defined by
L(u, b)(t) = (@), b)) |33 + 2(B2u(8), (D)) 2.

where 0 < A < 2 is a small parameter. Next we show the bound of L(u, b). We
evaluate the time evolution of each part in this Lyapunov functional. For the sake
of clarity, we divide this process into two lemmas. The first focuses on bounding
[(u(t), b(t)) ||§1,3 while the second handles the inner product (azu(t), b(t))Hz
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Lemma 3.2. Assume that (u, b) is a solution to (1.4). Then we have
(lu® 35 + 16@11%3)
t
3
+ 2f (u||alu<r)||§,3 + n||vhb(r>||§,3)dr < CE(0) + CE2(1).
0

Proof of Lemma 3.2. First we take the L2-inner product of (1.4) with (u, b) to
obtain

1d
5 77 I OIL + 16172 + (ldiulz, +0llVabl72) =0. (3.2)

Due to the equivalence of the norm |(u(t), b(t))||gs with ||(u(), b(®))|;2 +
| (), b(t))|l 3, it suffices to bound || (u(z), b(t))|| ;3. Applying 8i3 i=1273)
to the equations (1.4) and taking the L’-inner product of the resulting equations
with (33u, 33b), we have

3
d
Z(187u@13: + 19760152 ) + - (ool + 01} Vb3 )

1
2 1 i=1

1

3 3
=—Z/8i3(u-Vu)-8i3udx+Z/81-3(b-Vb)~8i3udx
i=1 i=1
3 3
—Z/af(u-Vb)-afbdx+2/a§(b-vu).a§bdx
i=1 i=1

=L+ 5L+ 6L+ 14 3.3)

By the Leibniz formula, integration by parts and V - u = 0, we have

2 3 3
n=-Y ¢ [otu-votu- gduar = ek [ ahu- vaitu sluas
i=1 k=1 k=1
= I+ o,

where Cé‘ is the standard binomial coefficient. By Holder’s inequality and Sobolev’s
inequality,

2
I :_Z(3/3iu.va?u.a?udx+3/ai2u.Vaiu.afudx

i=1
+ / 8,-314 -Vu - 81-314 dx)
< C(IVull= IV Viull 2 + I Viull 4 | VoVl 1) | Viull 12
< CUIVull g2 IV VEull 2 + IV ull g1 1VR Vel g I Vw2
< ClIVull g2 I V5ull3, (3.4)
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Rewriting the terms /1> in components, we have
Ip < 4/ |3u] |93 V| |95u] dx +6/ |V d3u) |93u] |03u] dx
— 3/83u3 8§’u . ag’u dx — / 833uh -Vyu - Bg’u dx
54/ |3u] |93Vl |a§’u|dx+6/ |V dsul |93u] |83u] dx
+8/|u||a§u||ala§’u|dx+4/|azu| 105ul? dx

= Io1 + Lo + 1oz + Log,

where we have used the divergence-free condition, d3u3 = —0dju; — dous. By the
anisotropic inequalities (2.3) and (2.4),

1 1 1 1 1 1
S 3 2 1% 2 i 2 312 3 2
Iy + Iz < Cldsull ;5 10203ull 5 105ull /5 105 92ull 5 105 Vaull L2105l 1 10391 ul 7
1 1 1 1 1 1
2 2 12 212 2 12 2 2
+ ClIVad3ul 2, 1V 05ull 2, 1050l 2, 19205 ull 2, 105wl 2, 19103 ull 7,

< ClIVull g2 (1Vh Va1 + 191 V3012 5).

Applying (2.4) again, /123 can be bounded by
1 1 1 1 3 1 3 3
Nz < Cllull ], 1102wl 193ull 5 102030l 5 1193ull 7, [10105ul
< Cllull g3 (182ull,, + 1181V ull3 ).
Therefore,
Lo < Cllull s (IVaull 3z + 101 V2ull72) + o, (3.5)

where 124 will be estimated at the end of the proof. Consequently, (3.4), together
with (3.5), leads to

I < Cllull g (1 Vaul gz + 181 V2ull72) + Thos. (3.6)
Since b has better dissipation than u, itis simpler to bound /5. By Leibniz’s formula,

2 3 3
L= ZZC§/8{‘b VKb - 93udx +Zc§/a§b VO3 Kb - 9dudx
i=1 k=1 =

+ / b-Vdb- 3Pudx

=D+ I»n +/b . Vafb . 31'3”‘ dx.
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As in Iy, we first have

Ly < C(IVbllL=IVVEbll 12 + IV 14 IVA VDI ) IVull 2
< CUIVDI g2 IVV2bl 12 4+ IVl g IV VB ) Vw12
< CIIVbl 2 (IVibIZ, + V3ul3,). (3.7)

For I, we further split it into two parts and then apply (2.3) to get
3 3
=Y ck / By - Vi3 b - 93w dy + 3 Ch [ 9bs 04 *b . 93u dx
=1 k=1
1 1 1 1 1 1
< CY 198bn1 25 10205611125 VRO I 2, 135V 03 bl 2, 1105l 2, 1191 03u 2
31<1/<+114—kl 4—kp T 1a3. 012 pa.a3.3
+C Y 195b31 2,105 b3l 2, 11937 b1 2, 10205 b2, 193wl 2, 1191 95 ull 2,
k=1
< C(IVbll g2 + IV ull .2)(IVab 175 + 18105ul72). (3.8)
Therefore, (3.7) and (3.8) yield
3 2 3112 3 02
L <C(IVbll g2 + IV ull .2) Vb 35 + [ Vull72 + 101V ull72)

+ / b-Vdh- 3P udx. (3.9)

We proceed to deal with /3. I3 is firstly divided into three parts,

MN

3 3
Z f8fu-V813_kb-8i3bdx—ZC§/3§M}:'Vhag_kb'agbdx

k=1

M“’ I

ck / Huz 8575b - 83b dx

»
I

1
= 131 + I3 + I33.

By (2.3),
I3+ I3

3
1 1 1 1 1 1
Z 19 ull 25 1010 ull 2, 18 b2, 192V9; b1 2, 1876112, 1030711 2

||MN

3 1 1 1 1 1 1
+CZ||a§uh||zz||ala§uhn 2 1Vd3 7 F b1, 1193 Vad? F 12, 110561 2, 11920361 2

< C(IVully2 + VBl g2) 181 Vaellypa + 1Vab 1 3;5)- (3.10)
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For I33, we further decompose it, integrate by parts and use (2.4) to get

3
Iz = _Zc§/a§u3 a;‘*kb.ag’bdx+6/uh - 93Vpb - 33b dx
k=2

3

1 1

k d—kyp 3 d—ky 3

< C Y l05usll 2103 bl 19105 DI},
k=2

13503 4B, 131055411 7, 1030125 13203012,
- Cllul ol 195l 12152l 1929l 2 193112, 1820317,
< Clullgr + IVBI g2) (19123, + IV Vaul3,0 + IVVabI35),  (3.11)
where we have used V - u = 0. Combining (3.10) and (3.11) yields
I3 < C(llullgs + VB g2 IVAVullz + 1010l + [Vabl7:).  (3.12)
We now bound 4. As in I, we decompose /4 into three parts,
2 3 3
I,=>%"C / b -V} u-albdx + 3¢5 / b - Vo3 *u - 93bdx
i=1 k=1 k=1

+/b-V8i3u-8i3bdx
::I41+142+/b~V3i3u~8i3bdx.

By Holder’s inequality and Sobolev’s inequality,

3
Lt < C Y IVibIsIVY,  ull 21Vl s < ClIVull g2 I Vabl 35
k=1

The estimate for 14> is more subtle. We first further split it into three terms,

3
Iy = 3/a3bh - Vyd2u - 03bdx + Zc§/a§bh V3 R u - 33b dx
k=2

3
+y ch / b3 0§ *u - 85b dx
k=1
= Ipp1 + Iyp + Ian3.
Applying (2.4) to 1421, and (2.3) to 1422 and 1423, respectively, we obtain

1 1 1 1 1 1
Lyp1 < CUO3by 1} 5 19203bm 115 10551115 1920551 15 IV 030l 121936117, 1913112,

< CIVBI 2 (IV2Vhull7 2 + IV VAbI7,2),
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and

422 + 1423
SR SR 3k, 3 3=k 03 32 303
< C Y 1105bul 2519105 bu 1 25 1IVR 03 ull 21183503 ull 7, 103b11 75 102036117,
k=2
T PR TUNE SVPIE VPN SRPR 3,02
+C Y 1105317105 b3 17 105 ull ;5 18195 ull 71055117 11020301
k=1

< CIVull g2 + 1V2bll ) U191 Vull gy + VUl + 1V3DI,s).

