Computational and Applied Mathematics (2026) 45:181
https://doi.org/10.1007/540314-025-03577-1

®

Check for
updates

Impact of reynolds number and slip/no-slip boundary
condition on stratification in a two-dimensional boussinesq
system

Edom Belayneh' - Xiaobai Chen? - Ruthwik Nadam? - Jiahong Wu3
Xiaoming Zheng*

Received: 15 September 2025 / Revised: 2 December 2025 / Accepted: 4 December 2025
© The Author(s) 2025

Abstract

Buoyancy-driven fluid flows, such astornadoes, hurricanes, and Rayleigh-Bénard convection
(e.g., boiling water), exhibit a fundamental feature known as stratification: hotter (lighter)
fluid riseswhilecolder (heavier) fluid sinks. Thisprocessisdescribed by the Boussinesq equa-
tions. Motivated by real-world applications, this paper explores viathe Boussinesqg equations
how stratification is influenced by the Reynolds number and different boundary conditions
(dip and no-dlip). It iswell known that the dynamics of fluids with no-slip boundary condi-
tionsis still not well understood in the high Reynolds number regime. First, we rigorously
establish the large Reynolds number limit of viscous Boussinesq flow with an explicit con-
vergence rate under the stress-free boundary condition. Second, we present alinear stability
analysis for perturbations near the hydrostatic equilibrium, the stationary eventual tempera-
ture profile. Third, numerical simulations reveal the stratification is faster under the higher
Reynolds numbers and the slip boundary condition. In particular, we observe the boundary
plume eruptions that facilitate stratification and the seesaw-like oscillations for the large
Reynolds numbers.
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1 Introduction

Thispaper combinesrigorousanalysiswith numerical simulationsto understand somecrucial
behaviorsof buoyancy-driven fluids. Thesetypesof fluidsarevery commonin our daily lives.
Tornadoes, hurricanes, and Rayleigh-Bénard convection (such as boiling a pot of water) are
notable exampl es of buoyancy-driven fluids.

One of the most significant features of buoyancy-driven fluids is the process of stratifi-
cation. It occurs when fluid layers are arranged in a stable temperature gradient, often with
colder (heavier) fluid below hotter (lighter) fluid. In many real-world applications, it is cru-
cia to understand how the Reynolds number and different boundary conditions affect this
process (see, e.g., Bartello and Tobias (2013); de Bruyn Kops (2015); Laval et a. (2003);
Zhou and Diamessis (2016)). We perform extensive numerical simulations to study stratifi-
cation behavior over a wide range of Reynolds numbers and under two types of boundary
conditions: the slip boundary condition (or stress-free boundary condition) and the standard
no-slip boundary condition. The simulationsyield insightful results. For very large Reynolds
numbers, fluids with no-slip boundary conditions are not well understood. Our simulations
reveal an intriguing seesaw rotation behavior. In the case of stress-free boundaries, we are
able to establish arigorous large-Reynol ds-number limit result.

Buoyancy-driven fluids stratify and converge to hydrostatic equilibrium. A natura
question concerns the stability of perturbations near hydrostatic equilibrium. Hydrostatic
equilibrium refers to the balance between gravity and pressure in afluid or solid, occurring
when the upward pressure force and the downward gravitational force balance each other
out. Thisconcept isfundamental influid mechanics, meteorology, and astronomy. In fact, our
atmosphereislargely in hydrostatic equilibrium. Many books on geophysical fluid dynamics
dedicate entire sectionsor even full chaptersto thistopic (see, e.g., Holton and Hakim (2012);
Pedlosky (1987); Salmon (1998); Vallis (2017)).

Inajoint work by two of theauthorswith C. Doering and K. Zhao, hydrostatic equilibrium
given by alinear temperature profile was studied both theoretically and numerically. Doering
et al. (2018) has provided valuable insightsinto the stability of perturbations and their large-
time behavior. In the modeling of real geophysical fluids, however, the temperature profile
is not necessarily a simple linear function of X, such as axs. Therefore, it is essentia to
investigatethestability of amoregeneral hydrostatic equilibrium. Thisisanontrivial problem,
as stability properties can vary significantly depending on the temperature distribution. It
remains a challenging open question, and to our knowledge, no rigorous results currently
exist on thissubject. Thiswork presentsarigorous result on the linear stability near ageneral
temperature profile.

1.1 Boussinesq system and stratification

We now make the above descriptions more precise in terms of the mathematical model for
buoyancy-driven fluids, the Boussinesq equations. Our focus will be on the two-dimensional
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Boussinesq system with velocity dissipation and no thermal diffusion,

dU+UuU-Vu=—-Vp+vAu+0e, xeQ,t>0,
&9 +u-Ve =0, (1.1
V-u=0,

where x = (X1, X2),t > 0, u = (us, Up) isthe velocity, p is pressure, 6 is temperature, v
is kinematic viscosity, and e2 = (0, 1) is the unit vector. The spatial domain < is taken as
the unit square, namely €2 = (—1, 1)2. To broaden the applicability of our rigorous analysis,
our theorems actually apply to more general bounded domains with sufficiently smooth
boundaries, except at afinite number of points where the corner angle is no greater than 7.
More details on this type of domain can be found in Doering et a. (2018).

The Boussinesg system (1.1) is supplemented with two different boundary conditions.
Thefirst is the no-slip boundary condition:

Ulpe =0,
and the second is the dlip boundary condition (or stress-free boundary condition):
u-n=20, w=01U2 —d2u1 =0 0noaL,

where n is the unit outward normal vector on the boundary 9<2.

