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Partial dissipation This is mainly due to the divergence-free condition and the
Stability anisotropic structure.

Decay estimates © 2025 Elsevier Inc. All rights are reserved, including those

for text and data mining, Al training, and similar

technologies.

1. Introduction

Magnetohydrodynamics (MHD) is one of the most important branches of continuum
mechanics, which deals with the interplay between electromagnetic fields and conducting
fluids. The MHD system is coupled by the Navier-Stokes equations for fluid dynamics
and the Maxwell equations for electromagnetism. Since the pioneering work of Alfvén [4],
MHD is widely used in many fields, such as geomagnetism and planetary magnetism,
astrophysics, nuclear fusion (plasma) physics, and liquid metal technology (see, e.g.,
[6,10,31]). In recent years, the stability of MHD equations has attracted a lot of at-
tention. A significant nonlinear phenomena of MHD observed by physical experiments
and numerical simulations is that a background magnetic field can smooth and stabilize
turbulent electrically conducting fluids (see, e.g., [2,3,14,16,27]).

In this paper, we consider the following 3D MHD equations with only vertical velocity
dissipation:

Ug—pud3U =B-VB—-U-VU-VP, zeR3t>0,
By —n03B —n03B=B-VU -U - VB,
V-U=V-B=0,
(U, B)(@, t)|t=0 = (Uo, Bo)(x),
where U = (U, Uy, Us) T, B = (By, B, B3)" and P are the velocity field, the magnetic
field, and the pressure, respectively. The positive constants p > 0 and n > 0 are the
viscosity coefficient and the magnetic diffusivity coefficient, respectively.

Our goal is to understand the stability of 3D anisotropic MHD system (1.1) near a
equilibrium state (U, B(©)),

U® =0, BO=e¢,:=(0,1,0).
Thus, the perturbation (u,b) around the steady state (U(®), B(0)) with
wi=U-U®,  b:=B-BO,

is governed by
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up — pdsu — b =>b-Vb—u-Vu—Vp, x€R3 t>0,
by — n03b —n03b — Ogu=b-Vu —u - Vb,
V-u=V-b=0,

u(z,0) = uo(x), blx,0) = bo(x).

In fact, if B =0 in (1.1), then it reduces to the 3D Navier-Stokes equations with only
vertical dissipation,

Uy —pd3U=B-VB-U-VU-VP, ze€R3t>0,
V.U =0, (1.3)
U(z,t)]t=0 = Uo(w).

The global stability and large-time behavior of (1.3) is a challenging problem. The major
difficulty lies in the fact that the dissipation in only one direction is too weak to control all
the nonlinear terms in the whole space R3. In a recent work [28], Paicu-Zhang established
the global well-posedness of smooth solutions with small data for (1.3) on the strip
domain = R? x [0,1]. The analysis of [28] strongly relies on the geometry of the
domain and a Poincaré type inequality, which no longer holds true for the case of whole
space. Motivated by this, the main purpose of this paper is to study the global stability of
MHD and to reveal the influence of magnetic field on fluid stability from a mathematical
point of view.

In the following, we briefly recall some noteworthy works on the stability of MHD
equations near a background magnetic field. In the pioneering work [5], Bardos-Sulem-
Sulem first demonstrated the stability effect of magnetic fields in ideal MHD. Cai-Lei [8]
and He-Xu-Yu [15], via different approaches, successfully solved the stability problem of
the ideal MHD system and its fully dissipative counterpart (with identical viscosity and
resistivity) near a background magnetic field. Wei-Zhang [39] allowed the viscosity and
resistivity coefficients to be slightly different. The stability of 2D viscous and non-resistive
MHD equations was first considered by Lin-Xu-Zhang [21], and then was extended and
improved by [9,17,32,33,42,44]. We also refer to [1,11,30,36] for the stability theory of
3D viscous and non-resistive MHD equations. In [45], Zhou-Zhu proved the stability of
2D inviscid and resistive MHD equations on the periodic domain by using the oddity
conditions proposed in [30]. Wu-Wu-Xu [41] (also cf. [12]) studied the stability of 2D
MHD system with only velocity damping.