Thus,
I < C(IVull g2 + Vb g2) (IVaulz + 1101 Vull3 + [Vabll3).  (3.13)

Inserting (3.6), (3.9), (3.12) and (3.13) in (3.3) and combining with (3.2), we con-
clude

|

3
1@, bDIZ + Y 1607, 0362 | + [l + 0l Vil

i=1

| =
QU

t

3
+ Dl nulZ, + 0o} ibl2,)]
i=1

< C(llullgs + 161 ) Nd2ull 2 + 1810l + [Vabl1%3) + Toa. (3.14)

Integrating (3.14) over [0, ¢] yields

t
(), b@)II3s +2 /0 (1l (@175 + 0l Vab(T)]17,3) dr
t
<C /0 Ul + 16@ 1 g3) Ud2u ()72 + 1916155 + 1 Vab()][5,:)dT
t

+ Clluoli3s + Iboll3,s) + Cfo I4(v) dt

3 t
< CEO2 (t)+ CE(0) + C/ I1p4(t)dr.
0
It remains to bound the integral of /124. By means of (2.4), we have

1 1 1 1 3 1
3 2114 3 2 3 3012 3.2
Loa < Clloaull [, 105ull} 2 19302ull 5 105 03ull 5 105wl 2 19105 5.
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Then, applying Holder’s inequality leads to

t
/ T124(T)dT
0

1 i 1Z_g) Ioua3 3
= C sup (1 +0)30u ()|, (I + )37 (10203u(T) [l [195u ()}

0<t<t

t 1 1 1 1 B
x/ A+ D) 05u()) 5 10593101}, 19193u(D)I7, (1 +1)" 5 4de
0

% % ' 2 2 é ! 2 2 %
< CE{OE O | (1 +013ulade)” (| 18335u()1dr)

‘ | / 1
3 2 4 _ﬁ_;,_i 7
X (/(; ||3133u(1’)||L2df) (/0 (1+7) 12 2d1-)

< CEFOE}ES () < CE3 ().
Therefore,
t
1), BN s +2/0 a5 + 1l Vab(0)3) dt < CEX (1) + CE(0).

This completes the proof of Lemma 3.2. O

Next we evaluate the inner product (dau(t), b(¢)) 2 and prove the following
lemma:

Lemma 3.3. Assume (u, b) is a solution to (1.4). Then

1 13
— (Bu(t), b(O) 2 + 5 /0 132u (D)2,

t
- /0 (19262 + (a4 )l ARb (I )ar
< CE(0) + CE2(1). (3.15)
Proof of Lemma 3.3. Invoking the equations of # and b in (1.4), we have
d
— @), b)) 2 + 2ull%, — 18201132
= (d(u - Vu), b) g2 — (d2(b - Vb), b) g2 + (dou, u - Vb) g2 — (dou, b - V) g2

— w(®207u, b) g2 — n(dau, Apb) g2
=Is+---+ Lp. (3.16)

By integration by parts, /s can be rewritten as

Is = —/u~Vu~(82b—82Ab)dx+/V(u-Vu)-82V3bdx
= —/u-Vu-(azb—BzAb)dx—i—/(Vu-V)u~32V3bdx

—i—/(u -V)Vu - 3, V3bdx.
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Applying (2.3) and (2.4) leads to
1 1 1 1 1 1
Is < Cllull 2, 132ull 1 Vuel 25 181Vl 25 1826 + 928D, 193926 + 8302 D

1 1 1 1 1 1
+ CIVul 191 Val 5 185 Vul 10105 Vul | Vull 2, 192Vl 2, 1 VB ]l 2

1 1 1 1 1 1
i 7 i 7 2 12 2 12 3
+ Cllull 5 1900l 5 19301125 19193015 V2l 25 132V 2ull 2, 18,V .2

< Cllull g2 (1 Vhull 3 + IVibII35)-
Similarly,
Is < ClIb]| 2] Vb1 3,5-
For I7, we split it into two parts
I; = /u - Vb - (hu — dpAu)dx + / A(u-Vb) - Audx := I71 + I7;.

By (2.4),

1 1 1 1 1 1
Iy < Cllull 5 100l 5 103ull ¥ 101 3sull L 1IVD1 25 182V61 2, |90 + 83 A 2
< Cllullgr + IVBI ) (IVaulZe + [182V5]72).

Similarly, making use of the inequality (2.4) again, we get
In = /(Au Vb +2Vu - Vb +u-VAb) - 9y Audx
1 1 1 1 1 1
< CllAull 2,181 Aull 2, 195112, 102V, 135 VbII 2, 19293 VDI 192 Aul 2

1 1 1 1 1 1
+ CUIVull 19V ull 105 Vul 2, 10205 Va2, 1926112, 119, V25112, 192 Aull 2

1 1 1 1 1 1
+ Cllull £, 0aull 5 1830l 5 19293l £, | VAB] 2, 181V Ab| 2, 132 Au]
< Cllull gz + 191 52) (I VUl + (VR VBI32),

which, together with the estimate of /71, gives
I7 < Cllull g2 + VBl z2) U Vaul G2 + 1 V2 VBIG).
I3 can be estimated with the same process as I7. Firstly,

Ig = —/b -Vu - (0pu — 9pAu)dx — / A -Vu) -0 Audx = Ig) + Ig).

Then we can derive

Isi < CUIVull 2 + 151 ) (120l + 131617,0),
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and
Iy = —/(Ab-Vu +2Vb-Viu+4b-VAu) - Audx

1 1 1 1 1 1
< CIABIZ, 191 ABI 2, IVull 5 132 VullF 185 Va2, 1205 Vel 132 Al 2
1 1 1 1 1 1
+ CIIVBIE 192V, 1195V, 13295 Vb1, 1V 2ul) 2, 191 V2ull 2, 192 Al 2

1 1 1 1 1 1
+ ClIBI 1920115 1835115 192035155 IV Al 2, 101V Al 2, |02 Aufl 2
< CUIVullg2 + 181l g2) 192Vl 3,0 + 101 V2ull3,1 + 1 Vabll3,2)-

Thus,
Is < C([Vull g2 + 1Bl ) U daull,2 + 181 V2ull3,0 + [Vabl3,2).
By Holder’s inequality and Young’s inequality,
Iy 4 Iio = — n(au, 37b) 2 — n(dau, Apb) 2
< Sl + 2103l + 7 bl
In summary, we have obtained
oot bz + 3l — (102613 + a2 4 ) ArbI:)
g7 2D, b)) g2+ S0y 20N g2 = (U T NN BRO 2
< Cllull s + 161 g3) U d2ull3,o + 1816l + 1 VablI3,s)- (3.17)

Then integrating (3.17) leads to the desired estimate (3.15). This completes the
proof of Lemma 3.3. O

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. According to Lemma 3.2 and 3.3, we have

t
(lu@3,5 + 1b@)113,5 — A@2u (), b(t)) y2) + /0 [2u||alu<r)||§,3
A
+ (20 = 201+ 12 + D) IV (Ol + 5 10200 3 Jde
< CE0) +CE> (1),

where X is a parameter. Now we select A to be sufficiently small to obtain
2 2 ! 2 2 2
@12 + 16@)12,5 +/0 (Nonu @15 + 1021013 + 1 V45125 )de

< CE(0) + CE>(0).

This completes the proof of Proposition 3.1. O
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4. Estimate for £ (¢)

The section proves the a priori inequality (1.15) for E(¢). That is, we establish
the following proposition. Since the velocity equation does not have the vertical dis-
sipation, we need to make use of the extra smoothing and stabilization revealed by
the wave structure in (1.9). Our idea is to use the inner product (1+¢) (32 Vyu, V,b)
to decode this regularizing property. As a consequence, we obtain the time integra-
bility of (1 + 1) ||02Vau ||i2. More details are given in Lemma 4.3 and its proof.

Proposition 4.1. For some constants C > 0, it holds that

E(t) §CE(0)+CE0(I)+CE%(I). 4.1)

We shall divide the proof of (4.1) into two main parts. The first one bounds
the time-weighted energy (1 + #)||(Vju, Vp b)llzl while the second handles the
inner product (1 4 7)(32 Vyu, Vi,b) to generate the time-weighted dissipation (1 +
1) 102 Viul|3 .
Lemma 4.2. Assume that (u, b) solves (1.4). Then we have
L+ O (IVau® 13 + IVabOII7,1)
t
+2f0 (14 D) (0 Va3, + nllAnb(o)13,)dz

< Eo(t) + E(0) + CE> (1) (4.2)

Proof of Lemma 4.2. Taking the H Linner product of (1.4) with (Apu, Apb), and
multiplying by (1 4 ¢), we obtain

1d
5 77 DUV 30+ IVabOIF0) + (04 DGO Valgyr + nll AublG0

1
= S UIVatelizp + 1VablIz) = A+ 0(Vau - Vi), Vi)

+ (L+0)(Vi(b - Vb), Vyu) 1
— A+ (Vi - Vb), Viib) iy + (1 + 1) (Vi(b - Vi), Vib) 1

1
= S UIVaullgy + IVabIG ) + T+ T2+ T3+ Ja. 4.3)
To bound Ji, we split J; into three parts:
Ji=—-( +r)(/vh(u.w)-vhudx+/v,§(u.vw-v,%udx

+ / Vud3(u - Vie) - Vh83udx>

==+ + Ji2 + J13).
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By the anisotropic inequality (2.3),