Thefirst equation in (1.1) issimply the 2D Navier-Stokes equation with the forcing term
fex. Thisterm represents buoyancy, which drives hotter (and therefore lighter) fluids upward
and colder (heavier) fluidsdownward. The second equationin (1.1) statesthat the temperature
is transported by the velocity field. A fundamental issue is to understand the evolution of
temperature and provide a precise description of the final buoyancy distribution for general
initial conditions. Our previous work (Doering et al. 2018) and (Tao et a. 2020) conducted
apreliminary study of this problem and predicted that the temperature field convergesto a
stratified state S(x2). In arectangular domain of width W, we define aheight function of the
initial temperature field 6p as

1
h(@ = Warea{(xl, X2) € Q : Op(x1, X2) < a}, (12
then the stratified state is the inverse function of h, that is,

S(x2) = h™1(x2). (1.3)

Asiswell known, when the no-slip boundary conditionisimposed, vorticity isgenerated at
the boundary, and the large Reynol ds number limit of fluid flows remains poorly understood.
As demonstrated by the plots in Sect. 4, mushroom vortex structures form at the bound-
ary. While this phenomenon has been extensively investigated theoretically and significant
progress has been made, the limiting behavior of the Navier-Stokes solutions asthe Reynolds
number approachesinfinity has not been completely resolved (see, e.g., (Bonaand Wu 2002;
Constantin et al. 2015, 2017; Constantin and Wu 1995; Gieet al. 2019; Kukavicaet al. 2020,
2022; Lacave and Mazzucato 2016)). Numerical simulations serve as an indispensable tool
in studying this limit. The numerical results presented in Section 4 provide valuable insight
into the behavior of large-Reynolds-number Boussinesq flows under the no-slip boundary
condition.
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1.2 Main result of inviscid limit with slip boundary condition

However, when the slip boundary condition (or stress-free boundary condition) is imposed,
we can rigorously show that the solution of the viscous Boussinesg equations converges to
the corresponding solution of the inviscid Boussinesg equations as the Reynolds number
approaches infinity. More precisely, if (u®, 6(")) solvesthe following initial and boundary-
value problem on the Boussinesq equations

HU® +u® . vu) = —vp® L vAUP +6Me, xeQ,t >0,
3t9(v) +u® .y = 0,

V.u® =0,

uv . njpe =0, 0™y =0,

(1.4)

then, as the Reynolds number Re := v~1 — o0, the solution (U™, 6™), converges to the

corresponding solution (u©, §©) of itsinviscid counterpart,
#u® +u@.vuO® = —vpO® 190, xecQ,t>0,
3t9(0) + u® . vpO — 0,
v-u® =0,
U(O) . n|39 =0.

(1.5)

The precise statement of this result is given in the following theorem.

Theorem 1.1 Let Q ¢ R? be a rectangle or a more general bounded and simply connected
planar domain with 8Q belonging to C%7 (y < (0, 1)) except at a finite number of points,
wheredQ isacorner of anglein (0, 5]. Assumetheinitial data (U, 6p) € HS(2) withs > 2.
Let T > 0 and assume that the solution u‘@ of (1.5) remainsregular on [0, T), especially

sup [u@(®)[lns < Mg < o0. (1.6)
O<t<T

Then the corresponding solution u® of (1.4) convergesto u® on [0, T) asv — 0. More
precisely, for anyt < T,

U ® —u@ 1%, + 1670 — 0O 12,
<Cut(d+v+x)u® ||.242(sz)e°‘(1+”“(0) Ihe), L7

where k denotes the curvature of the boundary in the case of a general bounded domain and
x = 0inthecase of arectangle, and C is a constant independent of v and «. In addition,

t t
/f|V(u(”)—u(o))(s)|2dxds+/<// (W™ —u®y(s) - 1)2do (x)ds

0 JQ 0 JoQ
< Ct+ v+ OIUO g (14 LA+ U e)eS I 0 ), (18)

where t denotes the unit tangent vector along the boundary of 9<2.

Theorem 1.1 states that for a general bounded domain with a smooth boundary (except
for afinite number of corner points), the solution of theinviscid 2D Boussinesq system with
a no-penetration boundary condition can be approximated by the corresponding solution
of the Boussinesg system with velocity dissipation and a stress-free boundary condition.
Moreover, this theorem establishes an explicit convergence rate of order 4/vt at which the
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viscous Boussinesq solution converges to the inviscid one in the L2-norm as the Reynolds
number tends to infinity.

From a computational perspective, our result implies that the solution of the inviscid
Boussinesg equation (1.5) with the slip boundary condition can be approximated via the
solution of (1.4). Thisisparticularly useful because solving inviscid problemsis notoriously
challenging due to the rapid growth of their Sobolev norms. Our result ensures that one
can instead compute solutions of the corresponding high-Reynolds-number system, which
is more tractable numerically.