Recently, the stability of the incompressible MHD equations with partial dissipation
has attracted more and more attention, since it mathematically reveals the stability
mechanism of a background magnetic field, compared with the Navier-Stokes equations.
For 2D MHD equations with partial dissipation, one can refer to [7,13,18-20,22,29] and
the references therein for interest. Next, we would like to introduce some works on the
stability of 3D MHD equations with partial dissipation, which is certainly more compli-
cated and difficult. The first work is due to Wu-Zhu [43], where the authors considered
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the 3D MHD equations with horizontal dissipation Apu and vertical magnetic diffu-
sion 92b. Then, Lin-Wu-Zhu [24] proved the stability of 3D MHD equations with only
one-directional dissipation d?u and horizontal magnetic diffusion Ayb in Sobolev space
H*(R?). Lin-Wu-Zhu [25] improved the stability result under the assumption that initial
data (ug, by) satisfy

| (o, bo) || s + |11|OF (uo, bo) HLilLizzs <e, with k=0,1,2.
Recently, the stability of an initial-boundary value problem of 3D MHD equations with
only vertical dissipation 93u and 93b was studied by Lin-Wu-Suo [23] in the case of strip
domain 2 = R? x [0, 1] with Dirichlet boundary conditions by using the Poincaré type
inequality.

The main purpose of this paper is to study the stability theory and large-time behavior
of the Cauchy problem (1.2) on the whole domain R3. Our first result of this paper,
concerning the global solvability and stability in the H3-framework, is formulated in the
following theorem.

Theorem 1.1. Assume that (ug,bo) € H® with V-ug = V-by = 0. There exists an abso-
lutely positive constant € > 0, depending only on u and n, such that if

[[(uo, bo) |5 < ¢,
then the problem (1.2) has a unique global solution (u,b) on R3 x [0,00), satisfying

T
IO+ [ (1(@au,02b, 00) s + Ozulfye) e < &2 (1.4)
0

The issue of large-time behavior and decay rates of the global solutions is more subtle.
We will derive the sharp decay rates of the solutions by the method of spectral analysis.
For the notational convenience, we denote by

I£lze = [ flosy,  fllwres = [flwer@s),
£l = 1@y I lwez = 1 fllae = 1 s),

IfllLrLaze = HHHf”Lp(R)HL‘I(R)’

A
1fllzg, e, .y = |[1f]lze, ., (R2>' L4, (R)

L (R)’
Moreover, the same letter C will be used to denote the generic positive constants, which
may be different from line to line.

Our second and main result of this paper is concerned with the sharp decay rates of
the global solutions.
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Theorem 1.2. In addition to the conditions of Theorem 1.1, assume that (ug,by) € L'
and OF (ug,bo) € L2 L for k = 0,1,2. There exists an absolutely positive constant

Xy xro,Tr3

€ > 0, such that if

(a0, bo)llz2 + [ (o, bo) [l + 105 (wo, bo)lz2 11, . < (1.5)

x1TTE2,T3

then the global solutions (u,b) of the problem (1.2) satisfy

10F (w,0)(Ol12 < Cos(L+)72, [0, b)(®)]12 < Coe(1 +1)7,
1005 (1w, b) (D)2 < Cos(L+)72, [0 (u,b) (1) 2 < Cos(1+1)~ 12,
10195 (u, ) ()| 2 < Cos(L+ )", 107 (w,b)][ 22 < Cos(1+14)7F,

5

10103 (u, b) (1) 22 < Cos(1+1)7F,  [|0203 (u, b) (1) 22 < Cos(1+1) 7,
103 (u, b)(t)[| 12 < Coe(1 + 1)~ 12, (w1, b1) (1) 22 < Cos(1+1) 75,

10s (1, b)) (1) |2 < Cos(L+8)75,  [8:05(ur, by)(£)][ g2 < Cos(1+14)71,
103 (w1, b1) (8)]| > < Coe(14)~1

u, b)(t)
1319205 (u, b) ()| 2 < Coe(1 + t)‘%, 18285 (u, b) (£) ]| 12 < Coe(1+ )"z,
)

T
1

&o

where k=0,1, 1=2, 3, =1, 2.

If we assume further that (ug,bo) € H?, then we can show that the decay rates of the
partial derivatives involving the third direction x3 are optimal, compared with the 2D
heat equation.

Theorem 1.3. Assume that for k = 0,1,2,3, 0¥ (ug,by) € L2 L} (ug,bo) € H*,

17" T2,x37

V- ug =0, and V -byg = 0. Then, there exists sufficiently small € > 0, such that if

(o, bo) |l 4 + [l (o, bo) ||y + 10F (w0, bo)llz2 22 . <e, (1.6)

x] T2 z3

then the following large-time decay estimates hold for the global solutions (u,b):

107 (u, b)(#)]| 2 < Coe(1 +1)72, 1: (u, ) (1)l 22 < Coe(1+1)7H,
1010: (u,0) ()| 22 < Cos(L+6)7", 305w, b)(#)l|z2 < Coe(1+1)72,
107 (u, b)| L2 < Cos(1+1) 2, 1018305 (1, ) ()| 2 < Coe(1+1)"2,

