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Partial dissipation
Stability
Decay estimates

This is mainly due to the divergence-free condition and the 
anisotropic structure.

© 2025 Elsevier Inc. All rights are reserved, including those 
for text and data mining, AI training, and similar 

technologies.

1. Introduction

Magnetohydrodynamics (MHD) is one of the most important branches of continuum 
mechanics, which deals with the interplay between electromagnetic fields and conducting 
fluids. The MHD system is coupled by the Navier-Stokes equations for fluid dynamics 
and the Maxwell equations for electromagnetism. Since the pioneering work of Alfvén [4], 
MHD is widely used in many fields, such as geomagnetism and planetary magnetism, 
astrophysics, nuclear fusion (plasma) physics, and liquid metal technology (see, e.g., 
[6,10,31]). In recent years, the stability of MHD equations has attracted a lot of at
tention. A significant nonlinear phenomena of MHD observed by physical experiments 
and numerical simulations is that a background magnetic field can smooth and stabilize 
turbulent electrically conducting fluids (see, e.g., [2,3,14,16,27]).

In this paper, we consider the following 3D MHD equations with only vertical velocity 
dissipation:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Ut − μ∂2

3U = B · ∇B − U · ∇U −∇P, x ∈ R3, t > 0,
Bt − η∂2

2B − η∂2
3B = B · ∇U − U · ∇B,

∇·U = ∇·B = 0,
(U,B)(x, t)|t=0 = (U0, B0)(x),

(1.1)

where U = (U1, U2, U3)⊤, B = (B1, B2, B3)⊤ and P are the velocity field, the magnetic 
field, and the pressure, respectively. The positive constants μ > 0 and η > 0 are the 
viscosity coefficient and the magnetic diffusivity coefficient, respectively.

Our goal is to understand the stability of 3D anisotropic MHD system (1.1) near a 
equilibrium state (U (0), B(0)),

U (0) ≡ 0, B(0) ≡ e2 := (0, 1, 0).

Thus, the perturbation (u, b) around the steady state (U (0), B(0)) with

u := U − U (0), b := B −B(0),

is governed by
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⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ut − μ∂2
3u− ∂2b = b · ∇b− u · ∇u−∇p, x ∈ R3, t > 0,

bt − η∂2
2b− η∂2

3b− ∂2u = b · ∇u− u · ∇b,

∇·u = ∇· b = 0,

u(x, 0) = u0(x), b(x, 0) = b0(x).

(1.2)

In fact, if B = 0 in (1.1), then it reduces to the 3D Navier-Stokes equations with only 
vertical dissipation,⎧⎪⎪⎨⎪⎪⎩

Ut − μ∂2
3U = B · ∇B − U · ∇U −∇P, x ∈ R3, t > 0,

∇·U = 0,
U(x, t)|t=0 = U0(x).

(1.3)

The global stability and large-time behavior of (1.3) is a challenging problem. The major 
difficulty lies in the fact that the dissipation in only one direction is too weak to control all 
the nonlinear terms in the whole space R3. In a recent work [28], Paicu-Zhang established 
the global well-posedness of smooth solutions with small data for (1.3) on the strip 
domain Ω = R2 × [0, 1]. The analysis of [28] strongly relies on the geometry of the 
domain and a Poincaré type inequality, which no longer holds true for the case of whole 
space. Motivated by this, the main purpose of this paper is to study the global stability of 
MHD and to reveal the influence of magnetic field on fluid stability from a mathematical 
point of view.

In the following, we briefly recall some noteworthy works on the stability of MHD 
equations near a background magnetic field. In the pioneering work [5], Bardos-Sulem
Sulem first demonstrated the stability effect of magnetic fields in ideal MHD. Cai-Lei [8] 
and He-Xu-Yu [15], via different approaches, successfully solved the stability problem of 
the ideal MHD system and its fully dissipative counterpart (with identical viscosity and 
resistivity) near a background magnetic field. Wei-Zhang [39] allowed the viscosity and 
resistivity coefficients to be slightly different. The stability of 2D viscous and non-resistive 
MHD equations was first considered by Lin-Xu-Zhang [21], and then was extended and 
improved by [9,17,32,33,42,44]. We also refer to [1,11,30,36] for the stability theory of 
3D viscous and non-resistive MHD equations. In [45], Zhou-Zhu proved the stability of 
2D inviscid and resistive MHD equations on the periodic domain by using the oddity 
conditions proposed in [30]. Wu-Wu-Xu [41] (also cf. [12]) studied the stability of 2D 
MHD system with only velocity damping.

Recently, the stability of the incompressible MHD equations with partial dissipation 
has attracted more and more attention, since it mathematically reveals the stability 
mechanism of a background magnetic field, compared with the Navier-Stokes equations. 
For 2D MHD equations with partial dissipation, one can refer to [7,13,18--20,22,29] and 
the references therein for interest. Next, we would like to introduce some works on the 
stability of 3D MHD equations with partial dissipation, which is certainly more compli
cated and difficult. The first work is due to Wu-Zhu [43], where the authors considered 
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the 3D MHD equations with horizontal dissipation Δhu and vertical magnetic diffu
sion ∂2

3b. Then, Lin-Wu-Zhu [24] proved the stability of 3D MHD equations with only 
one-directional dissipation ∂2

1u and horizontal magnetic diffusion Δhb in Sobolev space 
H4(R3). Lin-Wu-Zhu [25] improved the stability result under the assumption that initial 
data (u0, b0) satisfy

∥(u0, b0)∥H3 + ∥∥∂k
1 (u0, b0) ∥L2

x1L
1
x2x3

≤ ε, with k = 0, 1, 2.

Recently, the stability of an initial-boundary value problem of 3D MHD equations with 
only vertical dissipation ∂2

3u and ∂2
3b was studied by Lin-Wu-Suo [23] in the case of strip 

domain Ω = R2 × [0, 1] with Dirichlet boundary conditions by using the Poincaré type 
inequality.

The main purpose of this paper is to study the stability theory and large-time behavior 
of the Cauchy problem (1.2) on the whole domain R3. Our first result of this paper, 
concerning the global solvability and stability in the H3-framework, is formulated in the 
following theorem.

Theorem 1.1. Assume that (u0, b0) ∈ H3 with ∇·u0 = ∇· b0 = 0. There exists an abso
lutely positive constant ε > 0, depending only on μ and η, such that if

∥(u0, b0)∥H3 ≤ ε,

then the problem (1.2) has a unique global solution (u, b) on R3 × [0,∞), satisfying

∥(u, b)(t)∥2
H3 +

T∫︂
0 

(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
dt ≤ ε2. (1.4)

The issue of large-time behavior and decay rates of the global solutions is more subtle. 
We will derive the sharp decay rates of the solutions by the method of spectral analysis. 
For the notational convenience, we denote by

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∥f∥Lp ≜ ∥f∥Lp(R3), ∥f∥Wk,p ≜ ∥f∥Wk,p(R3),

∥f∥L2 ≜ ∥f∥L2(R3), ∥f∥Wk,2 ≜ ∥f∥Hk = ∥f∥Hk(R3),

∥f∥LrLqLp ≜
⃦⃦⃦⃦⃦

∥f∥Lp(R)
⃦⃦
Lq(R)

⃦⃦⃦
Lr(R)

, ∥f∥Lq
x1L

p
x2,x3

≜
⃦⃦⃦
∥f∥Lp

x2,x3 (R2)

⃦⃦⃦
Lq

x1 (R)
.

Moreover, the same letter C will be used to denote the generic positive constants, which 
may be different from line to line.

Our second and main result of this paper is concerned with the sharp decay rates of 
the global solutions.



S. Lai et al. / Advances in Mathematics 486 (2026) 110747 5

Theorem 1.2. In addition to the conditions of Theorem 1.1, assume that (u0, b0) ∈ L1

and ∂k
1 (u0, b0) ∈ L2

x1
L1
x2,x3

for k = 0, 1, 2. There exists an absolutely positive constant 
ε > 0, such that if

∥(u0, b0)∥H3 + ∥(u0, b0)∥L1 + ∥∂k
1 (u0, b0)∥L2

x1L
1
x2,x3

≤ ε, (1.5)

then the global solutions (u, b) of the problem (1.2) satisfy

∥∂k
1 (u, b)(t)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1,

∥∂i∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3
2 , ∥∂l∂2(u, b)(t)∥L2 ≤ C0ε(1 + t)− 11

12 ,

∥∂1∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)−1, ∥∂2
1(u, b)∥L2 ≤ C0ε(1 + t)− 3

8 ,

∥∂l∂2∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 11
12 , ∥∂2

1∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 1
2 ,

∥∂1∂
2
3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 5

4 , ∥∂2∂
2
3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 11

6 ,

∥∂3
3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 23

12 , ∥(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 3
4 ,

∥∂i(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 5
4 , ∥∂i∂3(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 7

4 ,

∥∂3
3(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 9

4 ,

where k = 0, 1, i = 2, 3, l = 1, 2.

If we assume further that (u0, b0) ∈ H4, then we can show that the decay rates of the 
partial derivatives involving the third direction x3 are optimal, compared with the 2D 
heat equation.

Theorem 1.3. Assume that for k = 0, 1, 2, 3, ∂k
1 (u0, b0) ∈ L2

x1
L1
x2,x3

, (u0, b0) ∈ H4, 
∇ · u0 = 0, and ∇ · b0 = 0. Then, there exists sufficiently small ε > 0, such that if

∥(u0, b0)∥H4 + ∥(u0, b0)∥L1 + ∥∂k
1 (u0, b0)∥L2

x1L
1
x2,x3

≤ ε, (1.6)

then the following large-time decay estimates hold for the global solutions (u, b):

∥∂k
1 (u, b)(t)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1,

∥∂1∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1, ∥∂i∂j(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3
2 ,

∥∂2
1(u, b)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂1∂i∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3
2 ,

∥∂l∂2
2(u, b)(t)∥L2 ≤ C0ε(1 + t)−1, ∥∂2

1∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1,

∥∂i∂j∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)−2, ∥∂3
1(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3

8 ,

∥∂3
1∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂2
1∂

2
3(u, b)∥L2 ≤ C0ε(1 + t)− 11

8 ,

∥∂l∂h∂2∂3(u, b)∥L2 ≤ C0ε(1 + t)−1, ∥∂1∂
3
3(u, b)∥L2 ≤ C0ε(1 + t)−2,

∥∂l∂2∂
2
3(u, b)∥L2 ≤ C0ε(1 + t)−2, ∥∂i∂3

3(u, b)∥L2 ≤ C0ε(1 + t)− 5
2 ,
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∥(u1, b1)∥L2 ≤ C0ε(1 + t)− 3
4 , ∥∂i(u1, b1)∥L2 ≤ C0ε(1 + t)− 5

4 ,

∥∂i∂j(u1, b1)∥L2 ≤ C0ε(1 + t)− 7
4 , ∥∂i∂2

3(u1, b1)∥L2 ≤ C0ε(1 + t)− 9
4 ,

∥∂i∂3
3(u1, b1)∥L2 ≤ C0ε(1 + t)− 11

4 ,

where k = 0, 1, i, j = 2, 3, l, h = 1, 2.

Remark 1.1. The method herein can be applied to the HN -framework with N ≥ 4. In 
particular, if

∥(u0, b0)∥HN + ∥(u0, b0)∥L1 + ∥∂k
1 (u0, b0)∥L2

x1L
1
x2,x3

≤ ε

with k = 0, 1, · · · , N − 1, then it holds that

∥(∂N
3 u, ∂N

3 b)∥L2 ≤ C0ε(1 + t)−
N+1

2 .

Remark 1.2. Due to the resemblance of mathematical structure, the same results as the 
ones stated in Theorem 1.1--1.3 can be achieved for the 3D MHD equations with only 
vertical magnetic diffusion:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂tu + u · ∇u + ∇p = ν∂2
2u + ν∂2

3u + b · ∇b + ∂2b,

∂tb + u · ∇b = η∂2
3b + b · ∇u + ∂2u,

∇·u = ∇· b = 0,
(u, b)(x, t)|t=0 = (u0, b0)(x).

Next, we briefly sketch the main ideas of the proofs in Theorems 1.1--1.3. Since the 
local-in-time existence result can be shown by the standard method (see, e.g., [26]), to 
prove Theorem 1.1, our main task is to derive the global-in-time a priori estimates of the 
solutions. The main difficulties arise from the lack of velocity dissipations in both x1 and 
x2 directions, which will be supplemented by the additional dissipation generated by the 
background magnetic field. To do this, we adopt the method of ``double energy'', which 
have been successfully used in the previous works (see, for example, [18,19], [22--25], 
etc). The first energy functional is the natural H3-energy ℰ1(t) induced by the partial 
dissipations of (1.2),

ℰ1(t) ≜ sup 
0≤τ≤t

∥(u, b)(τ)∥2
H3 + 2

t ∫︂
0 

(︁
μ∥∂3u(τ)∥2

H3 + η∥ (∂2b, ∂3b) (τ)∥2
H3

)︁
dτ, (1.7)

and the second one ℰ2(t) is the additional H2-energy of ∂2u,

ℰ2(t) ≜
t ∫︂

0 

∥∂2u(τ)∥2
H2dτ, (1.8)
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which is indeed generated by the background magnetic field. The estimates ℰ1(t) and 
ℰ2(t) will be built up, based on the standard L2-method and the applications of 
anisotropic Sobolev inequalities (cf. Lemmas 2.1 and 2.2). However, some of the non
linear terms cannot be bounded by ℰ1(t) and ℰ2(t) directly. The most difficult terms 
are

D1 ≜ 2
∫︂

∂2u2
(︁
∂3
1u2

)︁2
dx, D2 ≜

∫︂
∂3
1u2∂2u3∂

3
1u3 dx, D3 ≜ 3

∫︂
∂2u2

(︁
∂3
1u3

)︁2
dx.

To deal with these terms, we make use of (1.2) to replace ∂2u2 and ∂2u3 by (see (3.34))

∂2u2 = ∂t(b2 − η∂2u2) − η∂2
3b2 + μη∂2∂

2
3u2

− η∂2 (u · ∇u2 − b · ∇b2 + ∂2p) + u · ∇b2 − b · ∇u2,

∂2u3 = ∂t(b3 − η∂2u3) − η∂2
3b3 + μη∂2∂

2
3u3

− η∂2 (u · ∇u3 − b · ∇b3 + ∂3p) + u · ∇b3 − b · ∇u3. (1.9)

For example, by several substitutions and integration by parts, the difficulty of the term 
D1 is shifted to the treatment of F4 (see (3.51)),

F4 ≜ 4
∫︂

b · ∇∂3
1b2∂

3
1u2(b2 − η∂2u2) dx.

Also, this cannot be bounded directly. To circumvent this difficulty, we artificially retain 
the term E1 (see (3.27)),

E1 ≜ 2
∫︂ (︁

∂3
1b2
)︁2

∂2u2 dx,

which arises from the treatment of the nonlinear term b · ∇u. Based on (1.9) and inte
gration by parts, the term E1 will produce a ``good'' term R4 (see (3.59)),

R4 ≜ 4
∫︂

b · ∇∂3
1u2∂

3
1b2(b2 − η∂2u2)dx,

which, combined with F4 and integrated by parts, leads to the desired bound of D1 +E1
(see (3.62)). The estimates of the other two terms D2 and D3 can be done in a similar 
manner, if we add the terms E2 and E3,

E2 ≜
∫︂

∂3
1b2∂2u3∂

3
1b3 dx, E3 ≜ 3

∫︂ (︁
∂3
1b3
)︁2

∂2u2 dx,

to D2 and D3, respectively. With all the global a priori estimates at hand, Theorem 1.1
then follows from the bootstrap arguments (see, e.g. [37]). We refer to Section 3 for more 
technical details.
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The proofs of the decay rates stated in Theorems 1.2--1.3 are built upon the spectral 
analysis and the integral representations in (2.7) and (2.8). In particular, the precise 
upper bounds for kernel functions play a mathematically important role. This forces 
us to divide the frequency space into suitable sub-domains and to derive the sharp 
estimates of each kernel function in these sub-domains (see Proposition 2.1). By virtue 
of Proposition 2.1, we then carry out some reasonable ansatz of the decay rates and 
provide the decay estimates of the nonlinear terms. With these preparations at hand, we 
can adopt the bootstrap argument to establish the desired decay estimates by elaborate 
calculations. The entire analysis strongly relies on Corollaries 2.1 and 2.2, which coincide 
respectively with the estimates of 2D and 3D heat kernel. It is worth mentioning that 
Corollary 2.2 is a consequence of the divergence-free condition and will be used to prove 
the enhanced decay rates of (u1, b1). Compared to the previous work [25], the analysis of 
the present paper is more delicate and technical. The details can be found in Section 4
and 5.

The rest of the paper is organized as follows. In Section 2, we present some useful 
mathematical tools and establish the sharp upper bounds of kernel functions in different 
sub-domains. The global stability result, i.e. Theorem 1.1, will be shown in Section 3. 
The decay rates stated in Theorems 1.2 and 1.3 will be derived in Section 4 and 5, 
respectively.

2. Preliminaries

2.1. Some elementary inequalities

In this subsection, we will recall some elementary inequalities and results which will 
be used frequently later. We begin with the anisotropic inequalities for triple products 
(see [24,25,43]).

Lemma 2.1. Assume f , ∂1f , g, ∂2g, h and ∂3h are all in L2(R3). Then,∫︂
R3

|fgh|dx ≤ C∥f∥
1
2
L2∥∂1f∥

1
2
L2∥g∥

1
2
L2∥∂2g∥

1
2
L2∥h∥

1
2
L2∥∂3h∥

1
2
L2 ,

∫︂
R3

|fgh|dx ≤ C∥f∥L2∥g∥
1
4
L2∥∂ig∥

1
4
L2∥∂jg∥

1
4
L2∥∂i∂jg∥

1
4
L2∥h∥

1
2
L2∥∂kh∥

1
2
L2

≤ C∥f∥L2∥g∥
1
2
H1∥∂ig∥

1
2
H1∥h∥

1
2
L2∥∂kh∥

1
2
L2 ,

where i, j, k ∈ 1, 2, 3 and i ̸= j ̸= k.

The following lemma provides the anisotropic upper bounds for quadruple product, 
which is very mathematically helpful in the treatments of nonlinear terms.
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Lemma 2.2. The following estimates hold when the right-hand sides are all bounded.∫︂
R3

|efgh|dx ≤ C∥e∥
1
2
L2∥∂ie∥

1
2
L2∥f∥

1
2
L2∥∂if∥

1
2
L2∥g∥

1
2
H1∥∂kg∥

1
2
H1∥h∥

1
2
H1∥∂kh∥

1
2
H1

≤ C(∥(e, f)∥2
L2 + ∥(g, h)∥2

H1)(∥(∂ie, ∂if)∥2
L2 + ∥(∂kg, ∂kh)∥2

H1),

where i, k ∈ 1, 2, 3 and i ̸= k.

Proof. The proof relies on the basic one-dimensional Sobolev inequality:

∥g∥L∞(R) ≤
√

2∥g∥
1
2
L2(R)∥g

′∥
1
2
L2(R), (2.1)

and the Minkowski inequality

∥∥f∥Lq
y(Rn)∥Lp

x(Rm) ≤ ∥∥f∥Lp
x(Rm)∥Lq

y(Rn), ∀ 1 ≤ q ≤ p ≤ ∞, (2.2)

where f = f(x, y) is a measurable function on (x, y) ∈ Rm × Rn. With the help of 
(2.1)--(2.2), we have∫︂

R3

|efgh|dx ≤ C∥e∥L2
xj,xk

L∞
xi
∥f∥L2

xj,xk
L∞

xi
∥g∥L∞

xj,xk
L2

xi
∥h∥L∞

xj,xk
L2

xi

≤ C
⃦⃦⃦
∥e∥

1
2
L2

xi

∥∂ie∥
1
2
L2

xi

⃦⃦⃦
L2

xj,xk

⃦⃦⃦
∥f∥

1
2
L2

xi

∥∂if∥
1
2
L2

xi

⃦⃦⃦
L2

xj,xk

∥g∥L2
xi

L∞
xj,xk

∥h∥L2
xi

L∞
xj,xk

≤ C∥e∥
1
2
L2∥∂ie∥

1
2
L2∥f∥

1
2
L2∥∂if∥

1
2
L2∥g∥L2

xi
L∞

xj,xk
∥h∥L2

xi
L∞

xj,xk
. (2.3)

By virtue (2.1) and Hölder’s inequality, we obtain

∥g∥L2
xi

L∞
xj,xk

≤ C
⃦⃦⃦
∥g∥

1
2
L2

xk

∥∂kg∥
1
2
L2

xk

⃦⃦⃦
L2

xi
L∞

xj

≤ C
⃦⃦⃦
∥g∥L∞

xj

⃦⃦⃦ 1
2

L2
xi,xk

⃦⃦⃦
∥∂kg∥L∞

xj

⃦⃦⃦ 1
2

L2
xi,xk

≤ C∥g∥
1
4
L2∥∂jg∥

1
4
L2∥∂kg∥

1
4
L2∥∂jkg∥

1
4
L2 ≤ C∥g∥

1
2
H1∥∂kg∥

1
2
H1 , (2.4)

and analogously,

∥h∥L2
xi

L∞
xj

L∞
xk

≤ C∥h∥
1
2
H1∥∂kh∥

1
2
H1 . (2.5)

Now, substituting (2.4) and (2.5) into (2.3), we infer from Cauchy-Schwar’s inequality 
that ∫︂

R3

|efgh|dx ≤ C∥e∥
1
2
L2∥∂ie∥

1
2
L2∥f∥

1
2
L2∥∂if∥

1
2
L2∥g∥

1
2
H1∥∂kg∥

1
2
H1∥h∥

1
2
H1∥∂kh∥

1
2
H1

≤ C∥e∥2
L2∥∂ie∥2

L2 + ∥f∥2
L2∥∂if∥2

L2 + ∥g∥2
H1∥∂kg∥2

H1 + ∥h∥2
H1∥∂kh∥2

H1
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≤ C
(︁
∥ (e, f) ∥2

L2 + ∥ (g, h) ∥2
H1

)︁ (︁
∥ (∂ie, ∂if) ∥2

L2 + ∥ (∂kg, ∂kh) ∥2
H1

)︁
.

The proof of Lemma 2.2 is thus complete. □
2.2. Integral representation and the kernels

In this subsection, we aim to derive integral representation of (1.2) and study the 
sharp bounds for the kernel functions, which will be used to prove the decay rates 
of the solutions. To begin, we first operate the Fourier transform of (1.2) to get that 
(ˆ︁u = (ˆ︂u1,ˆ︂u2,ˆ︂u3) and ˆ︁b = (ˆ︁b1, ˆ︁b2, ˆ︁b3))

∂t

⎛⎝ ˆ︁uiˆ︁bi
⎞⎠ = A

⎛⎝ ˆ︁uiˆ︁bi
⎞⎠+

⎛⎝ˆ︃N1iˆ︃N2i

⎞⎠ , ∀ i = 1, 2, 3,

where A comes from the linear operators, and N1, N2 are the nonlinear terms,

A ≜
(︄
−μξ2

3 iξ2

iξ2 −η
(︁
ξ2
2 + ξ2

3
)︁
)︄

and ⎧⎨⎩N1 = (N11, N12, N13) ≜ P (b · ∇b− u · ∇u) ,

N2 = (N21, N22, N23) ≜ b · ∇u− u · ∇b.

The characteristic polynomial of A is determined by

λ2 +
[︁
μξ2

3 + η
(︁
ξ2
2 + ξ2

3
)︁]︁

λ + μηξ2
3
(︁
ξ2
2 + ξ2

3
)︁

+ ξ2
2 = 0,

from which we obtain the eigenvalues of A:

λ1 =
−
[︁
μξ2

3 + η
(︁
ξ2
2 + ξ2

3
)︁]︁

−
√

Γ
2 

, λ2 =
−
[︁
μξ2

3 + η
(︁
ξ2
2 + ξ2

3
)︁]︁

+
√

Γ
2 

(2.6)

with

Γ ≜
(︁
μξ2

3 + ηξ2
ν

)︁2 − 4
(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁
, ξ2

ν ≜ ξ2
2 + ξ2

3 .

By computing the corresponding eigenvectors and diagonalizing A, we find

ˆ︁u(ξ, t) = ˆ︂K1(t)ˆ︂u0 + ˆ︂K2(t)ˆ︁b0 +
t ∫︂

0 

(︂ˆ︂K1(t− τ)ˆ︂N1(τ) + ˆ︂K2(t− τ)ˆ︂N2(τ)
)︂
dτ (2.7)
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and

ˆ︁b(ξ, t) = ˆ︂K2(t)ˆ︂u0 + ˆ︂K3(t)ˆ︁b0 +
t ∫︂

0 

(︂ˆ︂K2(t− τ)ˆ︂N1(τ) + ˆ︂K3(t− τ)ˆ︂N2(τ)
)︂
dτ, (2.8)

where the kernel functions ˆ︂K1, ˆ︂K2 and ˆ︂K3 are given by

ˆ︂K1 = −μξ2
3G1 + G2, ˆ︂K2 = iξ2G1, ˆ︂K3 = μξ2

3G1 + G3, (2.9)

with

G1 = eλ2t − eλ1t

λ2 − λ1
, G2 = λ2e

λ1t − λ1e
λ2t

λ2 − λ1
= eλ1t − λ1G1 = eλ2t − λ2G1,

G3 = λ2e
λ2t − λ1e

λ1t

λ2 − λ1
= eλ1t + λ2G1 = eλ2t + λ1G1.

It is worth pointing out that when λ1 = λ2, the representation in (2.7) and (2.8)
remains valid, provided we replace G1 by its limiting form:

G1 = lim 
λ2→λ1

eλ2t − eλ1t

λ2 − λ1
= teλ1t.

Obviously, the behavior of ˆ︂K1(ξ, t), ˆ︂K2(ξ, t) and ˆ︂K3(ξ, t) depends strongly on the 
Fourier frequencies ξ. So, we need to study the upper bounds for the kernel functions in 
the different sub-domains of frequency space.

Proposition 2.1. Let Ω1 and Ω2 be the sub-domains of R3 defined by

Ω1 ≜
{︄
ξ ∈ R3 : Γ ≤

(︁
μξ2

3 + ηξ2
ν

)︁2
4 

or
(︁
μξ2

3 + ηξ2
ν

)︁2 ≤ 16
3 

(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁}︄

,

Ω2 ≜
{︄
ξ ∈ R3 : Γ >

(︁
μξ2

3 + ηξ2
ν

)︁2
4 

or
(︁
μξ2

3 + ηξ2
ν

)︁2
>

16
3 

(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁}︄

.

Then G1, G2 and G3, and ˆ︂K1, ˆ︂K2 and ˆ︂K3 admit the following upper bounds:

(I) There exists some c = c(ν, η) > 0 such that for any ξ ∈ Ω1,

Reλ1 ≤ −1
2
(︁
μξ2

3 + ηξ2
ν

)︁
, Reλ2 ≤ −1

4
(︁
μξ2

3 + ηξ2
ν

)︁
,

|G1| ≤ te−
1
4
(︁
μξ2

3+ηξ2
ν

)︁
t, |ˆ︂K1|, |ˆ︂K2|, |ˆ︂K3| ≤ Ce−cξ2

νt. (2.10)
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(II) There exists some c = c(ν, η) > 0 such that for any ξ ∈ Ω2,

λ1 ≤ −3
4
(︁
μξ2

3 + ηξ2
ν

)︁
, λ2 ≤ −μηξ2

3ξ
2
ν + ξ2

2
μξ2

3 + ηξ2
ν

,

|G1| ≤ 2
(︁
μξ2

3 + ηξ2
ν

)︁−1 (︁
eλ1t + eλ2t

)︁
,

|ˆ︂K1|, |ˆ︂K2|, |ˆ︂K3| ≤ Ce−c
(︁
μξ2

3+ηξ2
ν

)︁
t + Ce

−μηξ23ξ2ν+ξ22
μξ23+ηξ2ν

t
. (2.11)

(III) Let Ω2i with i = 1, 2, 3 be the subsets of Ω2 as follows,

Ω21 ≜
{︁
ξ ∈ Ω2, μξ2

3 > ηξ2
ν

}︁
,

Ω22 ≜
{︁
ξ ∈ Ω2, μξ2

3 ≤ ηξ2
ν and |ξ2| ≤ |ξ3|

}︁
,

Ω23 ≜
{︁
ξ ∈ Ω2, μξ2

3 ≤ ηξ2
ν and |ξ2| > |ξ3|

}︁
.

Then the following bounds hold for K1, K2 and K3,

|ˆ︂K1|, |ˆ︂K2|, |ˆ︂K3| ≤ Ce−cξ2
νt, ∀ ξ ∈ Ω21, (2.12)

|ˆ︂K1|, |ˆ︂K2|, |ˆ︂K3| ≤ Ce−cξ2
νt, ∀ ξ ∈ Ω22, (2.13)

|ˆ︂K1|, |ˆ︂K2|, |ˆ︂K3| ≤ C
(︂
e−c(1+ξ2

3)t + e−cξ2
νt
)︂
, ∀ ξ ∈ Ω23. (2.14)

Proof. (I) For ξ ∈ Ω1, the eigenvalues λ1 and λ2 given by (2.6) obviously satisfy

Reλ1 ≤ −1
2
(︁
μξ2

3 + ηξ2
ν

)︁
, Reλ2 ≤ −1

4
(︁
μξ2

3 + ηξ2
ν

)︁
.

We divide the analysis into two cases,

Γ < 0 and 0 ≤
√

Γ ≤
μξ2

3 + η
(︁
ξ2
2 + ξ2

3
)︁

2 
.

Case 1. Γ < 0. In this case, the eigenvalues λ1 and λ2 are a pair of complex conjugates, 
satisfying

|λ1|, |λ2| =
√︂

μηξ2
3 (ξ2

2 + ξ2
3) + ξ2

2 .

In addition,

G1 = eλ2t − eλ1t

λ2 − λ1
= e−

1
2
(︁
μξ2

3+ηξ2
ν

)︁
t 2 sin(1

2Qt)
Q 

, (2.15)

where
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Q :=
√︂

4 (μηξ2
3 (ξ2

2 + ξ2
3) + ξ2

2) − [μξ2
3 + η (ξ2

2 + ξ2
3)]2.

By the simple fact that | sin ρ| ≤ |ρ| for any ρ ∈ R, we infer from (2.15) that

|G1| ≤ t e−
1
2
(︁
μξ2

3+ηξ2
ν

)︁
t.

It follows from the definitions of ˆ︁K1 and ˆ︁K3 in (2.9) that

|ˆ︂K1| = |μξ2
3G1 + G2| = |μξ2

3G1 + eλ1t − λ1G1|, (2.16)

|ˆ︂K3| = |μξ2
3G1 + G3| = |μξ2

3G1 + eλ2t + λ1G1|. (2.17)

Next, we first estimate the term |λ1G1|. On one hand, if |λ1| ≤
√
−Γ, then

|λ1G1| = |λ1|
⃓⃓
eλ2t − eλ1t

⃓⃓⃓⃓√
−Γ
⃓⃓ ≤ |eλ1t| + |eλ2t| ≤ Ce−

1
2
(︁
μξ2

3+ηξ2
ν

)︁
t.

On the other hand, if |λ1| >
√
−Γ, then

3
(︁
μηξ2

3
(︁
ξ2
2 + ξ2

3
)︁

+ ξ2
2
)︁
<
(︁
μξ2

3 + ηξ2
ν

)︁2 or |λ1| <
1 √
3
(︁
μξ2

3 + ηξ2
ν

)︁
,

which, together with (2.15), yields

|λ1G1| = |λ1|e−
1
2
(︁
μξ2

3+ηξ2
ν

)︁
t

⃓⃓⃓⃓
2 sin(1

2Qt)
Q 

⃓⃓⃓⃓
≤ 1 √

3
(︁
μξ2

3 + ηξ2
ν

)︁
t e−

1
2
(︁
μξ2

3+ηξ2
ν

)︁
t ≤ Ce−cξ2

νt.