1.3 Main result of linear stability of general equilibrium

Because of their geophysical applications, itisvery natural to study the stability of hydrostatic
equilibrium. Mathematically, hydrostatic equilibrium is aspecia steady-state solution of the
Boussinesqg equations. Doering et al. (2018) considered thefollowing hydrostatic equilibrium
solution:

- X2
Uhe =0, bhe(X2) = axo+0, Phe(X2) = fo ne(2) dz. (19

In their work, (Doering et al. 2018) rigorously established the nonlinear stability and long-
time behavior of perturbations near hydrostatic equilibrium. To the best of our knowledge,
(Doering et a. 2018) is the first rigorous result on the stability of hydrostatic balance and
our research hasinspired abody of substantial subsequent research (see, e.g., Adhikari et al.
(2022); Ben Said et al. (2022); Cheng et al. (2025); Dong et al. (2021); Hu et a. (2018);
Ji et a. (2022); Kukavica and Wang (2020); Lai et a. (2021); Stefanov et a. (2025); Wang
(2021); Wang and Yue (2020); Wu and Zhao (2023)). In particular, Wang (2021) investigates
the stability of large solutions to the Boussinesqg equations with Navier boundary conditions,
which isrelated to the present work.

In the modeling of real geophysica fluids, the temperature profile is not necessarily a
simple linear function of X, such asaxo. Therefore, it isessentia to investigate the stability
of amore general hydrostatic equilibrium. In this paper, we establish a new stability result
for the more general temperature profile;

X2
Une =0, bhe(X2) = H(X2), Phe(x2) = /0 H(2)dz, (1.10)
where H (x2) isagenera given function. The perturbation near the profilein (1.10), namely
U=u—Une, P=P—Pre(), §=0—0the(x) (111)
satisfies
®U+T- VU + VP = vAT + ey,
®0 +TU-VO+ U H (x2) =0,
V.u=0, (1.12)

@, 6)(x, 0) = (To, o) (X),
U-nlhe =0, @l =0,

where @ = V x U denotes the corresponding vorticity.
The stability problem associated with (1.12) presents significant challenges. In general,
nonlinear stability isnot expected for an arbitrary profile, even under the condition H'(x2) >
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0. However, we establish a linear stability result, as stated in the following theorem. For
notational convenience, we omit the tilde notation in variables representing perturbations.
The corresponding linearized equations, expressed in terms of the stream function ¢ and the
temperature 6 is given by

*AY — VAAY — 310 = 0, (1.13)
&6 + uzH'(x2) =0,
¥ (X0) = Yo(X), (X, 0) = O(X). (114

Recall that the vorticity w = Avr.

Theorem 1.2 Consider thelinearied Boussinesq equations(1.13) and (1.14) near thegeneral
hydrostatic equilibrium (1.11). Assume that the temperature profile H (x2) satisfies, for any
point (X1, X2) € €,

IH'(x2)| < M.

Let (o, 6o) betheinitial perturbation satisfying 810, V Ay and 6g areall in L2(2). Then,
for H'(x2) > 0, we have the following global and uniform upper bound

t
10V 122, + /Q H' (x2) (019)2 dx + 20 /0 135 AU (9220 dS

<o (19 8v0lR2 + Iolz)) + [ H/ 0 a0? dx (115

loud M)l < |V|\/V<|IVA¢fo||f2+||90||f2(9))+ /Q H' () (1Y0)2dx.  (1.16)

We remark that direct energy estimates applied to (1.13) and (1.14) would not yield any
uniform (in time) upper bound due to the presence of H'(x2) (except for the linear profile
when H’(x2) isaconstant). Therefore, in order to prove Theorem 1.2, we first undiscovered
the wave structure hidden in (1.12) (see Lemma3.1), which playsacrucia rolein obtaining
the bounds in Theorem 1.2. The last paragraph of Section4.1.2 and Figure4 are devoted to
the numerical verification of Theorem1.2.

Therest of thispaper isdividedinto four sections. Section 2 proves Theorem 1.1. Section3
presents the wave structure and the proof of Theorem 1.2. Section4 provides important
observations from numerical simulations. Section5 gives the conclusions and discussions.

2 Inviscid limit under slip boundary condition

This section is devoted to the proof of Theorem 1.1. To serve this purpose, wefirst recall the
following global existence and uniqueness result on (1.4). Thework of Doering et a. (2018)
has extensively studied the behavior of the solution of (1.1), including the following result.

Theorem 2.1 Let 2 C R? be a rectangle or a more general bounded and simply connected
planar domain with 8 belonging to C%7 (y e (0, 1)) except at a finite number of points,
where 92 isa corner of anglein (0, %]. Consider theinitial-boundary value problem (1.4).
Suppose that the initial data ug € H2(2) and 6p € H1(£2), V - ug = 0 and are compatible
with the boundary conditions. Then (1.4) has a unique global-in-time solution (u®, "))
satisfying

u®™ e L®((0, t); H2(2)) N L2((0,t); H3(Q)) and 6™ € L>®°((0,t); HY(Q)) (2.1)
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for anyt > 0. Inaddition, if (U, p) € H3(Q) withs > 2, thenu™ e L% ((0, t); H3(Q)) N
L2((0, t); HST1(Q2)) and 6™ e L®((0, t); H3(Q)) for any t > 0.

The existence and regularity problem on the inviscid Boussinesq equation (1.5) is not
fully understood. Whether classical solutions to (1.5) are always global in time remains
an outstanding open problem. The following local existence and regularity suffices for our
purpose (seg, e.g., Wu (2012)).

Theorem 2.2 Let Q@ C R? be a rectangle or a more general bounded and simply connected
planar domain with 92 belonging to CZ’V(y € (0, 1)) except at a finite number of points,
where 3 is a corner of anglein (0, %]. Consider the initial-boundary value problem (1.5).
Assume that (Ug, 8g) € HS(Q) withs > 2. Thenthereisa T = T(||(Ug, fo)||ns) > O such
that (1.5) has a unique solutions (u, ) € C([0, T); HS(2). Furthermore, if

T* T*
/ [Vu(t) || ~dt < oo or / VO )| L=dt < oo,
0 0

then the local solution can be extended to [0, T*].