Ji1 = / Viwup - Vau - Vaudx + / Vyusz 03u - Vyu dx

7 3 3 3 3 3

< CIVaul 2 10Vt 2 Vel 221135l 2 [l 2 191 Va2
% P VAP R A
- CIVhus 2 195 Vs 2135l 829502 Vel 2 11 Vil

1 1
2 2 2 2
< ClIVRull 2 I Vull 2 VUl gy + ClIVRull o 103ull Vil g2 Vil o

4.4)

Therefore,

t
/ (1+)J1(v)de
0

1 ! 1
= C sup (1+f)7||th(f)||L2/ (1 + 02| Vi) 2 Vau(©)l| 1 de
0

0<t<t

1 1 1
+C sup (1 4+ )2 Vau()ll},I103u()ll;,

0<t<t
t 1 )
/0 (1 + )3 [V2u(0) 12 | Vaue(0) | e
1 1 1 1 1 1 1
< CE{(WE{ (E; (1) + E; (VEG (DE] (1) Eg (1)

< CE>(1). (4.5)

Applying (2.3) again and using Sobolev’s inequality, Ji» can be bounded as

112=/V,%u.w.v,fudx+2fvhu.vvhu-v,fudx

1 1
2 12 2 2
< IVullL=lIViully2 + ClIVaull 51102 Vaull;

1 1 1 1
| L
IV Vhael 2, 1839 Vel 2, V3l 2, 191 VEull

1 1
< ClIVull g2 IVjull 72 + ClIVauell 25 1 Viull 21|V Vi) 2, Vi Vil 2. (4.6)
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Thus,

t
/ 1+ 1)Ji2(v)dr
0
t
<C sup ||VM(T)||H2/O (1+T)||V;%M(T)||izdf

0<t<t

1 1 1
+C sup (1+ )2 [Vau@ll [ IVViu ()l

0<t<t
t
1
/ (1 + D IV2u(@)l 12 | VaV2u(0) | 2de
0

< CEZ()E () + CES ()ES ()OEL()EL (1)
< CE>(0).

The bound for J;3 is more complicated; we first decompose it as follows:

Ji3 = / Vyposu - Vu - Vpozudx + / Viyu - Vosu - Vi 03udx
+ / o3u - VVyu - Vyosu dx
< 3/ [Vihu| |83th|2 dx ~|—2/ |03u] |V,%u| |03 Vyu|dx

+f |Vaus| |193ul 193 Vyu| dx

= Jiz1 + Ji32 + Ji33.

By means of (2.3) and (2.4),

1 1 1 1 1 1
! I ! ! T
D31 = ClIVal 25 102 Vhull 25 103V null 211183 Viull 2 193 Viul 25 103 Vaull

1 1 1 3
< CIIVpul 25 102l 25 193 Vhuel 103 Va2

26

4.7)

(4.8)

1 1 1 1 1 1
3 1 192,13 2 13 w2 b 2
J132 = Clldzull |, 1192830l 2 185 ull 5 18205 ull IV ull 121193 VRul 718183 Vaull

1 1 1 1
! v ! !
< Cllasull?, lldadsull, IV7ull 2183V ull 110183Vl .

and

4.9)

1 1 1 1 1 1
1 Lo 1 1
J133 < ClIVausll ;1 1103 Vausll ;105 ull ;5 18295l 193 Vaull ;5 18193 Vil ;>

1 1 1 1
I \
< ClIVauel 2,1V 3ul 2, 1930l 2, 1185 Vil 11118185 Ve 2.

(4.10)
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Thereby, applying Holder’s inequality gives

t
/ I+ )Jiz1(r)dr
0

1 1 1 1
<C sup (1 + 0 V(@) (1 + DF 8 V(o) s

0<t<t

! 1 1 3
X f (I + D #0Vau (), 103 Vau ()l 5, dr
0

1 1 3 3

< CE;()E{(DE;(1) < CE%(t), 4.11)

t
/ (1 +1)Ji132(7)dr

0

1 1 1 ! 1
<C sup ||33M(T)||§11(1+T)4||33th(f)||z2/ (1+ )2 | Vau(o)l 2
O<t<t 0
1 1 1
x (1 +1)#|13301 Vau(o) [l 7 19203u ()l d7 (4.12)

1 1
< CE{ OE{(DE{ (1) < CEZ (1),
'
/ (1+7)J133(7)de
0
1 1 Lopt 1 1
< C sup (1402 [Vau(@)| L 13u @], / (1+ D3 |IViu()l
0<t<t 0
1 1
x (1+1)#18301 Vau(D) [l 2193 Vau () || 1 dt
1 1 1 1 3
< CEXEI(WE; (1E (1) < CEY(1). 4.13)
Adding (4.11), (4.12) and (4.13) yields
! 3
/ 1+ 1)Ji3(r)dt < CE2(1). 4.14)
0
Consequently, according to the estimates (4.5), (4.7) and (4.14), we derive

t
/ Ji(t)dt < CE2(p). (4.15)
0

In what following, we handle J3. The terms J, and J4 will be estimated together
later. Firstly,

2 :—(1+z)(/vh(u-Vb)-vhbdx+/v,%(u-wy).v§bdx

+ / V483 - Vb) - Vy,d3b dx)

== +1)(J31 + J32 + J33).
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Invoking (4.4) and (4.6), we have
J31 = / Vwuy - Vb - Viybdx + / Vyus 03b - Vibdx
1 1 1 1 1 1
< CIIVaull 2 182 Vnull 25 VDI 193 Vbl [ Vab 2 181 Vabll
1 1 1 1 1 1
+ CIVaual 25 133 Vaus 25 193612, 1828301 [ Vab 2, 181 Vabl .
J3 = / Viu-Vb - Vibdx +2/ Vi - VVib - Vib dx
< CIIVbl g2 I Vjull 2 IVbl 2
1 1 1 1 1 1
+ ClIVaull 182 Vhuel 2 [V Vb1 2, 105V V4bI 2, 936112, 191 V20 2.
Then a similar argument to (4.5) and (4.7) gives
t
3
[ (I +1)(J31 + J32)(v)dt < CEZ(1).
0
For J33, we still reformulate it into several integrals
s =2 [ 19310393 dx + [ 19361105930 229,01

~|—/|33b|IV;%MII33Vhb|dx+/|33M||V;2,b||33Vhb|dx

+/ |Vaus| [03b] |83 Vib| dx
=2J331 + -+ J335.

Going through a similar process as in Jj3, we are able to establish the bound for
J33. Recalling (4.8), we have

1 1 1 1 1 1
T331 < ClIVaull 2, 102Vaull 5 103Vab 25110103 Vib | 2, 1103 Vib 1 2, 1105 Vab |l 2.

Then

! 1 1 1 1
/ (1+ ) J331(0)dt < C sup (1 + 1) 2| Vau(D) /(1 + )3 183 Vib (DI},
0

0<t=<t
! 1 1 3 3
x [ 0 V@ LI vibol G, o < CELO).
0

Asin (4.9) and (4.12), J333 can be bounded by
t
/ (1+7)J333(7)d7
0
1 1 1 t 1 2
< COSUP 193b(T) 1l 1 (1 + )3 93V (DI}, /0 I+ )2 Vju()l2
<t<t

1 1 1 3
x (1+1)4(19301 V(D)1 1 103926(T) Il 1 dT < CE2(0).
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Also, from (4.10) and (4.13), we get
t
/ (1 + 1) J335(7)dt
0

1 1 1
=C sup (I + f)z||Vh”(f)||zz||832b(f)||zz

O<t=<t
t 1 1
/ (1 + D) Vadzuz(0)l
0

1 1 3
x (L4+0)#[18301 Vab (D)l [, 183 Vab (D) | g1 dT < CEZ ().

The rest terms J33> and J334 can be handled as J331 and J333, respectively. Thus,
we have

/0 (14 D) Ussa0) + () de < CEA ().
Consequently, we derive
/Ot(l 1 1) J33(0)dt < CE2(1).
Combining all estimates above for J3;1 through J33, we conclude that
/Ot J(t)dt < CE2 (1), (4.16)
Finally we bound J> and J4. J> and J4 can be estimated with a nearly same

argument as J; and J3, respectively. We shall just sketch the proof. By integration
by parts and the divergence-free condition, we split J> and J4 into three parts as

Jo+ Jy = (Do + I+ J3)(1 +1),

where
D1 = /(Vhb -Vb-Vuu+Vpb-Vu-Vyb)dx,
Ty = / [(vv,,b )b - Vit + (Vb - V)Vyb - V3 + (Vb - V)V - Vth] dx,

I3 :/[(VVhb~V)u-VVhb+(Vb-V)th~VVhb+(Vhb~V)Vu~VVhb] dx.

It is easy to verify that

t
/ (2(0) + Ja(e))dr < CEY (1), @.17)
0

According to (4.4) and (4.5),

t
/ (1 + 1) Joy(0)dr < CE3 ().
0
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For Jyy, we further divide it into two parts:
Jon = f (Vib- Vb - Viu+2Vyb - VVb - Viu)dx
+ / (Vh33b - Vb - Vy03u + 03b - VVyb - Vyo3u 4+ Vb - VO3b - Vh83u) dx
= Jn1 + .
As in (4.6) and (4.7) for Ji2,
! 3
/ (14 1)Jp(r)dt < CEZ(1).
0
For Jy»7, we have
Do < 3/ [Vib| [93ViD| |93Vyu|dx + 2/ 193] Vbl 193 Vju| dx
+/|Vhb3||832b||83vhu|dx.