10003 (u, b) (1) 22 < Cos(1+ 1)1, [|030;(u, D) (1) > < Coe(1+1) 7
10005 (u, b) (£) [ 22 < Coe(1+ )2, 85 (u, b)(t)]| 22 < Coe(1+1)7F,
10505 (u, b) (1)l 2 < Cos(1+1)"2, 0303 (u,b)|| 2 < Cos(1+1)"
10100205 (1w, b)|| 12 < Coe(1+)"1, 10105 (u, b)|| 12 < Coe(1 4 1) 72,
1010203 (u,0) [ 22 < Cos(L+ )72, (10,05 (u, b) |12 < Cos(1+1)73,
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Iur, 1)z < Coe(14)74, 10 (w1, b1) 22 < Cos(1+1) 74,
19:0; (s, b1) |2 < Coe(1+1) 1003 (1, 1) 2 < Coe(1+1) 75,

1

1003 (w1, b1) |2 < Coe(1+1t)" 7,

[

where k =0,1, 7, =2, 3, L,h=1, 2.

Remark 1.1. The method herein can be applied to the HY-framework with N > 4. In
particular, if

(a0, bo)ll sz~ + [[(uo, bo)llze + 10F (uo, bo)llz2 21, . <€

Tl TTE2,T3

with £ =0,1,--- , N — 1, then it holds that

N+1

1(057u, 937b)|| > < Coe(1+t)~ 2
Remark 1.2. Due to the resemblance of mathematical structure, the same results as the

ones stated in Theorem 1.1-1.3 can be achieved for the 3D MHD equations with only
vertical magnetic diffusion:

Oru+u - Vu+ Vp = vd3u+ vdju +b- Vb + dab,
8tb+u~Vb:n8§b+b'Vu+82u,
Viu=V-b=0,

(u,0) (2, t)|t=0 = (uo, bo)(2)-

Next, we briefly sketch the main ideas of the proofs in Theorems 1.1-1.3. Since the
local-in-time existence result can be shown by the standard method (see, e.g., [26]), to
prove Theorem 1.1, our main task is to derive the global-in-time a priori estimates of the
solutions. The main difficulties arise from the lack of velocity dissipations in both z; and
xo directions, which will be supplemented by the additional dissipation generated by the
background magnetic field. To do this, we adopt the method of “double energy”, which
have been successfully used in the previous works (see, for example, [18,19], [22-25],
etc). The first energy functional is the natural H3-energy & (t) induced by the partial
dissipations of (1.2),

E1(t) = sup H(u,b)(T)qu&+2/(u\|33u(7)|\%rs+nll (026, 030) (1)3gs) dr,  (1.7)

0<r<t
0

and the second one & (t) is the additional H?-energy of dyu,

&) 2 [ 10su(r)l3edr (18)
0
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which is indeed generated by the background magnetic field. The estimates &£ (t) and
& (t) will be built up, based on the standard L?-method and the applications of
anisotropic Sobolev inequalities (cf. Lemmas 2.1 and 2.2). However, some of the non-
linear terms cannot be bounded by &;(t) and &(t) directly. The most difficult terms
are

D, £ 2/82U2 (afug)zdx, D, £ /3§u282u;38fu3 dz, Dg & 3/82U2 (819’u3)2dx.
To deal with these terms, we make use of (1.2) to replace dous and daug by (see (3.34))

Byug = O;(ba — ndyuz) — NI3ba + D203 us
— 10 (u-Vug —b-Vby + dap) + u - Vby — b - Vug,
Doug = 0y (b — nOauz) — nO3bs + unda03us3
—n0s (u-Vug —b-Vbs + 03p) +u-Vbs —b- Vus. (1.9)

For example, by several substitutions and integration by parts, the difficulty of the term
D; is shifted to the treatment of Fy (see (3.51)),

F4 e 4/b . Vai’bgaftm(bg - 7782712) dx.

Also, this cannot be bounded directly. To circumvent this difficulty, we artificially retain
the term E; (see (3.27)),

E1 é 2/ (8?()2)282112 d.%‘,

which arises from the treatment of the nonlinear term b - Vu. Based on (1.9) and inte-
gration by parts, the term E; will produce a “good” term Ry (see (3.59)),

R4 é 4 / b- Vaftmafbg(bg - 7}82U2)d$,
which, combined with Fj; and integrated by parts, leads to the desired bound of Dy + F;

(see (3.62)). The estimates of the other two terms Dy and D3 can be done in a similar
manner, if we add the terms Fy and FEj,