In order to prove Theorem 1.1, we also need asimplefact that the slip boundary condition
u” . niie=0 "3 =0 (2.2

is a specia case of the Navier-slip boundary condition. Recall that the general Navier-slip
boundary condition involving avelocity field v is given by

v-n=0, v(S(V)n)-t+av-7=0, X € 0L,

where S(v) = %(Vv—i— (Vv) 1), n(x) and 7 (x) arethe outward unit normal and aunit tangent
to 992, and «(X) is a non-negative turbulent boundary drag coefficient defined on 42.

The stress-free boundary condition (2.2) can be viewed as a special Navier-slip boundary
condition, as the following lemma states (see, e.g., Doering et a. (2018); Jiu et a. (2012)).

Lemma 2.3 For anyv € H2(Q) withv - n = 0 on 92, we have
1
(S(V)n)-t—}—KV-T:éa), X € 0L,

where k isthe curvature of 92 and w = V x v isthevorticity. In particular, if o = 0on 92,
then the following Navier-slip boundary condition holds

(S(v)n) -7 +«kv-t=0.
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 \We set
V=u"—-u® ©=¢"_00

Writingu® =V +u©@ and 6 = © + 0 in (1.4) and taking the difference with (1.5),
we find that

&V +V-Vu® u®. vV 4 V.V =-VP4+vAUMBOe, xeQ,t>0,

#0+0-ve?9 +u®.ve+Vv.ve =0,

V.-V =0,

V.nlhe =0,

(2.3)
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where P = p™ — p© jsthe pressure difference. Taking theinner product of V and © with
the first two equations of (2.3), we find that

ld(

2dt

=—fV~Vu(°)-de—/@-Vu(o)-(adx—i—v/V-Au(o)dx+v/V-Ade
Q Q Q Q

=114+ la+ I3+ 14 (2.5)

IVIZ, + 1©117,) (2.4)

wherewe have applied the boundary conditionsV -n|yq = u©@.nj;q = 0andthe Divergence
Theorem to obtain

/(u“’) ~V)V-de=/ V- V)V .de=/ ewu?. V)@dx:/ OV -V)@dx =0.
Q Q Q Q
I1 and |2 can be bounded directly via (1.6). By Sobolev’s inequality,

1+ T2l < IVUQ L) (IVIZ2 + 10122) < CIu@ns (IVIZ2 + 1©1122) . (2:6)
By Holder’'sinequality,

1
13l < VIV 1Au@ e < ZIVIE: + v Au@ .. 27

Theestimate of 14 ismore delicate. We distinguish two cases: agenera bounded domain and

the rectangle. When 2 is a general bounded domain, we use Lemma 2.3 and the boundary
condition w|3q = 0 for the vorticity ) of (1.4). Dueto V-V = 0,

2 2
V.-AV = Z Vj8|3Vj = Z Vjok(kVij+9jVk)
i k=1 i k=1
2 2 2
= Z K(Vj@kVj+9jVk) — Z (Bij)z— Z KV jojVk
i k=1 i k=1 i k=1
2 2
=2 &(ViSVk) — [VVI2 = Y V|V,
i k=1 i k=1

where we have recalled that S(V) denotes the symmetric part of VV, namely
1
S(V) = S(VV + (v\V)1).
Therefore, by the divergence theorem,

|4:=v/V~Ade=2v/ V-(VS(V))dx—v/ |VV[2 dx
Q Q Q

2
—v Z/Z)ijaijdX
Q

j k=1

:21)/ V - (S(V)n) do (x) —v/ [VV2dx, (2.8)
IR Q
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where the last integral becomes zero after integration by parts and theuse of V - V = 0. We
decompose V and S(V)n each inth directionsof n and . DuetoV - n = 00on <2,

V=N-mn+ - 1)t =(V-1)1,
S(V)n = ((S(V)n) - n)n + ((S(V)n) - 7).

Since n and t are orthogonal, namely n- ¢ = 0,
V- (S(V)n) = (V-1) ((S(V)n) - 7).

To use the boundary condition v |3 = 0, werecal V = u® — u© and use Lemma 2.3
to obtain

(S(V)HN) -7 = (SW™)n) -7 — (Sun)y - ¢
=—«u™ .7 — (SUun -7
=—«V -1 —xu®.7— (S(u(o))n) - T.

Therefore,
V- (SV)N) = —k(V-1)° =« (V- )U? - 0) = (V- o) (SUMny-z. (29

Inserting (2.9) in (2.8), we obtain

v/ V. AVdx = —2vk (V'T)zda(x)—vf |VV|2dX
Q Q

Q2
—211/{/ V- 1)UuQ . 7)do(x)
Q2
—211/ V- ) (SUMN) - 7 do (). (2.10)
Q2

The last two termsin (2.10) can be bounded as follows. By the trace theorem, the L2-norm
of u©® on 9% is bounded by the H1-norm of u©@ on €,

21)/{/ V-HUu9 . ydox) < wc/ (V-r)zda(x)—l—wc/ U@ . 1)2do(x)
Q2 I 02
<k /BQ(V-r)zdo(x)+CvK||u(o)||2Hl(Q), (2.11)

where C is a constant independent of v. By Holder's inequality, |V - | < |V| and the trace
theorem,