Using the similarities between Jy22 and Ji31, J132 and J133, we can easily find that

t
/ (1 + 7)o (v)dr < CE2 (1).
0
Therefore,
¢ 3
/ (14 7) I (0)dr < CE3 (1),
0
To bound J>3, we decompose it into
Joz < /(v,fb Vu - Vb +2Vyb - VVyu - Vib) dx
T Tt 2053 + Jsss + T3z + / (Vubs| 192u] [35V3b) dx.

The first term and the last term are similar to J3, and J33s, respectively. Thus,

t
/ (1 + D) ()dr < CE ().
0

Integrating (4.3) over [0, ¢] and invoking (4.15), (4.16) and (4.17), we derive the
desired estimate (4.2). This competes the proof of Lemma 4.2. O

We now turn to the second lemma.
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Lemma 4.3. Assume (u, b) is a solution to (1.4). Then we have
1 13
— (1 + 0)(02Vyu(), Vib(t)) + 5/0 (1+ T)Ilazvhu(f)llizdf

1 t
-3 fo (40 (3102 Vib (O 12 + 12 V03 (@) 12 +07 1V Anb (D)2 ) de

< CE(0) + %Eo(t) L CE (). (4.18)

Proof of Lemma 4.3. As in (3.16), we have

- %(1 + 1)@V, Vi) + (1 + D2 Vhull7, — (140192 V4bl|7

= —(0Vau, Vib) + (1 + 1)(02Va(u - Vu), Vib) — (1 + 1)(2Vi (b - Vb), Viyb)
+ (1 + 1) (02 Vi, Va(u - Vb)) — (1 + 1) (02 Viu, Vi (b - Vu))
— u(1+ 1) (3 Vrd?u, Vib) — n(1 + 1)(92Vyu, Vi Apb)

=Js+ -+ Jin,

where (F, G) denotes the L2-inner product of F and G. It is clear that

! 1 [ 1
/0 Js(r)de < 5 fo (10295 (0) 1172 + 1 95b(D)7)dT < 2 Eoo).

2
1% 1
o= p(1+ O(Vidiu, B Vib) < ==L+ D19 Vaulljs + 54+ 0192 VablI 7,

1 n2
I = S+ 01B Vil + = 1+ DIALVAbIL.

Next we bound the nonlinear integral terms. We mainly focus on Jg and Jg. The
estimates for J7 and Jg can be established similarly. By integration by parts and

(2.3), we have
Jo = —(1 —|—t)/vhu -Vu-0,Vpbdx — (1 +t)fu - VVyu - 9, Vybdx
1 1 1 1 1 1
< C(1L+ D IVaull 2 10 Vaull 2,1Vl 2, 192 Vull 2, 10 Vb1 2, 19302V
1 1 1 1 1 1
T+ O+ Dl 2 12012, 9 Vel 2, 100V Va2, 19251, 10592 Vb 1 2

Furthermore,

t 1 1 1 13
/O Je(r)dr = C sup (I +f)fIIth(f)IIiZIIVM(T)IIzz/0 IVaVu(o)ll L2

0<r<t

x (14 1)2 | Vb(1)[| 1 dT

1 1 1 4
+ C sup (1+T)2||32M(T)||22||M(T)||zz/ IViVu ()| g
0<t<rt 0
x (1 + 7)2 |92 Vb (D)l ;1de

3 1

1 3 1 3
<CE;(NEj(NE{(t) <CE2(1).
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Similarly, we can bound J7 as

t
/ J2()dt < CE2 (1),
0
For Jg, applying the anisotropic inequality (2.4) yields

Jg=(1+t)/vhu~Vb‘32thdx+(1+l)/u~vvhb-azvhudx

1 1 1 1 1 1
< CU A+ DIVRul 2 102V4ull L, VDI E 101 VBIE 103V bl 18103 VBI 102 Vil 2
1 1 1 1 1 1
+ CCL+ Dl 102ull % 1030l %, 102030112, 1V Vb1 2, 101V VDI 2, 192 Vil 2.

Thus,

t 1 1 1
/ Jg()dt < C sup (1+ )4 Vau(®)| 2, 1Vb(@)] 2,
0

0<t<t

! 3 3 1
fo 1+ D51, 181 Vb2, de
1 1 1 4 1 1
+C sup (1+DF VYOI, @)1, f (1 + 0581V, Vb2,
0<t<rt 0
1 1
x (1 + ) 2|02 Vyu (o) |l 2 [|02u () || 7 dT
1
< CE\()EZ (1) < CEZ(1).

Also,

t
f Jo(r)dt < CE2 (1),
0

Collecting all the estimates for Js through Ji1, and integrating over [0, ¢], we derive
the desired bound (4.18). This completes the proof of lemma 4.3. O

We now put together the two lemmas above to obtain Proposition 4.1.

Proof of Proposition 4.1. According to Lemma4.2 and 4.3, the combination (4.2)+
A1(4.18) yields

L+ O (IVau@ 130 + IVRbOI5;1 — A1(32Vau, Vb))

t 2
+f0 1+ @r = )1 Vau@l},
Al 2 3 N 2
+ S+ DRV + (20— Sh1 = T2) 184k | de

< CE0) + CEo(t) + CE3 (1),
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where A1 is a parameter. If 1| is sufficiently small, then
(1 + r)(nvhu(r)ui,l + IVab®I)
f (1 + D (101 V(11 + 102V + IV7E@)I3, )de
< CE(0) + CEo(t) + CE> (1),

This completes the proof of Proposition 4.1. O

5. Estimate for E,(7)

This section establishes the a priori inequality (1.16) for E,(¢). That is, we
prove the following proposition:

Proposition 5.1. Let (u, b) be a solution to the system (1.4). Then it holds

3 2 2 2
E20) = C(E20 + E0) + C (1o, bo) 3z + I wo. bo) 5 1

@30, dsbo) 3z 4+ 1@, B350 4y )- (5.1

We remark that energy estimates are no longer sufficient for the proof of (5.1).
We resort to the integral representation of (1.4). To convert (1.4) into an integral
representation, we take the Fourier transform of (1.4), solve the linearized system
and represent the nonlinear system into an integral form via Duhamel’s principle.
The integral representation involves three key kernel functions, which are degener-
ate and anisotropic. Due to the anisotropic nature, we divide the frequency space
into subdomains to obtain sharp upper bounds on the kernel functions. This is done
in Proposition 5.4. Once these bounds are at our disposal, we then estimate the
L2-norms of (u, b) and its derivatives via the integral representation. For the sake
of clarity, we divide the rest of this section into two subsections.

5.1. Integral Representation and Bounds for the Kernels

The subsection derives the integral representation of (1.4) and establishes opti-
mal upper bounds for the kernel functions. First we recall two basic tools. The first
one specifies the decay rate of a general heat operator associated with a fractional
Laplacian operator. Here the fractional Laplacian operator can be defined through
the Fourier transform

ACf(E) = [E|” F(&).

The decay rate is stated in the following lemma, whose proof can be found in many
references (see, example, [89]).
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Lemma 5.2. Assume o > 0 and B > 0 are real numbers. Let 1 < p < g < oo.
Then there exists a constant C > 0 such that, for any t > 0,

_AB _a_dl_ 1
1A% Fllpaguay < €177 77070 | fllLp gy

The second tool is an elementary inequality providing upper bounds for a con-
volution type integral. Its proof is straightforward.

Lemma 5.3. Assume 0 < 51 < sp. Then, for some constant C > 0,

CA+n=  if s2>1,
t
/0 I+t—0) A+ dt <=y cA+0"In(1+0), if =1, 62
C+p)'=17%2 if 5 < 1.

Now we derive an integral representation of (1.4). Applying the Leray-Hopf
projection operator P = I — VA~V to the velocity equation in (1.4) and taking
the Fourier transform of the resulting equations, we have

3, <%) —A (%) + (%) (5.3)

where

—M%]z i& )
A= . , Ni=Pb-Vb—u-Vu), No=b-Vu—u-Vb
(zsz g2 ) M= u-Vu), Ny u—u

with &% = 512 + 522. To diagonalize A, we compute the eigenvalues of A,

_ —(uEX + mlEnl*) — VT = —(uEX + mlEnl*) + T

)\4 9
! 2 2

where

T = (u& + nl&nl®)? — d(unEdlen* +£9).