B, 2 / B3by0ouz03by dv, Es 23 / (92b3)” Dyus du,
to Do and Ds, respectively. With all the global a priori estimates at hand, Theorem 1.1

then follows from the bootstrap arguments (see, e.g. [37]). We refer to Section 3 for more
technical details.
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The proofs of the decay rates stated in Theorems 1.2—1.3 are built upon the spectral
analysis and the integral representations in (2.7) and (2.8). In particular, the precise
upper bounds for kernel functions play a mathematically important role. This forces
us to divide the frequency space into suitable sub-domains and to derive the sharp
estimates of each kernel function in these sub-domains (see Proposition 2.1). By virtue
of Proposition 2.1, we then carry out some reasonable ansatz of the decay rates and
provide the decay estimates of the nonlinear terms. With these preparations at hand, we
can adopt the bootstrap argument to establish the desired decay estimates by elaborate
calculations. The entire analysis strongly relies on Corollaries 2.1 and 2.2, which coincide
respectively with the estimates of 2D and 3D heat kernel. It is worth mentioning that
Corollary 2.2 is a consequence of the divergence-free condition and will be used to prove
the enhanced decay rates of (u1,b1). Compared to the previous work [25], the analysis of
the present paper is more delicate and technical. The details can be found in Section 4
and 5.

The rest of the paper is organized as follows. In Section 2, we present some useful
mathematical tools and establish the sharp upper bounds of kernel functions in different
sub-domains. The global stability result, i.e. Theorem 1.1, will be shown in Section 3.
The decay rates stated in Theorems 1.2 and 1.3 will be derived in Section 4 and 5,
respectively.

2. Preliminaries
2.1. Some elementary inequalities

In this subsection, we will recall some elementary inequalities and results which will
be used frequently later. We begin with the anisotropic inequalities for triple products
(see [24,25,43]).

Lemma 2.1. Assume f, O1f, g, Oag, h and O3h are all in L*(R?). Then,
1 1 1 1 1 1
/lfgh\dﬂ«“ < Clflz2l00f 1172119l 7210291 72 [ Pl| 211 O3B 72
R3

1 1 1 1 1 1
/Ifgh\dx < Clfllz2llgllz20igll 22119591 12 110:05 1 2 1Al 2 |1 Okl 7 2
R3

1 1 1 1
< Clflle2llgllz 19sgl Fra 1Rl 22 M| Okl 7 2,
where i,j,k € 1,2,3 and i # j # k.

The following lemma provides the anisotropic upper bounds for quadruple product,
which is very mathematically helpful in the treatments of nonlinear terms.
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Lemma 2.2. The following estimates hold when the right-hand sides are all bounded.
1 1 1 1 1 1 1 1
/Iefgh\dx < Cllell =110l 21111 221106 £ 1| L2191 Err 19xg | o 12l o [| 9%l £
R3

< C(lI(e; N72 + 1gs Wz ) (1(ie, Bi Pl 72 + [|(Org, Dh)[F1),
where i,k € 1,2,3 and i # k.

Proof. The proof relies on the basic one-dimensional Sobolev inequality:

1 1
HQHLOO(]R) < \/§||9||[2,2(R)||91||z2(]1g)7 (2-1)

and the Minkowski inequality

Mg mey Lz ®my < W llez®myllze@ny, Y1 <qg<p<oo, (2.2)

where f = f(z,y) is a measurable function on (x,y) € R™ x R™. With the help of
(2.1)—(2.2), we have

=l fllzz ., c=llgllzes 2 Ihllze . r2
j,zckLa:i f chj,atkLmi g chj,kami ij,ackLa:i

[ letghlds < Cleloz
RS

1 1
< C||lellzs Iorell;

lgllzz, ee ,, 1hllez, pee

T

1 1
L e nausi

’ 2
L:cj,mk

1 1 1 1
< Cllell Lz l10iell Z2ll A E2 106 229l 22 pee MRl 22 2es - (2.3)

z; T,y

By virtue (2.1) and Holder’s inequality, we obtain

1 1 3 3
lgllez res ., < C"||g||Lik||akgHL3k L2 L CHHQHL% L2, .y HHa’“gHL% L2, 4,
i J Lg T iT
1 1 1 1 1 1
< Cliglz210;91 72110kl £ 105x91 72 < Cligll 7 1091l 771 (2.4)
and analogously,
1 1

1Pllrz, e pee < CllAll g l|Okhl| g (2.5)

Now, substituting (2.4) and (2.5) into (2.3), we infer from Cauchy-Schwar’s inequality
that

1 1 1 1 1 1 1 1
/Iefghldw < Cllellz= N0l 2211117210 f1I 22 gl Ern 1Ok g | Era 2l £ 1Ok hl B
RS