So, in the case that Γ < 0 we have |λ1G1| ≤ Ce−cξ2
νt. As a result,

|ˆ︂K1| = |μξ2
3G1 + eλ1t − λ1G1| ≤ Ce−cξ2

νt,

and analogously,

|ˆ︂K3| = |μξ2
3G1 + eλ2t + λ1G1| ≤ Ce−cξ2

νt.

To deal with ˆ︂K2, we first observe that if |ξ2| ≤
√
−Γ, then

|ˆ︂K2| = |ξ2|
⃓⃓
eλ2t − eλ1t

⃓⃓
√
−Γ

≤ |eλ1t| + |eλ2t| ≤ Ce−
1
2
(︁
μξ2

3+ηξ2
ν

)︁
t.

Moreover, if |ξ2| >
√
−Γ, then

ξ2
2 > 4

(︁
μηξ2

3
(︁
ξ2
2 + ξ2

3
)︁

+ ξ2
2
)︁
−
(︁
μξ2

3 + ηξ2
ν

)︁2
,
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which implies

3ξ2
2 <

(︁
μξ2

3 + ηξ2
ν

)︁2 i.e. |ξ2| <
1 √
3
(︁
μξ2

3 + ηξ2
ν

)︁
, (2.18)

so that, it follows from (2.9), (2.15) and (2.18) that

|ˆ︂K2| = |ξ2|e−
1
2
(︁
μξ2

3+ηξ2
ν

)︁
t

⃓⃓⃓⃓
2 sin(1

2Qt)
Q 

⃓⃓⃓⃓
≤ Ce−cξ2

νt.

This finishes the proof of (2.10) in the case Γ < 0.

Case 2. 0 ≤
√

Γ ≤ μξ2
3+ηξ2

ν

2 . In this case, both λ1 and λ2 are real and satisfy

−3
4
(︁
μξ2

3 + ηξ2
ν

)︁
≤ λ1 ≤ −1

2
(︁
μξ2

3 + ηξ2
ν

)︁
,

−1
2
(︁
μξ2

3 + ηξ2
ν

)︁
≤ λ2 ≤ −1

4
(︁
μξ2

3 + ηξ2
ν

)︁
.

It follows from the mean-value theorem that there is a ζ ∈ (λ1, λ2) such that

G1 = teζ ≤ te−
1
4
(︁
μξ2

3+ηξ2
ν

)︁
t,

and thus,

|λ1G1| ≤
3
4
(︁
μξ2

3 + ηξ2
ν

)︁
te−

1
4
(︁
μξ2

3+ηξ2
ν

)︁
t ≤ Ce−cξ2

νt. (2.19)

With (2.19) at hand, we can derive the desired bounds of |ˆ︂K1| and |ˆ︂K3| in a similar 
manner as that in Case 1.

To bound |ˆ︂K2|, we first use the fact that 
√

Γ ≥ 0 to get

(︁
μξ2

3 + ηξ2
ν

)︁2 ≥ 4
(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁
,

and hence,

4ξ2
2 ≤ 4

(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁
≤
(︁
μξ2

3 + ηξ2
ν

)︁2 i.e. |ξ2| ≤
1
2
(︁
μξ2

3 + ηξ2
ν

)︁
,

from which it immediately follows that

|ˆ︂K2| = |ξ2G1| ≤ |ξ2|te−
1
4
(︁
μξ2

3+ηξ2
ν

)︁
t ≤ Ce−cξ2

νt.

This, together with Case 1, shows that (2.10) holds for all ξ ∈ Ω1.
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(II) For ξ ∈ Ω2, it is clear that λ1 and λ2 are real and

−
(︁
μξ2

3 + ηξ2
ν

)︁
≤ λ1 ≤ −3

4
(︁
μξ2

3 + ηξ2
ν

)︁
,

λ2 =
−
[︁
μξ2

3 + η
(︁
ξ2
2 + ξ2

3
)︁]︁

+
√

Γ
2 

= −
2
(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁

√
Γ + μξ2

3 + ηξ2
ν

≤ −μηξ2
3ξ

2
ν + ξ2

2
μξ2

3 + ηξ2
ν

, (2.20)

from which it is easily seen that

λ2 − λ1 =
√

Γ ≥ 1
2
(︁
μξ2

3 + ηξ2
ν

)︁
,

and consequently, the term G1 admits the following upper bound:

|G1| ≤ 2
(︁
μξ2

3 + ηξ2
ν

)︁−1 (︁
eλ1t + eλ2t

)︁
. (2.21)

As an immediate result of (2.20) and (2.21), one has

|λ1G1| ≤ 2
(︁
eλ1t + eλ2t

)︁
,

so that, it is easily derived from (2.16)--(2.17) and

|ˆ︂K1|, |ˆ︂K3| ≤ C
(︁
eλ1t + eλ2t

)︁
≤ Ce−c

(︁
μξ2

3+ηξ2
ν

)︁
t + Ce

−μηξ23ξ2ν+ξ22
μξ23+ηξ2ν

t
.

For ˆ︂K2, since ξ ∈ Ω2, we have

(︁
μξ2

3 + ηξ2
ν

)︁2
>

16
3 

(︁
μηξ2

3ξ
2
ν + ξ2

2
)︁
,

that is,

16
3 
ξ2
2 <

(︁
μξ2

3 + ηξ2
ν

)︁2 or |ξ2| <
√

3
4 

(︁
μξ2

3 + ηξ2
ν

)︁
,

from which and (2.21), we find

|ˆ︂K2| = |ξ2G1| ≤ C
(︁
eλ1t + eλ2t

)︁
≤ Ce−c

(︁
μξ2

3+ηξ2
ν

)︁
t + Ce

−μηξ23ξ2ν+ξ22
μξ23+ηξ2ν

t
.

This finishes the proof of the assertions stated in (2.11).

(III) For ξ ∈ Ω21,

−μηξ2
3ξ

2
ν + ξ2

2
μξ2

3 + ηξ2
ν

≤ −μηξ2
3ξ

2
ν + ξ2

2
2μξ2

3
≤ −η

2 
ξ2
ν .
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For ξ ∈ Ω22,

−μηξ2
3ξ

2
ν + ξ2

2
μξ2

3 + ηξ2
ν

≤ −μηξ2
3ξ

2
ν + ξ2

2
2ηξ2

ν

≤ −μ

2 
ξ2
3 ≤ −μ

4 
ξ2
ν .

For ξ ∈ Ω23,

−μηξ2
3ξ

2
ν + ξ2

2
μξ2

3 + ηξ2
ν

≤ −μηξ2
3ξ

2
ν + ξ2

2
2ηξ2

ν

= −μ

2 
ξ2
3 − ξ2

2
2η (ξ2

2 + ξ2
3) ≤ −μ

2 
ξ2
3 − 1 

4η .

Thus, combining these bounds with (2.11)3, we immediately arrive at (2.12)--(2.14). The 
proof of Proposition 2.1 is therefore complete. □
2.3. Mathematical tools for the decay estimates

In this subsection, we state some useful inequalities which play important roles in the 
derivations of the decay rates. We first recall the following lemma concerning the exact 
decay rate for the solution operator associated with a fractional Laplacian (cf. [34,40]).

Lemma 2.3. Let α ≥ 0 and β > 0 be real numbers. Then for any 1 ≤ q ≤ p ≤ ∞,

∥(−Δ)αe−(−Δ)βtf∥Lp(Rd) ≤ C t−
α
β − d 

2β ( 1 
q− 1 

p ) ∥f∥Lq(Rd), ∀ t > 0.

It is clear from Proposition 2.1 that there is lack of ξ1-decay in kernel functions. 
To overcome this difficulty and to derive the decay rates, we have to assume that the 
initial data is equipped with L2

x1
L1
x2,x3

-norm. Moreover, as an immediate consequence 
of Lemma 2.3, we have the following corollary which is technically used in the analysis.

Corollary 2.1. Assume that u ∈ L2
x1
L1
x2,x3

∩ L2. Then for any α ≥ 0, there exists an 
absolutely positive constant C > 0, depending only on α, such that

∥|ξν |αe−ξ2
νtˆ︁u(ξ)∥L2

ξ
≤ C(1 + t)−

1+α
2 
⃦⃦⃦
∥u∥L1

x2,x3

⃦⃦⃦
L2

x1

, ∀ t ≥ 1, (2.22)

where ξ = (ξ1, ξν) with ξν = (ξ2, ξ3).

Proof. Let Δν ≜ ∂2
2 +∂2

3 . Then, it follows from Plancherel theorem, Fubini theorem and 
Lemma 2.3 that for any t ≥ 1,

∥|ξν |αe−ξ2
νtˆ︁u(ξ)∥L2

ξ

≤ ∥(−Δν)
α
2 eΔνtu∥L2 =

⃦⃦⃦
∥(−Δν)

α
2 eΔνtu∥L2

x2,x3

⃦⃦⃦
L2

x1

≤ Ct−
1+α

2 
⃦⃦⃦
∥u∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ C(1 + t)−
1+α

2 
⃦⃦⃦
∥u∥L1

x2,x3

⃦⃦⃦
L2

x1

,

which ends the proof of (2.22). □
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Furthermore, if u is a vector-valued function satisfying the divergence-free condition, 
then we have the following refined decay rate of u1.

Corollary 2.2. Let u = (u1, u2, u3) be a smooth function, satisfying u ∈ L1 ∩ L2 and 
∇ · u = 0. Then for any β ≥ 0, there exists an absolutely positive constant C > 0, 
depending only on β, such that

∥|ξν |βe−ξ2
νtˆ︂u1(ξ)∥L2

ξ
≤ C(1 + t)−

3+2β
4 ∥u∥L1 , ∀ t ≥ 1. (2.23)

Proof. Let ∇ν ≜ (∂2, ∂3). Then, it holds that ∂1u1 = −∂νuν with uν ≜ (u2, u3), due 
to the divergence-free condition ∇ · u = 0. Thus, using Plancherel theorem and Fubini 
theorem, we deduce from Lemma 2.3 that for any t ≥ 1,

∥|ξν |βe−ξ2
νtˆ︂u1(ξ)∥2

L2
ξ

= ∥(−Δν)
β
2 eΔνtu1∥2

L2

≤ C
⃦⃦⃦
∥(−Δν)

β
2 eΔνtu1∥

1
2
L1

x1
∥(−Δν)

β
2 eΔνtu1∥

1
2
L∞

x1

⃦⃦⃦2

L2
x2,x3

≤ C
⃦⃦⃦
∥(−Δν)

β
2 eΔνtu1∥L1

x1

⃦⃦⃦
L2

x2,x3

⃦⃦⃦
∥(−Δν)

β
2 eΔνt∂1u1∥L1

x1

⃦⃦⃦
L2

x2,x3

≤ C
⃦⃦⃦
∥(−Δν)

β
2 eΔνtu∥L2

x2,x3

⃦⃦⃦
L1

x1

⃦⃦⃦
∥(−Δν)

β
2 eΔνt∇ν · uν∥L2

x2,x3

⃦⃦⃦
L1

x1

≤ C

(︃
t−

1+β
2 
⃦⃦⃦
∥u∥L1

x2,x3

⃦⃦⃦
L1

x1

)︃(︃
t−

2+β
2 
⃦⃦⃦
∥u∥L1

x2,x3

⃦⃦⃦
L1

x1

)︃
≤ Ct−

3+2β
2 ∥u∥2

L1 ≤ (1 + t)−
3+2β

2 ∥u∥2
L1 ,

where we have also used Hölder and Minkowski inequalities. □
The following two lemmas are concerned with the upper bounds with sharp decay 

rates for two special integrals (see, e.g., [38]).

Lemma 2.4. For any 0 < s1 ≤ s2, there exists a positive constant C, depending only on 
s1 and s2, such that for any t ≥ 0,

t ∫︂
0 

(1 + t− τ)−s1(1 + τ)−s2 dτ ≤

⎧⎪⎨⎪⎩
C(1 + t)−s1 , if s2 > 1;
C(1 + t)−s1 ln(1 + t), if s2 = 1;
C(1 + t)1−s1−s2 , if s2 < 1.

Lemma 2.5. For any c > 0 and s > 0, it holds that

t ∫︂
0 

e−c(t−τ)(1 + τ)−s dτ ≤ C(1 + t)−s, ∀ t ≥ 0.
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3. Global stability and proof of Theorem 1.1

This section concerns the global well-posedness of smooth solutions stated in Theo
rem 1.1. Since the local existence result can be shown in a similar manner as that in 
[26], the main task of the present paper is to derive the global a priori estimates of the 
solutions. This will be done by using the method of dual-layer energy and applying the 
bootstrapping arguments.

3.1. A priori estimates (I)

The first step is to deal with the natural H3-energy ℰ1(t), based on the anisotropic 
Sobolev inequalities and the divergence-free conditions.

Lemma 3.1. Let ℰ1(t) and ℰ2(t) be the same ones defined in (1.7) and (1.8), respectively. 
Then for any t ≥ 0,

ℰ1(t) ≤ C
(︂
ℰ1(0) + ℰ

3
2
1 (0)

)︂
+ C

(︂
ℰ

3
2
1 (t) + ℰ

3
2
2 (t)

)︂
+ C

(︁
ℰ2
1 (t) + ℰ2

2 (t)
)︁
. (3.1)

Proof. Since ∥(u, b)∥H3 ∼ ∥(u, b)∥L2 +∥(∇3u,∇3b)∥L2 , it suffices to bound the L2-norms 
and the homogeneous Ḣ3-norms of (u, b).

Step I. The estimate of L2-norm

Based on the divergence-free conditions ∇ · u = ∇ · b = 0, it is easily derived from 
(1.2) that for any 0 ≤ t ≤ T ,

∥(u, b)(t)∥2
L2 + 2

t ∫︂
0 

(︁
μ∥∂3u∥2

L2 + η∥∂2b∥2
L2 + η∥∂3b∥2

L2

)︁
dτ = ∥(u0, b0)∥2

L2 . (3.2)

Step II. The preliminary bound of Ḣ3-norm

Applying ∂3
i with i = 1, 2, 3 to (1.2) and dotting them with (∂3

i u, ∂
3
i b) in L2, we obtain 

after integrating by parts that

1
2
d 
dt

3 ∑︂
i=1 

∥(∂3
i u, ∂

3
i b)∥2

L2 + μ
3 ∑︂

i=1 
∥∂3

i ∂3u∥2
L2 + η

3 ∑︂
i=1 

(︁
∥∂3

i ∂2b∥2
L2 + ∥∂3

i ∂3b∥2
L2

)︁
≜ H1 + H2 + H3 + H4 + H5, (3.3)

where

H1 ≜
3 ∑︂

i=1 

∫︂ (︁
∂3
i ∂2b · ∂3

i u + ∂3
i ∂2u · ∂3

i b
)︁
dx, H2 ≜ −

3 ∑︂
i=1 

∫︂
∂3
i (u · ∇u) · ∂3

i u dx,
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H3 ≜
3 ∑︂

i=1 

∫︂ [︁
∂3
i (b · ∇b) − b · ∇∂3

i b
]︁
· ∂3

i u dx, H4 ≜ −
3 ∑︂

i=1 

∫︂
∂3
i (u · ∇b) · ∂3

i b dx,

H5 ≜
3 ∑︂

i=1 

∫︂ [︁
∂3
i (b · ∇u) − b · ∇∂3

i u
]︁
· ∂3

i b dx.

We are now in a position of estimating each term on the right-hand side of (3.3). First, 
it is easily seen that

H1 = 0. (3.4)

Due to ∇ · u = 0, by direct calculations we have

H2 = −
3 ∑︂

i=1 

∫︂
∂3
i u · ∇u · ∂3

i u dx− 3
3 ∑︂

i=1 

∫︂
∂2
i u · ∇∂iu · ∂3

i u dx

− 3
3 ∑︂

i=1 

∫︂
∂iu · ∇∂2

i u · ∂3
i u dx ≜

3 ∑︂
j=1 

H2j .

It follows from Hölder’s and Sobolev’s inequalities that

H21 = −
∫︂ (︁

∂3
1u · ∇u · ∂3

1u + ∂3
2u · ∇u · ∂3

2u + ∂3
3u · ∇u · ∂3

3u
)︁
dx

≤ C∥∇u∥L∞
(︁
∥∂3

2u∥2
L2 + ∥∂2

3u∥2
L2

)︁
+ H211

≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H2

)︁
+ H211, (3.5)

where

H211 ≜ −
∫︂

∂3
1u · ∇u · ∂3

1u dx.

In view of the divergence-free condition ∇ · u = 0, we get

∥∂1u1∥Ḣk ≤ ∥∂2u2∥Ḣk + ∥∂3u3∥Ḣk ≤ ∥∂2u∥Ḣk + ∥∂3u∥Ḣk , k = 1, 2, . . . , (3.6)

so that, by Lemma 2.1 we have from integration by parts that

H211 = −
∫︂

∂3
1u1∂1u · ∂3

1u dx−
∫︂

∂3
1u2∂2u1∂

3
1u1 dx−

∫︂
∂3
1u2∂2u2∂

3
1u2 dx

−
∫︂

∂3
1u2∂2u3∂

3
1u3 dx +

∫︂
∂3∂

3
1u3

(︁
u · ∂3

1u
)︁
dx +

∫︂
∂3
1u3

(︁
u · ∂3∂

3
1u
)︁
dx

≤ C∥∂3
1u1∥L2∥∂1u∥

1
4
L2∥∂2

1u∥
1
4
L2∥∂1∂2u∥

1
4
L2∥∂2

1∂2u∥
1
4
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂3
1u1∥L2∥∂2u1∥L∞∥∂3

1u2∥L2 + D1
1 + D2
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+ C∥∂3∂
3
1u∥L2∥u∥

1
4
L2∥∂1u∥

1
4
L2∥∂2u∥

1
4
L2∥∂1∂2u∥

1
4
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3

)︁
+ D1

1 + D2, (3.7)

where

D1
1 ≜ −

∫︂
∂2u2

(︁
∂3
1u2

)︁2
dx, D2 ≜ −

∫︂
∂3
1u2∂2u3∂

3
1u3 dx.

Thus, substituting (3.7) to (3.5), we find

H21 ≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H2

)︁
+ D1

1 + D2. (3.8)

In terms of (3.6) and Lemma 2.1, we can bound H22 by

H22 = −3
∫︂ (︁

∂2
1u1∂

2
1u · ∂3

1u + ∂2
1u2∂2∂1u · ∂3

1u + ∂2
1u3∂3∂1u · ∂3

1u
)︁
dx

− 3
∫︂ (︁

∂2
2u · ∇∂2u · ∂3

2u + ∂2
3u · ∇∂3u · ∂3

3u
)︁
dx

≤ C∥∂2
1u1∥

1
2
L2∥∂3

1u1∥
1
2
L2∥∂2

1u∥
1
2
L2∥∂2∂

2
1u∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂2
1u2∥

1
2
L2∥∂2∂

2
1u2∥

1
2
L2∥∂2∂1u∥

1
2
L2∥∂2∂

2
1u∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂2
1u3∥

1
2
L2∥∂2∂

2
1u3∥

1
2
L2∥∂3∂1u∥

1
2
L2∥∂3∂

2
1u∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C
(︁
∥∂2

2u∥L3∥∇∂2u∥L6∥∂3
2u∥L2 + ∥∂2

3u∥L3∥∇∂3u∥L6∥∂3
3u∥L2

)︁
≤ C∥u∥H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3

)︁
, (3.9)

and analogously,

H23 = −3
∫︂ (︁

∂1u1∂
3
1u · ∂3

1u + ∂1u2∂2∂
2
1u · ∂3

1u + ∂1u3∂3∂
2
1u · ∂3

1u
)︁
dx

− 3
∫︂ (︁

∂2u · ∇∂2
2u · ∂3

2u + ∂3u · ∇∂2
3u · ∂3

3u
)︁
dx

≤ C∥∂2∂
2
1u∥L2∥∂1u2∥

1
4
L2∥∂2

1u2∥
1
4
L2∥∂1∂2u2∥

1
4
L2∥∂2

1∂2u2∥
1
4
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂3∂
2
1u∥L2∥∂1u3∥

1
4
L2∥∂2

1u3∥
1
4
L2∥∂1∂2u3∥

1
4
L2∥∂2

1∂2u3∥
1
4
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C
(︁
∥∂2u∥L∞∥∇∂2u∥L2∥∂3

2u∥L2 + ∥∂3u∥L∞∥∇∂2
3u∥L2∥∂3

3u∥L2
)︁

+ H231

≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3

)︁
+ H231, (3.10)

where

H231 ≜ −3
∫︂

∂1u1∂
3
1u · ∂3

1u dx.
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Note that ∥∂1u1∥L∞ ≤ C∥∂1u1∥H2 ≤ C∥(∂2u2, ∂3u3)∥H2 , due to the divergence-free 
condition ∇ · u = 0 and the Sobolev embedding inequality. So, integrating by parts and 
using Lemma 2.1, we obtain

H231 = −3
∫︂

∂1u1∂
3
1u1∂

3
1u1 dx− 3

∫︂
∂1u1∂

3
1u2∂

3
1u2 dx− 3

∫︂
∂1u1∂

3
1u3∂

3
1u3 dx

= −3
∫︂

∂1u1∂
3
1u1∂

3
1u1 dx + 3

∫︂
∂2u2∂

3
1u2∂

3
1u2 dx− 6

∫︂
u3∂

3
1u2∂3∂

3
1u2 dx

+ 3
∫︂

∂2u2∂
3
1u3∂

3
1u3 dx− 6

∫︂
u3∂

3
1u3∂3∂

3
1u3 dx

≤ C∥∂1u1∥L∞∥∂3
1u1∥2

L2 + D2
1 + D3

+ C∥∂3∂
3
1u∥L2∥u3∥

1
4
L2∥∂1u3∥

1
4
L2∥∂2u3∥

1
4
L2∥∂1∂2u3∥

1
4
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3

)︁
+ D2

1 + D3, (3.11)

where

D2
1 ≜ 3

∫︂
∂2u2

(︁
∂3
1u2

)︁2
dx, D3 ≜ 3

∫︂
∂2u2

(︁
∂3
1u3

)︁2
dx.

Now, plugging (3.11) into (3.10), we arrive at

H23 ≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3

)︁
+ D2

1 + D3,

which, together with (3.8) and (3.9), gives

H2 ≤ C∥u∥H3
(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3

)︁
+ D1 + D2 + D3. (3.12)

Here, the quantities D2, D3 are the same ones as above and

D1 ≜ D1
1 + D2

1 = 2
∫︂

∂2u2
(︁
∂3
1u2

)︁2
dx.

The treatments of D1, D2 and D3 are postponed to the next step. We proceed to 
estimate H3, H4 and H5 term by term. For H3, we have

H3 = 3
3 ∑︂

i=1 

∫︂
∂ib · ∇∂2

i b · ∂3
i u dx + 3

3 ∑︂
i=1 

∫︂
∂2
i b · ∇∂ib · ∂3

i u dx

+
3 ∑︂

i=1 

∫︂
∂3
i b · ∇b · ∂3

i u dx ≜
3 ∑︂

j=1 
H3j . (3.13)

To estimate the terms on the right-hand side, we first observe that

∥∂1b1∥Ḣk ≤ ∥∂2b2∥Ḣk + ∥∂3b3∥Ḣk ≤ ∥∂2b∥Ḣk + ∥∂3b∥Ḣk , k = 1, 2, . . . , (3.14)
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due to the divergence-free condition ∇ · b = 0. This, together with Lemma 2.1, yields 
that (keeping in mind that ∂k

ν = (∂k
2 , ∂

k
3 ) with k = 1, 2, 3)

H31 = 3
∫︂

∂1b1∂
3
1b · ∂3

1u dx + 3
∫︂

∂1b2∂2∂
2
1b · ∂3

1u dx

+ 3
∫︂

∂1b3∂3∂
2
1b · ∂3

1u dx + 3
∫︂

∂νb · ∇∂2
νb · ∂3

νu dx

≤ C∥∂1b1∥
1
2
L2∥∂2

1b1∥
1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂1b2∥
1
2
L2∥∂2∂1b2∥

1
2
L2∥∂2∂

2
1b∥

1
2
L2∥∂2∂

3
1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∥∂3∂

3
1u∥

1
2
L2

+ C∥∂1b3∥
1
2
L2∥∂2∂1b3∥

1
2
L2∥∂3∂

2
1b∥

1
2
L2∥∂3∂

3
1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∥∂3∂

3
1u∥

1
2
L2

+ C∥∂2b∥L∞∥∇∂2
2b∥L2∥∂3

2u∥L2 + C∥∂3b∥L∞∥∇∂2
3b∥L2∥∂3

3u∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3b, ∂3u)∥2

H3 + ∥∂2b∥2
H3

)︁
. (3.15)

Analogously to the derivations of (3.9) and (3.10), we deduce

H32 ≤ C∥∂2
1b1∥

1
2
L2∥∂3

1b1∥
1
2
L2∥∂2

1b∥
1
2
L2∥∂2∂

2
1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂2
1b2∥

1
2
L2∥∂2∂

2
1b2∥

1
2
L2∥∂2∂1b∥

1
2
L2∥∂2∂

2
1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂2
1b3∥

1
2
L2∥∂2∂

2
1b3∥

1
2
L2∥∂3∂1b∥

1
2
L2∥∂3∂

2
1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂2
2b∥L6∥∇∂2b∥L3∥∂3

2u∥L2 + C∥∂2
3b∥L6∥∇∂3b∥L3∥∂3

3u∥L2

≤ C∥(u, b)∥H3

(︂
∥(∂3b, ∂3u)∥2

H3 + ∥∂2b∥2
H3

)︂
, (3.16)

and

H33 ≤ C∥∂3
1b1∥

1
2
L2∥∂4

1b1∥
1
2
L2∥∂1b∥

1
2
L2∥∂2∂1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂3
1b2∥

1
2
L2∥∂2∂

3
1b2∥

1
2
L2∥∂2b∥

1
2
L2∥∂2∂1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂3
1b3∥

1
2
L2∥∂2∂

3
1b3∥

1
2
L2∥∂3b∥

1
2
L2∥∂3∂1b∥

1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2

+ C∥∂3
2b∥L2∥∇b∥L∞∥∂3

2u∥L2 + C∥∂3
3b∥L2∥∇b∥L∞∥∂3

3u∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3b, ∂3u)∥2

H3 + ∥∂2b∥2
H3

)︁
. (3.17)

Thus, putting (3.15), (3.16) and (3.17) into (3.13), we get

H3 ≤ C∥(u, b)∥H3
(︁
∥(∂3b, ∂3u)∥2

H3 + ∥∂2b∥2
H3

)︁
. (3.18)

In order to estimate H4, we rewrite it in the form:

H4 = −3
3 ∑︂

i=1 

∫︂
∂iu · ∇∂2

i b · ∂3
i b dx− 3

3 ∑︂
i=1 

∫︂
∂2
i u · ∇∂ib · ∂3

i b dx
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−
3 ∑︂

i=1 

∫︂
∂3
i u · ∇b · ∂3

i b dx ≜
3 ∑︂

j=1 
H4j . (3.19)

Using (3.6) and Lemma 2.1, we find

H41 = −3
∫︂

∂1u1∂
3
1b · ∂3

1b dx− 3
∫︂

∂1u2∂2∂
2
1b · ∂3

1b dx

− 3
∫︂

∂1u3∂3∂
2
1b · ∂3

1b dx− 3
∫︂

∂νu · ∇∂2
νb · ∂3

νb dx

≤ C∥∂1u1∥
1
2
L2∥∂2

1u1∥
1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂1u2∥
1
2
L2∥∂3∂1u2∥

1
2
L2∥∂2∂

2
1b∥

1
2
L2∥∂2∂

3
1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∥∂2∂

3
1b∥

1
2
L2

+ C∥∂1u3∥
1
2
L2∥∂3∂1u3∥

1
2
L2∥∂3∂

2
1b∥

1
2
L2∥∂3∂

3
1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∥∂2∂

3
1b∥

1
2
L2

+ C∥∂2u∥L∞∥∇∂2
2b∥L2∥∂3

2b∥L2 + C∥∂3u∥L∞∥∇∂2
3b∥L2∥∂3

3b∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
. (3.20)

In a similar manner,

H42 ≤ C∥∂2
1u1∥

1
2
L2∥∂3

1u1∥
1
2
L2∥∂2

1b∥
1
2
L2∥∂2∂

2
1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂2
1u2∥

1
2
L2∥∂3∂

2
1u2∥

1
2
L2∥∂2∂1b∥

1
2
L2∥∂2∂

2
1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2

+ C∥∂2
1u3∥

1
2
L2∥∂3∂

2
1u3∥

1
2
L2∥∂3∂1b∥

1
2
L2∥∂3∂

2
1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2

+ C∥∂2
2u∥L6∥∇∂2b∥L3∥∂3

2b∥L2 + C∥∂2
3u∥L6∥∇∂3b∥L3∥∂3

3b∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
, (3.21)

and

H43 ≤ C∥∂3
1u1∥L2∥∂1b∥

1
4
L2∥∂2

1b∥
1
4
L2∥∂2∂1b∥

1
4
L2∥∂2∂

2
1b∥

1
4
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂3
1u2∥

1
2
L2∥∂3∂

3
1u2∥

1
2
L2∥∂2b∥

1
2
L2∥∂2∂1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2

+ C∥∂3
1u3∥

1
2
L2∥∂3∂

3
1u3∥

1
2
L2∥∂3b∥

1
2
L2∥∂3∂1b∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2

+ C∥∂3
2u∥L2∥∇b∥L∞∥∂3

2b∥L2 + C∥∂3
3u∥L2∥∇b∥L∞∥∂3

3b∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
. (3.22)

Thus, substituting (3.20), (3.21) and (3.22) into (3.19) gives

H4 ≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
. (3.23)
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Next, we estimate the term H5, which can be written as follows:

H5 = 3
3 ∑︂

i=1 

∫︂
∂ib · ∇∂2

i u · ∂3
i b dx + 3

3 ∑︂
i=1 

∫︂
∂2
i b · ∇∂iu · ∂3

i b dx

+
3 ∑︂

i=1 

∫︂
∂3
i b · ∇u · ∂3

i b dx ≜
3 ∑︂

j=1 
H5j . (3.24)

Similarly to the proof of (3.15), we deduce from (3.14) and Lemma 2.1 that

H51 = 3
∫︂

∂1b1∂
3
1u · ∂3

1b dx + 3
∫︂

∂1b2∂2∂
2
1u · ∂3

1b dx

+ 3
∫︂

∂1b3∂3∂
2
1u · ∂3

1b dx + 3
∫︂

∂νb · ∇∂2
νu · ∂3

νb dx

≤ C∥∂1b1∥
1
2
L2∥∂2

1b1∥
1
2
L2∥∂3

1u∥
1
2
L2∥∂3∂

3
1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2

+ C∥∂1b2∥
1
4
L2∥∂2

1b2∥
1
4
L2∥∂1∂2b2∥

1
4
L2∥∂2∂

2
1b2∥

1
4
L2∥∂2∂

2
1u∥L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂1b3∥
1
2
L2∥∂2∂1b3∥

1
2
L2∥∂3∂

2
1u∥

1
2
L2∥∂3∂

3
1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∥∂3∂

3
1b∥

1
2
L2

+ C∥∂2b∥L∞∥∇∂2
2u∥L2∥∂3

2b∥L2 + C∥∂3b∥L∞∥∇∂2
3u∥L2∥∂3

3b∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
, (3.25)

and

H52 ≤ C∥∂2
1b1∥

1
2
L2∥∂3

1b1∥
1
2
L2∥∂2

1u∥
1
2
L2∥∂2∂

2
1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂2
1b2∥

1
2
L2∥∂2∂

2
1b2∥

1
2
L2∥∂2∂1u∥

1
2
L2∥∂2∂

2
1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂2
1b3∥

1
2
L2∥∂2∂

2
1b3∥

1
2
L2∥∂3∂1u∥

1
2
L2∥∂3∂

2
1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂2
2b∥L6∥∇∂2u∥L3∥∂3

2b∥L2 + C∥∂2
3b∥L6∥∇∂3u∥L3∥∂3

3b∥L2

≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
. (3.26)

Let uh ≜ (u1, u2) and bh ≜ (b1, b2). By direct calculations, we have

H53 =
∫︂

∂3
1b1∂1u · ∂3

1b dx +
∫︂

∂3
1b2∂2u1∂

3
1b1 dx + 2

∫︂ (︁
∂3
1b2
)︁2

∂2u2 dx

−
∫︂ (︁

∂3
1b2
)︁2

∂2u2 dx + 2
∫︂

∂3
1b2∂2u3∂

3
1b3 dx−

∫︂
∂3
1b2∂2u3∂

3
1b3 dx

+
∫︂

∂3
1b3∂3uh · ∂3

1bh dx−
∫︂

∂3
1b3∂1u1∂

3
1b3 dx− 4

∫︂
∂3
1b3∂2u2∂

3
1b3 dx

+ 3
∫︂

∂3
1b3∂2u2∂

3
1b3 dx +

∫︂
∂3
2b · ∇u · ∂3

2b dx +
∫︂

∂3
3b · ∇u · ∂3

3b dx,
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and hence, it follows from (3.6), (3.14) and Lemma 2.1 that

H53 ≤ C∥∂3
1b1∥

1
2
L2∥∂4

1b1∥
1
2
L2∥∂1u∥

1
2
L2∥∂3∂1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂2∂

3
1b∥

1
2
L2

+ C∥∂3
1b2∥

1
2
L2∥∂2∂

3
1b2∥

1
2
L2∥∂2u∥

1
2
L2∥∂2∂1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂3
1b3∥

1
2
L2∥∂2∂

3
1b3∥

1
2
L2∥∂3u∥

1
2
L2∥∂3∂1u∥

1
2
L2∥∂3

1b∥
1
2
L2∥∂3∂

3
1b∥

1
2
L2

+ C∥∂3
1b3∥L2∥∂2∂

3
1b3∥

1
2
L2∥∂3∂

3
1b3∥

1
2
L2∥∂1u1∥

1
2
L2∥∂2

1u1∥
1
2
L2

+ C∥∂3
1b3∥L2∥∂2∂

3
1b3∥

1
2
L2∥∂3∂

3
1b3∥

1
2
L2∥∂2u2∥

1
2
L2∥∂1∂2u2∥

1
2
L2

+ C∥∇u∥L∞∥∂3
2b∥2

L2 + C∥∇u∥L∞∥∂3
3b∥2

L2 + E1 + E2 + E3

≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
+ E1 + E2 + E3, (3.27)

where

E1 ≜ 2
∫︂ (︁

∂3
1b2
)︁2

∂2u2 dx, E2 ≜ −
∫︂

∂3
1b2∂2u3∂

3
1b3 dx,

E3 ≜ 3
∫︂ (︁

∂3
1b3
)︁2

∂2u2 dx.