2v / V- )(SUn) - tdox)
IQ

< 201Vl 250 ISU L2 9)
< ColIVIlyig) ISUP) g
< Cu(IVllLzi) + IVV Lz IVU@ g

H2(Q)
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Inserting (2.11) and (2.12) in (2.10) yields

1
la ::v/ V. AVdx < —v/c/ (V- 1)%do(x) — fv/ [VV |2 dx
Q 90 2 Jo
+CIVIZ, g, + CO + v +7) U2 (213)
Combining (2.5) with the boundsin (2.6), (2.7) and (2.13), we obtain

d 2 2 1 2 2
éa(||V||L2+||®||L2)+EU/Q|VV| dx + vk /m(v-r) do (x)

< CA+NUQne) (IVIZ2 +101122) + Cw + vk + 0D IUQF ). (214)

Applying Gronwall’s inequality to (2.14), we obtain
IVOIZ, + 10112,
O ,s
< LI [ (V2 + 10O)12) + Crt@ + v+ U@ 25 g ]
< Cut(+v + ) U2 eI o), (2.15)

wherewe have used thefact that theinitial difference (V (0), ®(0)) = 0. Inaddition, inserting
(2.15) on theright-hand side of (2.14) and integrating it time, we have

t t
v/ / |VV|2dxdt+v/</ / (V- 0)?do (x)dt
0 JQ 0 JoQ

< Cut@+v+0Iu@1Z, g, (1+ t(l+ ||u<°>||Hs)e°t<1+uu<°>an>), (2.16)

This finishes the proof of (1.7).

In the case when 2 isjust arectangle, the upper boundsfor 11, 12 and I3 remain the same.
But the estimate for the dissipative term is different. We integrate by part directly, recalling
that V = u® —u®©

2 2
I4::u/ V.-AVdx = Z v/ Vjafug”)dx— Z v/ V,-a,fugo)dx = a1 + lgo.
@ jk=1 7€ jk=1 79
By the divergence theorem,
2 2 2
a2 (V) ) (v) ) (v)
=) v/Qv,akuj” dx= ) v/mv,nkakuj” do(x) — Y V/Qakv,akuj“ dx
j k=1 jk=1 jok=1
When Q isarectangle, 92 consists of four line segments. Using the boundary conditions
V-n=0, 0" =0,

we can show that the boundary term
/ Vi nkakugv) do(x) = 0.
aQ
For example, on the line segment 921 with 0 < x1 < 1and x2 = 0, we have

V=(V,0, n=(0,-1), o =0auy —aul =—-5u” =0
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and thus
2
> vf Vineaku(” do (x) = —v/ Vadaul” do (x) =
S Q1 a0
j.k=1
Similarly, the boundary integral on the other three lines are also zero. Therefore,
lgg = — Z fakv oku§” dx
j k=1
- Z /akv KV dx + Z /akv akul dx
j.k=1 j.k=1
= —v[|VV|%, +v/ vV - vu© dx
Q
1
< —SVIVVIE: +vIVU@lZ.. (217)
By Holder'sinequality,
1
ezl < VIVl Au@ 2 < ZIVILz + 2 AU 2. (2.18)
Afterinserting (2.6), (2.7), (2.17) and (2.18) in (2.5), we have
>at (IIVIILz + IIOIILz / |VV|? dx
< C @A+ [u@llns) (||V||L2 +1101F2) + Cv@+ ) U2 2 (2.19)
It then follows from Gronwall’s inequality that
IVOIZ, + 1012, < C ot +v) [u© 2, €S Mo, (2.20)

Applying the bound in (2.20) to the right of (2.19) and integrating in time, we obtain the

time integral bound

0,
/ [VV2dxdr = CotL+ n)Iu@IZ g (14 1@+ Ju@ e T o)),

This completes the proof of Theorem 1.1.

3 Linear stability of a general hydrostatic equilibrium

This section proves the linear stability result of a genera hydrostatic equilibrium profile

(1.10), namely Theorem 1.2.

To avoid the pressure term, we take advantage of the equivalent vorticity formulation of

(112),
V& = vAD + axl5
Vg o H (x0) =

‘N =0, ®lhe =0,

(3.1)
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We discover that (3.1) actually has a hidden wave structure, as revealed in the following
lemma. For notational convenience, we will ignore tilde and write f for f.

Lemma 3.1 If (w, 0) solves (3.1), then u, w and 6 satisfies the following wave equations

dtw — VA w + H'(X2) 911A 1w = Na, (3.2)
Bl — VAU + H'(X2) 911A 72U = Na, (3.3
Bt — vAKO + H' (X2) 011A 710 = 2H" (X0)9102% — H"(X2)d1% + N, (3.4)

where N3, N4 and Ns are nonlinear terms
N3 = 91N — N1, Ng= VEA"1(31Np — 9 Ny),
Ns = H'(x2)31A 7Ny — (8 — vA)Np

with Ny = u- Vw and N2 = u - V6. As a special consequence, when H'(x2) = A for a
constant A, then the linearized equation for w, u and 6 isidentically the same and given by

P — vAKRD + AdATId = 0.

The wave structure derived in Lemma 3.1 reveals the hidden interaction between fluid
velocity, vorticity, and temperature near hydrostatic balance. The additional linear terms
H'(x2)d11A~1u and H’(x2)d11A 1w, which are not initially present in the velocity and
vorticity equations, emerge as a consequence of hydrostatic equilibrium and interaction.
When H(x2) is not a linear function, the wave equation for 6 is different from those for
velocity and vorticity and contains two extralinear terms besides the nonlinear terms.