The corresponding eigenvectors are

<)»1+77|§h|2> = (Az+n|sh|2>
ie, ) i& )

Therefore, the matrix A can be diagonalized as

A= (o1, p2) (“ 0><m,pz>—1. (5.4)
0 A



26 Page32of 58 Arch. Rational Mech. Anal. (2025) 249:26

‘We can now represent (5.3) as

o~ o~ t T
Uy _ ar [uo Ac—v) [ N1(T)
) =e ~ )+ e — dr.
(5) = (&)« [ (86
By making e more explicit via (5.4), we obtain the integral representation

-~ —~ —~ t —~ —~ -~ —~
u. 1) = Q1Mo + Q2(1)bo +/0 (Q1(t = N1 (1) + 02t — T)N2(v)) d,

(5.5)
t
b(E, 1) = Qa(1)iio + Q3(1)bo + /0 (02(t — N1 (1) + 03(t — T)Na (1)) dr,
(5.6)
where
01(t) = nl&n>G1 () + Ga(1), 02(1) = i&2 Gy (b),
03(t) = —nl&n*G1(1) + G3(1), (5.7)
with
_ e)\zt _eklt B )\'Zekzt _ )\.]E)L” gt
Gl(t)—ﬁ, Gz(t)—ﬁ_e 2+ 21G (1),
_ Kze)‘lt —)Llekzt ot
GS(I)—W—E —A1G(1).

We remark that when A1 = A», the representation in (5.5) and (5.6) remains valid
if we replace G by its limiting form

Aot e)»lt

e
Gi(t) = lim - =M
rM—A A2 — A

Next we investigate the behaviors of the kernels Q,- &, (G =1,2,3), which
play a crucial role in the estimate of E(¢). There kernels are anisotropic and
degenerate. To obtain precise and sharp upper bounds, we divide the frequency
space into subdomains and classify the behavior of the kernel functions in each
subdomain.

Proposition 5.4. The domain R? is split into two subdomains, R> = A U A with

2+ 2
Ay = {s eR3: VT < M or 3(uEL + ngnl®)? < 16(unt? |8 +s§>} ,

2 2
Ay = {s eR¥: VT > w or 3(uEE + nlgn»H? > 16(unstien)? +s§)} :

Then we have
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(1) There exist two constants C > 0 and cy > 0 such that, for any & € Ay,

2 2 2 2
+ +
Res <  MUE 1l Rery < _ MET &l 7
2 4
/L$f+n\§h\2

Gil <te 7 ' 10i(E, 0] < Cem B i = 1,23,
(2) There is a constant C > 0 such that, for any & € Ay,

3 nlaP) i+ 8
+ T pER 4l

) gl P83
1G1(1)] < e—%(ué‘f-ﬁ-ﬂlsh\z)t +e 1Ed+nlgy 2
HET + nl&n |

A<

gl P2

|§z(t)| < C(e—%(/tflz-"ﬂléhlz)t +e ED+nlgy |2 ), i=1,2,3.
If we further divide A, into three subdomains Ay, A2, A3,

Ay =1{& € Ay, |&1] ~ |52},
Ap ={§ € Ay, & >> |&l},
Ay ={& € Ay, &1 << |&l},

then, for some constants C > 0,c1 > 0,c3 > 0,¢c3 >0andi =1,2,3,
10:(0)] < Ce Bl i & Ay,
10:(0)] < Ce Bl i & e Ay,
10i(1)] < C (el pmfii=csty e £ ¢ Ays

2 2
Proof of Proposition 5.4. (1) For & € A, T < ML Through the direct
estimates and the mean-value theorem, we have

3 2 2 2 2
~ 3(uE +nlal®) < Rer; < _ HET & ’
4 2
2 2 &2+l 12
Rery < LM o) < rem S (5.8)

1 ,
To bound the kernel functions Q 1(t) and §3(t), we consider two cases: Aj is a

real number and A; is an imaginary number. If A1 is a real number, for some pure
constant co dependent of u and n, we have

1010 = [nl&12G1(1) + MG (1) + &

us%wsh\zt

< C(ue} +nlgnHte— 7 ' fe

_ 2
< Ce—colénlr

1uEd+nlgy|?
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where we have used the simple fact that x e™* < C for x > 0. If 11 is an imaginary
number, namely I' < 0, then

P = ungllEn? + &2, T = 4n1% — (ug? + nl&n®)>.

Clearly, (5.8) implies
77|‘§h|2G1(t) + M| < Ce—Colénl’t

Now we bound |11 G(¢)]. we further divide the consideration into two subcases:
IA1] < [T |and |A| = |/T |. In the case when |A1| < |/T|, by the definition of
G, we obtain

et

A
al leM! — 2| < Ce 7

VT
In the case when |A1| > |/T |, we have

Ml = 47 — (e + nlgnl»?,

G| =

or
V3l < R +nlénl

Thus,

1 s 5 ) ) Jus%w\eh@)t ol
|X1G1(f)|5—3(M§1 + nlErIHNG 1 < C(uéT +nlénl)te 4 <Ce OBRTE,

Consequently, if A1 is an imaginary number, we derive
101(1)] < Ce—0lénl’t
In summary, for £ € Ay,
101(1)| < Ce~colénl’t,
Similarly, we have
105()] = | — nlEnPG1(t) — MGy (1) + M| < Cee0linl®t,

Now we bound Qz(t). As in the estimate of @ 1(¢), we consider the following
two cases: |£] < |v/T| and |&| > |/T|. In the first case |&| < |/T [, by the
definition of Q»(¢) in (5.7),

52 ‘ |ek11 _ e)uzt| < CE_COIEHZ[.

0:001 = | =%

In the second case, |&] > [T |,

|(u&f + nl&nlH)? — 4(untllen” + &) < &7,
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or
—&7 < (&L + nlEnlH? — A(ungllEnl* + £7) < &,
which implies
387 + AunelIEnl* < (UET + nlgnl®).
In particular,
V3IEa| < uEl + nlgnl*.

Therefore,

~ 1
201 = _3(M§12 +nl&nl?) 1G1(1)] < € el

7

2 2
(2) For& € Ag, we have “SI19 /T < 11£2 4 1, 2. Tt then follows that

3
— (& +nlEnl®) <1 < —Z(usf + nl&nl?),

P — (u&f + &’ _ pngflenl’ + &

2= < .
2(ul + nlén> +VT) HEL + nl€n|?
Therefore,
Gi()] < At Aot
GIO] = 5= (M 4+ )
) unglig P43

2 | iwEna o e
HE +nlénl?

As a consequence,

10101 = [1lEPG1 (1) + 211G (1) + ™
< 2(uE + nlEnHIG1 (1)) + &

e
- C(e*%(ll«flhr'ﬂéh\z)t Lo iR

Similarly,

10301 = | = nl&n2G1 (1) = 1 G (1) + M

_unglig P2
< C | edweitnan®e ) ueioni,?
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2 2
Due to /T > w we find

3
L&+ nlal™) > dggl i + &) = &,

Therefore,
g1 P83

102()] < C(UEZ + nlEn) 1G1(1)] < C [ e 3 onlan®n oo oo,

Finally, according to the upper bound for |§i M) G = 1,2,3), by further
division of Aj into Ay, Azy and Aj3, we can establish more definite upper bound.
For & € Ay, 512 ~ 522 , we have

unELlEnl* + &5

HEL + nlénl?
For & € Ay, 512 >> %‘22, there exists a ¢; > 0 small sufficiently such that
ungt € + &

HET + 1l€nl?

The behavior £ € Ajz can be similarly identified. This completes the proof of
Proposition 5.4. O

|Enl? + 1.

2
> c1l&nl”.

5.2. Proof of Proposition 5.1

With these preparations at our disposal, we are now ready to prove Proposition
5.1. Since the process is complicated and long, the proof is divided into three
lemmas. To do so, we make the following decomposition for E5(¢):

E>(t) = E21(t) + Exn(t) + Ex(2).
Here

Ex(t) = sup (1+)||(z), b())72,

0<t<t

Exn(t) = sup (1+ 0)2(|(Vau(t), Vab(t)|7,

0<t<t

+ sup (1+ 1) 7% [[(@su(r), 33b(T)) |72

0<t<t

2
Exy(®) = sup Y (1+1)3 2@ 3ku(r). d1 b ()12,

O=t=t ;-
+ sup (14 1) 7% [(103u(1), 31 93b()I7
0o<t<t
3 4
+ sup Y (1 +1)3 7220 (T). Badeb (D)3
05:51,{22

+ sup (14 02 (33u (1), 33b(@)) 2.

0o<tr<t
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Without loss of generality, we assume ¢ > 1. In fact, if 0 < ¢ < 1, Proposition
3.1 implies

3
Ey(t) < C sup [[(u(v), b()ll3; < CEo(t) < CE(0)+ CEZ(t).  (5.9)
0<t<t
Next we present the estimates for Eo;(¢), E22(¢) and E»3(t), which will be shown
in three lemmas. Proposition 5.1 then follows as an immediate consequence.