Combining (3.25), (3.26), (3.27) with (3.24) gives

H5 ≤ C∥(u, b)∥H3
(︁
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︁
+ E1 + E2 + E3. (3.28)

Therefore, inserting (3.4), (3.12), (3.18), (3.23) and (3.28) into (3.3), we immediately 
obtain the following preliminary bound of Ḣ3-norms:

1
2
d 
dt

∥(∇3u,∇3b)∥2
L2 + μ∥∂3∇3u∥2

L2 + η
(︁
∥∂2∇3b∥2

L2 + ∥∂3∇3b∥2
L2

)︁
≤ C∥(u, b)∥H3

(︂
∥(∂3u, ∂2b, ∂3b)∥2

H3 + ∥∂2u∥2
H2

)︂
+

3 ∑︂
i=1 

Di +
3 ∑︂

i=1 
Ei. (3.29)

Step III. The estimates of D1, D2 and D3

Clearly, to close the a priori estimates stated in (3.29), we still need to deal with Di

and Ei with i = 1, 2, 3, based on the special structure of (1.2).

Step III-1. The estimates of D1 and D3

We start with the estimate of D1. First, it follows from (1.2) that

∂2u2 = ∂tb2 − η∂2
2b2 − η∂2

3b2 + u · ∇b2 − b · ∇u2, (3.30)

∂2u3 = ∂tb3 − η∂2
2b3 − η∂2

3b3 + u · ∇b3 − b · ∇u3, (3.31)
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∂2b2 = ∂tu2 − μ∂2
3u2 + u · ∇u2 − b · ∇b2 + ∂2p, (3.32)

∂2b3 = ∂tu3 − μ∂2
3u3 + u · ∇u3 − b · ∇b3 + ∂3p. (3.33)

Plugging (3.30)--(3.31) into (3.32)--(3.33) gives

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂2u2 = ∂t(b2 − η∂2u2) − η∂2
3b2 + μη∂2∂

2
3u2

−η∂2 (u · ∇u2 − b · ∇b2 + ∂2p) + u · ∇b2 − b · ∇u2,

∂2u3 = ∂t(b3 − η∂2u3) − η∂2
3b3 + μη∂2∂

2
3u3

−η∂2 (u · ∇u3 − b · ∇b3 + ∂3p) + u · ∇b3 − b · ∇u3.

(3.34)

Recalling the definition of D1, by virtue of (3.34)1 we obtain after integrating by parts 
that

D1 = 2
∫︂ (︁

∂3
1u2

)︁2
∂t(b2 − η∂2u2) dx− 2η

∫︂ (︁
∂3
1u2

)︁2
∂2
3b2 dx

+ 2μη
∫︂ (︁

∂3
1u2

)︁2
∂2∂

2
3u2 dx + 2

∫︂ (︁
∂3
1u2

)︁2 (u · ∇b2 − b · ∇u2) dx

− 2η
∫︂ (︁

∂3
1u2

)︁2
∂2 (u · ∇u2 − b · ∇b2 + ∂2p) dx

= 2 d 
dt

∫︂ (︁
∂3
1u2

)︁2 (b2 − η∂2u2) dx− 4
∫︂

∂3
1u2∂

3
1∂tu2(b2 − η∂2u2) dx

+ 4η
∫︂

∂3∂
3
1u2∂

3
1u2∂3b2 dx− 4μη

∫︂
∂3∂

3
1u2∂

3
1u2∂3∂2u2 dx

− 2η
∫︂ (︁

∂3
1u2

)︁2
∂2 (u · ∇u2 − b · ∇b2 + ∂2p) dx

+ 2
∫︂ (︁

∂3
1u2

)︁2
u · ∇b2 dx− 2

∫︂ (︁
∂3
1u2

)︁2
b · ∇u2 dx

≜ 2 d 
dt

∫︂ (︁
∂3
1u2

)︁2 (b2 − η∂2u2) dx +
6 ∑︂

j=1 
D1j . (3.35)

The terms on the right-hand side of (3.35) will be treated one by one. First, thanks 
to (3.32), it holds that

D11 = −4
∫︂

∂3
1u2∂

3
1∂2b2(b2 − η∂2u2) dx + 4μ

∫︂
∂3∂

3
1u2∂3∂

3
1u2(b2 − η∂2u2) dx

+ 4μ
∫︂

∂3
1u2∂3∂

3
1u2∂3b2 dx− 4μη

∫︂
∂3
1u2∂3∂

3
1u2∂3∂2u2 dx

+ 4
∫︂

∂3
1(u · ∇u2 − b · ∇b2 + ∂2p)∂3

1u2(b2 − η∂2u2) dx ≜
5 ∑︂

j=1 
D11j , (3.36)
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where the first four terms can be bounded as follows, using Lemma 2.1, Hölder’s and 
Sobolev’s inequalities.

4 ∑︂
j=1 

D11j ≤ C∥∂3
1∂2b2∥L2∥∂3

1u2∥
1
2
L2∥∂3∂

3
1u2∥

1
2
L2∥b2∥

1
2
H1∥∂2b2∥

1
2
H1

+ C∥∂3
1u2∥L2∥∂2∂

3
1b2∥L2∥∂2u2∥L∞

+ C∥∂3∂
3
1u2∥L2∥∂3∂

3
1u2∥L2 (∥b2∥L∞ + ∥∂2u2∥L∞)

+ C∥∂3
1u2∥L2∥∂3∂

3
1u2∥L2 (∥∂3b2∥L∞ + ∥∂3∂2u2∥L∞)

≤ C∥(u, b)∥H3(∥∂2u∥2
H2 + ∥∂3u∥2

H3 + ∥∂2b∥2
H3). (3.37)

To deal with the term associated with the pressure, we observe that

p = (−Δ)−1∇ · (u · ∇u− b · ∇b) = (−Δ)−1(∂iuj∂jui − ∂ibj∂jbi), (3.38)

and hence

D115 = 4
∫︂

(∂3
1u · ∇u2 + 3∂2

1u · ∇∂1u2 + 3∂1u · ∇∂2
1u2)∂3

1u2(b2 − η∂2u2) dx

− 4
∫︂

(∂3
1b · ∇b2 + 3∂2

1b · ∇∂1b2 + 3∂1b · ∇∂2
1b2)∂3

1u2(b2 − η∂2u2) dx (3.39)

+ 2
∫︂

u · ∇(∂3
1u2)2(b2 − η∂2u2) dx− 4

∫︂
b · ∇∂3

1b2∂
3
1u2(b2 − η∂2u2) dx

+ 4
∫︂

∂2∂
3
1(−Δ)−1(∂iuj∂jui − ∂ibj∂jbi)∂3

1u2(b2 − η∂2u2) dx ≜
5 ∑︂

j=1 
Fj .

Using (3.6), Lemma 2.2 and Sobolev’s embedding inequality, one has

F1 = 4
∫︂ (︁

∂3
1u · ∇u2 + 3∂1u · ∇∂2

1u2)∂3
1u2(b2 − η∂2u2

)︁
dx

+ 12
∫︂

(∂2
1u1∂

2
1u2 + ∂2

1u2∂2∂1u2 + ∂2
1u3∂3∂1u2)∂3

1u2 (b2 − η∂2u2) dx

≤ C
(︁
∥(∂3

1u, ∂
3
1u2)∥2

L2 + ∥(∇u2, b2, ∂2u2)∥2
H1

)︁
×
(︁
∥(∂3∂

3
1u, ∂3∂

3
1u2)∥2

L2 + ∥(∂2∇u2, ∂2b2, ∂
2
2u2)∥2

H1

)︁
+ C

(︁
∥(∇∂2

1u2, ∂
3
1u2)∥2

L2 + ∥(∂1u, b2, ∂2u2)∥2
H1

)︁
×
(︁
∥(∂3∇∂2

1u2, ∂3∂
3
1u2)∥2

L2 + ∥(∂2∂1u, ∂2b2, ∂
2
2u2)∥2

H1

)︁
+ C∥(b2, ∂2u2)∥L∞

(︂
∥∂2

1u1∥
1
2
L2∥∂3

1u1∥
1
2
L2∥∂2

1u2∥
1
2
L2∥∂2∂

2
1u2∥

1
2
L2

+ ∥∂2
1uν∥

1
2
L2∥∂2∂

2
1uν∥

1
2
L2∥∂ν∂1u2∥

1
2
L2∥∂ν∂2

1u2∥
1
2
L2

)︂
∥∂3

1u2∥
1
2
L2∥∂3∂

3
1u2∥

1
2
L2

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H3

)︁
, (3.40)
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and analogously, by (3.14) one gets

F2 ≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H3 + ∥∂3b∥2
H3

)︁
. (3.41)

Since the Riesz operator ∂i(−Δ)− 1
2 with i = 1, 2, 3 is bounded in Lr for any 1 < r <

∞, we see that

∥∂2∂
3
1(−Δ)−1(∂iuj∂jui − ∂ibj∂jbi)∥L2

≤ C∥∂2∂1 (∂iuj∂jui − ∂ibj∂jbi) ∥L2

≤ C∥∂2∂1∇u∥L2∥∇u∥L∞ + C∥∂2∇u∥L6∥∂1∇u∥L3

+ C∥∂2∂1∇b∥L2∥∇b∥L∞ + C∥∂2∇b∥L6∥∂1∇b∥L3

≤ C∥(u, b)∥H3 (∥∂2u∥H2 + ∥∂2b∥H2) , (3.42)

from which, (2.5) and Lemma 2.1 it follows that

F5 = 4
∫︂

∂2∂
3
1(−Δ)−1(∂iuj∂jui − ∂ibj∂jbi)∂3

1u2(b2 − η∂2u2) dx

≤ C∥∂2∂
3
1(−Δ)−1(∂iuj∂jui − ∂ibj∂jbi)∥L2

× ∥∂3
1u2∥L2

x1L
2
x2L

∞
x3

(︂
∥b2∥L∞

x1L
∞
x2L

2
x3

+ ∥∂2u2∥L∞
x1L

∞
x2L

2
x3

)︂
≤ C∥∂2∂1 (∂iuj∂jui − ∂ibj∂jbi) ∥L2

× ∥∂3
1u2∥

1
2
L2∥∂3∂

3
1u2∥

1
2
L2

(︂
∥b2∥

1
2
H1∥∂2b2∥

1
2
H1 + ∥∂2u2∥

1
2
H1∥∂2

2u2∥
1
2
H1

)︂
≤ C∥(u, b)∥2

H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H2

)︁
. (3.43)

Thus, inserting (3.40), (3.41) and (3.43) into (3.39) shows

D115 ≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H2

)︁
+ F3 + F4,

which, combined with (3.37) and (3.36), yields

D11 ≤ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b)∥2
H3

)︁
+ F3 + F4. (3.44)

For D12, D13 and D16, we infer from Lemmas 2.1 and 2.2 that

D12 + D13 + D16

= 4η
∫︂

∂3∂
3
1u2∂

3
1u2∂3b2 dx− 4μη

∫︂
∂3∂

3
1u2∂

3
1u2∂3∂2u2 dx

− 2
∫︂

∂3
1u2∂

3
1u2(b · ∇u2) dx
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≤ C∥∂3∂
3
1u2∥L2∥∂3

1u2∥
1
2
L2∥∂3∂

3
1u2∥

1
2
L2

×
(︂
∥∂3b2∥

1
2
H1∥∂2∂3b2∥

1
2
H1 + ∥∂3∂2u2∥

1
2
H1∥∂3∂

2
2u2∥

1
2
H1

)︂
+ C

(︁
∥∂3

1u2∥2
L2 + ∥(b,∇u2)∥2

H1

)︁ (︁
∥∂3∂

3
1u2∥2

L2 + ∥(∂2b, ∂2∇u2)∥2
H1

)︁
≤ C

(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.45)

In order to estimate D14, we first deal with the pressure term. Indeed, similarly to 
the derivation of (3.42), it is easily seen from (3.38) that

∥∂2
2p∥L∞

x1,x2L
2
x3

≤ C∥∂2
2p∥

1
4
L2∥∂3

2p∥
1
4
L2∥∂1∂

2
2p∥

1
4
L2∥∂1∂

3
2p∥

1
4
L2

≤ C∥∂2(u · ∇u− b · ∇b)∥
1
4
L2∥∂2(∂iuj∂jui − ∂ibj∂jbi)∥

1
2
L2

× ∥∂2
2(∂iuj∂jui − ∂ibj∂jbi)∥

1
4
L2 . (3.46)

By (2.1), (2.2) and (2.4), we have

∥∂2(u · ∇u)∥
1
4
L2∥∂2(∂iuj∂jui)∥

1
2
L2∥∂2

2(∂iuj∂jui)∥
1
4
L2

≤ C
(︂
∥∂2u∥L2

x1,x2L
∞
x3
∥∇u∥L∞

x1,x2L
2
x3

+ ∥∂2∇u∥L2
x1,x2L

∞
x3
∥u∥L∞

x1,x2L
2
x3

)︂ 1
4

× C
(︂
∥∂2∇u∥L2

x1,x2L
∞
x3
∥∇u∥L∞

x1,x2L
2
x3

)︂ 1
2

× C
(︂
∥∂2

2∇u∥L2
x1,x2L

∞
x3
∥∇u∥L∞

x1,x2L
2
x3

+ ∥∂2∇u∥L6∥∂2∇u∥L3

)︂ 1
4

≤ C
(︂
∥∂2u∥

1
2
L2∥∂3∂2u∥

1
2
L2∥∇u∥

1
2
H1∥∂2∇u∥

1
2
H1

+ ∥∂2∇u∥
1
2
L2∥∂3∂2∇u∥

1
2
L2∥u∥

1
2
H1∥∂2u∥

1
2
H1

)︂ 1
4

× C
(︂
∥∂2∇u∥

1
2
L2∥∂3∂2∇u∥

1
2
L2∥∇u∥

1
2
H1∥∂2∇u∥

1
2
H1

)︂ 1
2

× C
(︂
∥∂2

2∇u∥
1
2
L2∥∂3∂

2
2∇u∥

1
2
L2∥∇u∥

1
2
H1∥∂2∇u∥

1
2
H1 + ∥∂2∇u∥2

H1

)︂ 1
4

≤ C∥u∥
1
2
H3∥∂2u∥

11
8 
H2∥∂3u∥

1
8
H3 . (3.47)

The other terms in (3.46) admit similar bounds. Hence, we deduce

∥∂2
2p∥L∞

x1,x2L
2
x3

≤ C∥(u, b)∥
1
2
H3∥(∂2u, ∂2b)∥

11
8 
H2∥(∂3u, ∂3b)∥

1
8
H3 . (3.48)

In view of (3.48), Lemmas 2.1 and 2.2, we find

D14 = −2η
∫︂ (︁

∂3
1u2

)︁2 (∂2u · ∇u2 − ∂2b · ∇b2 − b · ∇∂2b2) dx
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− 2η
∫︂ (︁

∂3
1u2

)︁2
∂2
2p dx− 2η

∫︂ (︁
∂3
1u2

)︁2
u · ∇∂2u2 dx

≤ C
(︁
∥∂3

1u2∥2
L2 + ∥(∂2u,∇u2, ∂2b,∇b2, b,∇∂2b2)∥2

H1

)︁
×
(︁
∥∂3∂

3
1u2∥2

L2 + ∥(∂2
2u, ∂2∇u2, ∂

2
2b, ∂2∇b2, ∂2b, ∂

2
2∇b2)∥2

H1

)︁
+ C∥∂3

1u2∥L2∥∂3
1u2∥L2

x1,x2L
∞
x3
∥∂2

2p∥L∞
x1,x2L

2
x3

+ Ξ1

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ Ξ1

+ C∥∂3
1u2∥

3
2
L2∥∂3∂

3
1u2∥

1
2
L2∥(u, b)∥

1
2
H3∥(∂2u, ∂2b)∥

11
8 
H2∥(∂3u, ∂3b)∥

1
8
H3

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ Ξ1, (3.49)

where

Ξ1 ≜ −2η
∫︂ (︁

∂3
1u2

)︁2
u · ∇∂2u2 dx.

A key and amazing consequence of the above estimates is that

D15 + F3 + Ξ1 = 2
∫︂ (︁

∂3
1u2

)︁2
u · ∇b2 dx + 2

∫︂
u · ∇(∂3

1u2)2(b2 − η∂2u2) dx

− 2η
∫︂ (︁

∂3
1u2

)︁2
u · ∇∂2u2 dx = 0, (3.50)

and consequently, it follows from (3.35), (3.44), (3.45), (3.49) and (3.50) that

D1 ≤ 2 d 
dt

∫︂ (︁
∂3
1u2

)︁2 (b2 − η∂2u2) dx

+ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ F4, (3.51)

where

F4 = −4
∫︂

b · ∇∂3
1b2∂

3
1u2(b2 − η∂2u2) dx.

It remains to estimate F4, which will be tackled with the term E1 in H53. To do this, 
we use (3.34)1 to get that

E1 = 2
∫︂ (︁

∂3
1b2
)︁2

∂t(b2 − η∂2u2) dx− 2η
∫︂ (︁

∂3
1b2
)︁2

∂2
3b2 dx

+ 2μη
∫︂ (︁

∂3
1b2
)︁2

∂2∂
2
3u2 dx + 2

∫︂ (︁
∂3
1b2
)︁2 (u · ∇b2 − b · ∇u2) dx

− 2η
∫︂ (︁

∂3
1b2
)︁2

∂2 (u · ∇u2 − b · ∇b2 + ∂2p) dx

= 2 d 
dt

∫︂ (︁
∂3
1b2
)︁2 (b2 − η∂2u2) dx− 4

∫︂
∂3
1∂tb2∂

3
1b2 (b2 − η∂2u2) dx
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− 2η
∫︂ (︁

∂3
1b2
)︁2

∂2
3b2 dx + 2μη

∫︂ (︁
∂3
1b2
)︁2

∂2∂
2
3u2 dx

− 2η
∫︂ (︁

∂3
1b2
)︁2

∂2 (u · ∇u2 − b · ∇b2 + ∂2p) dx

+ 2
∫︂ (︁

∂3
1b2
)︁2 (u · ∇b2 − b · ∇u2) dx

≜ 2 d 
dt

∫︂ (︁
∂3
1b2
)︁2 (b2 − η∂2u2) dx +

5 ∑︂
i=1 

E1i. (3.52)

In view of (3.30), we have

E11 = −4
∫︂

∂3
1
(︁
∂2u2 + η∂2

2b2 + η∂2
3b2
)︁
∂3
1b2 (b2 − η∂2u2) dx

+ 4
∫︂

∂3
1 (u · ∇b2) ∂3

1b2 (b2 − η∂2u2) dx

− 4
∫︂

∂3
1 (b · ∇u2) ∂3

1b2 (b2 − η∂2u2) dx ≜
3 ∑︂

i=1 
E11i. (3.53)

Based upon integration by parts, we have

E111 = 4
∫︂

∂3
1 (u2 + η∂2b2) ∂2∂

3
1b2 (b2 − η∂2u2) dx

+ 4
∫︂

∂3
1 (u2 + η∂2b2) ∂3

1b2
(︁
∂2b2 − η∂2

2u2
)︁
dx

+ 4η
∫︂ (︁

∂3∂
3
1b2
)︁2 (b2 − η∂2u2) dx

+ 4η
∫︂

∂3
1∂3b2∂

3
1b2 (∂3b2 − η∂3∂2u2) dx,

so that, by Lemma 2.1 we deduce

E111 ≤ C∥∂3
1u2∥

1
2
L2∥∂3∂

3
1u2∥

1
2
L2∥∂2∂

3
1b2∥L2∥ (b2, ∂2u2) ∥

1
2
H1∥∂2 (b2, ∂2u2) ∥

1
2
H1

+ C∥∂3
1u2∥

1
2
L2∥∂3∂

3
1u2∥

1
2
L2∥∂3

1b2∥
1
2
L2∥∂2∂

3
1b2∥

1
2
L2∥∂2b2∥

1
2
L2∥∂1∂2b2∥

1
2
L2

+ C∥∂3
1u2∥

1
2
L2∥∂3∂

3
1u2∥

1
2
L2∥∂3

1b2∥
1
2
L2∥∂2∂

3
1b2∥

1
2
L2∥∂2

2u2∥
1
2
L2∥∂1∂

2
2u2∥

1
2
L2

+ C∥∂2∂
3
1b2∥L2∥∂3

1b2∥
1
2
L2∥∂2∂

3
1b2∥

1
2
L2∥∂2

2u2∥
1
2
H1∥∂3∂

2
2u2∥

1
2
H1

+ C
(︁
∥∂3∂

3
1b2∥2

L2 + ∥∂2∂
3
1b2∥2

L2

)︁
∥ (b2, ∂2u2) ∥L∞

+ C
(︁
∥∂2∂

3
1b2∥L2 + ∥∂3∂

3
1b2∥L2

)︁
∥∂3

1b2∥L2∥ (∂2b2, ∂3b2, ∂3∂2u2) ∥L∞

≤ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.54)
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By straightforward calculation, we have

E112 + E113

= 4
∫︂

(∂3
1u · ∇b2 + 3∂2

1u · ∇∂1b2 + 3∂1u · ∇∂2
1b2)∂3

1b2(b2 − η∂2u2) dx

− 4
∫︂

(∂3
1b · ∇u2 + 3∂2

1b · ∇∂1u2 + 3∂1b · ∇∂2
1u2)∂3

1b2(b2 − η∂2u2) dx

− 2
∫︂

(∂3
1b2)2u · ∇(b2 − η∂2u2) dx− 4

∫︂
b · ∇∂3

1u2∂
3
1b2 (b2 − η∂2u2) dx

≜
4 ∑︂

j=1 
Rj . (3.55)

In terms of Lemmas 2.1 and 2.2, we obtain in a similar manner as the derivation of 
(3.40) that

R1 ≤ C
(︁
∥(∂3

1u, ∂
3
1b2, ∂

2
1∇b)∥2

L2 + ∥(∇b2, b2, ∂2u2, ∂1u)∥2
H1

)︁
×
(︁
∥∂3(∂3

1u, ∂
3
1b2, ∂

2
1∇b)∥2

L2 + ∥∂2(∇b2, b2, ∂2u2, ∂1u)∥2
H1

)︁
+ C∥ (b2, ∂2u2) ∥L∞

(︂
∥∂2

1u1∥
1
2
L2∥∂3

1u1∥
1
2
L2∥∂2

1b2∥
1
2
L2∥∂2∂

2
1b2∥

1
2
L2

+ ∥∂2
1uν∥

1
2
L2∥∂2∂

2
1uν∥

1
2
L2∥∂ν∂1b2∥

1
2
L2∥∂ν∂2

1b2∥
1
2
L2

)︂
∥∂3

1b2∥
1
2
L2∥∂3∂

3
1b2∥

1
2
L2

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H3

)︁
. (3.56)

Analogously,

R2 ≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H3 + ∥∂3b∥2
H3

)︁
, (3.57)

and

R3 ≤ C
(︁
∥(∂3

1b2, ∂
3
1b2)∥2

L2 + ∥(u,∇b2,∇∂2u2)∥2
H1

)︁
×
(︁
∥∂2(∂3

1b2, ∂
3
1b2)∥2

L2 + ∥∂3(u,∇b2,∇∂2u2)∥2
H1

)︁
≤ C∥(u, b)∥2

H3

(︁
∥∂2u∥2

H2 + ∥∂2b∥2
H3 + ∥∂3b∥2

H3

)︁
. (3.58)

It follows from (3.53), (3.54), (3.55), (3.56), (3.57) and (3.58), we have

E11 ≤ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ R4, (3.59)

where

R4 = −4
∫︂

b · ∇∂3
1u2∂

3
1b2(b2 − η∂2u2)dx.
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For E12, E13 and E15, an application of Lemmas 2.1 and 2.2 yields

E12 + E13 + E15

≤ C∥∂3
1b2∥L2∥∂2∂

3
1b2∥

1
2
L2∥∂3∂

3
1b2∥

1
2
L2∥∂2

3b2∥
1
2
L2∥∂1∂

2
3b2∥

1
2
L2

+ C∥∂3
1b2∥L2∥∂2∂

3
1b2∥

1
2
L2∥∂3∂

3
1b2∥

1
2
L2∥∂2∂

2
3u2∥

1
2
L2∥∂1∂2∂

2
3u2∥

1
2
L2

+ C
(︁
∥∂3

1b2∥2
L2 + ∥(u,∇b2)∥2

H1

)︁ (︁
∥∂3∂

3
1b2∥2

L2 + ∥∂2(u,∇b2)∥2
H1

)︁
+ C

(︁
∥∂3

1b2∥2
L2 + ∥(b,∇u2)∥2

H1

)︁ (︁
∥∂3∂

3
1b2∥2

L2 + ∥∂2(b,∇u2)∥2
H1

)︁
≤ C

(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.60)

We proceed to estimate E14. Similarly to the estimate of (3.49), we infer from (3.48)
and Lemma 2.2 that

E14 ≤ C
(︁
∥∂3

1b2∥2
L2 + ∥(∂2u,∇u2)∥2

H1

)︁ (︁
∥∂3∂

3
1b2∥2

L2 + ∥∂2(∂2u,∇u2)∥2
H1

)︁
+ C∥∂3

1b2∥L2∥∂2∂
3
1b2∥

1
2
L2∥∂3∂

3
1b2∥

1
2
L2∥∇∂2u2∥

1
2
L2∥∂1∇∂2u2∥

1
2
L2∥u∥L∞

+ C
(︁
∥∂3

1b2∥2
L2 + ∥(∂2b,∇b2)∥2

H1

)︁ (︁
∥∂3∂

3
1b2∥2

L2 + ∥∂2(∂2b,∇b2)∥2
H1

)︁
+ C

(︁
∥∂3

1b2∥2
L2 + ∥(b,∇∂2b2)∥2

H1

)︁ (︁
∥∂3∂

3
1b2∥2

L2 + ∥∂2(b, ∂2∇b2)∥2
H1

)︁
+ C∥∂3

1b2∥L2∥∂3
1b2∥L2

x1L
2
x2L

∞
x3
∥∂2

2p∥L∞
x1L

∞
x2L

2
x3

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ C∥∂3

1b2∥
3
2
L2∥∂3∂

3
1b2∥

1
2
L2∥(u, b)∥

1
2
H3∥(∂2u, ∂2b)∥

11
8 
H2∥(∂3u, ∂3b)∥

1
8
H3

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.61)

Thus, plugging (3.59), (3.60), (3.61) into (3.52), we have

E1 ≤ 2 d 
dt

∫︂ (︁
∂3
1b2
)︁2 (b2 − η∂2u2) dx

+ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ R4, 

which, combined with (3.51), yields

D1 + E1 ≤ 2 d 
dt

∫︂ (︂(︁
∂3
1u2

)︁2 +
(︁
∂3
1b2
)︁2)︂ (b2 − η∂2u2) dx

+ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
, (3.62)

since it follows from Lemmas 2.1 and 2.2 that
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R4 + F4 = −4
∫︂

b · ∇(∂3
1u2∂

3
1b2)(b2 − η∂2u2)dx = 4

∫︂
∂3
1u2∂

3
1b2b · ∇(b2 − η∂2u2)dx

≤ C
(︁
∥(∂3

1u2, ∂
3
1b2)∥2

L2 + ∥(b,∇b2)∥2
H1

)︁ (︁
∥∂3(∂3

1u2, ∂
3
1b2)∥2

L2 + ∥∂2(b,∇b2)∥2
H1

)︁
+ C∥∂3

1u2∥
1
2
L2∥∂3∂

3
1u2∥

1
2
L2∥∂3

1b2∥
1
2
L2∥∂2∂

3
1b2∥

1
2
L2∥∂2∇u2∥

1
2
L2∥∂1∂2∇u2∥

1
2
L2∥b∥L∞

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H3 + ∥∂3b∥2
H3

)︁
.

In the exactly same way as the treatments of D1 and E1, we have

D3 + E3 ≤ 3 d 
dt

∫︂ (︂(︁
∂3
1u3

)︁2 +
(︁
∂3
1b3
)︁2)︂ (b2 − η∂2u2) dx

+ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.63)

Step III-2. The estimate of D2

Based upon (3.34)2 and integration by parts, we see that

D2 = − d 
dt

∫︂
∂3
1u2∂

3
1u3(b3 − η∂2u3) dx +

∫︂
∂3
1u2∂

3
1∂tu3(b3 − η∂2u3) dx

+
∫︂

∂3
1∂tu2∂

3
1u3(b3 − η∂2u3) dx− η

∫︂
∂3∂

3
1u2∂

3
1u3∂3b3 dx

− η

∫︂
∂3
1u2∂3∂

3
1u3∂3b3 dx + μη

∫︂
∂3∂

3
1u2∂

3
1u3∂3∂2u3 dx

+ μη

∫︂
∂3
1u2∂3∂

3
1u3∂3∂2u3 dx−

∫︂
∂3
1u2∂

3
1u3u · ∇b3 dx

+
∫︂

∂3
1u2∂

3
1u3b · ∇u3 dx + η

∫︂
∂3
1u2∂

3
1u3∂2 (u · ∇u3 − b · ∇b3 + ∂3p) dx

≜ − d 
dt

∫︂
∂3
1u2∂

3
1u3(b3 − η∂2u3) dx +

9 ∑︂
j=1 

D2j . (3.64)

In view of (3.32) and (3.33), one has

D21 + D22 =
∫︂

∂3
1u2∂

3
1∂tu3(b3 − η∂2u3) dx +

∫︂
∂3
1∂tu2∂

3
1u3(b3 − η∂2u3) dx

=
∫︂

∂3
1u2∂

3
1∂2b3(b3 − η∂2u3) dx− μ

∫︂
∂3∂

3
1u2∂3∂

3
1u3(b3 − η∂2u3) dx

− μ

∫︂
∂3
1u2∂3∂

3
1u3∂3b3 dx + μη

∫︂
∂3
1u2∂3∂

3
1u3∂3∂2u3 dx

−
∫︂

∂3
1(u · ∇u3 − b · ∇b3 + ∂3p)∂3

1u2(b3 − η∂2u3) dx

+
∫︂

∂3
1∂2b2∂

3
1u3(b3 − η∂2u3) dx− μ

∫︂
∂3∂

3
1u2∂3∂

3
1u3(b3 − η∂2u3) dx
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− μ

∫︂
∂3∂

3
1u2∂

3
1u3∂3b3 dx + μη

∫︂
∂3∂

3
1u2∂

3
1u3∂3∂2u3 dx

−
∫︂

∂3
1(u · ∇u2 − b · ∇b2 + ∂2p)∂3

1u3(b3 − η∂2u3) dx ≜
10 ∑︂
j=1 

Lj . (3.65)

Similarly to the estimate of (3.37) and (3.39), we have

4 ∑︂
i=1 

Li +
9 ∑︂

i=6 
Li ≤ C∥(u, b)∥H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂3b, ∂2b)∥2
H3

)︁
, (3.66)

and

L5 + L10 ≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥ (∂3u, ∂2b, ∂3b) ∥2
H3

)︁
+ S1 + S2, (3.67)

where

S1 = −
∫︂

u · ∇(∂3
1u3∂

3
1u2)(b3 − η∂2u3)dx,

S2 =
∫︂ (︁

b · ∇∂3
1b3∂

3
1u2 + b · ∇∂3

1b2∂
3
1u3

)︁
(b3 − η∂2u3)dx.