Proofof Lemma 3.1 Since V - u = 0, we write u in terms of the stream function v,
U= V'Y = (=09, 01y)
and then w = Avr. Then (3.1) can be written as

HAY —VvAAY — 910 = —N1,  Ni=u-VAY,

w0+ 1y H (X2) = =N, No=u- V6. (35)
Taking the time derivative of the first equation of (3.5) yields
dtAY — VAR (AY) — 0180 = —d Ny. (3.6)
Inserting the equation of 6 in (3.6), we find
qtAY — VAR (AY) — d1(=01Y H' (X2)) = 31Nz — 9t N1
or
qAY — vAd(AY) + H' (X2) d11yy = 91Nz — 3t Ny, (3.7)

which is the desired wave equation of . Without loss of generality, we take v = 0 on the
boundary 92 and we can then invert the equation

AY =w
towrite y = A~1w. Then (3.7) can be rewritten as

dtw — VAo + H' (x2) 0114w = N3,
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where N3 represents the nonlinear term
N3 = 91N — 9y Nj.
(3.7) dso dlows us to write the wave equation for the velocity field u,
dtU — VAU + H'(X2) 911A U = Ng,

where N is the corresponding nonlinear term

Ng = VEA1(@1N2 — 3¢ Ny).
Taking d; on the equation of 6 in (3.5) yields

0tt0 + H'(X2) 010ty = —0¢ No.
Invoking the equation of v, namely

*Y —vAY — 1A = —ATINg,

we have
0 + H'(x2)01 (vAY + 314710 — ATINy) = &Ny
or
th + H' (x2) 811A_19 +vH (x)Ad1Y = H’(X2)81A_1N1 — 0t No.
By writing
H' (x2) Ad1y = A(H'(x2)81¢) — 2H" (x2) 31929 — H" (x2) 919,
we obtain

3t + H'(x2) 9114710 + vA(H' (x2)019)
= 2H" (x2)01020 — H"” (x2)d1¢ + H'(x2)31A "INy — 8 Np.

Using the equation of 6 again, we have

36 + H'(x2) 0114710 + vA (=30 — Np)
= 2H"(x2)01929 — H" (x2)919 + H'(x2)91A4 N1 — N2,

which is the desired wave equation (3.4) for 6. This completes the proof of Lemma3.1. O

Thewave structurederived in Lemma3.1 allowsto obtain alinear stability result. Accord-
ing to Lemma 3.1, (1.13) and (1.14) can be converted to the following wave equations

dqt Ay — vARAY + H'(x) d1yy =0, (3.8
0 — VARG + H'(x2) 311A_19 = 2H"(X2)d102¢ — H"" (x2) 31,

¥ (X, 00 = Yo(X), 3 (X, 0) = vAyg+ 1A,
0(x,0) = 6o(X), 3B(X,0) = dYo(X)H'(X2). (39

We are now ready to prove Theorem 1.2.
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Proof of Theorem 1.2 Multiplying (3.8) by d;v and using thefactor that ¢ = 0, dyy» = 0 and
0t Ay = 0on a2, wefind that

1d
2dt
Integrating in time yields

(natwnfz(m + /Q H/(x»(amzdx) + 0 AV 2 = 0.

t
1Y O1220, + /Q H' (x2) (B19)2 dx + 2v /0 10sAY (91122, dS

= IV0AY0 + 01810015 ) + /Q H'(x2) (3110)? dX,

which yields (1.15). Due to the lack of boundary condition on 6, it does not appear possible
to engage the wave equation of 6, (3.9) to gain any uniform upper bound. We use (1.14) to
obtain (1.16). Applying d; to (1.14) to obtain

9t0 = —dtusH'(X2).
Taking the L 2-norm each side yields
[0 ()]l 2 < M [[dtuzll 2 < M [tV |l 2

< M\/v(nmwoniﬁ ||eo||i2(m) + /Q H'(X2) (91%0)? dx.

This completes the proof of Theorem 1.2. O

4 Numerical results

This paper conducts a detailed numerical study to understand how the sizes of the Reynolds
number and the aforementioned two types of boundary conditions affect the stratification
process. A range of initial datais tested. For the clarity of our presentation, we focus on the
following initial condition in the domain Q@ = (-1, 1)2:

U10(X1, X2) = Sin(2m X1) coS(2w X2),
Upo(X1, X2) = — COS(27r X1) SIN(27 X2),
Bo(X1, X2) = Sin(3x1) cos(2x2) + (x1 — 0.5)3 + 1/(x2 + 10).

The initial temperature profile and its stratification state are plotted in Figurel. Solutions
of (1.1), supplemented with thisinitial data and the two boundary conditions, are computed
for Reynolds numbers ranging from 0.01 to 100. The results are plotted and compared with
the eventual temperature profile defined by S(x2). Here, the Reynolds number is defined as
Re = % where L = 2 representsthe domain size, and U = 1isthe characteristic velocity
magnitude.