Lemma 5.5. Assume that (u, b) is a solution to (1.4). Then we have

Exi(t) = CEX@) + Cllwo bo)lzz 11+ wo, bo)lI7)- (5.10)

Proof of Lemma 5.5. Recalling (5.5) and (5.6), and applying Plancherel’ theorem,
we have

()l 23y = 1RO 283y < 1010l 2g3) + 102(D)boll 2R3

t t
+ /0 101t = YN (D)l 23y dT + /O 102t = N2 (D)l 2 g3y d.,
5.11)
1B 23y = 1B 2 @3y < 1020l 23y + 103Dl L2 (r3)

t t
+/0 Q2@ = DN (D)l L2(g3y dT +/O 193¢ — DN2(D) 2R3y dT-
(5.12)
We shall only provide the estimates for |lu|;23). |b]l 723y can be estimated in
a similar way and admits the same bound as u due to the similarity of (5.12) with
(5.11). We focus on the first term and the third term on the right side in (5.11). The

estimates for the rest can be established similarly. By Proposition 5.4 and Lemma
5.2,

-~ —~ _N 2 —~ . —~
101 (ol 23y < Clle™ 5 Ty || 23y + Clle™" Toll 2m3)

— C” ||efg()(A%+A%)t

o~

”0”14%1;(2 ”L§3 + Clle™! uollz2
_1
<CO+0 ol g 1, + luol2), (5.13)

where we have used the fact e 3/ (1 +1)™ < C(c3, m) for any m > 0. For the third
term, according to the upper bound for Q1 (),

13 t
[ 1816 = M@z, dr = [ 1016 = DI ©l2ger o
t ~ 5 - t ) -
<C /0 le= OO 4y ()] 2 sy dr + € fo =DM (0] 23y de
-1 ~ 2 —~ t ~ 2 —~
_ C/ ||6*C0|5h\ (T*T)Ml (T)”L2(]R3) dr + C/ He*£0|5h\ (I*T)Ml (t)||L2(R3) dr
0 t—1

t
+C f e~ M (D) 2wy de (5.14)
0
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where M| = b- Vb —u - Vu and we have used the fact that the projection operator
PP is bounded in L2. Observing the simple facts, for any positive number 1,

(A+t—0)™=2"forret—1,1] and e 3'(1 +1)™ < C(c3, m) fort > 0,

we have
t RS R ' R
/ le= 0BT R (7)) 2 g3y dT < 27 / (I+1 =) "M (D)l 2 g3 dr.
=1 -1
Then (5.14) can be further bounded as
t - o~
A Q1 — )Ny (T)”LZ(]R}) dr

-1 R , ~
< C/() ||€_C0|§h|2(t—‘[)M1(T)||L2(R3) dr + C/o (U +1 =) 71 (Ol 2z dr.
(5.15)

Next we bound the terms on the right side in (5.15). It suffices to estimate the
integral involving u - Vu. The integral of b - Vb admits the same bound. As in
(5.13), we have

t—1 ~ 2 . 4 1
/ lle ™00y ()| 2 g3y dT < c/ (I+1—1)"2u-Vu(@)l2 1 dr.

O O X3 .\'1.\'2
By (2.6),

> > > >
- Vullzz 1y < Cllunll F2105unl 1 Vaull 2 + Cllusl 103wl 5 sl 2.
(5.16)

By Lemma 5.3,

t—1
~ 2 —
/O lle= =Dy TN u (o)l L2 gy dT

1 1 11 1
< C sup (L +D)#up()ll (1 + )3 28 3un (D)l (1 + D[ Vau() 2

O<t<t

t
x / (A+i—1) 21 41) 2% de
0

1 1 1 1 1
+C sup (1 +0)#uz(D)]| [, (1 + 1) 2[[83u3 (D) || [, (1 + )2~ ||33u(T) || .2

0<t<t
' -1 —3+e
X (I+t—1)"2(1+71) 47°dr
0

< CE,(t)(1+1)"7. (5.17)
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Applying Holder’s inequality and Sobolev’s inequality, the second integral involv-
ing u - Vu in (5.15) can be bounded as

t
/ I+t =) " lu- Vu() | 2@ dr
0
t
< C/ (41 =) " lu(@) || 4 IVu(r) | 4 dT
0
t 1 2 3
< Cf I+t =) " u@lMVu@l21V7u@)ll;, dr
0
t B B B
SCEz(t)/ (I+t—0) ™A +1) 6 dr < CE2(t)(1 +1)" 2,
0

where m > 1. As a consequence, we have

t
/0 101t — )=Vl 2y dr < CA+1) 72 Ex(0).

Thereby, we infer

t
/O 101 — DN (Ol 2y dT < CA+0 2 E). (5.18)

The second term and the fourth term admit the similar bound as (5.13) and (5.18),
respectively. Therefore, we can conclude

A+0? a2 = C(EO + 1w bo)llz 1y, + @0, bl 2),
which means that
(0l < C(E2O) + o bl 1)+ Iwo. bo)l2)-
Also, ||b|| 2 obeys the same bound. This complete the proof of Lemma 5.5. |
Lemma 5.6. Let (1, b) be a solution to (1.4). Then we have
Ex(t) < CE*®) + C(I o, b0z 11
+ @50, 93b0)lI 7 1y +1(Vuo, VE)lza). (5.19)
Proof of Lemma 5.6. By differentiating (5.5) and (5.6), we have, fori =1, 2, 3,
JuE, 1) = 01(0dug + 02(1)d:by
+fol (01(t = )3 N (1) + 02(t — D)3 N» (1)) dr,
%ib(E. 1) = 02y + Q3(1)d;bg

t -~ — —~ —
+/0 (02t = D) N (1) + Q31 — T)9; N1 (7)) dr.
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As in the proof of Lemma 5.5, we focus on the ||0;u(¢)]| ;2. Clearly,
13l 2@y = 18Ol 2@y < 1010 Fuol 2@y + 1102(0)8iboll L2 g3

t
+/ 191 — )3 N1 ()l 2 w3y dT
0

t
+/ 1Q2(t — ©)0i No (D)l 2R3y dT
0
‘= Hj1 + Hpp + Hj3 + His. (5.20)
It suffices to bound H;; and H;3 in (5.20). H;» and H;4 share similar estimates as
H;y and H;3, respectively.
DHi=1lori=2.
We focus on the case i = 2. The case i = 1 is similar. By Proposition 5.4,
Lemma 5.2 and Minkowski’s inequality,
Hot < Clle™ @5 Goug || 23, + Clle™ Gauoll 2

— (j“||e<—ebl\%t e<—8b1\%t

82u0||L%2 o + Ce | dqupl 12

X1x3

< CA+0)7i | et

lle +C(1+ 0" dauoll 2

2
X143

MOHL)IC2

< CA+ 073 e ugll 2 [z, 01, +CA+0 auoll 2
< CA+07 uollz 1y, + I192u0ll2). (5:21)
Similarly,
Hy < C(L+ 07 (Ibollz, 1y, + 182boll2)- (5.22)

For Hy3, similarly to (5.15), we first bound it by
-1 S -
Ho3 < C/ lle= 0l =D My (1) 123y dT
0

t
+ C/ (1 +1— ) 8M (Dl 2 @3, dt, (5.23)
0

where M1 = b - Vb — u - Vu. We consider the first term involving u - Vu in (5.23).
Firstly, from the estimates (5.16) and (5.17), we obtain

=1 .
[ e~ 02— g, (17 Vi) (Ol 23 dT
0
t
5/ A+t —0) Yu Vu@)|2 1 dr
O X3 Xlxz

! 3,1
= CEN)/ (141 - r)‘l[(l Fo)TtE 4 +r)—%+s]dt
0

<CEx(n(1+n7".
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For the second term in (5.23), it follows from Holder’s inequality and Sobolev’s
inequality that

192 - Vi)l 2 < N1oull 2| Vaell oo + [l |l Lo 1102 Vauell 2 + sl 41192030 | 4
1 1 1 1
< C(102ull 2 V2l 2 IV ull 25 + IV unl 251V 20 25 102 Vil 12
1 3 1 3
+ sl 1 Vusll 511820303, 11V 82030l 7). (5.24)

Therefore, for m > 2, we derive

t
[ =0 st V@l o

1 1 1
<C sup (1+ D)@ 20+ OF V@2, IVu@)]?,

0<t<t

t
/ (41— +1)"8dr
0

I(l_g) 3 IR, 2_,
+C sup (1 + )22 [ Vup | [, (1 + D)3 Vgl , (1 + )3 7|02 Vau(o)ll 12

0<t<t

! _ 25,3,
X/(lth—t) M1 +r)" A28 de
0

1 1 3 3
+C sup 1+ D3 uz@| 1+ D)3 [Vuz (D),

0<t<t
1(2_g) L S 3
(1 4+ D157 903u@ |, IV u@I}

! —m —é—ﬁ—ls
x/(l—}—z—r) (1+7) " 2472%dr
0

3 1 9 25,3 3 3 _25,1
< CES (ES()(1+ 1078 + CE()(1 +1)" 528 + CES (VES (1)(1 +1)” 53¢
En)(1+n~" (5.25)

Consequently,
t

/ 101(t — D)2 - Vu) (D)l 23y dr < CE@(1+ 1)
0

Similarly,

/Ot 101(t — 1) - Vb)(D) |l 23y dT < CEO(A+ 17"
Hence,
Hyy < CE()(1 41", (5.26)
Similarly,

Hos < CE()(1+1)~ L. (5.27)
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(5.21), (5.22), (5.26) and (5.27) yield