Plugging (3.66) and (3.67) into (3.65) gives

D21 + D22 ≤ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁
×
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ S1 + S2. (3.68)

Analogously to the estimates of D12, D13, D16 in (3.45) and D14 in (3.49), we have

D23 + D24 + D25 + D26 + D28

≤ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
, (3.69)

and

D29 ≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
+ Ξ2, (3.70)

where

Ξ2 = η

∫︂
∂3
1u2∂

3
1u3u · ∇∂2u3 dx.

Similarly to that in (3.50), it is easily checked that

D27 + S1 + Ξ2 = 0. (3.71)
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Thanks to (3.68), (3.69), (3.70) and (3.71), we conclude from (3.64) that

D2 ≤ − d 
dt

∫︂ (︁
∂3
1u2∂

3
1u3

)︁
(b3 − η∂2u3) dx + S2

+
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.72)

The treatment of S2 strongly relies on the estimate of E2 in (3.27). Similarly to the 
derivation of (3.52), we have by (3.34)1 that

E2 = − d 
dt

∫︂
∂3
1b2∂

3
1b3(b3 − η∂2u3) dx +

∫︂
∂3
1∂tb2∂

3
1b3 (b3 − η∂2u3) dx

+
∫︂

∂3
1b2∂

3
1∂tb3 (b3 − η∂2u3) dx + η

∫︂
∂3
1b2∂

3
1b3∂

2
3b3 dx

− μη

∫︂
∂3
1b2∂

3
1b3∂2∂

2
3u3 dx−

∫︂
∂3
1b2∂

3
1b3 (u · ∇b3 − b · ∇u3) dx

+ η

∫︂
∂3
1b2∂

3
1b3∂2 (u · ∇u3 − b · ∇b3 + ∂3p) dx

≜ − d 
dt

∫︂
∂3
1b2∂

3
1b3(b3 − η∂2u3) dx +

6 ∑︂
i=1 

E2i. (3.73)

By (3.30) and (3.31), we have

E21 + E22 =
∫︂

∂3
1∂tb2∂

3
1b3 (b3 − η∂2u3) dx +

∫︂
∂3
1b2∂

3
1∂tb3 (b3 − η∂2u3) dx

=
∫︂

∂3
1
(︁
∂2u2 + η∂2

2b2 + η∂2
3b2
)︁
∂3
1b3 (b3 − η∂2u3) dx

+
∫︂

∂3
1
(︁
∂2u3 + η∂2

2b3 + η∂2
3b3
)︁
∂3
1b2 (b3 − η∂2u3) dx

−
∫︂ [︁

∂3
1 (u · ∇b2) ∂3

1b3 + ∂3
1 (u · ∇b3) ∂3

1b2
]︁
(b3 − η∂2u3) dx

+
∫︂ [︁

∂3
1 (b · ∇u2) ∂3

1b3 + ∂3
1 (b · ∇u3) ∂3

1b2
]︁
(b3 − η∂2u3) dx

≜
4 ∑︂

i=1 
E21i. (3.74)

Analogously to the estimate of E111 in (3.54), by Lemma 2.1 we obtain after integrat
ing by parts and

E211 + E212 ≤C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.75)
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Note that

E213 + E214 = −
∫︂

(∂3
1u · ∇b2 + 3∂2

1u · ∇∂1b2 + 3∂1u · ∇∂2
1b2)∂3

1b3(b3 − η∂2u3) dx

−
∫︂

(∂3
1u · ∇b3 + 3∂2

1u · ∇∂1b3 + 3∂1u · ∇∂2
1b3)∂3

1b2(b3 − η∂2u3) dx

+
∫︂

(∂3
1b · ∇u2 + 3∂2

1b · ∇∂1u2 + 3∂1b · ∇∂2
1u2)∂3

1b3(b3 − η∂2u3) dx

+
∫︂

(∂3
1b · ∇u3 + 3∂2

1b · ∇∂1u3 + 3∂1b · ∇∂2
1u3)∂3

1b2(b3 − η∂2u3) dx

−
∫︂ (︁

u · ∇∂3
1b2∂

3
1b3 + u · ∇∂3

1b3∂
3
1b2
)︁
(b3 − η∂2u3)dx

+
∫︂ (︁

b · ∇∂3
1u2∂

3
1b3 + b · ∇∂3

1u3∂
3
1b2
)︁
(b3 − η∂2u3)dx

≜
6 ∑︂

i=1 
Mi. (3.76)

In a similar manner as that used in the derivation of (3.56), we find

4 ∑︂
i=1 

Mi ≤ C∥ (u, b) ∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.77)

Integrating by parts and using the divergence-free condition ∇ · u = 0, we infer from 
Lemma 2.2 that

M5 =
∫︂

∂3
1b2∂

3
1b3u · ∇(b3 − η∂2u3) dx

≤ C
(︁
∥(∂3

1b2, ∂
3
1b3)∥2

L2 + ∥(u,∇b3,∇∂2u3)∥2
H1

)︁
×
(︁
∥∂2(∂3

1b2, ∂
3
1b3)∥2

L2 + ∥∂3(u,∇b3,∇∂2u3)∥2
H1

)︁
≤ C∥(u, b)∥2

H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.78)

Based on (3.75), (3.76), (3.77) and (3.78), we know from (3.74) that

E21 + E22 ≤ C(∥(u, b)∥H3 + ∥(u, b)∥2
H3)

× (∥∂2u∥2
H2 + ∥(∂3u, ∂2b, ∂3b)∥2

H3) + M6, (3.79)

where

M6 =
∫︂ (︁

b · ∇∂3
1u2∂

3
1b3 + b · ∇∂3

1u3∂
3
1b2
)︁
(b3 − η∂2u3) dx.
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Analogously to the derivation of (3.60), we have by Lemmas 2.1 and 2.2 that

E23 + E24 + E25 ≤ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁
×
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.80)

It remains to bound E26. Indeed, it follows from (3.38) and the Lr-estimates (1 < r <

∞) of Riesz operator that

∥∂2∂3p∥L∞
x1,x2L

2
x3

≤ C∥∂2∂3p∥
1
4
L2∥∂2

2∂3p∥
1
4
L2∥∂1∂2∂3p∥

1
4
L2∥∂1∂

2
2∂3p∥

1
4
L2

≤ C∥∂2(u · ∇u− b · ∇b)∥
1
4
L2∥∂2(∂iuj∂jui − ∂ibj∂jbi)∥

1
2
L2

× ∥∂2
2(∂iuj∂jui − ∂ibj∂jbi)∥

1
4
L2 ,

so that, by (3.48) we see that

∥∂2∂3p∥L∞
x1,x2L

2
x3

≤ C∥(u, b)∥
1
2
H3∥(∂2u, ∂2b)∥

11
8 
H2∥(∂3u, ∂3b)∥

1
8
H3 .

Hence, similarly to the estimate of (3.61), we find

E26 ≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.81)

Now, putting (3.79), (3.80), (3.81) into (3.73) gives

E2 ≤ − d 
dt

∫︂
∂3
1b2∂

3
1b3(b3 − η∂2u3) dx + M6

+ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
, 

which, combining with (3.72), yields

D2 + E2 ≤ − d 
dt

∫︂ (︁
∂3
1u2∂

3
1u3 + ∂3

1b2∂
3
1b3
)︁
(b3 − η∂2u3) dx

+ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
, (3.82)

since it is easily deduced in a similar manner as the treatment of R4 + F4 that

M6 + S2 =
∫︂

b · ∇
(︁
∂3
1u2∂

3
1b3 + ∂3

1u3∂
3
1b2
)︁
(b3 − η∂2u3)dx

= −
∫︂ (︁

∂3
1u2∂

3
1b3 + ∂3

1u3∂
3
1b2
)︁
b · ∇(b3 − η∂2u3)dx

≤ C∥(u, b)∥2
H3

(︁
∥∂2u∥2

H2 + ∥∂3u∥2
H3 + ∥∂2b∥2

H3 + ∥∂3b∥2
H3

)︁
.
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Step IV. The estimate of ℰ1(t)

Now, inserting (3.62), (3.63) and (3.82) into (3.29), we conclude that

1
2
d 
dt

∥(∇3u,∇3b)∥2
L2 + μ∥∂3∇3u∥2

L2 + η
(︁
∥∂2∇3b∥2

L2 + ∥∂3∇3b∥2
L2

)︁
≤ 2 d 

dt

∫︂ (︂(︁
∂3
1u2

)︁2 +
(︁
∂3
1b2
)︁2)︂ (b2 − η∂2u2) dx

− d 
dt

∫︂ (︁
∂3
1u2∂

3
1u3 + ∂3

1b2∂
3
1b3
)︁
(b3 − η∂2u3) dx

+ 3 d 
dt

∫︂ (︂(︁
∂3
1u3

)︁2 +
(︁
∂3
1b3
)︁2)︂ (b2 − η∂2u2) dx

+ C
(︁
∥(u, b)∥H3 + ∥(u, b)∥2

H3

)︁ (︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
,

which, added to (3.2) and integrated over (0, t), we obtain

ℰ1(t) ≤
(︂
ℰ1(0) + ℰ

3
2
1 (0)

)︂
+ Cℰ

3
2
1 (t) + C

(︂
ℰ

1
2
1 (t) + ℰ1(t)

)︂
(ℰ2(t) + ℰ1(t)) ,

which, combined with Cauchy-Schwarz’s inequality, gives rise to (3.1). The proof of 
Lemma 3.1 is therefore complete. □
3.2. A priori estimates (II)

In the subsection, we study the dissipation generated by the background magnetic 
field and prove the estimate of ℰ2(t).

Lemma 3.2. For any t ≥ 0, it holds that

ℰ2(t) ≤ Cℰ1(0) + Cℰ1(t) + Cℰ
3
2
1 (t) + Cℰ

3
2
2 (t). (3.83)

Proof. It suffices to establish the estimates of the following two items:

t ∫︂
0 

∥∂2u(τ)∥2
L2dτ and

t ∫︂
0 

∥∇2∂2u(τ)∥2
L2dτ,

which will be achieved by using the special structure of equation (1.2)2,

∂2u = ∂tb + u · ∇b− η∂2
2b− η∂2

3b− b · ∇u. (3.84)
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Step I. The estimate of ∥∂2u(t)∥L2

Multiplying (3.84) by ∂2u in L2 and integrating by parts, we get

∥∂2u∥2
L2 =

∫︂
∂2u · ∂tb dx +

∫︂
u · ∇b · ∂2u dx

− η

∫︂ (︁
∂2
2b + ∂2

3b
)︁
· ∂2u dx−

∫︂
b · ∇u · ∂2u dx

≜ J1 + J2 + J3 + J4. (3.85)

In terms of (1.2)1 and the fact that ∇ · b = 0, we deduce after integrating by parts 
that

J1 = d 
dt

∫︂
∂2u · b dx +

∫︂
∂2b ·

(︁
∂2b + μ∂2

3u + b · ∇b− u · ∇u
)︁
dx

≤ d 
dt

∫︂
∂2u · b dx + C∥∂2b∥2

H3 + C∥∂3u∥2
H3

+ C∥∂2b∥
1
2
L2∥∂1∂2b∥

1
2
L2∥b∥

1
2
L2∥∂2b∥

1
2
L2∥∇b∥

1
2
L2∥∂3∇b∥

1
2
L2

+ C∥∂2b∥
1
2
L2∥∂1∂2b∥

1
2
L2∥u∥

1
2
L2∥∂2u∥

1
2
L2∥∇u∥

1
2
L2∥∂3∇u∥

1
2
L2

≤ d 
dt

∫︂
∂2u · b dx + C∥(∂3u, ∂2b)∥2

H3

+ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
, (3.86)

and similarly,

J2 + J4 ≤ C∥∂2u∥
1
2
L2∥∂1∂2u∥

1
2
L2∥u∥

1
2
L2∥∂2u∥

1
2
L2∥∇b∥

1
2
L2∥∂3∇b∥

1
2
L2

+ C∥∂2u∥
1
2
L2∥∂1∂2u∥

1
2
L2∥b∥

1
2
L2∥∂2b∥

1
2
L2∥∇u∥

1
2
L2∥∂3∇u∥

1
2
L2

≤ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.87)

Finally, it is easily seen that

J3 ≤ 1
2∥∂2u∥2

L2 + C∥ (∂2b, ∂3b) ∥2
H3 ,

from which, (3.86), (3.87) and (3.85), we know

∥∂2u∥2
L2 ≤ 2 d 

dt

∫︂
∂2u · b dx + C∥(∂3u, ∂2b, ∂3b)∥2

H3

+ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.88)
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Step II. The estimate of ∥∇2∂2u(t)∥L2

In order to estimate ∥∇2∂2u∥L2 , we apply ∇2 to (3.84) and multiply it by ∇2∂2u in 
L2 to get that

∥∇2∂2u∥2
L2 =

∫︂
∇2∂2u · ∂t∇2b dx +

∫︂
∇2(u · ∇b) · ∇2∂2u dx

− η

∫︂
∇2 (︁∂2

2b + ∂2
3b
)︁
· ∇2∂2u dx−

∫︂
∇2(b · ∇u) · ∇2∂2u dx

≜ W1 + W2 + W3 + W4. (3.89)

Owing to (1.2)1 and ∇ · b = 0, we see that (3.89)

W1 = d 
dt

∫︂
∇2∂2u · ∇2b dx +

∫︂
∇2∂2b · ∇2 (︁∂2b + μ∂2

3u
)︁
dx

+
∫︂

∇2∂2b · ∇2 (b · ∇b− u · ∇u) dx

≜ d 
dt

∫︂
∇2∂2u · ∇2b dx + W11 + W12, (3.90)

where the second term on the right-hand side can be easily bounded by

W11 ≤ C∥∂2b∥2
H3 + C∥∂3u∥2

H3 . (3.91)

Integrating by parts and Lemma 2.1, we have

W12 =
∫︂

∇2∂2b ·
(︁
∇2bi · ∂ib + 2∇bi · ∂i∇b + bi∂i∇2b

)︁
dx

−
∫︂

∇2∂2b ·
(︁
∇2ui · ∂iu + 2∇ui · ∂i∇u + ui∂i∇2u

)︁
dx

≤ C∥∂2∇2b∥
1
2
L2∥∂1∂2∇2b∥

1
2
L2∥∇b∥

1
2
L2∥∂2∇b∥

1
2
L2∥∇2b∥

1
2
L2∥∂3∇2b∥

1
2
L2

+ C∥∂2∇2b∥
1
2
L2∥∂1∂2∇2b∥

1
2
L2∥b∥

1
2
L2∥∂2b∥

1
2
L2∥∇3b∥

1
2
L2∥∂3∇3b∥

1
2
L2

+ C∥∂2∇2b∥
1
2
L2∥∂1∂2∇2b∥

1
2
L2∥∇u∥

1
2
L2∥∂2∇u∥

1
2
L2∥∇2u∥

1
2
L2∥∂3∇2u∥

1
2
L2

+ C∥∂2∇2b∥
1
2
L2∥∂1∂2∇2b∥

1
2
L2∥u∥

1
2
L2∥∂2u∥

1
2
L2∥∇3u∥

1
2
L2∥∂3∇3u∥

1
2
L2

≤ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
,

which, together with (3.91) and (3.90), implies that

W1 ≤ d 
dt

∫︂
∇2∂2u · ∇2b dx + C∥∂2b∥2

H3 + C∥∂3u∥2
H3

+ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.92)
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Analogously, we deduce from Lemma 2.1 that

W2 + W4 =
∫︂

∇2∂2u ·
(︁
∇2ui · ∂ib + 2∇ui · ∂i∇b + ui∂i∇2b

)︁
dx

−
∫︂

∇2∂2u ·
(︁
∇2bi · ∂iu + 2∇bi · ∂i∇u + bi∂i∇2u

)︁
dx

≤ C∥∂2∇2u∥L2∥∇b∥
1
2
H1∥∂2∇b∥

1
2
H1∥∇2u∥

1
2
L2∥∂3∇2u∥

1
2
L2

+ C∥∂2∇2u∥L2∥∇u∥
1
2
H1∥∂2∇u∥

1
2
H1∥∇2b∥

1
2
L2∥∂3∇2b∥

1
2
L2

+ C∥∂2∇2u∥L2∥u∥
1
2
H1∥∂2u∥

1
2
H1∥∇3b∥

1
2
L2∥∂3∇3b∥

1
2
L2

+ C∥∂2∇2u∥L2∥b∥
1
2
H1∥∂2b∥

1
2
H1∥∇3u∥

1
2
L2∥∂3∇3u∥

1
2
L2

≤ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
, (3.93)

and finally,

W3 ≤ 1
2∥∂2∇2u∥2

L2 + C∥ (∂2b, ∂3b) ∥2
H3 . (3.94)

Hence, inserting (3.92), (3.93) and (3.94) into (3.89), we arrive at

∥∂2∇2u∥L2 ≤ 2 d 
dt

∫︂
∇2∂2u · ∇2b dx + C∥ (∂2b, ∂3b, ∂3u) ∥2

H3

+ C∥(u, b)∥H3
(︁
∥∂2u∥2

H2 + ∥(∂3u, ∂2b, ∂3b)∥2
H3

)︁
. (3.95)

Step III. The estimate of ℰ2(t)

Now, adding up (3.88) and (3.95), we obtain after integrating it over (0, t) that

t ∫︂
0 

∥∂2u∥2
H2dτ ≤ Cℰ1(0) + Cℰ1(t) + Cℰ

1
2
1 (t) (ℰ1(t) + ℰ2(t))

which, together with Cauchy-Schwarz’s inequality, leads to the desired estimate (3.83)
immediately. □
3.3. Proof of Theorem 1.1

With Lemmas 3.1 and 3.2 at hand, we can now prove the global stability result stated 
in Theorem 1.1 by applying the bootstrapping argument (see, e.g. [37]).

Proof of Theorem 1.1. Since the local well-posedness of smooth solutions to the problem 
(1.2) can be established by the standard approach (see, e.g. [26]), it suffices to establish 
the global bounds of the solutions.
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Indeed, since it holds that ℰ(0) = ℰ1(0) = ∥(u0, b0)∥2
H3 for ℰ(t) = ℰ1(t) + ℰ2(t), we 

easily deduce from (3.1) and (3.83) that

ℰ(t) ≤ C1

(︂
ℰ(0) + ℰ(0) 3

2

)︂
+ C2ℰ(t) 3

2 + C3ℰ(t)2. (3.96)

Then, based upon (3.96), an application of the bootstrap argument leads to the stability 
result established in Theorem 1.1, provided the initial data ∥(u0, b0)∥2

H3 is chosen to be 
sufficiently small such that

C1

(︂
ℰ(0) + ℰ(0) 3

2

)︂
≤ 1

4 min
{︃

1 
16C2

2
, 

1 
4C3

}︃
. (3.97)

In fact, if we make the ansatz that for 0 < t ≤ ∞,

ℰ(t) ≤ min
{︃

1 
16C2

2
, 

1 
4C3

}︃
, (3.98)

then (3.96) implies

ℰ(t) ≤ C1

(︂
ℰ(0) + ℰ(0) 3

2

)︂
+ 1

2ℰ(t),

which, together with (3.97), yields

ℰ(t) ≤ 2C1

(︂
ℰ(0) + ℰ(0) 3

2

)︂
≤ 1

2 min
{︃

1 
16C2

2
, 

1 
4C3

}︃
.

The bootstrapping argument then asserts that (3.98) actually holds for all time. The 
proof of Theorem 1.1 is therefore complete. □
4. Decay rates and proof of Theorem 1.2

4.1. Estimates of nonlinear terms

This section aims to prove the decay rates of the global solutions, based on Proposi
tion 2.1. To do this, we first deal with the nonlinear term N1,

ˆ︂N1 = ˆ︂P (b · ∇b− u · ∇u) = (ˆ︃N11,ˆ︃N12,ˆ︃N13). (4.1)

In the following, we only consider the estimate of ˆ︂P (b · ∇b), since the other term 
ˆ︂P (u · ∇u) can be treated in the same way. In fact,

ˆ︂P (b · ∇b) =
3 ∑︂

k=1

iξkˆ︂bkb +
3 ∑︂

k,l=1

iξ|ξ|−2iξkiξlˆ︃bkbl
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=
(︂

ˆ︂P1 (b · ∇b), ˆ︂P2 (b · ∇b), ˆ︂P3 (b · ∇b)
)︂
,

where

ˆ︂Pj (b · ∇b) ≜
3 ∑︂

k=1

iξkˆ︃bkbj +
3 ∑︂

k,l=1

iξj |ξ|−2iξkiξlˆ︃bkbl,
= ˆ︂(b · ∇bj) − ˆ︂∂jΔ−1∇ · (b · ∇b), j = 1, 2, 3. (4.2)

Next, we present a more concise expression of ˆ︂P1 (b · ∇b). Let ξν = (ξ2, ξ3) and |ξ|2 =
ξ2
1 + |ξν |2. Then, by direct calculations we have

ˆ︂P1 (b · ∇b) =
3 ∑︂

k=1

iξkˆ︃bkb1 +
3 ∑︂

k,l=1

iξ1|ξ|−2iξkiξlˆ︃bkbl
=

3 ∑︂
k=1

iξkˆ︃bkb1 − 3 ∑︂
k,l=1

iξ1|ξ|−2ξkξlˆ︃bkbl
=

3 ∑︂
k=1

iξkˆ︃bkb1 − 3 ∑︂
k=1

iξ2
1 |ξ|−2ξkˆ︃bkb1 − 3 ∑︂

k=1

3 ∑︂
l=2 

iξ1|ξ|−2ξkξlˆ︃bkbl
=

3 ∑︂
k=1

iξ2
ν |ξ|−2ξkˆ︃bkb1 − 3 ∑︂

k=1

3 ∑︂
l=2 

iξ1|ξ|−2ξkξlˆ︃bkbl. (4.3)

The proof of decay rates is based on the bootstrapping argument and the following 
ansatz with k = 0, 1, i = 2, 3 and l = 1, 2:

∥∂k
1 (u, b)(t)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1,

∥(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 3
4 , ∥∂i(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 5

4 ,

∥∂i∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3
2 , ∥∂l∂2(u, b)(t)∥L2 ≤ C0ε(1 + t)− 11

12 ,

∥∂1∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)−1, ∥∂2
1(u, b)∥L2 ≤ C0ε(1 + t)− 3

8 , (4.4)

∥∂i∂3(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 7
4 , ∥∂3

3(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 9
4 ,

∥∂l∂2∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 11
12 , ∥∂2

1∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 1
2 ,

∥∂1∂
2
3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 5

4 , ∥∂2∂
2
3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 11

6 ,

∥∂3
3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 23

12 ,

where C0 is an absolutely positive constant to be determined later.
By exploiting the integral expression of the solutions and the upper bound of the 

kernel function, we can show that the half upper bounds of the solutions in (4.4) can be 
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halved, provided C0 is chosen to be large enough and ε is chosen to be suitably small. 
Then the half upper bounds in (4.4) are indeed justifiable by applying the bootstrapping 
argument. The verification is a long and tedious process involving repeated applications 
of various anisotropic inequalities and the upper bounds on the kernel functions. To 
begin, we first derive the decay rates of the nonlinear terms, which plays a key role in 
the proof of Theorem 1.2.

Lemma 4.1. Assume that (u, b) is a smooth solution of the problem (1.2), satisfying (4.4). 
Then, there exists an absolute positive constant C > 0, such that⃦⃦⃦

∥b · ∇b∥L1
x2,x3

⃦⃦⃦
L2

x1

≤ CC2
0ε

2 (1 + t)−
11
8 , (4.5)⃦⃦⃦

∥∂1 (b · ∇b) ∥L1
x2,x3

⃦⃦⃦
L2

x1

≤ CC2
0ε

2 (1 + t)−
5
4 , (4.6)

∥∂1 (b · ∇b) ∥L2 ≤ CC2
0ε

2 (1 + t)−
37
24 , (4.7)

∥∂2 (b · ∇b) ∥L2 ≤ CC2
0ε

2 (1 + t)−
11
6 , (4.8)

∥∂3 (b · ∇b) ∥L2 ≤ CC2
0ε

2 (1 + t)−
13
6 , (4.9)⃦⃦⃦

∥∂2
1 (b · ∇b) ∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ CC0ε (1 + t)−
1
2 ∥∂νb∥H2 + CC0ε

2 (1 + t)−
7
8 , (4.10)

∥∂l∂h(b · ∇b)∥L2 ≤ CC0ε
2 (1 + t)−

11
12 , ∀ l, h ∈ {1, 2}, (4.11)

∥∂1∂3(b · ∇b)∥L2 ≤ CC2
0ε

2 (1 + t)−
5
3 , (4.12)

∥∂2∂3(b · ∇b)∥L2 ≤ CC2
0ε

2 (1 + t)−
11
6 , (4.13)

∥∂2
3(b · ∇b)∥L2 ≤ CC2

0ε
2 (1 + t)−

29
12 . (4.14)

Proof. Using the Minkowski inequality (2.2) and the ansatz in (4.4), we have⃦⃦⃦
∥b · ∇b∥L1

x2,x3

⃦⃦⃦
L2

x1

≤
⃦⃦⃦
∥b1∂1b∥L1

x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥bν∂νb∥L1

x2,x3

⃦⃦⃦
L2

x1

≤
⃦⃦⃦
∥b1∂1b∥L2

x1

⃦⃦⃦
L1

x2,x3

+
⃦⃦⃦
∥bν∂νb∥L2

x1

⃦⃦⃦
L1

x2,x3

≤
⃦⃦⃦
∥b1∥L∞

x1
∥∂1b∥L2

x1

⃦⃦⃦
L1

x2,x3

+
⃦⃦⃦
∥bν∥L∞

x1
∥∂νb∥L2

x1

⃦⃦⃦
L1

x2,x3

≤ C∥b1∥
1
2
L2∥∂1b1∥

1
2
L2∥∂1b∥L2 + C∥bν∥

1
2
L2∥∂1bν∥

1
2
L2∥∂νb∥L2

≤ CC2
0ε

2 (1 + t)−
11
8 + CC2

0ε
2 (1 + t)−

3
2

≤ CC2
0ε

2 (1 + t)−
11
8 ,

where we have used the fact that ∇ · b = 0 to infer from (4.4) that
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∥∂1b1∥L2 ≤ ∥∂2b2∥L2 + ∥∂3b3∥L2 ≤ CC0ε(1 + t)−1. (4.15)

In a similar manner,⃦⃦⃦
∥∂1 (b · ∇b) ∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ C∥∂νb∥L2∥∂1bν∥
1
2
L2∥∂2

1bν∥
1
2
L2 + C∥∂ν∂1b∥L2∥bν∥

1
2
L2∥∂1bν∥

1
2
L2

+ C∥∂1b1∥L2∥∂1b∥
1
2
L2∥∂2

1b∥
1
2
L2 + C∥∂2

1b∥L2∥b1∥
1
2
L2∥∂1b1∥

1
2
L2

≤ CC2
0ε

2 (1 + t)−
5
4 . (4.16)

To proceed, we first estimate ∥b∥L∞ . It is easy to derive from the anisotropic Sobolev 
embedding inequality and (4.4) that

∥b∥L∞ ≤ C∥b∥
1
8
L2∥∂1b∥

1
8
L2∥∂2b∥

1
8
L2∥∂3b∥

1
8
L2

× ∥∂1∂2b∥
1
8
L2∥∂1∂3b∥

1
8
L2∥∂2∂3b∥

1
8
L2∥∂1∂2∂3b∥

1
8
L2

≤ CC0ε (1 + t)−
11
12 . (4.17)

Using the similar inequalities as that in (4.15), we have by (4.4) that

∥b1∥L∞ ≤ C∥b1∥
1
8
L2∥∂1b1∥

1
8
L2∥∂2b1∥

1
8
L2∥∂3b1∥

1
8
L2

× ∥∂1∂2b1∥
1
8
L2∥∂1∂3b1∥

1
8
L2∥∂2∂3b1∥

1
8
L2∥∂1∂2∂3b1∥

1
8
L2

≤ CC0ε (1 + t)−
7
6 . (4.18)

With the help of (4.4), (4.17) and (4.18), we obtain

∥b · ∇b∥L2 ≤ C∥b1∥L∞∥∂1b∥L2 + C∥bν∥L∞∥∂νb∥L2

≤ CC2
0ε

2 (1 + t)−
5
3 , (4.19)

and

∥∂1 (b · ∇b) ∥L2 ≤ ∥b1∥L∞∥∂2
1b∥L2 + ∥bν∥L∞∥∂1∂νb∥L2 + ∥∂1b · ∇b∥L2

≤ CC2
0ε

2 (1 + t)−
37
24 + ∥∂1b1∥L2

x1,x3L
∞
x2
∥∂1b∥L∞

x1,x3L
2
x2

+ ∥∂1bν∥L∞
x1,x3L

2
x2
∥∂νb∥L2

x1,x3L
∞
x2

≤ CC2
0ε

2 (1 + t)−
37
24 , (4.20)

where we have used the following anisotropic Sobolev inequalities for i, j, k ∈ {1, 2, 3}
and i ̸= j ̸= k:
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∥f∥L2
xi,xj

L∞
xk

≤ C∥f∥
1
2
L2∥∂kf∥

1
2
L2 ,

∥f∥L∞
xi,xj

L2
xk

≤ C∥f∥
1
4
L2∥∂if∥

1
4
L2∥∂jf∥

1
4
L2∥∂i∂jf∥

1
4
L2 . (4.21)

Similarly to the derivation of (4.20), we have

∥∂2 (b · ∇b) ∥L2 ≤ ∥b1∥L∞∥∂1∂2b∥L2 + ∥bν∥L∞∥∂2∂νb∥L2

+ ∥∂2b1∥L∞
x1,x3L

2
x2
∥∂1b∥L2

x1,x3L
∞
x2

+ ∥∂2bν∥L2
x1,x3L

∞
x2
∥∂νb∥L∞

x1,x3L
2
x2

≤ CC2
0ε

2 (1 + t)−
11
6 ,

and

∥∂3(b · ∇b)∥L2 ≤ ∥b1∥L∞∥∂1∂3b∥L2 + ∥bν∥L∞∥∂ν∂3b∥L2

+ ∥∂3b1∥L∞
x1,x3L

2
x2
∥∂1b∥L2

x1,x3L
∞
x2

+ ∥∂3bν∥L∞
x2,x3L

2
x1
∥∂νb∥L2

x2,x3L
∞
x1

≤ CC2
0ε

2 (1 + t)−
13
6 .