< ClellZ=l10elZz + 1171100 T2 + llglzr 19kgllEn + 12l Z | OkhlIZ
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C (I (e; NIz + 1 (g, ) 1F2) (I (Dies 0if) 172 + Nl (Org, Oh) N7s) -

The proof of Lemma 2.2 is thus complete. O
2.2. Integral representation and the kernels

In this subsection, we aim to derive integral representation of (1.2) and study the
sharp bounds for the kernel functions, which will be used to prove the decay rates
of the solutions. To begln we first operate the Fourier transform of (1.2) to get that
(u = (u1,uz,u3) and b= (bl,bQ,b3))

o: | . =Al |+ __ |, Vi=12,3
b; b; No;

where A comes from the linear operators, and Ny, No are the nonlinear terms,
A <—M§§ &2 >
i&  —n(&+&3)

Ny = (N11, N12,N13) £ P (b- Vb —u - Vu),

and

N2 == (Ngl, N22,N23) = b-Vu—u-Vb.
The characteristic polynomial of A is determined by
P [+ (G +E) A+ e (G + &) +& =0,

from which we obtain the eigenvalues of A:

P (&3 +n(§i+§§)] —ﬁ, N [u5§+n(gi+§§)] +VT 26)

with

2 (g2 +ne2)" — 4 (et +&2), L1

By computing the corresponding eigenvectors and diagonalizing A, we find

(e, 1) = K (O + Ka(1)b 0+/ (Rt = nW) + Kot = 1)Na(r)) dr (27)
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and
56.t) = Ra0 + Kol + [ (Ralt = Ni(r) + Bat - Fan)) dr. - (28)
0

where the kernel functions I/(\l, I/(\g and I/{\g are given by

I?\l = 7,LL§§G1 + Go, I?\2 =16G, I/(\S = u§§G1 + Gs, (2'9)
with

ekzt _ 6A1t )\26)\1t _ )\16)\2t

Gi=———, Go="F——" =M NGy =™ - NG
1 Xy — Ny 2 Ny — A € 11 =¢€ 2,

)\ Aot )\ At

G3 = u = 6)\1t + MGy = 6)\2t + MG,
Ao — X\

It is worth pointing out that when A; = Xg, the representation in (2.7) and (2.8)
remains valid, provided we replace G by its limiting form:

ekzt _ eA]i

Gi= lim — = te)‘lt.
1 )\2*})\1 )\2 - )\1

Obviously, the behavior of I/(\l(f,t), I/(\g(f,t) and I/(\g(f,t) depends strongly on the
Fourier frequencies £. So, we need to study the upper bounds for the kernel functions in
the different sub-domains of frequency space.

Proposition 2.1. Let Q; and Qs be the sub-domains of R3 defined by

2
Qlé{ﬁeRS:FSM or (u€§+n€3)2ﬁE(HW§§€3+€§)}’

4 3
2 2)2
QQé{geR3:F>M or (u£§+n£3)2>?(lmf?f?%%)}

Then G, G and G3, and I/(\l, }/{\2 and I/{\s admit the following upper bounds:

(I) There exists some ¢ = c(v,n) > 0 such that for any & € 4,

1 1
Re < — (u€3 +n€3) . Reda < =7 (€l +ng?)

1G1| < tem s WD)t K| K|, | K5| < Cem St (2.10)
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(IT) There exists some ¢ = c(v,n) > 0 such that for any & € Qa,

3 pnE3El + &3
A < _Z 2 2 , A < _ 35v 2,
1S =7 (,Ufz), +77§u) 2 < 7#5?%"‘7753

|Ga| < 2 (el +ne2) " (M 4,

o~ o~ —~ _H7l§2512,+§§
K|, | Ko, | Ka| < Cemelueined)t 4 o™ wedenes (2.11)

(II) Let Qq; with i = 1,2,3 be the subsets of Qa2 as follows,

QQl £ {6 € QQa /J“f?% > 77612/}7
Qoo 2 {6 €y, p&d <n&l and |&| <&},
Qoz £ {€€Qy, &G <n&l and |&| > &)}

Then the following bounds hold for Ky, Ko and K3,

K|, K|, | K3 < Ce™ 6tV € € Qy,

(2.12)
||, | Ko, | KG5| < Ce™®6F, W € € Qu, (2.13)
KL R, Ry < € (e ety emeeit) v ¢ e (2.14)

Proof. (I) For £ € Oy, the eigenvalues A\; and A2 given by (2.6) obviously satisfy

1 1
Red < — (u&3 +n€)), Reda < = (&3 +n3) -

We divide the analysis into two cases,

2 2 2
I'<0 and ogx/fg“£3+”§£2+€3)

Case 1. ' < 0. In this case, the eigenvalues A; and \s are a pair of complex conjugates,
satisfying