(1 +D)l|u®l2 = CE® + Cl o, bo)ll 2 11, + @210, 925011 2).
Similarly,

L+ Dl 2 = CE@) + Cll(uo, bo)llz2 1+ G210, d2b0) I 2)-

Fori = 1, ||[(d1u, d1b)|; > obeys a similar bound to ||(du, d20)]| ;2> with only a
minor modification of (5.24) and (5.25),

A+D1@1u@), 016Dl 2 = CE@O+C o, bo)llzz 1y + 113110, 31bo)ll 2)-

2)i=3
Invoking the estimate (5.13), we have

~ 2, — —
H3; < Clle™ 5™ 3500 || 2wy + Clle™ B3u0ll 23

1
< CAU+072(suoll 2, 11, + 13m0l 12)- (5.28)

H33 can be similarly estimated as H»3,
-1 I .
H=C [ e DGR (0], o
0

t
+ Cf A+t —1)7"|03M; (Ol 2w dt. (5.29)
0
Firstly, we have

~ 2 —
inty ™ e BT 83 Vu) (0) | 2 3y dT

intd " (141 — )73 (u - Vi@l2 1, dT
Applying the estimate (2.6) yields
1 1 1 1
193G - Vol 2, 1, = CCldsn 21 3un 2| Vel 2+ 11950l 5 1930 1w 2

1 1 1 1
+ llenl) 25 193]l 103 Vinull 2 + sl 13susll 25 1020 2).
(5.30)

As a consequence, we arrive at
L -
/O lle= D93 (- Vu) (0) Il L2 gy dT

t
< CEz(t)/ Att—0 2 [A+0) 52 4 (140653 4 (1 +1)" ] de
0

< CEM)(1 +1)~2+e, (5.31)
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To bound the second term in (5.29), we apply Holder’s and Sobolev’s inequalities
to obtain

t
[ =0 o Vi d
t
< C [ = 0 1T e + IO 190l 2) di

t 1 1
< c/o 1+t =) Udu@ 2 IV LIV U@,
1 1
+ IVu@) | 21V 21V o3u(7) | 12) dT
t
< C(Ez% (t)Eé (1) + Ez(t))/ (I+1—1)"™(1 +7)" 3 dr
0

<CEM(1+1)2. (5.32)
The estimates (5.31) and (5.32) then lead to
/Ot 101t = T)d3(u - Vu) (1) | p2rsy dT < CE()(1 T
Therefore,
Hyy < CE(H)(1 +1)7 27, (5.33)
Similarly,
H3 + H3y < C(||33bo||L§3L;1x2 + [183boll 2 + E0) (1 + HTIL (5.34)
Finally, by the estimates (5.28), (5.33) and (5.34), we conclude
1+ 0233l 2 < CE@) + C(l@su0, 33b0)l| .2, 1, + @30, d3bo) | 2).
This completes the proof of Lemma 5.6. O

Next we bound E»3(¢), which involves the second-order derivatives of (u, b).

Lemma 5.7. Let (u, b) be a solution to (1.4). Then it holds
Ex(t) = CE*@0) + C(I o, b0l 1+ (I @su0, 33bo)lI s 1y
+ 1133 u0. a%bo>||i;3%2 + (Ao, Abo)|72). (5.35)
Proof of Theorem 5.7. First of all, we have, for i, j =1, 2, 3,
GiouE, 1) = 01(1)8;0,uy + 02(1)99;b,
+ /0 t (01t — 033, N,(x) + 02t — T)3;0;N,(v)) dr,
3:0;b(E, 1) = 02131y + Q3(1)3;0,b,
+fl (02t — 1)8;0; N, (v) + O3(t — 1)3;0; N (1)) dr.
’ (5.36)
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Throughout the proof, we only show the bound of ||9;0;u(t)|| ;2. The estimates for
10;9;b(t)|l .2 can be obtained similarly. Taking the L? norm on both side of (5.36),
we have

1000 | 23y = 19:9;u(D) | 2R3y < Q10 jug 123y + 102(03:05b |l 2R3
t
+f0 101t — DAV (Ol 20z, dT

1020t = )30 N5 (1)l 12 g3 dT.
= Kij1 + Kij2 + Kij3 + Kija.

We focus on K;;1 and K;;3. The bound for the other terms can be established in a
similar way. The proof will be split into four cases: i =1, j = 1,2;i =1, j = 3;
i=2,j=2,3i=j=3.

MHi=1j=1,2.

It suffices to investigate the case i = 1, j = 2. The casei = 1, j = 1 can be
dealt with similarly. By Lemma 5.2,

& 2 o~ _ —
K121 < Clle™ O g, 200 | 23y + Clle™" d19au0l 12 gy
_3
< CA+0"2(luollzz p1  + 19182u0ll2). (5.37)
Similarly,
3
Kip = CAL+072(boll 2 11, + 19192601 12). (5.38)

For K123, we first give a different bound from the ones in Lemma 5.5 and Lemma
5.6.

t—1 - o
3 < C / 008 P03 A (1) 2y d
0
_~ 2 _ —
e BT830 My ()l L2 g3y dT
t
2 —
e f ¢=e1=0) =203 T ()] 2 gy A
0
Fort € [t — 1, 1], we have e =30~ > ¢=3 and thus
int!_ e~ 0G5y (1) ] 2 sy d
< %3 ftt—l e*C3(t*T)”e*’CYO‘ShF(l*T)algz\M] (Ol 2 g3, dr.

As a consequence, for a constant ¢4 > 0,

t—1 - —
Kiz < C / eI P03 B M (1) 2 ) dT
0

t
—i—C/ =D | HE D TM | (0 | 2 oy dT
0

= K231 + Ki232.
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Invoking (5.37), (5.16) and (5.17), we have

-1 -
/ ||e*°'°|§h|2(t7f)8132(u V) (D)l 2 @3 dr
0

t
< c/ (A1 Va1 de
O <\3 xlx2

t
< CEQ(I)/ A4r—1)3 ((1 FT)TITEE (14 r)—%ﬂ‘) dr
0
< CE(n)(1 + 1)1+,
Hence,
5
Kip1 < CE()(1 41737, (5.39)
For K123>, according to Lemma 5.2, we have
! 1
Kiz =€ [ 70700 = o) oau Vi = b 90O o d.
0
By the anisotropic inequality (2.5),
1 1 1 1 1 1
102G - Vi)l 2 sy < Clldaull 5 1030, 1820301 5 102 93ull 1 Ve 2, 181 Ve 2
1 1 1 1 1 1
+ Cllull £, 181all 5 1821 5 191 2]l £ 1 V302 ]| 2, 13203 Ve 2
Hence,
4 1
/O D (1 — 1) 3 - Vi) (0] 2 gy dT
7 1 ! 1 4,3
< CE;()E§ (z)/o e DG )2 (1+1) 3 T2%dr
% % ! —c3(t—1) -1 _ol 3,
+CEIME{ (@) | e @ —1)"2 (1 +1)"8F3%dr
0
t C
< CE(t)/ e T )T (41— 1) (1 4 1)~ dr,
0
where we have used the simple fact: e~ (1 + ¢)" < C(m) forany t > 0, m > 0.

Furthermore, selecting m > 2, and then applying Holder’s inequality with 1 <
p < 2and % + é = 1, we infer that

t
/ ™D — 1) g - Vo) (1) 2 ) dT
0

t ¢ 1 t 1
SCE(t)(/ 8737”@,,)0_1),%1)17(/ (1= 071+ )4 )
0 0

<CEM( + 1)1t (5.40)
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where we have used fact that the integration fooo x*~le™*dx (s > 0) converges to
I'(s). Consequently,

5
K230 < CE(t)(1 4 1) 27T, (5.41)
(5.39) and (5.41) lead to
5
K13 < CE@)(1+1)"3T¢, (5.42)
With a similar argument, we obtain
5
Kiog < CE()(14+1)" 18, (5.43)
Combining the estimates (5.37), (5.38), (5.43) and (5.42), we derive
5
(L +0)37)0102u(t) || 2 < CE(t) + C([| (uo, bolllzz 1y, +11(9182u0, 910260 2).-
Similarly, we can also obtain
5_
(DT 9fu@ 2 < CE@) + Cllwo. b2 11 + 13Fuo. 87bo)ll2)-

2i=1,j=3.
Firstly, from (5.21), we have

Ki;n =CA+ t)_1(||33uoI|LgaL;1x2 + 10103u0llL2). (5.44)
For K33, similarly to K>3, we first bound things as
t—1 I -
Kiss < C / eI P08 50, (1)l 2 oy d

0

t
+c/ =D | HE D FIM | (0 | 2 gy dT

0

t

< c/ (=0 s (Ol 1, dr
0

t
1
+ C/ e BTG — )T M, (Ol z2w3y dt
0
= Ki331 + Ki332.