All numerical simulations are conducted using an iterative projection method outlined in
Doering et al. (2018). This study explores both slip and no-slip boundary conditions, with
Reynolds numbers ranging from 0.01 to 100. For each simulation, the accuracy of the results
is verified by employing two levels of mesh refinement, with grid resolutions of N = 50
and N = 100, where N denotes the number of grid divisions along each spatial direction.
Unlike the long-time simulations extending to t = 10° in Doering et al. (2018), the present
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Initial value of theta
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Fig. 1 atheinitial temperaturefield 6g. b the stratification state S(y) of 6g
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Slip BC, Re=0.01, t=690 Slip BC, Re=0.1, =690 Slip BC, Re=1, t=690 Slip BC, Re=10, t=680 Slip BC, Re=100, =680
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No-slip BC, Re=0.01, hM‘ No-slip BC, Re=0.1, t=690 Nn-slln BC, Re=1, IxBOO No-slip BC, Re=10, t=690 No-slip BC, Re=100, t=690

2 L.. ~— g

Fig.2 Temperaturefieldsat t=690. First row: slip boundary condition. Second row: no-slip boundary condition.
Columns from left to right: Re = 0.01, 0.1, 1, 10, 100

study considers simulations up to t = 690, which is sufficient to capture the key differences
arising from varying parameters and boundary conditions

4.1 Effects of Reynolds number and boundary conditions
4.1.1 Boundary persistence and plume eruption under no-slip BC

Thetemperaturefieldsat t = 690 are plotted in Fig. 2 for both the slip and no-slip boundary
conditions and all the Reynolds numbers in this study. For both types of boundaries, the
stratification effect increases with the Reynolds number: the temperature field remains nearly
unchanged from the initial state when Re = 0.01, but presents a clear stratified structure at
Re = 100.

In particular, the simul ations show two remarkabl e mechani smsunder theno-slip boundary
conditionincomparisonwiththeslip boundary condition. Thefirstistheboundary persistence
of the temperature over time under the no-slip boundary condition, which can be clearly seen
on the left edge in Fig. 2 where the blue color stays the same from the initial stage when
Re = 0.1, 1, 10, in contrast to their counterparts with the slip boundary condition. Thisis
because the velocity is zero on the boundary under the no-slip condition, which preventsthe
flow aong the boundary. Clearly, the boundary persistence stalls the stratification locally.
The second mechanism is the boundary plume eruption, where the plumes/mushrooms are
generated near the boundary and sent to the interior. There are far more boundary plume
eruptions under the no-dlip condition than the slip condition, especially when Re = 10 in
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Fig. 3 ab ||0(x,y,t) — S(Y)|| L2(Q) under dlip boundary condition a and no-slip boundary condition b. cd
[I(u, v) || L2(@) under dlip boundary condition ¢ and no-slip boundary condition d

Figure2. Note the plumes near the bottom bring the high temperature upward and those near
the top take the low temperature download, which promotes the stratification. Therefore, the
boundary plume eruption counteracts the boundary persistence in stratification.

4.1.2 Evolution: viscous dissipation and stratification stages

We name [|0(X, ¥, t) — S(Y)ll_2(q, as the L2 stratification error between the temperature
field 6 and the desired stratified field S(y). The L2 stratification errors and the L2 norms of
the velocity fields under different boundary conditions and Reynolds numbers are shown in
Fig. 3. The evolution of the system can be divided into two stages: an initial stage where
the L2 stratification error stays almost the same, and a second stage where this error decays
significantly.

Theinitial stageisshorter when the Reynoldsnumber islarger (or theviscosity issmaller).
According to Fig. 3[ab], theinitia stageisuptot = 600 or morewhen Re = 0.01, and only
uptot = 1when Re = 100. Inthisstage, thereislittle or no stratification of the temperature
field, as observed in the Re = 0.01 casein Fig. 2. Note the L2 norms of the velocity decay
sharply in a very short time window roughly fromt = Otot = 0.02 for Re = 1, 10, 100
in Fig. 3[cd], where the decay is faster when the Reynolds number is smaller. This can be
explained as follows. The removal of the temperature from the Boussinesq system results
in asimple model: gu +u-Vu = —=Vp+ vAu and V - u = 0 on the square domain
Q = (—1, 1)2 with either the slip or no-slip boundary condition. It is easy to derive the
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estimate [|u| 2iq) () < ||u||Lz(Q)(0)e‘%, where c is a constant only dependent on the
domain. This suggests that the velocity’s L2 norm is smaller when Re is lower. We call the
initial stage the “viscous dissipation stage” because it is the viscosity, not the stratification,
that governs the velocity dissipation.

In the second stage, the system enters the stratification process. By fitting the asymptotic
behavior observed in most simulations, we attain the following approximations,

1
0(x,y,t) — S N, 4.1
e, y,t) = Sz am (4.1)

ullL2@) ~ Re02412" (4.2)

For the simulations in this Study, Qslip = 6, Qnoslip = 30, /35||p = 07, and ﬁnos“p =12
These values are expected to vary depending on the initial conditions and domain configu-
rations. From (4.1) and (4.2), we can derive

Ul 200 2 BYVIOX, ¥, 1) — Sl L2
L2(Q) ~ Jat .

(4.3)

Due to this direct relation between the vel ocity L2 norm and the stratification error, we call
this stage the “ stratification stage”.

Note the decay rates on time t %5 in (4.1) and t =12 in (4.2) are the same as those in
Doering et a. (2018) in the corresponding norms. The formulas (4.1) and (4.2) along with
therelations aslip < anoslip and Bslip < Pnosiip Show that the temperature stratification and
velocity damping are more efficient under the larger Reynolds number and under the dlip
boundary condition. One possible explanation is that at higher Reynolds numbers (or under
slip boundary conditions), less energy is lost to viscous dissipation (or boundary friction),
alowing morekinetic energy fromtheinitial stageto persist. Thisretained energy accelerates
the stratification.