Using the divergence-free condition ∇· b = 0 and (4.15) again, we deduce from Hölder 
inequality and (4.4) that⃦⃦⃦

∥∂2
1(b · ∇b)∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ C∥∂νb∥L2∥∂2
1b∥

1
2
L2∥∂3

1b∥
1
2
L2 + C∥∂1b∥L2∥∂ν∂1b∥

1
2
L2∥∂ν∂2

1b∥
1
2
L2

+ C∥∂ν∂2
1b∥L2∥bν∥

1
2
L2∥∂1bν∥

1
2
L2 + C∥∂3

1b∥L2∥b1∥
1
2
L2∥∂1b1∥

1
2
L2

≤ CC0ε (1 + t)−
1
2 ∥∂νb∥H2 + CC0ε

2 (1 + t)−
7
8 . (4.22)

For l, h ∈ {1, 2}, by (4.15) one infers from (4.4) and (4.17) in a similar manner as the 
derivation of (4.20) that

∥∂l∂h(b · ∇b)∥L2 ≤ ∥b∥L∞∥b∥H3 + ∥∂l∂hb1∥L2
x1,x2L

∞
x3
∥∂1b∥L∞

x1,x2L
2
x3

+ ∥∂l∂hbν∥L2
x2,x3L

∞
x1
∥∂νb∥L∞

x2,x3L
2
x1

+ ∥∂lb1∥L∞
x2,x3L

2
x1
∥∂h∂1b∥L2

x2,x3L
∞
x1

+ ∥∂lbν∥L∞
x1,x2L

2
x3
∥∂h∂νb∥L2

x1,x2L
∞
x3

+ ∥∂hb1∥L∞
x2,x3L

2
x1
∥∂l∂νb∥L2

x2,x3L
∞
x1

+ ∥∂hbν∥L∞
x1,x2L

2
x3
∥∂l∂νb∥L2

x1,x2L
∞
x3
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≤ CC0ε
2 (1 + t)−

11
12 .

Using (4.17), (4.18), the anisotropic inequalities (4.21) and the analogous inequality 
as that in (4.15), we infer from (4.4) that

∥∂1∂3(b · ∇b)∥L2

≤ ∥b1∥L∞∥∂2
1∂3b∥L2 + ∥bν∥L∞∥∂1∂3∂νb∥L2

+ ∥∂1∂3b1∥L2
x2,x3L

∞
x1
∥∂1b∥L∞

x2,x3L
2
x1

+ ∥∂1∂3bν∥L2
x2,x3L

∞
x1
∥∂νb∥L∞

x2,x3L
2
x1

+ ∥∂1b1∥L∞
x1,x3L

2
x2
∥∂1∂3b∥L2

x1,x3L
∞
x2

+ ∥∂1bν∥L∞
x2,x3L

2
x1
∥∂3∂νb∥L2

x2,x3L
∞
x1

+ ∥∂3b1∥L∞
x1,x2L

2
x3
∥∂2

1b∥L2
x1,x2L

∞
x3

+ ∥∂3bν∥L∞
x1,x2L

2
x3
∥∂1∂νb∥L2

x1,x2L
∞
x3

≤ CC2
0ε

2 (1 + t)−
5
3 ,

∥∂2∂3 (b · ∇b) ∥L2

≤ ∥b1∥L∞∥∂1∂2∂3b∥L2 + ∥bν∥L∞∥∂2∂3∂νb∥L2

+ ∥∂2∂3b∥L2
x2,x3L

∞
x1
∥∇b∥L∞

x2,x3L
2
x1

+ ∥∂2b∥L∞
x1,x3L

2
x2
∥∂3∇b∥L2

x1,x3L
∞
x2

+ ∥∂3b∥L∞
x1,x2L

2
x3
∥∂2∇b∥L2

x1,x2L
∞
x3

≤ CC2
0ε

2 (1 + t)−
11
6 ,

and

∥∂2
3(b · ∇b)∥L2

≤ ∥b1∥L∞∥∂1∂
2
3b∥L2 + ∥bν∥L∞∥∂2

3∂νb∥L2

+ ∥∂2
3b1∥L2

x2,x3L
∞
x1
∥∂1b∥L∞

x2,x3L
2
x1

+ ∥∂2
3bν∥L2

x2,x3L
∞
x1
∥∂νb∥L∞

x2,x3L
2
x1

+ 2∥∂3b1∥L∞
x1,x2L

2
x3
∥∂3∂1b∥L2

x1,x2L
∞
x3

+ 2∥∂3bν∥L∞
x1,x2L

2
x3
∥∂3∂νb∥L2

x1,x2L
∞
x3

≤ CC2
0ε

2 (1 + t)−
29
12 .

Thus, collecting the above estimates together ends the proof of Lemma 4.1. □
4.2. Decay rates of (u, b)

With Lemma 4.1 at hand, we are now ready to justify the decay estimate of the 
solution (u, b). For brevity, we will focus on the decay rates of u, since the same decay 
rates of b can be achieved in a similar manner due to the resemblance between (2.7)
and (2.8). The proof will be divided into several steps by considering the different-order 
derivatives of the solutions. We only focus on the large-time behavior on the interval 
t ≥ 1, since the short-time boundedness of the solutions on 0 ≤ t ≤ 1 is trivial, due to 
Theorem 1.1. To begin, we first observe from Proposition 2.1 that
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|ˆ︂K1|, |ˆ︂K2| ≤ Ce−cξ2
νt, if ξ ∈ Ω1 ∪ Ω21 ∪ Ω22, (4.23)

|ˆ︂K1|, |ˆ︂K2| ≤ C
(︂
e−ct + e−cξ2

νt
)︂
, if ξ ∈ Ω23. (4.24)

Step I. The decay estimates of ∥u∥L2

It follows from Plancherel’s Theorem and (2.7) that

∥u∥L2 = ∥ˆ︁u∥L2 ≤
⃦⃦⃦ˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦ˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦ˆ︂K1(t− τ)ˆ︂N1(τ)
⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦ˆ︂K2(t− τ)ˆ︂N2(τ)
⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Im. (4.25)

First, using Corollary 2.1 and Plancherel’s theorem, we see that for any t ≥ 1,

I1 + I2 ≤ C∥e−cξ2
νt(ˆ︂u0, ˆ︁b0)∥L2 + Ce−ct∥(ˆ︂u0, ˆ︁b0)∥L2

≤ C(1 + t)− 1
2

(︂
∥(u0, b0)∥L2

x1L
1
x2,x3

+ ∥(u0, b0)∥L2

)︂
. (4.26)

Keeping the definitions of N1 and N2 in mind, by (4.23) and (4.24) we have

I3 + I4 ≤ C

t ∫︂
0 

⃦⃦⃦
e−cξ2

ν(t−τ)
ˆ︂b · ∇b

⃦⃦⃦
L2

dτ + C

t ∫︂
0 

⃦⃦⃦
e−cξ2

ν(t−τ)
ˆ︂u · ∇u

⃦⃦⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦
e−c(t−τ)

ˆ︂b · ∇b
⃦⃦⃦
L2

dτ + C

t ∫︂
0 

⃦⃦⃦
e−c(t−τ)

ˆ︂u · ∇u
⃦⃦⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦
e−cξ2

ν(t−τ)
ˆ︂b · ∇u

⃦⃦⃦
L2

dτ + C

t ∫︂
0 

⃦⃦⃦
e−cξ2

ν(t−τ)
ˆ︂u · ∇b

⃦⃦⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦
e−c(t−τ)

ˆ︂b · ∇u
⃦⃦⃦
L2

dτ + C

t ∫︂
0 

⃦⃦⃦
e−c(t−τ)

ˆ︂u · ∇b
⃦⃦⃦
L2

dτ

≜ I134 + . . . + I834, (4.27)

where we have used the fact that the Leray projection operator P is bounded in L2 (see 
[35]). In the next, we only deal with I134 and I334, since the other terms can be treated in 
a similar manner, due to their analogous structures.
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By Corollary 2.1 with α = 0 and Lemmas 2.4--2.5, we infer from (4.5) and (4.19) that

I134 + I334 ≤ C

t−1∫︂
0 

⃦⃦⃦
e−cξ2

ν(t−τ)
ˆ︂b · ∇b

⃦⃦⃦
L2

dτ + C

t ∫︂
t−1

⃦⃦⃦
e−cξ2

ν(t−τ)
ˆ︂b · ∇b

⃦⃦⃦
L2

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥b · ∇b∥L2dτ

≤ C

t ∫︂
0 

(1 + t− τ)−
1
2

⃦⃦⃦
∥b · ∇b∥L1

x2,x3

⃦⃦⃦
L2

x1

dτ + C

t ∫︂
0 

e−c(t−τ)∥b · ∇b∥L2dτ

≤ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−
1
2 (1 + τ)−

11
8 dτ + CC2

0ε
2

t ∫︂
0 

e−c(t−τ) (1 + τ)−
5
3 dτ

≤ CC2
0ε

2 (1 + t)−
1
2 , ∀ t ≥ 1, (4.28)

where we have used the simple facts that t− τ ≥ 1 for τ ∈ [0, t− 1] with t ≥ 1 and

1 ≤ ece−c(t−τ) ≤ Ce−c(t−τ), ∀ τ ∈ [t− 1, t], t ≥ 1.

Analogously, the other terms in (4.27) admit the same decay rates. Thus, in view of 
(4.28), we deduce from (4.27) that

I3 + I4 ≤ CC2
0ε

2 (1 + t)−
1
2 , ∀ t ≥ 1. (4.29)

Collecting (4.25), (4.26) and (4.29) together yields

∥u(t)∥L2 ≤ C1ε(1 + t)− 1
2 + C2C

2
0ε

2(1 + t)− 1
2 . (4.30)

Now, if C0 and ε are chosen to be such that

C0 ≥ 4C1 and 0 < ε ≤ (4C2C0)−1,

then it readily follows from (4.30) that

∥u(t)∥L2 ≤ C0

2 
ε(1 + t)− 1

2 , ∀ t ≥ 1.

Step II. The decay estimates of ∥∂iu∥L2 with i ∈ {1, 2, 3}

For i ∈ {1, 2, 3}, we have by Plancherel’s Theorem and (2.7) that

∥∂iu∥L2 = ∥ˆ︂∂iu∥L2 = ∥|ξi|ˆ︁u∥L2
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≤
⃦⃦⃦
|ξi|ˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦
|ξi|ˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
|ξi|ˆ︂K1(t− τ)ˆ︂N1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
|ξi|ˆ︂K2(t− τ)ˆ︂N2(τ)

⃦⃦⃦
L2

dτ ≜
3 ∑︂

m=1
IIi,m. (4.31)

Step II-1. The decay estimate of ∥∂1u∥L2

Similarly to the derivation of (4.26) for I1 and I2 in Step I-1, by Plancherel’s Theorem 
and Corollary 2.1 we infer from (4.31) that for i = 1,

II1,1 + II1,2 ≤
⃦⃦⃦ˆ︂K1(t)ˆ︁∂1u0

⃦⃦⃦
L2

+
⃦⃦⃦ˆ︂K2(t)ˆ︃∂1b0

⃦⃦⃦
L2

≤ C∥e−cξ2
νt(ˆ︁∂1u0, ˆ︃∂1b0)∥L2 + Ce−ct

⃦⃦⃦
(ˆ︁∂1u0, ˆ︃∂1b0)

⃦⃦⃦
L2

≤ C(1 + t)− 1
2

(︂
∥(∂1u0, ∂1b0)∥L2

x1L
1
x2,x3

+ ∥(∂1u0, ∂1b0)∥L2

)︂
≤ Cε (1 + t)−

1
2 . (4.32)

From now on, analogously to treatment of (4.27) in Step I-1, for simplicity we only 
consider the terms associated with b · ∇b in N1 and N2. So, to deal with II1,3 and II1,4, 
by (4.23) and (4.24) we deduce from Plancherel’s Theorem, Corollary 2.1, (4.6) and (4.7) 
that

II1,3 + II1,4

≜
t ∫︂

0 

⃦⃦⃦
ξ1ˆ︂K1(t− τ)ˆ︂b · ∇b

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ1ˆ︂K2(t− τ)ˆ︂b · ∇b

⃦⃦⃦
L2

dτ

≤
t ∫︂

0 

⃦⃦⃦ˆ︂K1(t− τ) ˆ︂∂1(b · ∇b)
⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦ˆ︂K2(t− τ) ˆ︂∂1(b · ∇b)
⃦⃦⃦
L2

dτ

≤ C

t ∫︂
0 

⃦⃦⃦
e−cξ2

ν(t−τ) ˆ︂∂1(b · ∇b)
⃦⃦⃦
L2

dτ + C

t ∫︂
0 

e−c(t−τ)
⃦⃦⃦

ˆ︂∂1(b · ∇b)
⃦⃦⃦
L2

dτ

≤ C

t ∫︂
0 

[︂
(1 + t− τ)− 1

2 ∥∂1(b · ∇b)∥L2
x1L

1
x2,x3

+ e−c(t−τ)∥∂1(b · ∇b)∥L2

]︂
dτ

≤ CC2
0ε

2
t ∫︂

0 

[︂
(1 + t− τ)−

1
2 (1 + τ)−

5
4 + e−c(t−τ) (1 + τ)−

37
24
]︂
dτ
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≤ CC2
0ε

2(1 + t)− 1
2 . (4.33)

In view of (4.32) and (4.33), by choosing C0 large enough and ε suitably small, we 
know

∥∂1u(t)∥L2 ≤
(︁
Cε + CC2

0ε
2)︁ (1 + t)− 1

2 ≤ C0

2 
ε(1 + t)− 1

2 .

Step II-2. The decay estimates of ∥∂iu∥L2 with i ∈ {2, 3}

Analogously to the treatment of (4.27) in Step I-1, we focus our attention on the 
estimates of the terms involving b ·∇b. Using Corollary 2.1 with α = 1, Lemmas 2.4 and 
2.5, we deduce from (4.31), (4.5), (4.8) and (4.9) that for i ∈ {2, 3},

∥∂iu∥L2 ≤ C∥ξie−cξ2
νt(ˆ︂u0, ˆ︁b0)∥L2 + Ce−ct

⃦⃦⃦
|(ˆ︃∂iu0, ˆ︃∂ib0)⃦⃦⃦

L2

+ C

t ∫︂
0 

⃦⃦⃦
ξie

−cξ2
ν(t−τ)

ˆ︂b · ∇b
⃦⃦⃦
L2

dτ + C

t ∫︂
0 

e−c(t−τ)
⃦⃦⃦

ˆ︂∂i(b · ∇b)
⃦⃦⃦
L2

dτ

≤ C(1 + t)−1
(︂
∥(u0, b0)∥L2

x1L
1
x2,x3

+ ∥(∂iu0, ∂ib0)∥L2

)︂
+ C

t ∫︂
0 

[︂
(1 + t− τ)−1 ∥b · ∇b∥L2

x1L
1
x2,x3

+ e−c(t−τ)∥∂i(b · ∇b)∥L2

]︂
dτ

≤ Cε(1 + t)−1 + CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
11
6 dτ

≤ Cε (1 + t)−1 + CC2
0ε

2 (1 + t)−1
,

from which it follows that

∥∂iu(t)∥L2 ≤ C0

2 
ε(1 + t)−1, ∀ i ∈ {2, 3},

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step III. The decay estimates of ∥∂i∂ju∥L2 with i, j ∈ {1, 2, 3}

In terms of (2.7), we see that for i, j ∈ {1, 2, 3},

∥∂i∂ju∥L2 = ∥ˆ︃∂iju∥L2 = ∥ξiξjˆ︁u∥L2

≤
⃦⃦⃦
ξiξjˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦
ξiξjˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2
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+
t ∫︂

0 

⃦⃦⃦
ξiξjˆ︂K1(t− τ)ˆ︂N1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξiξjˆ︂K2(t− τ)ˆ︂N2(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
IIIij,m. (4.34)

Step III-1. The decay estimates of ∥∂3∂ju∥L2 with j ∈ {2, 3}

Since |ξ3ξj | ≤ ξ2
ν for j ∈ {2, 3}, using (4.23), (4.24) and Corollary 2.1 with α = 2, we 

deduce from (4.34) with i = 3 and j ∈ {2, 3} that

III3j,1 + III3j,2 ≤ C∥ξ3ξje−cξ2
νt(ˆ︂u0, ˆ︁b0)∥L2 + Ce−ct

⃦⃦⃦
ξ3ξj(ˆ︂u0, ˆ︁b0)⃦⃦⃦

L2

≤ C(1 + t)− 3
2

(︂
∥(u0, b0)∥L2

x1L
1
x2,x3

+ ∥∂3∂j(u0, b0)∥L2

)︂
≤ Cε(1 + t)− 3

2 . (4.35)

Thanks to (2.10) and (2.12)--(2.14), to bound III3j,3 and III3j,4, it suffices to consider 
the following two items with j ∈ {2, 3}:

III3j,3 ≜
t ∫︂

0 

⃦⃦⃦
ξ3ξje

−cξ2
ν(t−τ)

ˆ︂b · ∇b
⃦⃦⃦
L2

dτ,

III3j,4 ≜
t ∫︂

0 

⃦⃦⃦
ξ3ξje

−c
(︁
1+ξ2

3
)︁
(t−τ)

ˆ︂b · ∇b
⃦⃦⃦
L2

dτ.

It is worth mentioning here that the factor e−ξ2
3t is taken into account (see (2.14)), which 

is different from the previous one in (4.24). However, this is of particular importance for 
the decay estimates involving the x3-direction. Using Corollary 2.1 and Lemmas 2.4--2.5, 
we can make use of (4.5) and (4.9) to bound III3j,3 as follows,

III3j,3 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
3
2 ∥b · ∇b∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂3(b · ∇b)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−

11
8 dτ
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+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

13
6 dτ

≤ CC2
0ε

2 (1 + t)−
3
2 , ∀ j ∈ {2, 3}. (4.36)

Due to (4.8), (4.9) and the fact that |ξ3|e−ξ2
3t ≤ Ct−1/2, we see that for j ∈ {2, 3},

III3j,4 ≤ C

t ∫︂
0 

|ξ3|e−cξ2
3(t−τ)e−c(t−τ)∥∂j(b · ∇b)∥L2dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

11
6 dτ

≤ CC2
0ε

2 (1 + t)−
11
6 , (4.37)

since Lemma 2.5, together with Hölder inequality, shows that for m1 ∈ (1, 2), 1 
m1

+ 1 
m2

= 1
and q > 0,

t ∫︂
0 

(t− τ)−
1
2 e−c(t−τ) (1 + τ)−q

dτ

≤

⎛⎝ t ∫︂
0 

(t− τ)−
m1
2 e−

cm1
2 (t−τ)dτ

⎞⎠
1 

m1
⎛⎝ t ∫︂

0 

e−
cm2

2 (t−τ) (1 + τ)−qm2 dτ

⎞⎠
1 

m2

≤ C (1 + t)−q
. (4.38)

Thus, collecting (4.35), (4.36) and (4.37) together implies that for ∀ j ∈ {2, 3},

∥∂3∂ju(t)∥L2 ≤
(︁
Cε + CC2

0ε
2)︁ (1 + t)−

3
2 ≤ C0

2 
ε (1 + t)−

3
2 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step III-2. The decay estimates of ∥∂2∂lu∥L2 with l = 1, 2

In view of (4.23), (4.24) and Corollary 2.1 with α = 1, we infer from (4.34) with i = 2
and j = 1 that

III21,1 + III21,2 ≤ C∥ξ2ξ1e−cξ2
νt(ˆ︂u0, ˆ︁b0)∥L2 + Ce−ct

⃦⃦⃦
ξ2ξ1(ˆ︂u0, ˆ︁b0)⃦⃦⃦

L2

≤ C(1 + t)−1
(︂
∥∂1(u0, b0)∥L2

x1L
1
x2,x3

+ ∥∂2∂1(u0, b0)∥L2

)︂
≤ Cε (1 + t)−1

. (4.39)
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For III21,3 and III21,4, we can deal with the terms involving b · ∇b as follows:

III21,3 + III21,4 ≤ C

t ∫︂
0 

(1 + t− τ)−1 ∥∂1(b · ∇b)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂2∂1(b · ∇b)∥L2dτ

≤ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−
5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
11
12 dτ

≤ CC2
0ε

2 (1 + t)−
11
12 , (4.40)

where we have used (4.6), (4.11) Lemmas 2.4 and 2.5. So, combining (4.39) with (4.40) 
gives

∥∂2∂1u(t)∥L2 ≤ Cε(1 + t)−1 + CC2
0ε

2 (1 + t)−
11
12 , ∀ t ≥ 1.

The decay estimate of ∥∂2
2u∥L2 can be achieved in a similar manner by applying Corol

lary 2.1 with α = 2, and the decay rate is of the same order (i.e. 11/12), since it is 
completely determined by the estimate of ∥∂2

2(b ·∇b)∥L2 in (4.11). As a result, by choos
ing C0 large enough and ε suitably small, we arrive at

∥∂2∂lu(t)∥L2 ≤ C0

2 
ε (1 + t)−

11
12 , ∀ l ∈ {1, 2}.

Step III-3. The decay estimate of ∥∂3∂1u∥L2

Similarly to that in Step III-2, by (4.23), (4.24) and (4.12) we deduce from (4.34) with 
i = 3 and j = 1 that

∥∂3∂1u∥L2 ≤ C(1 + t)−1
(︂
∥∂1(u0, b0)∥L2

x1L
1
x2,x3

+ ∥∂1∂3(u0, b0)∥L2

)︂
+ C

t ∫︂
0 

(1 + t− τ)−1 ∥∂1(b · ∇b)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂3∂1(b · ∇b)∥L2dτ
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≤ Cε(1 + t)−1 + CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−
5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
5
3 dτ

≤ Cε(1 + t)−1 + CC2
0ε

2 (1 + t)−1 ≤ C0

2 
ε (1 + t)−1

,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step III-4. The decay estimate of ∥∂2
1u∥L2

In order to estimate ∥∂2
1u∥L2 , by (4.23), (4.24) and Corollary 2.1 with α = 0 we first 

infer from (4.34) with i = j = 1 that

III11,1 + III11,2 ≤ C∥ξ2
1e

−cξ2
νt(ˆ︂u0, ˆ︁b0)∥L2 + Ce−ct∥ξ2

1(ˆ︂u0, ˆ︁b0)∥L2

≤ C(1 + t)− 1
2

(︂
∥∂2

1(u0, b0)∥L2
x1L

1
x2,x3

+ ∥∂2
1(u0, b0)∥L2

)︂
≤ Cε (1 + t)−

1
2 . (4.41)

Similarly to the derivation of (4.28), it follows from (4.23), (4.24), (4.10), (4.11), 
Corollary 2.1 and Lemma 2.4 that for any δ ∈ (0, 1),

III11,3 + III11,4 ≤ C

t ∫︂
0 

(1 + t− τ)− 1
2 ∥∂2

1(b · ∇b)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂2
1(b · ∇b)∥L2dτ

≤ CC0ε
2

t ∫︂
0 

(1 + t− τ)− 1
2 (1 + τ)− 7

8 dτ

+ CC0ε

t ∫︂
0 

(1 + t− τ)− 1
2 (1 + τ)− 1

2 ∥∂νb∥H2dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ)(1 + τ)− 11
12 dτ

≤ CC0ε
2 (1 + t)−

3
8 + CC0ε

2

⎛⎝ t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−1
dτ

⎞⎠
1
2
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≤ CC0ε
2 (1 + t)−

3
8 + CC0ε

2 (1 + t)−
1−δ
2 + CC0ε

2 (1 + t)−
11
12 . (4.42)

Thus, by choosing δ ∈ (0, 1/4], we conclude from (4.41)--(4.42) that

∥∂2
1u(t)∥L2 ≤ C3ε (1 + t)−

1
2 + C4C0ε

2 (1 + t)−
3
8 , ∀ t ≥ 1.

So, if C0 and ε are chosen to be such that

C0 ≥ 4C3 and 0 < ε ≤ (4C4)−1,

then it holds that

∥∂2
1u(t)∥L2 ≤ C0

2 
ε (1 + t)−

3
8 , ∀ t ≥ 1.

Step IV. The decay estimates of ∥∂i∂j∂ku∥L2 with i, j, k ∈ {1, 2, 3}

For i, j, k ∈ {1, 2, 3}, it readily follows from (2.7) that

∥∂i∂j∂ku∥L2 = ∥ˆ︁∂ijku∥L2 = ∥ξiξjξkˆ︁u∥L2

≤
⃦⃦⃦
ξiξjξkˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦
ξiξjξkˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξiξjξkˆ︂K1(t− τ)ˆ︂N1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξiξjξkˆ︂K2(t− τ)ˆ︂N2(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
IVijk,m. (4.43)

Step IV-1. The decay estimates of ∥∂l∂2∂3u∥L2 with l ∈ {1, 2}

Taking i = 1, j = 2 and k = 3 in (4.43), by (4.23), (4.24) and Corollary 2.1 with α = 2
we derive from (4.6) that

IV123,1 + IV123,2 ≤ C∥ξ1ξ2ξ3e−cξ2
νt(ˆ︂u0, ˆ︁b0)∥L2 + Ce−ct

⃦⃦⃦
ξ1ξ2ξ3(ˆ︂u0, ˆ︁b0)⃦⃦⃦

L2

≤ C(1 + t)− 3
2 ∥∂1(u0, b0)∥L2

x1L
1
x2,x3

+ Ce−ct∥∂1∂2∂3(u0, b0)∥L2

≤ Cε (1 + t)−
3
2 . (4.44)

Using (2.14), (4.23) and (4.38), we deduce from (4.6), (4.11) and Corollary 2.1 in a 
similar manner as the derivation of (4.37) that
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IV123,3 + IV123,4 ≤ C

t ∫︂
0 

⃦⃦⃦
ξ1ξ2ξ3e

−cξ2
ν(t−τ)

ˆ︂b · ∇b
⃦⃦⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦
ξ1ξ2ξ3e

−c
(︁
1+ξ2

3
)︁
(t−τ)

ˆ︂b · ∇b
⃦⃦⃦
L2

dτ

≤ C

t ∫︂
0 

(1 + t− τ)−
3
2 ∥∂1(b · ∇b)∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂1∂2(b · ∇b)∥L2dτ

≤ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−

5
4 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

11
12 dτ

≤ CC2
0ε

2(1 + t)− 5
4 + CC0ε

2 (1 + t)−
11
12 ,

which, together with (4.44), gives

∥∂1∂2∂3u(t)∥L2 ≤ Cε (1 + t)−
3
2 + CC2

0ε
2(1 + t)− 5

4 + CC0ε
2 (1 + t)−

11
12

≤ Cε (1 + t)−
3
2 + CC2

0ε
2(1 + t)− 11

12 ≤ C0

2 
ε(1 + t)− 11

12 , (4.45)

provided C0 is chosen to be large enough and ε is chosen to be suitably small.
Analogously, applying Corollary 2.1 with α = 3 to the terms ∥|ξ2ξ2ξ3|e−cξ2

νtˆ︂u0∥L2

and ∥|ξ2ξ2ξ3|e−cξ2
ν(t−τ)

ˆ︂b · ∇b∥L2 , we can make use of (4.5) and (4.11) to obtain the same 
estimate as that in (4.45) for ∥∂2∂2∂3u(t)∥L2 . Hence,

∥∂l∂2∂3u(t)∥L2 ≤ C0

2 
ε(1 + t)− 11

12 , ∀ l ∈ {1, 2}.

Step IV-2. The decay estimate of ∥∂2
1∂3u∥L2

To derive the decay estimate of ∥∂2
1∂3u∥L2 , we first infer from (2.14) and (4.23) and 

Corollary 2.1 with α = 1 that

∥∂2
1∂3u∥L2 ≤ C(1 + t)−1

(︂
∥∂2

1(u0, b0)∥L2
x1L

1
x2,x3

+ ∥∂2
1∂3(u0, b0)∥L2

)︂
+ C

t ∫︂
0 

⃦⃦⃦
ξ2
1ξ3e

−cξ2
ν(t−τ)

ˆ︂b · ∇b(τ)
⃦⃦⃦
L2

dτ
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+ C

t ∫︂
0 

⃦⃦⃦
ξ2
1ξ3e

−c
(︁
1+ξ2

3
)︁
(t−τ)

ˆ︂b · ∇b(τ)
⃦⃦⃦
L2

dτ

≤ Cε(1 + t)−1 + IV113,3 + IV113,4. (4.46)

Noting that

t ∫︂
0 

∥∂νb∥2
H2dτ ≤ Cε2

due to Theorem 1.1, by (4.10), (4.11), (4.38), Corollary 2.1 with α = 1 and Lemma 2.4, 
we obtain in a manner similar to the derivation of (4.28) that

IV113,3 + IV113,4 ≤ C

t ∫︂
0 

(1 + t− τ)−1 ∥∂2
1 (b · ∇b) ∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂2

1(b · ∇b)∥L2dτ

≤ CC0ε

t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−
1
2 ∥∂νb∥H2dτ

+ CC0ε
2

t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−
7
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

11
12 dτ

≤ CC0ε
2 (1 + t)−

7
8+δ + CC0ε

2 (1 + t)−
11
12

+ CC0ε
2

⎛⎝ t ∫︂
0 

(1 + t− τ)−2 (1 + τ)−1
dτ

⎞⎠
1
2

≤ CC0ε
2 (1 + t)−

1
2 , (4.47)

provided δ is chosen to be such that 0 < δ ≤ 3
8 . Combining with (4.46) and (4.47) gives 

rise to

∥∂2
1∂3u(t)∥L2 ≤ Cε(1 + t)−1 + CC0ε

2 (1 + t)−
1
2 ≤ C0

2 
ε (1 + t)−

1
2 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.
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Step IV-3. The decay estimate of ∥∂1∂
2
3u∥L2

Similarly to the arguments in Step IV-2, choosing C0 large enough and ε suitably 
small, we deduce from (4.6) and (4.12) that

∥∂1∂
2
3u∥L2 ≤ C(1 + t)− 3

2

(︂
∥∂1(u0, b0)∥L2

x1L
1
x2,x3

+ ∥∂1∂
2
3(u0, b0)∥L2

)︂

+ C

t ∫︂
0 

(1 + t− τ)−
3
2 ∥∂1(b · ∇b)∥L2

x1L
1
x2x3

dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂1∂3(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
3
2 + CC2

0ε
2

t ∫︂
0 

(1 + t− τ)−
3
2 (1 + τ)−

5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

5
3 dτ

≤
(︁
Cε + CC2

0ε
2)︁ (1 + t)−

5
4 ≤ C0

2 
ε (1 + t)−

5
4 .

Step IV-4. The decay estimate of ∥∂2∂
2
3u∥L2

In view of (4.5), (4.9), (4.14), (4.38) and Corollary 2.1 with α = 3, we have from 
(4.43), (4.23) and (4.24) that

∥∂2∂
2
3u∥L2 ≤ Cε(1 + t)−2 + C

t 
2∫︂

0 

(1 + t− τ)−2 ∥b · ∇b∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂2

3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂2∂3(b · ∇b)∥L2dτ

≤ Cε(1 + t)−2 + CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ
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+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

29
12 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

11
6 dτ

≤ Cε(1 + t)−2 + CC2
0ε

2 (1 + t)−
11
6 ,

from which we obtain after choosing C0 large and ε suitably small that

∥∂2∂
2
3u(t)∥L2 ≤ Cε(1 + t)−2 + CC2

0ε
2 (1 + t)−

11
6 ≤ C0

2 
ε (1 + t)−

11
6 .

Step IV-5. The decay estimate of ∥∂3
3u∥L2

Analogously to that in Step IV-4, by (4.5) and (4.14) we have

∥∂3
3u∥L2 ≤ Cε(1 + t)−2 + C

t 
2∫︂

0 

(1 + t− τ)−2∥b · ∇b∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)− 1
2 ∥∂2

3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ)(t− τ)− 1
2 ∥∂2

3(b · ∇b)∥L2dτ

≤ Cε(1 + t)−2 + CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2(1 + τ)− 11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)− 1
2 (1 + τ)− 29

12 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ)(t− τ)− 1
2 (1 + τ)− 29

12 dτ

≤ Cε(1 + t)− 23
12 + CC2

0ε
2(1 + t)− 23

12 + CC2
0ε

2(1 + t)− 29
12 ,

so that, choosing C0 large enough and ε suitably small, we find

∥∂3
3u(t)∥L2 ≤ C0

2 
ε(1 + t)− 23

12 , ∀ t ≥ 1.
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4.3. Enhanced decay rates of (u1, b1)

In this subsection, we aim to improve the decay rates of (u1, b1) by applying Corol
laries 2.1 and 2.2.