Ml el = \/ume3 (&3 +€3) + &3.
In addition,

-5 —5 (2.15)

where
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Q= 1mE G +E)+ &) — W +n (@ + &)
By the simple fact that |sinp| < |p| for any p € R, we infer from (2.15) that
G| < tem3mei+ned)t,
It follows from the definitions of K; and K3 in (2.9) that

K| = [u€3G + Go| = |u€dG + Mt — X Gy, (2.16)
|f/(\3| = |u€iG + G| = |u€2Gy + e + M G| (2.17)

Next, we first estimate the term |A;G1|. On one hand, if || < +/—T, then

|e)\2t _ 6)\1t|
V=T

On the other hand, if |A\1| > v/—T, then

IAMG1| = [\ < M| + || < Cem 2 e HnEl)t

2 1
3 (s (€ + 68) +65) < (ue5 + )" or [l < 5 (W€ + )
which, together with (2.15), yields

2sin(1Qt) ‘

Q

(/,ng + 'ﬂfg) te_%(ﬂfg-i-nﬁg)t < 06_6512/15.

NG| = | A |e 2 (e HnEl)t

< 1
=3
So, in the case that I' < 0 we have |\ G| < Ce~t. As a result,
|K1| = [p€3G + Mt — MGy | < Ce™50,
and analogously,
K| = |u€2Gy + e + M\ Gy| < Ce ot

To deal with K, we first observe that if |€&2] < /=T, then

Aot A1t|

||€ — €

Vv-T

Moreover, if |£3] > /=T, then

K| = & < [eMt] 4 |e2t] < Ce 2 e HnEd)t,

& >4 (3 (2 +€3) +€3) — (n€2 +ne2)*,
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which implies

362 < (u€2 +1€2)? e |§2|<%(u£§+n§3)7 (2.18)

so that, it follows from (2.9), (2.15) and (2.18) that

< Ce~c6it,

: 1
|By| = |6 b (nEiHned)e M‘

This finishes the proof of (2.10) in the case I' < 0.

2 2
Case 2. 0 < VT < ‘%ig" In this case, both A\; and A, are real and satisfy

3
— 5 (W€ +nl) < M <~ (u€F +0g)).

e N

—% (1€5 +n&)) < Ao < —= (€3 +n&2) -

It follows from the mean-value theorem that there is a ¢ € (A1, A\2) such that
Gy =tet < te*i(#E§+n£3)t7

and thus,

w

‘)\1(;1‘ S Z (/*ng + fr’gz) te_%(ﬂgg'i'nf?/)t S 06_0512/t. (219)

With (2.19) at hand, we can derive the desired bounds of [K;| and |K3| in a similar
manner as that in Case 1.
To bound |K>|, we first use the fact that vT > 0 to get

2
(n€3 + &) > 4 (1m&3€ + &),
and hence,
2 . 1
465 < 4 (gel +8) < (ngg +n&p)” e &l < 5 (u€3 +ng0),
from which it immediately follows that
K| = [6G1| < [gfte™ 10500 < Cemeset,

This, together with Case 1, shows that (2.10) holds for all £ € €.
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(IT) For & € Qy, it is clear that A\; and A are real and

3
— (& +n&) <M < = (n€3 +nel),
N S (@ )] VT
2
2 (uné3e2 + &3) pné3E2 + &3
_ _ 2.20
T+ tne2 = p@+ne (2.20)

from which it is easily seen that
A=A = VT2 %(u€§-%n€3),
and consequently, the term G; admits the following upper bound:
(G| <2 (ugd +mgd) " (M + ) (2.21)
As an immediate result of (2.20) and (2.21), one has
IMG] <2 (e)‘l75 + e)‘2t) ,

so that, it is easily derived from (2.16)—(2.17) and

2.2 2
o - 2 2 _ un&3E5+€5 ¢
(K|, [K3| < O (eM +eMt) < CemeWsstntu)t 4 Ce™ neienst "

For K, since & € 25, we have

(h&3 +0€2)* > = (unehel + &),

that is,

V3

16
353 < (n2+ne2)° or 6] < - (&3 +ngl),

from which and (2.21), we find

_ _ wzs?gsﬁﬂé
K| = |£G1] < C (eM + M) < CeeBEHnE)t L O™ neiined

This finishes the proof of the assertions stated in (2.11).
(III) For € € Qo

S+ g + &8 M
pEd +ne2 ugg — 2
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For € € Qo9,
GG+ G g+ 6 Pep o g2
péd +n2 ~ me2 T 20T 4
For f S 923,
mE3E + & <_un§§£3+€§:_g€§_ £ <_g€§_i.
pés +ng2 ~ 2E2 2 ME+E) T 27 Ay

Thus, combining these bounds with (2.11)3, we immediately arrive at (2.12)—(2.14). The
proof of Proposition 2.1 is therefore complete. 0O

2.8. Mathematical tools for the decay estimates

In this subsection, we state some useful inequalities which play important roles in the
derivations of the decay rates. We first recall the following lemma concerning the exact
decay rate for the solution operator associated with a fractional Laplacian (cf. [34,40]).