The stratification state S(y) of the initial temperature in thiswork isanonlinear function
of the height (see Figure1[b]). It isidentical to the general temperature equilibrium H (x2)
studied in Section1.3. The L2 norm of d:u, or 3Vl L2 is plotted in Figure4, which
is bounded and almost proportional to the viscosity (or inversely proportiona to Re) in the
stratification stage. This partially verifies (1.15) in Theorem1.2. The numerical result in
Figure4 also shows that [0V ||| 2, decays on time with order t=2 in the stratification
stage, not given in Theorem 1.2. This warrants future research to address this gap.

4.2 Seesaw oscillations at Reynolds numbers

With Re = 100 and the dip boundary condition, amplitude-decaying oscillations are
observed in both the L2 stratification error (Figure3[a]) and the L2 norm of the velocity
field (Figure3[c]). The L2 stratification error is also replotted on a linear scale in Fig. 5,
revealing an oscillation period of approximately 3. Snapshots of the temperature fields from
t = 23tot = 29 areshowninFig. 6, illustrating a seesaw-like spinning motion. For instance,
the green layer separating the red and blue regions in the temperature field tilts to the left at
t = 23 around its center, becomes roughly horizontal at t = 25, and rotates to the right at
t = 26. Itthenflattensagain at t = 28 before shifting left oncemore at t = 29. In particular,
the temperature field at t = 29 closely resembles that at t = 23, with both exhibiting L2
stratification errorslocated near the peaks of the oscillations. Similarly, thetemperaturefields
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Fig.6 Seesaw oscillations of the temperature fieldsfromt = 23 tot = 29 under the slip boundary condition
with Re = 100

at=25andt = 28 are alike, and their corresponding L2 stratification errors occur near
the troughs.

Thesimilar oscillations are al so observed under the no-slip boundary condition but notably
only with a larger Reynolds number such as Re = 200, whose snapshots are shown in
Fig. 7. The oscillation amplitude is far smaller compared with that under the slip boundary
condition when Re = 100 (see a'so Figure5) but discernible by inspecting the direction of
the mushroom in the bottom.

Wecall thisprocessas seesaw oscillations because the greenlayer resemblesarigid seesaw
oscillating repeatedly around the center. Because the seesaw rotation in the playground is
driven by the gravity, we deduce thistype oscillation in the temperature field is driven by the
gravity/buoyancy force in this Boussinesg system. The seesaw motion is not present when
the Reynolds number is small probably due to the strong viscous resistance, and it is aso
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time=20 time=2: time=27

e I T T

Fig. 7 Seesaw oscillations of the temperature fields fromt = 20 tot = 27 under the no-slip boundary
condition with Re = 200

difficult to appear under the no-slip boundary condition because of the boundary persistence
mentioned in Section4.1.1.

4.2.1 Interpretation of the seesaw oscillations

The seesaw motion can be inferred from the Fourier analysis in a special case. Here we
cite some results from (Doering et a. 2018). The linearized system for the perturbation
U=(U,V)=U—UpeWithupe =0,and ® = 0 — S(y) is
#U = vAU + 0& — VALV . (08y), (4.9
®O = —VS(y). (4.5)

In a special case where S (y) = «, a positive constant, the Fourier transform of the above
systemis

~ 2 kik: P
d Lik —v|k| 0 —# Lik
— | W | = 0 —U|k|2 ks A% (4-6)
dt @ k|2 ~
k 0 -« O Ok

The eigenvalues of the coefficient matrix are i1 = —v[k|?, A3 = 3(—v[k|? £ +/D) with

2
D = v2k|* — 4()1“%. When the Reynolds number is large (or the viscosity v is small) such

that D < 0, the solutions of Gk, \7k, @k arein the form of
J|D . J|D
cre kPt peIki®t cos(—'2 |t) + cze kPt gin (—'2 lt) . (4.7)

The sine and cosine functions in time can explain the oscillations in the convergence of the
temperature and velocity fields over time when the Reunolds number is large.

5 Discussions and conclusions

The numerical simulations reveal that the evolution of the Boussinesq system in this study
proceeds through two distinct stages. In the viscous dissipation stage, the flow is primarily
governed by viscous effects, and the duration of this phase is shorter for the lower viscosity.
In the subsequent stratification stage, the temperature field converges to the stratified state,
whereboth the L2 stratification error and the L2 norm of thevel ocity decay following negative
power lawsin time and in the Reynolds number.

Furthermore, the numerical simulations indicate that temperature stratification occurs
faster at higher Reynolds numbers, owing to reduced kinetic energy loss during the initial
stage. Ontheother hand, stratification progresses slower under the no-slip boundary condition
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than under the slip condition, asboundary frictioninhibitstheflow dynamics. Notably, the no-
slip boundary condition leads to more frequent boundary plume eruptions, which facilitates
the stratification.

According to Theorem1.1, the solution of the viscous Boussinesq system converges to
that of the inviscid system in the limit of large Reynolds number under the slip boundary
condition. The Reynolds number used in this work is between 0.01 and 200. To study the
stratification of theinviscid Boussinesq system, itisfundamental to determinewhether the L2
stratification error (4.1) and the L2 norm of the velocity (4.2) hold for all Reynolds numbers,
and how the viscous dissipation stage and the seesaw oscillations evolvein the inviscid limit
in the future work.
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