Part I. Improved decay rate of ∥u1∥L2

We start with the improved decay estimate of ∥u1∥L2 . First, it follows from 
Plancherel’s Theorem and (2.7) that

∥u1∥L2 = ∥ˆ︂u1∥L2 ≤
⃦⃦⃦ˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦ˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦ˆ︂K1(t− τ)ˆ︃N11(τ)
⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦ˆ︂K2(t− τ)ˆ︃N21(τ)
⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Λ1,m (4.48)

Since ∇ · u0 = ∇ · b0 = 0, by (4.23) and (4.24) we can make use of Corollary 2.2 with 
β = 0 and Plancherel’s Theorem to bound the first two terms on the right-hand side of 
(4.48) as follows,

Λ1,1 + Λ1,2 ≤ C∥e−cξ2
νt(ˆ︂u10, ˆ︂b10)∥L2 + Ce−ct∥(ˆ︂u10, ˆ︂b10)∥L2

≤ C(1 + t)− 3
4 (∥(u0, b0)∥L1 + ∥(u0, b0)∥L2)

≤ Cε(1 + t)− 3
4 . (4.49)

Since N11 = P1(b · ∇b) + P1(u · ∇u), it holds that

Λ1,3 ≤
t ∫︂

0 

⃦⃦⃦ˆ︂K1(t− τ) ˆ︂P1 (b · ∇b)
⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦ˆ︂K1(t− τ) ˆ︂P1 (u · ∇u)
⃦⃦⃦
L2

dτ ≜ Λ1,31 + Λ1,32. (4.50)

Clearly, it suffices to consider the first term Λ1,31, since the second one can be treated 
in the same manner due to their mathematical resemblance. To do this, we first infer 
from (4.3) that

Λ1,31 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦e−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ
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+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦e−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦e−c(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦e−c(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ ≜
4 ∑︂

m=1
Λ1,31m. (4.51)

Due to (4.4), (4.17), (4.18) and the fact that ∇ · b = 0, one has

∥b · ∇b1∥L2 ≤ ∥b1∥L∞∥∂1b1∥L2 + ∥bν∥L∞∥∂νb1∥L2

≤ ∥b1∥L∞∥∂νb∥L2 + ∥bν∥L∞∥∂νb1∥L2

≤ CC2
0ε

2 (1 + t)−
13
6 . (4.52)

Thus, using Corollary 2.1 with α = 1, (4.52) and Lemma 2.4, we see that for any t ≥ 1,

Λ1,311 ≤ C

t ∫︂
0 

(1 + t− τ)−1
⃦⃦⃦
∥bb1∥L1

x2,x3

⃦⃦⃦
L2

x1

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥b · ∇b1∥L2dτ

≤ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
13
6 dτ

≤ CC2
0ε

2 (1 + t)−1 ≤ CC2
0ε

2 (1 + t)−
3
4 , (4.53)

where we have used (2.1), (2.2) and the divergence-free condition ∇ · b = 0 to get from 
(4.4) that ⃦⃦⃦

∥bb1∥L1
x2,x3

⃦⃦⃦
L2

x1

≤
⃦⃦⃦
∥bb1∥L2

x1

⃦⃦⃦
L1

x2,x3

≤
⃦⃦⃦
∥b∥L2

x1
∥b1∥L∞

x1

⃦⃦⃦
L1

x2,x3

≤ C
⃦⃦⃦
∥b∥L2

x1
∥b1∥

1
2
L2

x1
∥∂1b1∥

1
2
L2

x1

⃦⃦⃦
L1

x2,x3

≤ C∥b∥L2∥b1∥
1
2
L2∥∂1b1∥

1
2
L2

≤ C∥b∥L2∥b1∥
1
2
L2∥∂νb∥

1
2
L2 ≤ CC2

0ε
2 (1 + t)−

11
8 . (4.54)
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Similarly, since it follows from (4.4) that⃦⃦⃦
∥bbν∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ ∥b∥L2∥bν∥
1
2
L2∥∂1bν∥

1
2
L2 ≤ CC2

0ε
2 (1 + t)−1 (4.55)

and

∥(∂2(bb2), ∂3(bb3))∥L2 ≤ C∥b∥L∞∥∂νb∥L2 ≤ CC2
0ε

2 (1 + t)−
23
12 , (4.56)

by choosing 0 < δ ≤ 1/4, we can bound Λ1,312 as follows,

Λ1,312 ≤ C

t ∫︂
0 

(1 + t− τ)−1
⃦⃦⃦
∥(bb2, bb3)∥L1

x2,x3

⃦⃦⃦
L2

x1

dτ

+ C

t ∫︂
0 

e−c(t−τ) (∥∂2(bb2)∥L2 + ∥∂3(bb3)∥L2) dτ

≤ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−1
dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
23
12 dτ

≤ CC2
0ε

2 (1 + t)−1+δ ≤ CC2
0ε

2 (1 + t)−
3
4 . (4.57)

Next, by Lemma 2.5, (4.52) and (4.56) we have

Λ1,313 + Λ1,314 ≤ C

t ∫︂
0 

e−c(t−τ) (∥b · ∇b1∥L2 + ∥∂2(bb2)∥L2 + ∥∂3(bb3)∥L2) dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
23
12 dτ ≤ CC2

0ε
2 (1 + t)−

3
4 . (4.58)

Thus, based upon (4.53), (4.57) and (4.58), we conclude from (4.51) that

Λ1,31 ≤ CC2
0ε

2 (1 + t)−
3
4 , ∀ t ≥ 1.

The same estimate also holds for Λ1,32. Thus, it follows from (4.50) that

Λ1,3 ≤ CC2
0ε

2 (1 + t)−
3
4 , ∀ t ≥ 1. (4.59)
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We proceed to estimate Λ1,4. Noting that

N21 = b · ∇u1 − u · ∇b1 = ∇ · (bu1 − ub1)

= ∂2(b2u1 − u2b1) + ∂3(b3u1 − u3b1), (4.60)

we have from (4.23) and (4.24) that

Λ1,4 ≤
t ∫︂

0 

⃦⃦⃦
e−cξ2

ν(t−τ)ξ2 ˆ︃b2u1(τ)
⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
e−cξ2

ν(t−τ)ξ2 ˆ︃u2b1(τ)
⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
e−cξ2

ν(t−τ)ξ3 ˆ︃b3u1(τ)
⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
e−cξ2

ν(t−τ)ξ3 ˆ︃u3b1(τ)
⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
e−c(t−τ)ξ2 ˆ︃b2u1(τ)

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
e−c(t−τ)ξ2 ˆ︃u2b1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
e−c(t−τ)ξ3 ˆ︃b3u1(τ)

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
e−c(t−τ)ξ3 ˆ︃u3b1(τ)

⃦⃦⃦
L2

dτ

≜ Λ1,41 + . . . + Λ1,48. (4.61)

It is easily checked that the estimates (4.54) and (4.52) hold for bu1 and ∂ν(bνu1), 
respectively. So, analogously to the derivations of (4.53) and (4.58), we have

Λ1,41 + Λ1,43 + Λ1,45 + Λ1,47

≤ C

t ∫︂
0 

[︂
(1 + t− τ)−1∥bνu1∥L2

x1L
1
x2,x3

+ e−c(t−τ)∥∂ν(bνu1)∥L2

]︂
dτ

≤ CC2
0ε

2
t ∫︂

0 

[︂
(1 + t− τ)−1(1 + τ)− 11

8 + e−c(t−τ)(1 + τ)− 13
6 
]︂
dτ

≤ CC2
0ε

2 (1 + t)−1
. (4.62)

The terms involving u2b1 and u3b1 can be treated similarly and admit the same decay 
estimate as that in (4.62). Consequently,

Λ1,4 ≤ CC2
0ε

2(1 + t)−1, ∀ t ≥ 1,

which, together with (4.48), (4.49) and (4.59), yields

∥u1(t)∥L2 ≤ C5ε(1 + t)− 3
4 + C6C

2
0ε

2 (1 + t)−
3
4 , ∀ t ≥ 1. (4.63)
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Thus, if C0 and ε are chosen to be such that

C0 ≥ 4C5 and 0 < ε ≤ (4C6C0)−1,

then one infers from (4.63) that

∥u1(t)∥L2 ≤ C0

2 
ε(1 + t)− 3

4 , ∀ t ≥ 1.

Part II. Improved decay rates of ∥∂νu1∥L2 with ν ∈ {2, 3}

Let ξν = (ξ2, ξ3) and ξ2
ν = ξ2

2 + ξ2
3 . This step aims to improve the decay estimate of 

∥∂νu1∥L2 by applying Corollaries 2.1, 2.2 and (4.3). First, it is easy to see that

∥∂νu1∥L2 = ∥ˆ︁∂νu1∥L2 = ∥ξνˆ︂u1∥L2

≤
⃦⃦⃦
ξνˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξνˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξνˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξνˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Λ2,m. (4.64)

Since ∇ · u0 = ∇ · b0 = 0, it follows from Corollary 2.2 with β = 1 that

Λ2,1 + Λ2,2 ≤ C∥|ξν |e−cξ2
νt(ˆ︂u10, ˆ︂b10)∥L2 + Ce−ct∥∂ν(ˆ︂u10, ˆ︂b10)∥L2

≤ C(1 + t)− 5
4 (∥(u0, b0)∥L1 + ∥∂ν(u0, b0)∥L2)

≤ Cε(1 + t)− 5
4 . (4.65)

To estimate Λ2,3, similarly to the treatment of (4.50) in Part I, we only deal with the 

term associated with ˆ︂P1(b · ∇b) in ˆ︃N11, which is still denoted by Λ2,3 for simplicity. By 
(4.23) and (4.24), we infer from (4.3) that

Λ2,3 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξνe−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξνe−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξνe−c(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ
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+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξνe−c(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ ≜
4 ∑︂

m=1
Λ2,3m. (4.66)

Using Corollary 2.1 with α = 2, Lemmas 2.4-2.5, (4.8), (4.9), and (4.54), we obtain

Λ2,31 + Λ2,33 + Λ2,34 ≤ C

t ∫︂
0 

(1 + t− τ)−
3
2

⃦⃦⃦
∥bb1∥L1

x2,x3

⃦⃦⃦
L2

x1

dτ

+ C

t ∫︂
0 

e−c(t−τ)
⃦⃦⃦

ˆ︂∂ν (b · ∇b)
⃦⃦⃦
L2

dτ

≤ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
11
6 dτ

≤ CC2
0ε

2 (1 + t)−
5
4 , ∀ t ≥ 1. (4.67)

The treatment of Λ2,32 is slightly different. Indeed, noting that

Λ2,32 ≤ C

⎛⎜⎝
t 
2∫︂

0 

+
t ∫︂

t 
2

⎞⎟⎠ ⃦⃦⃦⃦⃦ξνe−cξ2
ν(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

≤ C

t 
2∫︂

0 

⃦⃦⃦
ξ2
νe

−cξ2
ν(t−τ)ˆ︂bbν ⃦⃦⃦

L2
dτ + C

t ∫︂
t 
2

⃦⃦⃦
ξνe

−cξ2
ν(t−τ) ˆ︂∂ν(bbν)

⃦⃦⃦
L2

dτ,

we infer from Corollary 2.1, (4.55) and (4.56) that for any 0 < δ < 1,

Λ2,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
3
2

⃦⃦⃦
∥bbν∥L1

x2,x3

⃦⃦⃦
L2

x1

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
ξνe

−cξ2
ν(t−τ)

⃦⃦⃦
L∞

∥∂ν(bbν)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−1

dτ
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+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

23
12 dτ

≤ CC2
0ε

2 (1 + t)−
3
2+δ + CC2

0ε
2 (1 + τ)−

17
12 ,

and hence, we easily deduce by choosing 0 < δ ≤ 1/4 that

Λ2,32 ≤ CC2
0ε

2 (1 + t)−
5
4 . (4.68)

Thus, substituting (4.67) and (4.68) into (4.66) gives

Λ2,3 ≤ CC2
0ε

2 (1 + t)−
5
4 . (4.69)

For Λ2,4, analogously to treatment of (4.61) in Part I, we only deal with the terms 
associated with ˆ︃b2u1 and ˆ︃b3u1 in ˆ︃N21. By (4.60) we have

Λ2,4 ≤
t ∫︂

0 

⃦⃦⃦
ξνe

−cξ2
ν(t−τ)ξ2 ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξνe

−cξ2
ν(t−τ)ξ3 ˆ︃b3u1

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξνe

−c(t−τ)ξ2 ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξνe

−c(t−τ)ξ3 ˆ︃b3u1

⃦⃦⃦
L2

dτdτ.

The estimate of Λ2,4 is based on the estimates of ∥∂i∂2(b2u1)∥L2 and ∥∂i∂3(b3u1)∥L2

with i = 2, 3. Noting that (4.4), together with (4.21), implies

∥∂νb∥L2
x1,x3L

∞
x2

≤ C∥∂νb∥
1
2
L2∥∂2∂νb∥

1
2
L2 ≤ CC0ε(1 + t)− 23

24 (4.70)

and

∥∂νu1∥L∞
x1,x3L

2
x2

≤ C∥∂νu1∥
1
4
L2∥∂1∂νu1∥

1
4
L2∥∂3∂νu1∥

1
4
L2∥∂1∂3∂νu1∥

1
4
L2

≤ CC0ε(1 + t)− 29
24 . (4.71)

Thus, it follows from (4.70), (4.71), (4.17), (4.18) and (4.4) that for ν ∈ {2, 3},

∥∂2∂ν (b2u1) ∥L2 + ∥∂3∂ν (b3u1) ∥L2

≤ C∥b∥L∞ (∥∂2∂νu1∥L2 + ∥∂3∂νu1∥L2)

+ C∥u1∥L∞ (∥∂2∂νb∥L2 + ∥∂3∂νb∥L2)

+ C∥∂νu1∥L∞
x1,x3L

2
x2
∥∂νb∥L2

x1,x3L
∞
x2

≤ CC2
0ε

2 (1 + t)−
11
6 . (4.72)
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With the help of (4.54) and (4.72), similarly to the derivation of (4.62), we deduce

Λ2,4 ≤ C

t ∫︂
0 

(1 + t− τ)−
3
2

(︃⃦⃦⃦
∥b2u1∥L1

x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥b3u1∥L1

x2,x3

⃦⃦⃦
L2

x1

)︃
dτ

+ C

t ∫︂
0 

e−c(t−τ) (∥∂ν∂2 (b2u1) ∥L2 + ∥∂ν∂3 (b3u1) ∥L2) dτ

≤ CC2
0ε

2
t ∫︂

0 

[︂
(1 + t− τ)−

3
2 (1 + τ)−

11
8 + e−c(t−τ) (1 + τ)−

11
6 
]︂
dτ

≤ CC2
0ε

2 (1 + t)−
11
8 . (4.73)

Plugging (4.65), (4.69) and (4.73) into (4.64), choosing C0 large enough and ε suitably 
small, we get that for ν ∈ {2, 3},

∥∂νu1(t)∥L2 ≤
(︁
Cε + CC2

0ε
2)︁ (1 + t)−

5
4 ≤ C0

2 
ε (1 + t)−

5
4 .

Part III. Improved decay rates of ∥∂3∂iu1∥L2 with i ∈ {2, 3}

This step aims to improve the decay estimates of ∥∂3∂iu1∥L2 with i = 2, 3. First of 
all, we have by (2.7) that

∥∂3∂iu1∥L2 = ∥ ˆ︂∂3∂iu1∥L2 = ∥ξ3ξiˆ︂u1∥L2

≤
⃦⃦⃦
ξ3ξiˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξ3ξiˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξ3ξiˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ3ξiˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Λ3,m. (4.74)

For i ∈ {2, 3}, we can apply (4.23), (4.24) and Corollary 2.2 with β = 2 to get

Λ3,1 + Λ3,2 ≤ C∥|ξν |2e−cξ2
νtˆ︂u10∥L2 + Ce−ct∥ξ3ξiˆ︂u10∥L2

≤ C(1 + t)− 7
4 (∥u0∥L1 + ∥∂3∂iu0∥L2) ≤ Cε(1 + t)− 7

4 . (4.75)

Analogously to that in Part II, to deal with Λ3,3 and Λ3,4, it suffices to consider the 

terms associated with ˆ︂P1(b · ∇b) in ˆ︃N11 and ˆ︃b2u1, ˆ︃b3u1 in ˆ︃N21 (still denoted by Λ3,3 and 
Λ3,4). First, it follows from (4.3) and Proposition 2.1 that
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Λ3,3 ≜
t ∫︂

0 

⃦⃦⃦
ξ3ξiˆ︂K1(t− τ) ˆ︂P1(b · ∇b)

⃦⃦⃦
L2

dτ

≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3ξie−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3ξie−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3ξie−c(1+ξ2

3)(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3ξie−c(1+ξ2

3)(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

≜ Λ3,31 + Λ3,32 + Λ3,33 + Λ3,34. (4.76)

To bound Λ3,31, we first observe from (4.21) and (4.4) that

∥∂3(b · ∇b1)∥L2 ≤ ∥b∥L∞∥∂3∇b1∥L2 + C∥∂3b∥
1
2
L2∥∂2∂3b∥

1
2
L2

× ∥∇b1∥
1
4
L2∥∂1∇b1∥

1
4
L2∥∂3∇b1∥

1
4
L2∥∂1∂3∇b1∥

1
4
L2

≤ CC2
0ε

2 (1 + t)−
7
3 , (4.77)

which, together with (4.54) and Corollary 2.1, shows that

Λ3,31 ≤

⎛⎜⎝
t 
2∫︂

0 

+
t ∫︂

t 
2

⎞⎟⎠ ⃦⃦⃦⃦⃦ξ3ξie−cξ2
ν(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

≤ C

t 
2∫︂

0 

⃦⃦⃦
|ξν |3e−cξ2

ν(t−τ)ˆ︂bb1⃦⃦⃦
L2

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
ξνe

−cξ2
ν(t−τ) ˆ︂∂3(b · ∇b1)

⃦⃦⃦
L2

dτ

≤ C

t 
2∫︂

0 

(1 + t− τ)−2 ∥bb1∥L2
x1L

1
x2,x3

dτ
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+ C

t ∫︂
t 
2

⃦⃦⃦
ξνe

−cξ2
ν(t−τ)

⃦⃦⃦
L∞

∥∂3(b · ∇b1)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

7
3 dτ

≤ CC2
0ε

2 (1 + t)−
7
4 . (4.78)

In a similar manner, by choosing 0 < δ ≤ 1/4 we deduce that for i ∈ {2, 3},

Λ3,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−2∥bbν∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)− 1
2 ∥∂3∂ν(bbν)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−1
dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

7
3 dτ

≤ CC2
0ε

2 (1 + t)−
7
4 , (4.79)

where we have used (4.55) and the following inequality (due to (4.4)):

∥∂3∂ν(bbν)∥L2 ≤ C∥b∥L∞∥∂3∂νb∥L2 + C∥|∂3b||∂νb|∥L2

≤ C∥b∥L∞∥∂3∂νb∥L2 + C∥∂3b∥
1
2
L2∥∂2∂3b∥

1
2
L2

× ∥∂νb∥
1
4
L2∥∂1∂νb∥

1
4
L2∥∂3∂νb∥

1
4
L2∥∂1∂3∂νb∥

1
4
L2

≤ CC2
0ε

2 (1 + t)−
7
3 .

Similarly to that in (4.37), by (4.8), (4.9) and (4.38) we obtain

Λ3,33 + Λ3,34 ≤ C

t ∫︂
0 

e−c(t−τ)(t− τ)− 1
2 ∥∂i(b · ∇b)∥L2dτ
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≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ)(t− τ)− 1
2 (1 + τ )− 11

6 dτ

≤ CC2
0ε

2 (1 + t)−
7
4 , ∀ i ∈ {2, 3}. (4.80)

Dragging (4.78), (4.79) and (4.80) into (4.76), we see that for i ∈ {2, 3},

Λ3,3 ≤ CC2
0ε

2 (1 + t)−
7
4 . (4.81)

Next, we deal with Λ3,4. First, we make use of (4.4), (4.17), (4.18) and the divergence
free condition ∇ · u = 0 in a manner as that in (4.15) to get

∥∂2∂3(b2u1)∥L2 + ∥∂2
3(b3u1)∥L2

≤ ∥b∥L∞∥∂ν∂3u1∥L2 + ∥u1∥L∞∥∂ν∂3b∥L2

+ ∥∂2u1∥L2
x1,x2L

∞
x3
∥∂3b2∥L∞

x1,x2L
2
x3

+ ∥∂3u1∥L∞
x1,x2L

2
x3
∥∂2b2∥L2

x1,x2L
∞
x3

+ 2∥∂3u1∥L∞
x1,x3L

2
x2
∥∂3b3∥L2

x1,x3L
∞
x2

≤ CC2
0ε

2 (1 + t)−
125
48 . (4.82)

Analogously to the derivations of (4.36) and (4.37), using (4.54), (4.72), (4.82), Propo
sition 2.1 and Corollary 2.1, we infer from the definition of ˆ︃N21 in (4.60) that

Λ3,4 ≤ C

t 
2∫︂

0 

(1 + t− τ)−2
⃦⃦⃦
∥(b2u1, b3u1)∥L1

x2x3

⃦⃦⃦
L2

x1

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥
(︁
∂2∂3(b2u1), ∂2

3(b3u1)
)︁
∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥ (∂i∂2(b2u1), ∂i∂3(b3u1)) ∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

125
48 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

11
6 dτ
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≤ CC2
0ε

2 (1 + t)−
7
4 . (4.83)

Thus, plugging (4.75), (4.81) and (4.83) into (4.74), we see that for i ∈ {2, 3},

∥∂3∂iu1(t)∥L2 ≤
(︁
Cε + CC2

0ε
2)︁ (1 + t)−

7
4 ≤ C0

2 
ε (1 + t)−

7
4 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Part IV. Improved decay rate of ∥∂3
3u1∥L2

The enhanced decay rate of ∥∂3
3u1∥L2 needs more subtle analysis. To do so, we first 

infer from (2.7) that

∥∂3
3u1∥L2 = ∥ˆ︁∂3

3u1∥L2 = ∥ξ3
3ˆ︂u1∥L2

≤
⃦⃦⃦
ξ3
3
ˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξ3
3
ˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξ3
3
ˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ3
3
ˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Λ4,m, (4.84)

where the first two terms can be easily bounded by Corollary 2.2 with β = 3,

Λ4,1 + Λ4,2 ≤ C∥ξ3
3e

−cξ2
νtˆ︂u10∥L2 + Ce−ct

⃦⃦
ξ3
3 ˆ︂u10

⃦⃦
L2

≤ C(1 + t)− 9
4
(︁
∥u0∥L1 + ∥∂3

3u0∥L2
)︁
≤ Cε(1 + t)− 9

4 . (4.85)

Next, we consider the term ˆ︂P1(b · ∇b) in ˆ︃N11, which is still denoted by Λ4,3 for nota
tional convenience. It follows from (4.3), (4.23) and (2.14) that

Λ4,3 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3

3e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ3

3e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ
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≜ Λ4,31 + Λ4,32 + Λ4,33 + Λ4,34. (4.86)

Similarly to the derivation of (4.68), by (4.54) we have

Λ4,31 ≤ C

t 
2∫︂

0 

(1 + t− τ)− 5
2 ∥bb1∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)− 1
2 ∥∂2

3(b · ∇b1)(τ)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

11
4 dτ

≤ CC2
0ε

2 (1 + t)−
9
4 , (4.87)

since it follows from (4.4) and the divergence-free condition ∇ · b = 0 that

∥∂2
3 (b · ∇b1) ∥L2 ≤ ∥b∥L∞∥∇∂2

3b1∥L2 + ∥∂2
3b∥L2

x1,x3L
∞
x2
∥∇b1∥L∞

x1,x3L
2
x2

+ ∥∇∂3b1∥L2
x1,x2L

∞
x3
∥∂3b∥L∞

x1,x2L
2
x3

≤ CC2
0ε

2 (1 + t)−
11
4 .

In a similar manner, applying Corollary 2.1 with α = 4, by (4.55) we have

Λ4,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
5
2 ∥(bb2, bb3)∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
ξνe

−cξ2
ν(t−τ)

⃦⃦⃦
L∞

∥(∂3
3(bb2), ∂3

3(bb3))∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−1

dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

17
6 dτ
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≤ CC2
0ε

2 (1 + t)−
5
2+δ + CC2

0ε
2 (1 + τ)−

7
3

≤ CC2
0ε

2 (1 + t)−
9
4 , (4.88)

provided 0 < δ ≤ 1/4. Here, we have used (4.17) and (4.4) to get that

∥∂3
3 (bb2) ∥L2 + ∥∂3

3 (bb3) ∥L2

≤ C∥b∥L∞∥∂3
3b∥L2 + C∥∂2

3b∥L2
x2,x3L

∞
x1
∥∂3b∥L∞

x2,x3L
2
x1

≤ C∥b∥L∞∥∂3
3b∥L2 + C∥∂2

3b∥
1
2
L2∥∂1∂

2
3b∥

1
2
L2

× ∥∂3b∥
1
4
L2∥∂2∂3b∥

1
4
L2∥∂2

3b∥
1
4
L2∥∂2∂

2
3b∥

1
4
L2

≤ CC2
0ε

2 (1 + t)−
17
6 .

Due to (4.14) and (4.38), it is easily seen that

Λ4,33 + Λ4,34 ≤ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2
⃦⃦
∂2
3 (b · ∇b)

⃦⃦
L2 dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

29
12 dτ

≤ CC2
0ε

2 (1 + t)−
29
12 ,

which, together with (4.87), (4.88) and (5.36), yields

Λ4,3 ≤ CC2
0ε

2 (1 + t)−
9
4 , ∀ t ≥ 1. (4.89)

Analogously to that in Part II, we only deal with the terms ˆ︃b2u1, ˆ︃b3u1 in Λ4,4, which 
are still marked by Λ4,4. Due to (4.4), (4.17) and (4.18), one has

∥∂3
3 (b2u1) ∥L2 + ∥∂3

3 (b3u1) ∥L2

≤ C∥b∥L∞∥∂3
3u1∥L2 + C∥∂3u1∥L∞

x1,x3L
2
x2
∥∂2

3b∥L2
x1,x3L

∞
x2

+ C∥u1∥L∞∥∂3
3b∥L2 + C∥∂2

3u1∥L2
x1,x2L

∞
x3
∥∂3b∥L∞

x1,x2L
2
x3

≤ CC2
0ε

2 (1 + t)−
37
12 ,

and

∥∂2∂
2
3 (b2u1) ∥L2 + ∥∂3

3 (b3u1) ∥L2

≤ ∥b∥L∞
(︁
∥∂2∂

2
3u1∥L2 + ∥∂3

3u1∥L2
)︁

+ ∥u1∥L∞
(︁
∥∂2∂

2
3b2∥L2 + ∥∂3

3b3∥L2
)︁

+ C∥∂2
3b2∥L2

x1,x3L
∞
x2
∥∂2u1∥L∞

x1,x3L
2
x2

+ C∥∂3u1∥L∞
x1,x2L

2
x3
∥∂2∂3b2∥L2

x1,x2L
∞
x3
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+ C∥∂2∂3u1∥L2
x1,x2L

∞
x3
∥∂3b2∥L∞

x1,x2L
2
x3

+ C∥∂2
3u1∥L2

x1,x3L
∞
x2
∥∂2b2∥L∞

x1,x3L
2
x2

+ C∥∂3u1∥L∞
x2,x3L

2
x1
∥∂2

3b3∥L2
x2,x3L

∞
x1

+ C∥∂2
3u1∥L2

x1,x2L
∞
x3
∥∂3b3∥L∞

x1,x2L
2
x3

≤ CC2
0ε

2 (1 + t)−
11
4 ,

which, together with (4.54), (4.38) and (4.72), yields

Λ4,4 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
5
2

⃦⃦⃦
∥(b2u1, b3u1)∥L1

x2,x3

⃦⃦⃦
L2

x1

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2
⃦⃦(︁

∂3
3(b2u1), ∂3

3(b3u1)
)︁⃦⃦

L2 dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2
⃦⃦(︁

∂2∂
2
3(b2u1), ∂3

3(b3u1)
)︁⃦⃦

L2 dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

11
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

37
12 dτ

≤ CC2
0ε

2 (1 + t)−
9
4 . (4.90)

Thus, inserting (4.85), (4.89) and (4.90) into (4.84), we obtain by choosing C0 large 
enough and ε suitably small that

∥∂3
3u1(t)∥L2 ≤

(︁
Cε + CC2

0ε
2)︁ (1 + t)−

9
4 ≤ C0

2 
ε(1 + t)− 9

4 .

Proof of Theorem 1.2. Based on (4.4) and all the estimates established in Subsections 
4.2 and 4.3, we immediately arrive at the desired decay rates of the solutions stated in 
Theorem 1.2 by applying the bootstrapping arguments. □
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5. Improved decay rates and proof of Theorem 1.3

5.1. Estimates of nonlinear terms

This section is devoted to the proof of Theorem 1.3. It is worth pointing out that the 
following decay rates of (u, b) stated in Theorem 1.2 are optimal and cannot be improved 
any more,

∥∂k
1 (u, b)(t)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1,

∥(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 3
4 , ∥∂i(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 5

4 ,

∥∂i∂3(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 7
4 , ∥∂3

3(u1, b1)(t)∥L2 ≤ C0ε(1 + t)− 9
4 , (5.1)

where k ∈ {0, 1} and i ∈ {2, 3}. Moreover, under the conditions of Theorem 1.3 it has 
been shown in [24] that for any t ≥ 0,

∥(u, b)(t)∥2
H4 +

T∫︂
0 

(︁
∥(∂3u, ∂2b, ∂3b)∥2

H4 + ∥∂2u∥2
H3

)︁
dt ≤ ε2, (5.2)

provided ε > 0 is sufficiently small. In addition to (5.1), to prove Theorem 1.3, we make 
the following further ansatz:

∥∂1∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1, ∥∂i∂j(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3
2 ,

∥∂2
1(u, b)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂1∂i∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3
2 ,

∥∂l∂2
2(u, b)(t)∥L2 ≤ C0ε(1 + t)−1, ∥∂2

1∂i(u, b)(t)∥L2 ≤ C0ε(1 + t)−1,

∥∂i∂j∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)−2, ∥∂3
1(u, b)(t)∥L2 ≤ C0ε(1 + t)− 3

8 ,

∥∂3
1∂3(u, b)(t)∥L2 ≤ C0ε(1 + t)− 1

2 , ∥∂2
1∂

2
3(u, b)∥L2 ≤ C0ε(1 + t)− 11

8 ,

∥∂l∂h∂2∂3(u, b)∥L2 ≤ C0ε(1 + t)−1, ∥∂1∂
3
3(u, b)∥L2 ≤ C0ε(1 + t)−2,

∥∂l∂2∂
2
3(u, b)∥L2 ≤ C0ε(1 + t)−2, ∥∂i∂3

3(u, b)∥L2 ≤ C0ε(1 + t)− 5
2 (5.3)

and

∥∂i∂j(u1, b1)∥L2 ≤ C0ε(1 + t)− 7
4 , ∥∂i∂2

3(u1, b1)∥L2 ≤ C0ε(1 + t)− 9
4 ,

∥∂i∂3
3(u1, b1)∥L2 ≤ C0ε(1 + t)− 11

4 , (5.4)

where k ∈ {0, 1}, i, j ∈ {2, 3} and l, h ∈ {1, 2} and C0 will be specified later. By means 
of the method of spectral analysis, we can show that the bounds in the ansatz are indeed 
halved, provided C0 is chosen to be large enough and ε is chosen to be suitably small. 
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Then the bootstrapping argument asserts that the half upper bounds in the ansatz indeed 
hold for all time.