Invoking (5.30) and (5.31), we get

t
K =CE [ =07 [+ ¥ aan i a7 o
0

< CE@)(1+1)~ e, (5.45)
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For K337, by Holder’s inequality and Sobolev’s inequality, we first have

103 (u - Vi)l 2
< 103ujllpalldjullps + llujlizeoll0;03ull 2

1 3 1 3

< Cldsunll £ 103 Vunll 5 1 Vhull 5 1V Vhu 2
1 3 1 3
+ ClI33u3 115 195 Vas 15 19301, [ V93]

1 1 1 1
2 2 2 2 2 2 2
+ ClIVunll 1V unll 2 1 Vadsull 2 + ClIVusll 1V 7usll 7 103 ull 2.

Then, form > 1,

t
/ e (= )73 33 - Vu) (0 2 d
0

< CEx(1) /Ot e (¢ — 1)

[+ o 8% 1o B3 L a4 B
=CE® /Ot e — )1+ o) e
<CE@) /Ot TG )T (141 — 1)1+ 1) Fede
<CEn(1+n~'",

where we have used a similar derivation with (5.40) for the last inequality. Thus,
we get

Kizn < CE((1+ 1)~
which, together with (5.45), gives
K33 < CE()(1+ 1)~ (5.46)

Therefore, by (5.44) and (5.46), we conclude that

1+0=8 Bu@) |2 < CE@) + C(|[(d3up, 33]’0)”L§3Li1x2 + 11(319310, d193b0) [l 1 2).

Bi=2,j=23
It suffices to bound ||d293u|| ;2. Firstly, a similar argument with (5.21) yields

Kaa1 < Clle 8 555500 [ 23) + Clle™" 929310 223,
< CA+07 U8suollzz 11 + Clldadsuoll2)- (5.47)
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As in H»3, K»>33 is firstly bounded by

K233 < C/Otl ||€_E°|Sh|2(t_f)323-3\M1(f)||L2(R3> dr
+C /0 (L1 — T 893 My () 2 d
=< C/0t(1 +r—1)7! 193M1(Ollzz 11, d7
+ C/Ot(l +t =) 0203 M1 (D) || 2R3 dT
= K331 + K2332.
Now we estimate K»331. Recalling the bound (5.45) gives
K331 < CEx(t)(1 + 1)~ 1%, (5.48)

By Holder’s inequality and Sobolev’s inequality,

0203 (ue - Vu) | 12
< 10205u - Vull 2 + [|92u - VOzull 2 + [[93u - Vopull 2 + [lu - Vord3ul| 2
< IVullooIVO2ull 2 + | 02ull 4 1V 3ull 14 + llu - VI293ul| 12

1 1 1 3 1 3
2 .12 3 2 7 7 I 2 7
< CIV2ull 2, IVull 2, I Vasull 2 + Nooul 5 102 Va2, [V asull £, [ V205ull
1 1

1 1 1 1 1 1
a5 90015 1930l 5 1929501 5 [ V2930 2, [ V81 Bad3u ],

where we have used the anisotropic inequality (2.5) for ||u - Vd203u||;2. Thus,

t
/ (41— 2) " 3293 - Vi) (1) | sy T
0
t
fo A+t—7)™"
0
2 1 3 1 1 3 1 2 3
(IV 200Vl 2 ¥ sl 4 Wl s 02Vl [V sl 1920501 ) i
t 1 1 1
+c/O (Ut = Ol ol 5wl

1 1 1
9203ull},IIV203ull},1IV319203ull, dT
=L+ L.
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By means of (5.2), for m > 1, we infer that

Ly = C sup (1403 Voru(0) 2 V2u(@)ll 1

0<t<t

t
/ (1+1—7)"(1 +1) 3+dr
0

! I 3G-o iv?
+ sup (1 + 1) [[2u(D) (1 + )+ 372 Vu(r) [l [IV7u(t)ll g

O<t=t
! 3,3
0
1 1
< EZ(EZ (O + 173 < CE@)(1 +1) 37,

For L,, applying Holder’s inequality yields, for m > 1,

1 1 1 1 11 1
Ly < C sup (1 + )8 lu()ll;, (1 + )3 [[2u(D)ll ;, (1 + )3 73| d3u()]l;,

0<t<t
L, )
X (14+1)6 73710203 (0) I},

1 1 2 1 1
X 1Yo [ (4= 07 0] e
0
L 1 ! 4 8.2 i
< ce i [ a+i-oinas o i)
0

! 1
( / V81 92050(0) 1307 )
0
1 1
< CEZ()EZ(1)(1+0)7372° < CE(0)(1 4 1) 3%,
Therefore,
t
/ (L1 = D)7 [8285 (- V) (D) 2y dT < CE@(1+ 1757,
0
Thus,
2
Koo < CE(t)(1 +1)737¢,
which, together with (5.48), gives
2
Ky3 < CE@) (14173 (5.49)

K737 and K734 can be bounded with similar arguments as those for K»31 and K733,
respectively. Therefore, by (5.47) and (5.49), we conclude that

2
(4137 )0203u®) || 2 < CE(t) + C(||(d3u0, 33b0)||L§3L§1X2
+ [1(0203u0, 0203b0) | 12)-
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Similarly,
2_
L+ 03 Bu®) 2 = CE® + C(lo, b2, 11+ 1@3u0, 83b0) | 12).

4i=j=3
Firstly, we have

~ 2, _ 5
K331 < Clle™ O a2u 0 || 2 sy + Clle ™" 0ugl 2w
_1
< CA+072(13u0llzz 11 + 15wl 2). (5.50)
K»>33 can be bounded as

t—1 —
7 204
Ky <C /O lle= B ETDGIM | ()]l 12g3) dT

t
+cf (U +1— )" [02M; (1)l 2 o, de
0
t
< c/ (1= M@ 1y de
0 4\‘ X1Xx

t
+ C/ (41— )™ [83M (0) | 23 de
0

= K3331 + K3332.

We consider the integral

t
/ 41— 203w Vi) (@)l2 1y, dr. (5.51)
0 X\ X1X

It follows from (2.6) that

103 e - Va)llpa gy = 103 00 + 2050 005 +uj 003l 2 1y
< Q3L 103012 103us 2 + [Vl 2,135Vl 25193 2

853l 2 1020 25 102l 2 + 18520n 1 22 1922112 193 Va2

sl 193 2 103wl 2 + a2 sl 2 102 Vi 2)

1 1 1 1
1 1o Lo,
< CUIVaull [, 193 Vhull [, 185ull 2 + 193ull 195 ull ;1183 Vaull 12

1 1 1 1
sl 25 195030 25 103ull 2 + a2 N05un 1 25 193 Viull 2. (5.52)
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Inserting (5.52) in (5.51), and using Lemma 5.3, the first three terms can be bounded
by

t 1 1 1
/O A+t = D)7 (IVau 2119 Vau(o) |, 105u(T) | 2

1 1
+ ||33M(T)||22||332M(T)||22||33th(f)||L2
1 1 3
+ luz (@72 133u3(0)l; 2 1193 u(t)|g2)de
! 1 _1Be 253
§CE2(t)/(1~|—t—r) 2((1—}—1) B+5dr 4+ (1 +7)" 2 Z)dr
0
1 1 t 1 3
+CE22(t)E02(t)/ (4+1—1)"2(1+1) ide
0

1 1
<CEO(+n7t+ 01+ z)—z).

The last term needs more subtle estimates. We resort to Holder’s inequality and the
integrability of ||832 Viul 2 to get that

t | 1 1
/0 (141 = 2 un (O 2, 1854 (01, 103 Viu(0) | 2d

1 t B
< CEf(t)/ (1+t—r)*%(l+t)*%+i||8§th(r)||der
0

1 ! L et 1
< CE; (t)(/ (+1-07 (1 +0)7dr)’ (/ 10395 (0) 11307 )
0 0
1 1
< CE}()E] ()(1+1)77.
Combining all of the estimates above, we get that

t
f Adr—1) 2|03 (u- Vi)(@ll2 11, dr = CEM( £t
0 X X1X

Thus,

K331 < CE()(1+1)73. (5.53)
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Finally, applying Holder’s inequality and Sobolev’s inequality, for m > 1, we infer
that

t
/0 (I+1—1)"95 - Vi)(T) | 2 (m3) dT
t
< C/O (141 =) " (IV2u() | 4 | Vi)l s + u()llz< [ VO3u(r) | 12) de

t 3 1
< cfo (A +1 =)V u@ 2 IV u@I V@l
1 1
+ VU@ 2,11V (@) 2, 1VOsu(r) | 12) dr

t
< CEé(t)Eé(t)(/o A+t—7)™""1+ f)—%dr

+ /Ot(l fr—T)y M1 4 1) 83 dr)
< CE0(1+n71.
Thus,
K3z < CE@(1 4077,
which, together with (5.53), yields
K3 < CE(t)(1 +1)73. (5.54)

As a consequence of (5.50) and (5.54),
1
(403 83u@) |2 < CE@®) + C133u0. 03b0)I 2 11 + @310, 95b0) | 12).

Combining all the estimates for the four cases above, we derive the desired estimate
(5.35). This completes the proof of Lemma 5.7. O

Proposition 5.1 then follows from the estimates (5.9), (5.10), (5.19) and (5.35).
This completes the proof of Proposition 5.1.
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