Lemma 2.3. Let o > 0 and 8 > 0 be real numbers. Then for any 1 < q < p < oo,

It is clear from Proposition 2.1 that there is lack of &;-decay in kernel functions.
To overcome this difficulty and to derive the decay rates, we have to assume that the
initial data is equipped with L2 1L}£ ,.zg-norm. Moreover, as an immediate consequence

of Lemma 2.3, we have the following corollary which is technically used in the analysis.

Corollary 2.1. Assume that u € LilLl N L%. Then for any a > 0, there exists an

T2,T3
absolutely positive constant C > 0, depending only on «, such that

L Vit>1, (2.22)

@2,23 || 12
T

a  —E2t~ _l4a
lvle @)l 2 < O+ |llulzy

where £ = (£1,&,) with &, = (&,&3).

Proof. Let A, £ 02 4+ 02. Then, it follows from Plancherel theorem, Fubini theorem and
Lemma 2.3 that for any ¢ > 1,

p— 2 ~
v e @)l 2

< N-an)Fe e = [I-a)Fed s, |
xq
_ltao _lto
< 015 uly, jy SOU+HTS edlzs, ., .

which ends the proof of (2.22). O
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Furthermore, if u is a vector-valued function satisfying the divergence-free condition,
then we have the following refined decay rate of u;.

Corollary 2.2. Let u = (u1,us,u3) be a smooth function, satisfying uw € L' N L? and
V -u = 0. Then for any 8 > 0, there exists an absolutely positive constant C > 0,
depending only on 3, such that

llu|Pe= " (&) 12 < C(1+1) Vi1 (2.23)

Proof. Let V,, £ (02,03). Then, it holds that diu; = —0d,u, with u, = (ug,us), due
to the divergence-free condition V -« = 0. Thus, using Plancherel theorem and Fubini
theorem, we deduce from Lemma 2.3 that for any ¢t > 1,

2, 8 A,
6 Pe S TN = I1(-20) F e a3

8 1 B 1
< Ol Fe iy 1203 iy,

B
<O fi-anfer |,

B
< cfii-a,) et ul e

r9,T3

HH(—AV)%MV iz,

) ( Hnun% ) )

where we have also used Holder and Minkowski inequalities. O

LL,

< c(t 5 Hnun% .

<(14t)°

The following two lemmas are concerned with the upper bounds with sharp decay
rates for two special integrals (see, e.g., [38]).

Lemma 2.4. For any 0 < s1 < sg, there exists a positive constant C, depending only on
s1 and sa, such that for any t > 0,

¢ C(1+1t)", if sy >1;
/1+t—7 W4 dr < CO+0) ™ (1 +1),  if sa=1;
0 C(1+t)t=s17s2, if sy <1

Lemma 2.5. For any ¢ > 0 and s > 0, it holds that

t
/e—c<t—7>(1 Fr) T dr <C(14D)E, V>0
0
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3. Global stability and proof of Theorem 1.1

This section concerns the global well-posedness of smooth solutions stated in Theo-
rem 1.1. Since the local existence result can be shown in a similar manner as that in
[26], the main task of the present paper is to derive the global a priori estimates of the
solutions. This will be done by using the method of dual-layer energy and applying the
bootstrapping arguments.

3.1. A priori estimates (I)

The first step is to deal with the natural H?3-energy & (t), based on the anisotropic
Sobolev inequalities and the divergence-free conditions.

Lemma 3.1. Let & (t) and E2(t) be the same ones defined in (1.7) and (1.8), respectively.
Then for any t > 0,

3 3 3 2 2
a1 <C (8O +& ) +C (1) +E M) +C(EM+EW®). B
Proof. Since ||(u,b)| gz ~ ||(u,b)|r2 + [|(V3u, V3b)|| L2, it suffices to bound the L?-norms
and the homogeneous H3-norms of (u, b).
Step I. The estimate of L2-norm

Based on the divergence-free conditions V- u = V - b = 0, it is easily derived from
(1.2) that for any 0 <t < T,

t

(e, DY(B)II72 + 2/ (u0sullZz + 010201172 +nlldsblIZ2) d = ||(uo, bo)l[Z2-  (3-2)
0