We begin with the following estimates of nonlinear terms, which are mathematically 
crucial for the entire analysis.

Lemma 5.1. Assume that (u, b) is a smooth solution of the problem (1.2), satisfying (5.1)
and (5.3). Then, there exists an absolute positive constant C, such that⃦⃦⃦

∥b · ∇b∥L1
x2,x3

⃦⃦⃦
L2

x1

≤ CC2
0ε

2 (1 + t)−
11
8 , (5.5)⃦⃦⃦

∥∂1 (b · ∇b) ∥L1
x2,x3

⃦⃦⃦
L2

x1

≤ CC2
0ε

2 (1 + t)−
11
8 , (5.6)

∥∂1 (b · ∇b) ∥L2 ≤ CC2
0ε

2 (1 + t)−
15
8 , (5.7)

∥∂i (b · ∇b) ∥L2 ≤ CC2
0ε

2 (1 + t)−
19
8 , ∀ i ∈ {2, 3}, (5.8)⃦⃦⃦

∥∂2
1 (b · ∇b) ∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ CC2
0ε

2 (1 + t)−
5
4 , (5.9)

∥∂2
1(b · ∇b)∥L2 ≤ CC2

0ε
2 (1 + t)−

7
4 , (5.10)

∥∂l∂2(b · ∇b)∥L2 ≤ CC2
0ε

2 (1 + t)−2
, ∀ l ∈ {1, 2}, (5.11)

∥∂1∂3(b · ∇b)∥L2 ≤ CC2
0ε

2 (1 + t)−
19
8 , (5.12)

∥∂i∂3(b · ∇b)∥L2 ≤ CC2
0ε

2 (1 + t)−
23
8 , ∀ i ∈ {2, 3}, (5.13)⃦⃦⃦

∥∂3
1 (b · ∇b) ∥L1

x2,x3

⃦⃦⃦
L2

x1

≤ CC0ε (1 + t)−
1
2 ∥∂νb∥H3 + CC0ε

2 (1 + t)−
7
8 , (5.14)

∥∂l∂g∂h(b · ∇b)∥L2 ≤ CC0ε
2 (1 + t)−1

, ∀ l, g, h ∈ {1, 2}, (5.15)

∥∂2
1∂3(b · ∇b)∥L2 ≤ CC2

0ε
2 (1 + t)−

15
8 , (5.16)

∥∂l∂2∂3(b · ∇b)∥L2 ≤ CC2
0ε

2 (1 + t)−2
, ∀ l ∈ {1, 2}, (5.17)

∥∂1∂
2
3(b · ∇b)∥L2 ≤ CC2

0ε
2 (1 + t)−

21
8 , (5.18)

∥∂2∂
2
3(b · ∇b)∥L2 ≤ CC2

0ε
2 (1 + t)−3

, (5.19)

∥∂3
3(b · ∇b)∥L2 ≤ CC2

0ε
2 (1 + t)−

27
8 . (5.20)

Proof. The estimates of (5.5) and (5.6) can be shown in the same way as that used for 
(4.5) and (4.6), using the decay rate of ∥∂2

1(u, b)∥L2 ≤ C(1 + t)−1/2 stated in (5.3). To 
proceed, we need to improve the estimates of ∥b∥L∞ and ∥b1∥L∞ . Similarly to that in 
Lemma 4.1, by (5.1) and (5.3) we have

∥b∥L∞ ≤ C∥b∥
1
8
L2∥∂1b∥

1
8
L2∥∂2b∥

1
8
L2∥∂3b∥

1
8
L2

× ∥∂1∂2b∥
1
8
L2∥∂1∂3b∥

1
8
L2∥∂2∂3b∥

1
8
L2∥∂1∂2∂3b∥

1
8
L2
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≤ CC0ε (1 + t)−1
, (5.21)

and

∥b1∥L∞ ≤ C∥b1∥
1
8
L2∥∂1b1∥

1
8
L2∥∂2b1∥

1
8
L2∥∂3b1∥

1
8
L2

× ∥∂1∂2b1∥
1
8
L2∥∂1∂3b1∥

1
8
L2∥∂2∂3b1∥

1
8
L2∥∂1∂2∂3b1∥

1
8
L2

≤ CC0ε (1 + t)−
11
8 . (5.22)

With the help of (5.21), (5.22) and the anisotropic Sobolev inequalities (4.21), we 
infer from (5.1) and (5.3) that

∥∂1(b · ∇b)∥L2 ≤ ∥b1∥L∞∥∂2
1b∥L2 + ∥bν∥L∞∥∂1∂νb∥L2 + ∥∂1b · ∇b∥L2

≤ CC2
0ε

2 (1 + t)−
15
8 + ∥∂1b1∥L∞

x1L
2
x2,x3

∥∂1b∥L2
x1L

∞
x2,x3

+ ∥∂1bν∥L2
x1L

∞
x2,x3

∥∂νb∥L∞
x1L

2
x2,x3

≤ CC2
0ε

2 (1 + t)−
15
8 , (5.23)

due to the divergence-free condition ∇ · b = 0 and the fact that ∂1b1 = −∂νbν with 
∂ν = (∂2, ∂3) and bν = (b2, b3). Analogously,

∥∂2(b · ∇b)∥L2 + ∥∂3(b · ∇b)∥L2

≤ ∥b1∥L∞∥(∂2∂1b, ∂3∂1b)∥L2 + ∥bν∥L∞∥(∂2∂νb, ∂3∂νb)∥L2

+ ∥(∂2b1, ∂3b1)∥L∞
x1L

2
x2,x3

∥∂1b∥L2
x1L

∞
x2,x3

+ ∥(∂2bν , ∂3bν)∥L∞
x1L

2
x2,x3

∥∂νb∥L2
x1L

∞
x2,x3

≤ CC2
0ε

2 (1 + t)−
19
8 . (5.24)

Based on the Hölder inequality and (4.21) that, by (5.1) and (5.3) we have⃦⃦⃦
∥∂2

1 (b · ∇b) ∥L1
x2,x3

⃦⃦⃦
L2

x1

≤
⃦⃦⃦
∥∂2

1 (bν∂νb) ∥L1
x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥∂2

1 (b1∂1b) ∥L1
x2,x3

⃦⃦⃦
L2

x1

≤
⃦⃦⃦
∥∂2

1bν∥L2
x2,x3

∥∂νb∥L2
x2,x3

⃦⃦⃦
L2

x1

+ 2
⃦⃦⃦
∥∂1bν∥L2

x2,x3
∥∂ν∂1b∥L2

x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥bν∥L2

x2,x3
∥∂ν∂2

1b∥L2
x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥∂2

1b1∥L2
x2,x3

∥∂1b∥L2
x2,x3

⃦⃦⃦
L2

x1

+ 2
⃦⃦⃦
∥∂1b1∥L2

x2,x3
∥∂2

1b∥L2
x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥b1∥L2

x2,x3
∥∂3

1b∥L2
x2,x3

⃦⃦⃦
L2

x1

≤ C∥∂2
1bν∥L2∥∂νb∥

1
2
L2∥∂1∂νb∥

1
2
L2 + C∥∂ν∂1b∥L2∥∂1bν∥

1
2
L2∥∂2

1bν∥
1
2
L2



80 S. Lai et al. / Advances in Mathematics 486 (2026) 110747 

+ C∥∂ν∂2
1b∥L2∥bν∥

1
2
L2∥∂1bν∥

1
2
L2 + C∥∂1b∥L2∥∂2

1b1∥
1
2
L2∥∂3

1b1∥
1
2
L2

+ C∥∂2
1b∥L2∥∂1b1∥

1
2
L2∥∂2

1b1∥
1
2
L2 + C∥∂3

1b∥L2∥b1∥
1
2
L2∥∂1b1∥

1
2
L2

≤ CC2
0ε

2 (1 + t)−
5
4 . (5.25)

Using the divergence-free condition ∇ · b = 0, (5.1) and (5.3), we deduce

∥∂2
1 (b · ∇b) ∥L2 ≤ C∥b1∥L∞∥∂3

1b∥L2 + C∥bν∥L∞∥∂ν∂2
1b∥L2

+ C∥∂2
1b1∥L2

x1,x2L
∞
x3
∥∂1b∥L∞

x1,x2L
2
x3

+ C∥∂2
1bν∥L∞

x1L
2
x2,x3

∥∂νb∥L2
x1L

∞
x2,x3

+ C∥∂2
1b∥L2

x1,x2L
∞
x3
∥∂1b1∥L∞

x1,x2L
2
x3

+ C∥∂1∂νb∥L∞
x1L

2
x2,x3

∥∂1bν∥L2
x1L

∞
x2,x3

≤ CC2
0ε

2 (1 + t)−
7
4 . (5.26)

By the same token, we have

∥∂l∂2 (b · ∇b) ∥L2 ≤ C∥b1∥L∞∥∂l∂2∂1b∥L2 + C∥bν∥L∞∥∂l∂2∂νb∥L2

+ C∥∂l∂2b1∥L2
x1,x2L

∞
x3
∥∂1b∥L∞

x1,x2L
2
x3

+ C∥∂l∂2bν∥L∞
x1L

2
x2,x3

∥∂νb∥L2
x1L

∞
x2,x3

+ C∥(∂1∂lb, ∂1∂2b)∥L2
x1,x2L

∞
x3
∥(∂2b1, ∂lb1)∥L∞

x1,x2L
2
x3

+ C∥(∂2∂νb, ∂l∂νb)∥L∞
x1L

2
x2,x3

∥(∂lbν , ∂2bν)∥L2
x1L

∞
x2,x3

≤ CC2
0ε

2 (1 + t)−2
, ∀ l ∈ {1, 2},

∥∂1∂3 (b · ∇b) ∥L2 ≤ C∥b1∥L∞∥∂2
1∂3b∥L2 + C∥bν∥L∞∥∂1∂3∂νb∥L2

+ C∥∂1∂3b1∥L2
x1,x2L

∞
x3
∥∂1b∥L∞

x1,x2L
2
x3

+ C∥∂1∂3bν∥L∞
x1L

2
x2,x3

∥∂νb∥L2
x1L

∞
x2,x3

+ C∥∂1∂3b∥L2
x1,x2L

∞
x3
∥∂1b1∥L∞

x1,x2L
2
x3

+ C∥∂3∂νb∥L∞
x1L

2
x2,x3

∥∂1bν∥L2
x1L

∞
x2,x3

+ C∥∂2
1b∥L2

x1,x2L
∞
x3
∥∂3b1∥L∞

x1,x2L
2
x3

+ C∥∂1∂νb∥L∞
x1L

2
x2,x3

∥∂3bν∥L2
x1L

∞
x2,x3

≤ CC2
0ε

2 (1 + t)−
19
8 ,

and
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∥∂i∂3 (b · ∇b) ∥L2 ≤ C∥b1∥L∞∥∂1∂i∂3b∥L2 + C∥bν∥L∞∥∂i∂3∂νb∥L2

+ C∥∂i∂3b1∥L2
x2,x3L

∞
x1
∥∂1b∥L∞

x2,x3L
2
x1

+ C∥∂i∂3bν∥L2
x2,x3L

∞
x1
∥∂νb∥L∞

x2,x3L
2
x1

+ C∥(∂1∂ib, ∂1∂3b)∥L2
x1,x3L

∞
x2
∥(∂3b1, ∂ib1)∥L∞

x1,x3L
2
x2

+ C∥(∂ν∂ib, ∂ν∂3b)∥L2
x1,x3L

∞
x2
∥(∂3bν , ∂ibν)∥L∞

x1,x3L
2
x2

≤ CC2
0ε

2 (1 + t)−
23
8 , ∀ i ∈ {2, 3}.

Analogously to the derivations of (5.25) and (5.26), using the fact that ∇ · b = 0, we 
obtain ⃦⃦⃦

∥∂3
1 (b · ∇b) ∥L1

x2,x3

⃦⃦⃦
L2

x1

≤
⃦⃦⃦
∥∂3

1 (bν∂νb) ∥L1
x2,x3

⃦⃦⃦
L2

x1

+
⃦⃦⃦
∥∂3

1 (b1∂1b) ∥L1
x2,x3

⃦⃦⃦
L2

x1

≤ C∥∂νb∥L2∥∂3
1b∥

1
2
L2∥∂4

1b∥
1
2
L2 + C∥∂ν∂1b∥L2∥∂2

1b∥
1
2
L2∥∂3

1b∥
1
2
L2

+ C∥∂ν∂2
1b∥L2∥∂1b∥

1
2
L2∥∂2

1b∥
1
2
L2 + C∥∂ν∂3

1b∥L2∥bν∥
1
2
L2∥∂1bν∥

1
2
L2

+ C∥∂4
1b∥L2∥b1∥

1
2
L2∥∂1b1∥

1
2
L2

≤ CC0ε
2 (1 + t)−

1
2 ∥∂νb∥H3 + CC0ε

2 (1 + t)−
7
8

and

∥∂3
1 (b · ∇b) ∥L2 ≤ C∥b∥L∞∥∇∂3

1b∥L2 + C∥∂1b∥L∞
x2,x3L

2
x1
∥∇∂2

1b∥L2
x2,x3L

∞
x1

+ C∥∂2
1b∥L∞

x2,x3L
2
x1
∥∇∂1b∥L2

x2,x3L
∞
x1

+ C∥∂3
1b∥L2

x2,x3L
∞
x1
∥∇b∥L∞

x2,x3L
2
x1

≤ CC0ε
2 (1 + t)−1

. (5.27)

In a similar manner as that used for (5.27), we conclude from (5.1) and (5.3) that

∥∂l∂g∂h (b · ∇b) ∥L2 ≤ CC0ε
2 (1 + t)−1

, ∀ l, g, h ∈ {1, 2}.

For (5.16) and (5.17), by (5.1), (5.3) and direct calculations we have

∥∂2
1∂3 (b · ∇b) ∥L2

≤ C∥b1∥L∞∥∂3
1∂3b∥L2 + C∥bν∥L∞∥∂2

1∂3∂νb∥L2

+ C∥∂3b1∥L∞
x1,x2L

2
x3
∥∂3

1b∥L2
x1,x2L

∞
x3

+ C∥∂3bν∥L∞
x1,x2L

2
x3
∥∂ν∂2

1b∥L2
x1,x2L

∞
x3
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+ C∥∂νb∥L∞
x2,x3L

2
x1
∥∂2

1∂3b∥L2
x2,x3L

∞
x1

+ C∥∂1b∥L∞
x2,x3L

2
x1
∥∂ν∂1∂3b∥L2

x2,x3L
∞
x1

+ C∥∂ν∂1b∥L∞
x2,x3L

2
x1
∥∂1∂3b∥L2

x2,x3L
∞
x1

+ C∥∂2
1b∥L∞

x2,x3L
2
x1
∥∂ν∂3b∥L2

x2,x3L
∞
x1

≤ CC2
0ε

2 (1 + t)−
15
8 ,

and analogously,

∥∂l∂2∂3 (b · ∇b) ∥L2

≤ C∥b1∥L∞∥∂l∂2∂3∂1b∥L2 + C∥bν∥L∞∥∂l∂2∂3∂νb∥L2

+ C∥∂3b∥L∞
x1,x2L

2
x3
∥∇∂l∂2b∥L2

x1,x2L
∞
x3

+ C∥∂2b∥L∞
x1,x2L

2
x3
∥∇∂l∂3b∥L2

x1,x2L
∞
x3

+ C∥∂lb∥L∞
x1,x2L

2
x3
∥∇∂2∂3b∥L2

x1,x2L
∞
x3

+ C∥∂l∂2b∥L∞
x2,x3L

2
x1
∥∇∂3b∥L2

x2,x3L
∞
x1

+ C∥∂l∂3b∥L∞
x2,x3L

2
x1
∥∇∂2b∥L2

x2,x3L
∞
x1

+ C∥∂2∂3b∥L∞
x1,x2L

2
x3
∥∇∂lb∥L2

x1,x2L
∞
x3

+ C∥∂l∂2∂3b∥L2
x2,x3L

∞
x1
∥∇b∥L∞

x2,x3L
2
x1

≤ CC2
0ε

2 (1 + t)−2
, ∀ l ∈ {1, 2}.

Finally, it is easily deduced from (4.21), (5.1), (5.3) and the divergence-free condition 
∇ · b = 0 that

∥∂1∂
2
3 (b · ∇b) ∥L2

≤ C∥b1∥L∞∥∂2
1∂

2
3b∥L2 + C∥bν∥L∞∥∂1∂

2
3∂νb∥L2

+ C∥∂1b1∥L∞
x2,x3L

2
x1
∥∂1∂

2
3b∥L2

x2,x3L
∞
x1

+ C∥∂1bν∥L∞
x2,x3L

2
x1
∥∂ν∂2

3b∥L2
x2,x3L

∞
x1

+ C∥∂3b1∥L∞
x1,x2L

2
x3
∥∂2

1∂3b∥L2
x1,x2L

∞
x3

+ C∥∂3bν∥L∞
x1,x2L

2
x3
∥∂ν∂1∂3b∥L2

x1,x2L
∞
x3

+ C∥∂1∂3b1∥L∞
x2,x3L

2
x1
∥∂1∂3b∥L2

x2,x3L
∞
x1

+ C∥∂1∂3bν∥L∞
x2,x3L

2
x1
∥∂ν∂3b∥L2

x2,x3L
∞
x1

+ C∥∂2
3b1∥L∞

x1,x2L
2
x3
∥∂2

1b∥L2
x1,x2L

∞
x3

+ C∥∂2
3bν∥L∞

x1,x2L
2
x3
∥∂ν∂1b∥L2

x1,x2L
∞
x3

+ C∥∂1∂
2
3b1∥L2

x2,x3L
∞
x1
∥∂1b∥L∞

x2,x3L
2
x1

+ C∥∂1∂
2
3bν∥L2

x2,x3L
∞
x1
∥∂νb∥L∞

x2,x3L
2
x1

≤ CC2
0ε

2 (1 + t)−
21
8 ,

∥∂2∂
2
3 (b · ∇b) ∥L2

≤ C∥b∥L∞∥∇∂2∂
2
3b∥L2 + C∥∂νb1∥L∞

x1,x2L
2
x3
∥∂1∂ν∂3b∥L2

x1,x2L
∞
x3

+ C∥∂νb∥L∞
x1,x2L

2
x3
∥∂2

ν∂3b∥L2
x1,x2L

∞
x3

+ C∥∂2∂3b1∥L∞
x1,x3L

2
x2
∥∂1∂3b∥L2

x1,x3L
∞
x2

+ C∥∂2∂3bν∥L∞
x2,x3L

2
x1
∥∂ν∂3b∥L2

x2,x3L
∞
x1

+ C∥∂2
3b∥L∞

x1,x2L
2
x3
∥∇∂2b∥L2

x1,x2L
∞
x3

+ C∥∂2∂
2
3b∥L2

x2,x3L
∞
x1
∥∇b∥L∞

x2,x3L
2
x1

≤ CC2
0ε

2 (1 + t)−3
,
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and analogously,

∥∂3
3 (b · ∇b) ∥L2

≤ C∥b1∥L∞∥∂1∂
3
3b∥L2 + C∥bν∥L∞∥∂ν∂3

3b∥L2

+ C∥∂3b1∥L∞
x1,x2L

2
x3
∥∂1∂

2
3b∥L2

x1,x2L
∞
x3

+ C∥∂3bν∥L∞
x1,x2L

2
x3
∥∂ν∂2

3b∥L2
x1,x2L

∞
x3

+ C∥∂2
3b1∥L2

x2,x3L
∞
x1
∥∂1∂3b∥L∞

x2,x3L
2
x1

+ C∥∂2
3bν∥L∞

x2,x3L
2
x1
∥∂ν∂3b∥L2

x2,x3L
∞
x1

+ C∥∂3
3b1∥L2

x2,x3L
∞
x1
∥∂1b∥L∞

x2,x3L
2
x1

+ C∥∂3
3bν∥L2

x2,x3L
∞
x1
∥∂νb∥L∞

x2,x3L
2
x1

≤ CC2
0ε

2 (1 + t)−
27
8 .

Now, collecting the above estimates together finishes the proof of Lemma 5.1. □
5.2. The decay rates of (u, b)

In this subsection, we prove the decay estimates of (u, b) stated in Theorem 1.3. 
Analogously to the proof of Theorem 1.2, we only consider the large-time behavior for 
t ≥ 1. Moreover, it suffices to deal with the decay estimates of u, since those of b can be 
achieved similarly.

Step I. The decay rates of ∥∂i∂ju∥L2 with i, j ∈ {1, 2, 3}

We start with the decay rates of the second-order derivatives. It follows from (2.7)
that for ∀ i, j ∈ {1, 2, 3},

∥∂i∂ju∥L2 = ∥ˆ︃∂iju∥L2 = ∥ξiξjˆ︁u∥L2

≤
⃦⃦⃦
ξiξjˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦
|ξiξj |ˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξiξjˆ︂K1(t− τ)ˆ︂N1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξiξjˆ︂K2(t− τ)ˆ︂N2(τ)

⃦⃦⃦
L2

dτ. (5.28)

Step I-1. The decay rates of ∥∂i∂ju∥L2 with i, j ∈ {2, 3}.

Similarly the treatment of Step III-1 in Section 4, we only deal with the terms asso
ciated with b · ∇b. By (4.23), (4.24) and Corollary 2.1, we infer from (5.5), (5.8), (5.11), 
(5.13) and (5.28) that for i, j ∈ {2, 3},

∥∂i∂ju∥L2 ≤ C(1 + t)− 3
2

(︂
∥(u0, b0)∥L2

x1L
1
x2,x3

+ ∥∂i∂j(u0, b0)∥L2

)︂
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+ C

t 
2∫︂

0 

(1 + t− τ)−
3
2 ∥b · ∇b∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂i(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂i∂j(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
3
2 + CC2

0ε
2

t 
2∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

19
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−2
dτ

≤ Cε(1 + t)− 3
2 + CC2

0ε
2 (1 + t)−

3
2 ≤ C0

2 
ε (1 + t)−

3
2 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step I-2. The decay rates of ∥∂1∂iu∥L2 with i ∈ {2, 3}

For i ∈ {2, 3}, using (5.6), (5.11), (5.12) and Corollary 2.1 with α = 1, we deduce 
from (5.28) by choosing C0 large enough and ε suitably small that

∥∂1∂iu∥L2 ≤ Cε(1 + t)−1 + C

t ∫︂
0 

(1 + t− τ)−1 ∥∂1(b · ∇b)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂i∂1(b · ∇b)∥L2dτ

≤ Cε (1 + t)−1 + CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−2
dτ

≤ Cε(1 + t)−1 + CC2
0ε

2(1 + t)−1 ≤ C0

2 
ε (1 + t)−1

.
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Step I-3. The decay rate of ∥∂2
1u∥L2

In view of (5.9), (5.10) and Corollary 2.1 with α = 0, we obtain by taking i = j = 1
in (5.28) that

∥∂2
1u∥L2 ≤ Cε(1 + t)− 1

2 + C

t ∫︂
0 

(1 + t− τ)−
1
2 ∥∂2

1(b · ∇b)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂2
1(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
1
2 + CC2

0ε
2

t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−
5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−
5
4 dτ

≤ Cε(1 + t)− 1
2 + CC2

0ε
2(1 + t)− 1

2 ≤ C0

2 
ε (1 + t)−

1
2 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step II. The decay rates of ∥∂i∂j∂ku∥L2 with i, j, k ∈ {1, 2, 3}

It follows from (2.7) that for ∀ i, j, k ∈ {1, 2, 3},

∥∂ijku∥L2 = ∥ˆ︁∂ijku∥L2 = ∥ξiξjξkˆ︁u∥L2

≤
⃦⃦⃦
ξiξjξkˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦
ξiξjξkˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξiξjξkˆ︂K1(t− τ)ˆ︂N1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξiξjξkˆ︂K2(t− τ)ˆ︂N2(τ)

⃦⃦⃦
L2

dτ. (5.29)

Step II-1. The decay rates of ∥∂1∂i∂3u∥L2 with i ∈ {2, 3}

Using (5.6), (5.11), (5.12) and Corollary 2.1 with α = 2, we deduce from (4.23), (4.24), 
(4.38) and (5.29) that for i ∈ {2, 3},

∥∂1∂i∂3u∥L2 ≤ Cε(1 + t)− 3
2 + C

t 
2∫︂

0 

(1 + t− τ)−
3
2 ∥∂1(b · ∇b)∥L2

x1L
1
x2,x3

dτ
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+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂1∂3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂i∂1(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
3
2 + CC2

0ε
2

t 
2∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

19
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−2

dτ

≤ Cε(1 + t)− 3
2 + CC2

0ε
2(1 + t)− 3

2 ≤ C0

2 
ε(1 + t)− 3

2 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step II-2. The decay rates of ∥∂2
1∂iu∥L2 with i ∈ {2, 3}

Taking j = k = 1 in (5.29), using (5.9), (5.15), (5.16) and Corollary 2.1, we obtain by 
choosing C0 large enough and ε suitably small that for i ∈ {2, 3},

∥∂2
1∂iu∥L2 ≤ Cε(1 + t)−1 + C

t ∫︂
0 

(1 + t− τ)−1 ∥∂2
1(b · ∇b)∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂2
1∂i(b · ∇b)∥L2dτ

≤ Cε (1 + t)−1 + CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−1 (1 + τ)−
5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−1
dτ

≤ Cε(1 + t)−1 + CC2
0ε

2(1 + t)−1 ≤ C0

2 
ε(1 + t)−1.
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Step II-3. The decay rates of ∥∂l∂2
2u∥L2 with l ∈ {1, 2}

For i = 1 and j = k = 2 in (5.29), by (5.6) and (5.15), we have

∥∂1∂
2
2u∥L2 ≤ Cε(1 + t)− 3

2 + C

t ∫︂
0 

(1 + t− τ)−
3
2 ∥∂1(b · ∇b)∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂1∂
2
2(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
3
2 + CC2

0ε
2

t ∫︂
0 

(1 + t− τ)−
3
2 (1 + τ)−

11
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (1 + τ)−1
dτ

≤ Cε (1 + t)−1 + C
(︁
C0 + C2

0
)︁
ε2 (1 + t)−1

, (5.30)

where we have used Corollary 2.1 with α = 2. Similarly, using (5.5), (5.15) and Corol
lary 2.1 with α = 3, we get

∥∂3
2u∥L2 ≤ Cε(1 + t)−2 + C

t ∫︂
0 

(1 + t− τ)−2 ∥b · ∇b∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂3
2(b · ∇b)∥L2dτ

≤ Cε (1 + t)−1 + CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (1 + τ)−1
dτ

≤ Cε (1 + t)−1 + C
(︁
C0 + C2

0
)︁
ε2 (1 + t)−1

,

which, together with (5.30), shows

∥∂l∂2
2u(t)∥L2 ≤ C0

2 
ε (1 + t)−1

, ∀ l ∈ {1, 2},

provided C0 is chosen to be large enough and ε is chosen to be suitably small.
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Step II-4. The decay rates of ∥∂i∂j∂3u∥L2 with i, j ∈ {2, 3}

Similarly to that in Step I-1, using (5.5), (5.11), (5.13), Corollary 2.1 with α = 3 and 
(4.38), we infer from (5.29) that for i, j ∈ {2, 3},

∥∂i∂j∂3u∥L2 ≤ Cε(1 + t)−2 + C

t 
2∫︂

0 

(1 + t− τ)−2 ∥b · ∇b∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂i∂3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂i∂j(b · ∇b)∥L2dτ

≤ Cε (1 + t)−2 + CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

23
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−2

dτ

≤ Cε(1 + t)−2 + CC2
0ε

2 (1 + t)−2 ≤ C0

2 
ε (1 + t)−2

,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step II-5. The decay rate of ∥∂3
1u∥L2

Taking i = j = k = 1 in (5.29) and applying Corollary 2.1 with α = 0, by (5.14) and 
(5.15) we deduce that for any 0 < δ < 1,

∥∂3
1u∥L2 ≤ Cε(1 + t)− 1

2 + C

t ∫︂
0 

(1 + t− τ)−
1
2 ∥∂3

1(b · ∇b)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ)∥∂3
1(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
1
2 + CC0ε

2
t ∫︂

0 

(1 + t− τ)−
1
2 (1 + τ)−

7
8 dτ
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+ CC0ε

t ∫︂
0 

(1 + t− τ)−
1
2 (1 + τ)−

1
2 ∥∂νb∥H3dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (1 + τ)−1
dτ

≤ Cε (1 + t)−
1
2 + CC0ε

2 (1 + t)−
3
8 + CC0ε

2 (1 + t)−1

+ CC0ε

⎛⎝ t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−1
dτ

⎞⎠
1
2
⎛⎝ t ∫︂

0 

∥∂νb∥2
H3dτ

⎞⎠
1
2

≤ Cε (1 + t)−
1
2 + CC0ε

2 (1 + t)−
3
8 + CC0ε

2 (1 + t)−
1−δ
2 ,

where we have also used (5.2). So, if we choose C0 large enough and ε suitably small, 
then we have by taking δ ∈ (0, 1/4] that

∥∂3
1u(t)∥L2 ≤ C0

2 
ε (1 + t)−

3
8 , ∀ t ≥ 1.

Step III. The decay rates of ∥∂i∂j∂k∂lu∥L2 with i, j, k, l ∈ {1, 2, 3}

For any i, j, k, l ∈ {1, 2, 3}, we infer from (2.7) that

∥∂ijklu∥L2 = ∥ˆ︂∂ijklu∥L2 = ∥ξiξjξkξlˆ︁u∥L2

≤
⃦⃦⃦
ξiξjξkξlˆ︂K1(t)ˆ︂u0

⃦⃦⃦
L2

+
⃦⃦⃦
ξiξjξkξlˆ︂K2(t)ˆ︁b0⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξiξjξkξlˆ︂K1(t− τ)ˆ︂N1(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξiξjξkξlˆ︂K2(t− τ)ˆ︂N2(τ)

⃦⃦⃦
L2

dτ. (5.31)

Step III-1. The decay rate of ∥∂3
1∂3u∥L2

Taking i = j = k = 1 and l = 3 in (5.31), using (4.38) and Corollary 2.1 with α = 1, 
by (5.14) and (5.15) we see that for any 0 < δ < 1,

∥∂3
1∂3u∥L2 ≤ Cε(1 + t)−1 + C

t ∫︂
0 

(1 + t− τ)−1 ∥∂3
1 (b · ∇b) ∥L2

x1L
1
x2,x3

dτ
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+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂3

1(b · ∇b)∥L2dτ

≤ Cε (1 + t)−1 + CC0ε

t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−
1
2 ∥∂νb∥H3dτ

+ CC0ε
2

t ∫︂
0 

(1 + t− τ)−1 (1 + τ)−
7
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−1

dτ

≤ Cε(1 + t)−1 + CC0ε
2 (1 + t)−

7
8+δ + CC0ε

2 (1 + t)−1

+ CC0ε

⎛⎝ t ∫︂
0 

(1 + t− τ)−2 (1 + τ)−1
dτ

⎞⎠
1
2
⎛⎝ t ∫︂

0 

∥∂νb∥2
H3dτ

⎞⎠
1
2

≤ Cε(1 + t)− 1
2 + CC0ε

2 (1 + t)−
1
2 ≤ C0

2 
ε (1 + t)−

1
2 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step III-2. The decay rates of ∥∂l∂h∂2∂3u∥L2 with l, h ∈ {1, 2}

Based upon (5.6), (5.15), (4.38) and Corollary 2.1, it follows from (5.31) that

∥∂1∂
2
2∂3u∥L2 ≤ Cε(1 + t)−2 + C

t ∫︂
0 

(1 + t− τ)−2 ∥∂1 (b · ∇b) ∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂1∂

2
2(b · ∇b)∥L2dτ

≤ Cε (1 + t)−2 + CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−1

dτ

≤ Cε(1 + t)−2 + C
(︁
C0 + C2

0
)︁
ε2 (1 + t)−1

. (5.32)
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In a similar manner, we have by (5.6), (5.9) and (5.15) that

∥∂2
1∂2∂3u∥L2 ≤ Cε(1 + t)− 3

2 + C

t ∫︂
0 

(1 + t− τ)−
3
2 ∥∂2

1 (b · ∇b) ∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂1∂

2
2(b · ∇b)∥L2dτ

≤ Cε(1 + t)− 3
2 + CC2

0ε
2

t ∫︂
0 

(1 + t− τ)−
3
2 (1 + τ)−

5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−1

dτ

≤ Cε(1 + t)− 3
2 + C

(︁
C0 + C2

0
)︁
ε2 (1 + t)−1

and

∥∂3
2∂3u∥L2 ≤ Cε(1 + t)− 5

2 + C

t ∫︂
0 

(1 + t− τ)−
5
2 ∥b · ∇b∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂3

2(b · ∇b)∥L2dτ

≤ Cε(1 + t)− 5
2 + CC2

0ε
2

t ∫︂
0 

(1 + t− τ)−
3
2 (1 + τ)−

5
4 dτ

+ CC2
0ε

2
t ∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC0ε
2

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−1

dτ

≤ Cε(1 + t)− 5
2 + C

(︁
C0 + C2

0
)︁
ε2 (1 + t)−1

,

which, together with (5.32), give rise to

∥∂l∂h∂2∂3u(t)∥L2 ≤ C0

2 
ε(1 + t)−1, ∀ l, h ∈ {1, 2},



92 S. Lai et al. / Advances in Mathematics 486 (2026) 110747 

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step III-3. The decay rate of ∥∂2
1∂

2
3u∥L2

Using (5.9), (5.16) and (4.38), from (5.31) we obtain after choosing C0 large enough 
and ε suitably small that

∥∂2
1∂

2
3u∥L2 ≤ Cε(1 + t)− 3

2 + C

t 
2∫︂

0 

(1 + t− τ)−
3
2 ∥∂2

1 (b · ∇b) ∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂2

1∂3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂2

1∂3(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
3
2 + CC2

0ε
2

t 
2∫︂

0 

(1 + t− τ)−
3
2 (1 + τ)−

5
4 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

15
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

15
8 dτ

≤ Cε(1 + t)− 3
2 + CC2

0ε
2 (1 + t)−

11
8 ≤ C0

2 
ε (1 + t)−

11
8 .

Step III-4. The decay rates of ∥∂2
2∂

2
3u∥L2 , ∥∂1∂i∂

2
3u∥L2 with i ∈ {2, 3}

Using (2.10), (2.12)--(2.14) of Proposition 2.1 and Corollary 2.1 with α = 3, we infer 
from (1.6), (5.6), (5.17) and (5.18) that for i ∈ {2, 3},

∥∂1∂i∂
2
3u∥L2 ≤ Cε(1 + t)−2 + C

t 
2∫︂

0 

(1 + t− τ)−2 ∥∂1 (b · ∇b) ∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂1∂

2
3(b · ∇b)∥L2dτ
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+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂1∂i∂3(b · ∇b)∥L2dτ

≤ Cε (1 + t)−2 + CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

21
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−2

dτ

≤ Cε(1 + t)−2 + CC2
0ε

2 (1 + t)−2
, (5.33)

where we have also used (4.38). Analogously,

∥∂2
2∂

2
3u∥L2 ≤ Cε(1 + t)− 5

2 + C

t 
2∫︂

0 

(1 + t− τ)−
5
2 ∥b · ∇b∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂2∂

2
3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂2

2∂3(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
5
2 + CC2

0ε
2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(1 + t− τ)−
1
2 (1 + τ)−3

dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−2

dτ

≤ Cε(1 + t)− 5
2 + CC2

0ε
2 (1 + t)−2

,

which, combined with (5.33), yields

∥∂2
2∂

2
3u(t)∥L2 + ∥∂1∂i∂

2
3u(t)∥L2 ≤ C0

2 
ε(1 + t)−2, ∀ i ∈ {2, 3},
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provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Step III-5. The decay rates of ∥∂i∂3
3u∥L2 with i ∈ {2, 3}

In terms of Proposition 2.1 and Corollary 2.1 with α = 4, by choosing C0 large enough 
and ε suitably small we infer from (5.19) and (5.20) that for i ∈ {2, 3},

∥∂i∂3
3u∥L2 ≤ Cε(1 + t)− 5

2 + C

t 
2∫︂

0 

(1 + t− τ)−
5
2 ∥b · ∇b∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂3

3(b · ∇b)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂i∂2

3(b · ∇b)∥L2dτ

≤ Cε (1 + t)−
5
2 + CC2

0ε
2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

27
8 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−3

dτ

≤ Cε(1 + t)− 5
2 + CC2

0ε
2 (1 + t)−

5
2 ≤ C0

2 
ε (1 + t)−

5
2 .

5.3. Enhanced decay rates of (u1, b1)

In this subsection, we aim to improve the decay rates of (u1, b1), based on (4.3), (4.60) 
and Corollary 2.2. Note that the decay estimates of (u1, b1), ∂i(u1, b1), ∂i∂3(u1, b1) with 
i ∈ {2, 3} and ∂3

3(u1, b1) stated in (5.1) have been achieved in Theorem 1.2.

Part I. Improved decay rate of ∥∂2
2u1∥L2

It follows from (2.7) and Plancherel’s theorem that

∥∂2
2u1∥L2 = ∥ˆ︁∂2

2u1∥L2 = ∥ξ2
2ˆ︂u1∥L2

≤
⃦⃦⃦
ξ2
2
ˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξ2
2
ˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2
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+
t ∫︂

0 

⃦⃦⃦
ξ2
2
ˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ2
2
ˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Ω1,m. (5.34)

It is easily derived from (4.23), (4.24) and Corollary 2.2 with β = 2 that

Ω1,1 + Ω1,2 ≤ C(1 + t)− 7
4 ∥(u0, b0)∥L1 + Ce−ct∥∂2

2(u10, b10)∥L2

≤ Cε(1 + t)− 7
4 . (5.35)

Analogously to the treatment in Subsection 4.3, for simplicity we only deal with the 
terms associated with ˆ︂P1(b · ∇b) in ˆ︃N11 and ˆ︃b2u1, ˆ︃b3u1 in ˆ︃N21, which are still denoted by 
Ω1,3 and Ω1,4. First, by (4.3) and Proposition 2.1 we have

Ω1,3 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2

2e
−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2

2e
−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2

2e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2

2e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

≜ Ω1,31 + Ω1,32 + Ω1,33 + Ω1,34. (5.36)

In terms of (4.54) and Corollary 2.1 with α = 3, we have

Ω1,31 ≤ C

t 
2∫︂

0 

(1 + t− τ)−2 ∥bb1∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂2(b · ∇b1)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ



96 S. Lai et al. / Advances in Mathematics 486 (2026) 110747 

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

11
4 dτ

≤ CC2
0ε

2 (1 + t)−2
, (5.37)

where we have used (5.1), (5.3), (5.4), (5.21), (5.22) and the divergence-free condition 
∇ · b = 0 to get that (∂ν = (∂2, ∂3) and bν = (b2, b3))

∥∂2(b · ∇b1)∥L2

≤ C∥∂2bν∥
1
2
L2∥∂2

2bν∥
1
2
L2∥∂νb1∥

1
4
L2∥∂1∂νb1∥

1
4
L2∥∂3∂νb1∥

1
4
L2∥∂1∂3∂νb1∥

1
4
L2

+ C∥∂2b1∥
1
2
L2∥∂2

2b1∥
1
2
L2∥∂1b1∥

1
4
L2∥∂2

1b1∥
1
4
L2∥∂1∂3b1∥

1
4
L2∥∂2

1∂3b1∥
1
4
L2

+ C∥b1∥L∞∥∂2∂1b1∥L2 + C∥bν∥L∞∥∂2∂νb1∥L2

≤ CC2
0ε

2 (1 + t)−
11
4 .

Similarly, by choosing δ ∈ (0, 1/4] we deduce from (4.55) that

Ω1,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−2 ∥(bb2, bb3)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
ξνe

−cξ2
ν(t−τ)

⃦⃦⃦
L∞

∥(∂2
2(bb2), ∂2∂3(bb3))∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−1
dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

5
2 dτ

≤ CC2
0ε

2 (︁(1 + t)−2+δ + (1 + t)−2)︁ ≤ CC2
0ε

2 (1 + t)−
7
4 , (5.38)

since it follows from (5.3), (5.21) and (5.22) that

∥∂2
2 (bb2) ∥L2 + ∥∂2∂3 (bb3) ∥L2

≤ C∥b∥L∞∥∂2∂νb∥L2 + C∥∂2b∥
1
2
L2∥∂1∂2b∥

1
2
L2

× ∥∂νb∥
1
4
L2∥∂2∂νb∥

1
4
L2∥∂3∂νb∥

1
4
L2∥∂2∂3∂νb∥

1
4
L2

≤ CC2
0ε

2 (1 + t)−
5
2 .
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Thanks to (5.11), it is easily seen from Lemma 2.5 that

Ω1,33 + Ω1,34 ≤ C

t ∫︂
0 

e−c(t−τ) ⃦⃦∂2
2 (b · ∇b)

⃦⃦
L2 dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (1 + τ)−2
dτ ≤ CC2

0ε
2 (1 + t)−2

. (5.39)

Plugging (5.37), (5.38) and (5.39) into (5.36), we obtain

Ω1,3 ≤ CC2
0ε

2 (1 + t)−
7
4 . (5.40)

Recalling the definition of ˆ︃N21 in (4.60), by (2.10) and (2.12)--(2.14) of Proposition 2.1
we have

Ω1,4 =
t ∫︂

0 

⃦⃦⃦
ξ3
2e

−cξ2
ν(t−τ) ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ2
2ξ3e

−cξ2
ν(t−τ) ˆ︃b3u1

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ3
2e

−c
(︁
1+ξ2

3
)︁
(t−τ) ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ2
2ξ3e

−c
(︁
1+ξ2

3
)︁
(t−τ) ˆ︃b3u1

⃦⃦⃦
L2

dτ,

and hence, similarly the derivation of (4.83), we deduce from (4.38), (4.54) and Corol
lary 2.1 with α = 3 that

Ω1,4 ≤ C

t 
2∫︂

0 

(1 + t− τ)−2 ∥(b2u1, b3u1)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥(∂2

2(b2u1), ∂2∂3(b3u1))∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ)
(︂
∥∂3

2(b2u1)∥L2 + (t− τ)− 1
2 ∥∂2

2(b3u1)∥L2

)︂
dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−2 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

11
4 dτ
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+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ)
[︂
(1 + τ)−2 + (t− τ)− 1

2 (1 + τ)− 11
4 
]︂
dτ

≤ CC2
0ε

2 (1 + t)−2
. (5.41)

Here, we have also used the following estimates due to (5.3), (5.21) and (5.22),

∥∂2∂ν (bu1) ∥L2 ≤ C∥b∥L∞∥∂2∂νu1∥L2 + C∥u1∥L∞∥∂2∂νb∥L2

+ C∥∂νb∥L∞
x1,x3L

2
x3
∥∂νu1∥L2

x1,x3L
∞
x2

≤ CC2
0ε

2 (1 + t)−
11
4 ,

and

∥∂3
2 (bu1) ∥L2 ≤ C∥b∥L∞∥∂3

2u1∥L2 + C∥∂2b∥L∞
x1,x2L

2
x3
∥∂2

2u1∥L2
x1,x2L

∞
x3

+ C∥u1∥L∞∥∂3
2b∥L2 + C∥∂2u1∥L∞

x1,x2L
2
x3
∥∂2

2b∥L2
x1,x2L

∞
x3

≤ CC2
0ε

2 (1 + t)−2
.

Thus, combining (5.35), (5.40) and (5.41) with (5.34), we have

∥∂2
2u1(t)∥L2 ≤ Cε(1 + t)− 7

4 + CC2
0ε

2 (1 + t)−
7
4 ≤ C0

2 
ε (1 + t)−

7
4 , (5.42)

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Part II. Improved decay rate of ∥∂2∂
2
3u1∥L2

Clearly, from (2.7) and Plancherel’s theorem it follows that

∥∂2∂
2
3u1∥L2 = ∥ ˆ︂∂2∂2

3u1∥L2 = ∥ξ2ξ2
3ˆ︂u1∥L2

≤
⃦⃦⃦
ξ2ξ

2
3
ˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξ2ξ

2
3
ˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξ2ξ

2
3
ˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ2ξ

2
3
ˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Ω2,m. (5.43)

Using (4.23), (4.24) and Corollary 2.2 with β = 3, we see that

Ω2,1 + Ω2,2 ≤ C(1 + t)− 9
4
(︁
∥u0∥L1 + ∥∂2∂

2
3u0∥L2

)︁
≤ Cε(1 + t)− 9

4 . (5.44)
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Analogously to that in (5.36), by (4.3), (2.10) and (2.12)--(2.14) one has

Ω2,3 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ2

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ2

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ2

3e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ2

3e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

≜ Ω2,31 + Ω2,32 + Ω2,33 + Ω2,34. (5.45)

To deal with Ω2,31, we first utilize (5.1), (5.3), (5.4), (5.21), (5.22) and the divergence
free condition ∇ · b = 0 to deduce

∥∂2
3 (b · ∇b1) ∥L2

≤ C∥∂2
3b1∥

1
2
L2∥∂2∂

2
3b1∥

1
2
L2∥∂1b1∥

1
4
L2∥∂2

1b1∥
1
4
L2∥∂3∂1b1∥

1
4
L2∥∂2

1∂3b1∥
1
4
L2

+ C∥∂2
3bν∥

1
2
L2∥∂2∂

2
3bν∥

1
2
L2∥∂νb1∥

1
4
L2∥∂1∂νb1∥

1
4
L2∥∂3∂νb1∥

1
4
L2∥∂1∂3∂νb1∥

1
4
L2

+ C∥∂3b1∥
1
4
L2∥∂1∂3b1∥

1
4
L2∥∂2

3b1∥
1
4
L2∥∂1∂

2
3b1∥

1
4
L2∥∂1∂3b1∥

1
2
L2∥∂1∂2∂3b1∥

1
2
L2

+ C∥∂3bν∥
1
4
L2∥∂1∂3bν∥

1
4
L2∥∂2∂3bν∥

1
4
L2∥∂1∂2∂3bν∥

1
4
L2∥∂3∂νb1∥

1
2
L2∥∂2

3∂νb1∥
1
2
L2

+ C∥b1∥L∞∥∂1∂
2
3b1∥L2 + C∥bν∥L∞∥∂ν∂2

3b1∥L2

≤ CC2
0ε

2 (1 + t)−
13
4 ,

which, combined with (4.54) and Corollary 2.1 with α = 4, yields

Ω2,31 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
5
2 ∥∥bb1∥L1

x2,x3
∥L2

x1
dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂2

3(b · ∇b1)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ
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+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

13
4 dτ

≤ CC2
0ε

2 (1 + t)−
5
2 . (5.46)

Analogously, since

∥∂ν∂2
3(bbν)∥L2 ≤ C∥b∥L∞∥∂ν∂2

3b∥L2 + C∥∂ν∂3b∥
1
2
L2∥∂2∂ν∂3b∥

1
2
L2

× ∥∂νb∥
1
4
L2∥∂1∂νb∥

1
4
L2∥∂3∂νb∥

1
4
L2∥∂1∂3∂νb∥

1
4
L2

≤ CC2
0ε

2 (1 + t)−3
,

due to (5.3) and (5.21), by choosing 0 < δ ≤ 1/4 we infer from (4.55) that

Ω2,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
5
2 ∥(bb2, bb3)∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
ξ2e

−cξ2
ν(t−τ)

⃦⃦⃦
L∞

∥(∂2∂
2
3(bb2), ∂3

3(bb3))∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−1

dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−3

dτ

≤ CC2
0ε

2
(︂
(1 + t)− 5

2+δ + (1 + t)− 5
2

)︂
≤ CC2

0ε
2(1 + t)− 9

4 . (5.47)

Similarly to the treatment of Ω1,4, by (5.13) and (4.38) we obtain

Ω2,33 + Ω2,34 ≤ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥∂2∂3 (b · ∇b)∥L2 dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

23
8 dτ

≤ CC2
0ε

2 (1 + t)−
23
8 . (5.48)

Thus, inserting (5.46), (5.47) and (5.48) into (5.45) gives

Ω2,3 ≤ CC2
0ε

2 (1 + t)−
9
4 . (5.49)
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In view of (4.60), we observe that

Ω2,4 =
t ∫︂

0 

⃦⃦⃦
ξ2
2ξ

2
3e

−cξ2
ν(t−τ) ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ2ξ

3
3e

−cξ2
ν(t−τ) ˆ︃b3u1

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ2
2ξ

2
3e

−c
(︁
1+ξ2

3
)︁
(t−τ) ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ2ξ

3
3e

−c
(︁
1+ξ2

3
)︁
(t−τ) ˆ︃b3u1

⃦⃦⃦
L2

dτ,

so that, similarly to the treatment of Ω1,4 in (5.41), we find

Ω2,4 ≤ C

t 
2∫︂

0 

(1 + t− τ)−
5
2 ∥(b2u1, b3u1)∥L2

x1L
1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥(∂2∂

2
3(b2u1), ∂3

3(b3u1))∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥(∂2

2∂3(b2u1), ∂2∂
2
3(b3u1))∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−
5
2 (1 + τ)−

11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

13
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2
(︂
(1 + τ)−3 + (1 + τ)− 13

4 
)︂
dτ

≤ CC2
0ε

2 (1 + t)−
5
2 , (5.50)

where we have used (4.54), (4.38) and the following estimates due to (5.1), (5.3), (5.4), 
(5.21), (5.22) and the divergence-free condition ∇ · u = 0,

∥∂ν∂2
3(bu1)∥L2 ≤ C∥u1∥L∞∥∂ν∂2

3b∥L2 + C∥b∥L∞∥∂ν∂2
3u1∥L2

+ C∥∂νb∥L∞
x1,x3L

2
x2
∥∂2

3u1∥L2
x1,x3L

∞
x2

+ C∥∂3b∥L∞
x1,x2L

2
x3
∥∂ν∂3u1∥L2

x1,x2L
∞
x3

+ C∥∂ν∂3b∥L2
x1,x3L

∞
x2
∥∂νu1∥L∞

x1,x3L
2
x2
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≤ CC2
0ε

2 (1 + t)−
13
4 ,

and

∥∂2
2∂3(bu1)∥L2 ≤ C∥b∥L∞∥∂2

2∂3u1∥L2 + C∥u1∥L∞∥∂2
2∂3b2∥L2

+ C∥∂νb∥L∞
x1,x2L

2
x3
∥∂2∂νu1∥L2

x1,x2L
∞
x3

+ C∥∂3∂2b∥L2
x1,x3L

∞
x2
∥∂2u1∥L∞

x1,x3L
2
x2

+ C∥∂2
2b∥L2

x1,x2L
∞
x3
∥∂3u1∥L∞

x1,x2L
2
x3

≤ CC2
0ε

2 (1 + t)−3
.

Thus, inserting (5.44), (5.49) and (5.50) into (5.43), we obtain after choosing C0 large 
enough and ε suitably small that

∥∂2∂
2
3u1(t)∥L2 ≤ Cε(1 + t)− 9

4 + CC2
0ε

2 (1 + t)−
9
4 ≤ C0

2 
ε (1 + t)−

9
4 .

Part III. Improved decay rate of ∥∂2∂
3
3u1∥L2

Based on (2.7) and Plancherel’s theorem, one has

∥∂2∂
3
3u1∥L2 = ∥ ˆ︂∂2∂3

3u1∥L2 = ∥|ξ2ξ3
3 |ˆ︂u1∥L2

≤
⃦⃦⃦
ξ2ξ

3
3
ˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξ2ξ

3
3
ˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξ2ξ

3
3
ˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ2ξ

3
3
ˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Ω3,m. (5.51)

It follows from (4.23), (4.24) and Corollary 2.2 with β = 4 that

Ω3,1 + Ω3,2 ≤ C(1 + t)− 11
4 
(︁
∥u0∥L1 + ∥∂2∂

3
3u0∥L2

)︁
≤ Cε(1 + t)− 11

4 . (5.52)

Next, we deal with the term Ω3,3, which can be written in terms of (2.10), (2.12)--(2.14) 
and (4.3) as follows,

Ω3,3 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ3

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ
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+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ3

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ3

3e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ2ξ3

3e
−c
(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

≜ Ω3,31 + Ω3,32 + Ω3,33 + Ω3,34. (5.53)

Using (5.1), (5.3), (5.4), (5.21), (5.22) and the divergence-free condition ∇ · b = 0, we 
have

∥∂3
3 (b · ∇b1) ∥L2 ≤ C∥b1∥L∞∥∂1∂

3
3b1∥L2 + C∥bν∥L∞∥∂ν∂3

3b1∥L2

+ C∥∂3
3b1∥L2

x1,x3L
∞
x2
∥∂1b1∥L∞

x1,x3L
2
x2

+ C∥∂3
3bν∥L2

x1,x3L
∞
x2
∥∂νb1∥L∞

x1,x3L
2
x2

+ C∥∂2
3b1∥L2

x1,x3L
∞
x2
∥∂1∂3b1∥L∞

x1,x3L
2
x2

+ C∥∂2
3bν∥L∞

x1,x2L
2
x3
∥∂ν∂3b1∥L2

x1,x2L
∞
x3

+ C∥∂3b1∥L∞
x1x2L

2
x3
∥∂1∂

2
3b1∥L2

x1,x2L
∞
x3

+ C∥∂3bν∥L∞
x1,x2L

2
x3
∥∂ν∂2

3b1∥L2
x1,x2L

∞
x3

≤ CC2
0ε

2 (1 + t)−
15
4 , (5.54)

which, together with (4.54) and Corollary 2.1 with α = 5, yields

Ω3,31 ≤ C

t 
2∫︂

0 

(1 + t− τ)−3 ∥∥bb1∥L1
x2x3

∥L2
x1
dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂3

3(b · ∇b1)∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−3 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

15
4 dτ
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≤ CC2
0ε

2 (1 + t)−3
. (5.55)

Analogously, noting that

∥∂ν∂3
3(bbν)∥L2 ≤ C∥b∥L∞∥∂ν∂3

3b∥L2 + C∥∂3
3b∥L2

x1,x3L
∞
x2
∥∂νb∥L∞

x1,x3L
2
x2

+ C∥∂2
3∂νb∥L2

x1,x2L
∞
x3
∥∂3b∥L∞

x1,x2L
2
x3

+ C∥∂2
3b∥L∞

x2,x3L
2
x1
∥∂ν∂3b∥L2

x2,x3L
∞
x1

≤ CC2
0ε

2 (1 + t)−
7
2 , (5.56)

from which and (4.55), we obtain by choosing δ ∈ (0, 1/4] that

Ω3,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−3 ∥(bb2, bb3)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
ξ2e

−cξ2
ν(t−τ)

⃦⃦⃦
L∞

∥(∂2∂
3
3(bb2), ∂4

3(bb3))∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−3 (1 + τ)−1
dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

7
2 dτ

≤ CC2
0ε

2 (1 + t)−3+δ + CC2
0ε

2 (1 + τ)−3

≤ CC2
0ε

2 (1 + t)−
11
4 . (5.57)

It is easily deduced from (5.19) and (4.38) that

Ω3,33 + Ω3,34 ≤ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2
⃦⃦
∂2∂

2
3 (b · ∇b)

⃦⃦
L2 dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−3

dτ

≤ CC2
0ε

2 (1 + t)−3
. (5.58)

Thus, by virtue of (5.55), (5.57) and (5.58), we infer from (5.53) that

Ω3,3 ≤ CC2
0ε

2 (1 + t)−
11
4 . (5.59)
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Similarly to that for Ω2,4, we have from (2.10), (2.12)--(2.14) and (4.60) that

Ω3,4 ≤
t ∫︂

0 

⃦⃦⃦
ξ2
2ξ

3
3e

−cξ2
ν(t−τ) ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ2ξ

4
3e

−cξ2
ν(t−τ) ˆ︃b3u1

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ2
2ξ

3
3e

−c
(︁
1+ξ2

3
)︁
(t−τ) ˆ︃b2u1

⃦⃦⃦
L2

dτ +
t ∫︂

0 

⃦⃦⃦
ξ2ξ

4
3e

−c
(︁
1+ξ2

3
)︁
(t−τ) ˆ︃b3u1

⃦⃦⃦
L2

dτ

and thus,

Ω3,4 ≤ C

t 
2∫︂

0 

(1 + t− τ)−3 ∥(b2u1, b3u1)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥(∂2∂

3
3(b2u1), ∂4

3(b3u1))∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥(∂2

2∂
2
3(b2u1), ∂2∂

3
3(b3u1))∥L2dτ

≤ CC2
0ε

2

t 
2∫︂

0 

(1 + t− τ)−3 (1 + τ)−
11
8 dτ

+ CC2
0ε

2
t ∫︂

t 
2

(t− τ)−
1
2 (1 + τ)−

15
4 dτ

+ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2
(︂
(1 + τ)−3 + (1 + τ)− 15

4 
)︂
dτ

≤ CC2
0ε

2 (1 + t)−3
, (5.60)

where we have used (5.1), (5.3), (5.4), (5.21), (5.22) and the divergence-free condition 
∇ · u = 0 to get that

∥∂2∂
3
3 (bu1) ∥L2 + ∥∂4

3 (bu1) ∥L2 + ∥∂2∂
3
3 (bu1) ∥L2

≤ C∥b∥L∞∥∂ν∂3
3u1∥L2 + C∥u1∥L∞∥∂ν∂3

3b∥L2

+ C∥∂ν∂2
3b∥L2

x1,x2L
∞
x3
∥∂3u1∥L∞

x1,x2L
2
x3

+ C∥∂3
3b∥L2

x1,x3L
∞
x2
∥∂νu1∥L∞

x1,x3L
2
x2

+ C∥∂2
3b∥L∞

x1,x2L
2
x3
∥∂ν∂3u1∥L2

x1,x2L
∞
x3

+ ∥∂ν∂3b∥L∞
x1,x3L

2
x2
∥∂2

3u1∥L2
x1,x3L

∞
x2

+ C∥∂3b∥L∞
x1,x2L

2
x3
∥∂2∂

2
3u1∥L2

x1,x2L
∞
x3

+ C∥∂2b∥L∞
x1,x3L

2
x2
∥∂3

3u1∥L2
x1,x3L

∞
x2
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≤ CC2
0ε

2 (1 + t)−
15
4 , (5.61)

and

∥∂2
2∂

2
3 (b2u1) ∥L2 ≤ C∥b∥L∞∥∂2

2∂
2
3u1∥L2 + C∥u1∥L∞∥∂2

2∂
2
3b∥L2

+ C∥∂i∂j∂3b∥L2
x1,x2L

∞
x3
∥∂νu1∥L∞

x1,x2L
2
x3

+ C∥∂ν∂3b∥L∞
x1,x2L

2
x3
∥∂2∂νu1∥L2

x1,x2L
∞
x3

+ C∥∂2
2b∥L∞

x1,x3L
2
x2
∥∂2

3u1∥L2
x1,x3L

∞
x2

+ ∥∂νb∥L∞
x1,x2L

2
x3
∥∂i∂j∂3u1∥L2

x1,x2L
∞
x3

≤ CC2
0ε

2 (1 + t)−3

with i, j ∈ {2, 3}. Thus, inserting (5.52), (5.59) and (5.60) into (5.51) gives rise to

∥∂2∂
2
3u1(t)∥L2 ≤

(︁
Cε + CC2

0ε
2)︁ (1 + t)−

11
4 ≤ C0

2 
ε (1 + t)−

11
4 , (5.62)

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Part IV. Improved decay rate of ∥∂4
3u1∥L2

In terms of (2.7), we have

∥∂4
3u1∥L2 = ∥ˆ︁∂4

3u1∥L2 = ∥|ξ4
3 |ˆ︂u1∥L2

≤
⃦⃦⃦
ξ4
3
ˆ︂K1(t)ˆ︂u10

⃦⃦⃦
L2

+
⃦⃦⃦
ξ4
3
ˆ︂K2(t)ˆ︂b10⃦⃦⃦

L2

+
t ∫︂

0 

⃦⃦⃦
ξ4
3
ˆ︂K1(t− τ)ˆ︃N11(τ)

⃦⃦⃦
L2

dτ

+
t ∫︂

0 

⃦⃦⃦
ξ4
3
ˆ︂K2(t− τ)ˆ︃N21(τ)

⃦⃦⃦
L2

dτ ≜
4 ∑︂

m=1
Ω4,m. (5.63)

It follows from Corollary 2.2 with β = 4 that

Ω4,1 + Ω4,2 ≤ C(1 + t)− 11
4 
(︁
∥u0∥L1 + ∥∂4

3u0∥L2
)︁
≤ Cε(1 + t)− 11

4 . (5.64)

Due to (2.10), (2.12)--(2.14) and (4.3), we have

Ω4,3 ≤ C

t ∫︂
0 

⃦⃦⃦⃦
⃦ξ4

3e
−cξ2

ν(t−τ)
3 ∑︂

k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ
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+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦|ξ3|4e−cξ2

ν(t−τ)
3 ∑︂

k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦|ξ3|4e−c

(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

ξ2
ν |ξ|−2ξkˆ︃bkb1

⃦⃦⃦⃦
⃦
L2

dτ

+ C

t ∫︂
0 

⃦⃦⃦⃦
⃦|ξ3|4e−c

(︁
1+ξ2

3
)︁
(t−τ)

3 ∑︂
k=1

3 ∑︂
l=2 

ξ1|ξ|−2ξkξlˆ︃bkbl
⃦⃦⃦⃦
⃦
L2

dτ

≜ Ω4,31 + Ω4,32 + Ω4,33 + Ω4,34 (5.65)

Similarly to the derivations of (5.55) and (5.57), by (4.54) and (5.54) we find

Ω4,31 ≤ C

t 
2∫︂

0 

(1 + t− τ)−3 ∥bb1∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥∂3

3(b · ∇b1)∥L2dτ

≤ CC2
0ε

2 (1 + t)−3
, (5.66)

and by (4.55) and (5.56) we obtain

Ω4,32 ≤ C

t 
2∫︂

0 

(1 + t− τ)−3 ∥(bb2, bb3)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

⃦⃦⃦
|ξν |e−cξ2

ν(t−τ)
⃦⃦⃦
L∞

∥∂4
3(bbν)∥L2dτ

≤ CC2
0ε

2 (1 + t)−
11
4 . (5.67)

Due to (5.20) and (4.38), we deduce

Ω4,33 + Ω4,34 ≤ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2
⃦⃦
∂3
3 (b · ∇b)

⃦⃦
L2 dτ

≤ CC2
0ε

2
t ∫︂

0 

e−c(t−τ) (t− τ)−
1
2 (1 + τ)−

27
8 dτ

≤ CC2
0ε

2 (1 + t)−
27
8 . (5.68)
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By (5.66), (5.67) and (5.68), we conclude from (5.65) that

Ω4,3 ≤ CC2
0ε

2 (1 + t)−
11
4 . (5.69)

Finally, analogously to the treatment of Ω3,4 in (5.60), using (4.54), (5.56) and (5.61), 
we obtain

Ω4,4 ≤ C

t 
2∫︂

0 

(1 + t− τ)−3 ∥(b2u1, b3u1)∥L2
x1L

1
x2,x3

dτ

+ C

t ∫︂
t 
2

(t− τ)−
1
2 ∥(∂4

3(b2u1), ∂4
3(b3u1)∥L2dτ

+ C

t ∫︂
0 

e−c(t−τ) (t− τ)−
1
2 ∥(∂2∂

3
3(b2u1), ∂4

3(b3u1)∥L2dτ

≤ CC2
0ε

2 (1 + t)−3
. (5.70)

Now, plugging (5.64), (5.69) and (5.70) into (5.63) gives rise to

∥∂4
3u1∥L2 ≤

(︁
Cε + CC2

0ε
2)︁ (1 + t)− 11

4 ≤ C0

2 
ε(1 + t)− 11

4 ,

provided C0 is chosen to be large enough and ε is chosen to be suitably small.

Proof of Theorem 1.3. With all the estimates established in Subsections 5.2 and 5.3 at 
hand, we immediately obtain the desired decay rates of the solutions stated in Theo
rem 1.3, based on (5.1), (5.3), (5.4) and the bootstrapping arguments. □
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