Step II. The preliminary bound of H3-norm

Applying 03 with i = 1,2,3 to (1.2) and dotting them with (93u, 93b) in L?, we obtain
after integrating by parts that

3
1d
§d—z 107w, 7 )17 Jruzjlla3 Osull7 +772 (10702072 + 1|07 Dsbl72)

=1 =1

£ Hy + Hy + Hy + Hy + Hs, (3.3)

where

3 3
H, = Z/ (0305b - Ou + 9300w - O3b) dw, Hoy 2 72/33(,“ - Vu) - Bu da,

i=1
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3 3
Hz 2 Z/ [02(b-Vb) —b- VD] - Ofu dw, Hy2 —Z/af(u - Vb) - 93b dx,
i=1 i=1

3
2 [ (500 V) b Vo] -
i=1

We are now in a position of estimating each term on the right-hand side of (3.3). First,

it is easily seen that
H, =0.

Due to V- u = 0, by direct calculations we have

3 3
Hg:—Z/@f‘u-VU-@f’udx—32/3§u~vaiu-8i3uda:
i=1 i=1

3 3
732/8iu-vafu~8i3u dméZHQj.
i=1 j=1

It follows from Holder’s and Sobolev’s inequalities that

Hglzf/(af’wVu'a%quag’u'Vu~8§u+8§u~VUo6§u) dx

< C||Vulr= (103ullZz + 105ullZ2) + Hary
< Cllullms (102ullze + 10sullZ) + Hou,

where
Hyp 2 f/af’u -Vu - 8fu dx.
In view of the divergence-free condition V - u = 0, we get
101wl g < (102wl gre + [105usll e < 1O2ull g + [|O5ull e,k =1,2,...,

so that, by Lemma 2.1 we have from integration by parts that

H211 = —/8fu181u . 8f’u dr — /8?112821118?111 dr — /8?“2821128?1,62 dx

— /8qu82u38fU3 dx + /838:1311,3 (U . af’u) dx + /8‘13U3 (u . 638?11) d

< C||o? Ovul| L, 1 02u]| 2, 1101 0yul 1. [|0205ul| L, 05 2. | 505 ul | 2
< Ol 07uall 2101wl 72 107wl 72 101 02ul| £ (|07 Daul| £ |07 ul| 22 |00y ul|

+ C||0Fua || 2 || Oaua || o< |0 uz| 2 + D + Do

(3.4)

(3.6)
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1 1 1 1 1 1
+ Cl10s07ull 2 |ull £ |10rull f2|02ull £2 10102l £ 07l 2. | O30T 72
< Cllullms (102ull?2 + [9sullZs) + Di + Do,

where

D% 2 —/8211,2 (3;’u2)2dw,

D2 £ —/anQazngang, dx.
Thus, substituting (3.7) to (3.5), we find

Hoy < Cllullgs (02ull3 + 105ull32) + D1 + Ds.

In terms of (3.6) and Lemma 2.1, we can bound Hay by

Hyy = —3 / (07w 0Fu - Ou + OFup0s01u - Ou + OFuz0301u - Oiu) dx
- 3/ (93w - VOou - O3u + 3u - VOsu - 93u) dz

< 02| 2. 1103 |12 02| 2. 92020 2. | 03u 2. | 505 u| 2
= 1YWL 2 1V UL p2(|U1 U p2||C201 W[ 2 ||U1 W]l 2]|301 W]l T2
2 1 9 1 1 2 1 3 1 3 1
+ C||07uz| 7 21]0207u2 ]|} 2 [|0201ul|} 2 || 0207w 72 |07 || ; 2| 0307 wl| -
2 1 9 1 1 2 1 3 1 3 1
+ C|02us 2, 10207 us]| 2, | D50y ul| 2, 1|95 02 2, | 05 2, | D503ul 2,

+ C (103ull L3I VOoul| Lo |03 ull 2 + (|05 ull L3 |V Osul| o || O3 ul| £2)
< Cllullgs (|02ull72 + [|0sulls)

(3.9)
and analogously,
Haz = —3/ (51U15fu - O3u 4 Oy up0x03u - D3 u 4 Dyuzd303u - 8?u) dx
- 3/ (Dou - Vosu - Ogu + Ozu - VOsu - 8§u) dx

9 1 9 1 1 2 1 3 1 3 1
< C||0207ul| p2||Oruz | 2 10T uz || 12 [|0102us | £ 2|07 2ua | £ |07 ul| f 2 [| 0307 ull f »

C19502 Oyus | Tal|02us|| 1, |0y Ous|| T, || 020 us|| 1, | 03wl | 2, | 0505 ul| 2
+ C|0307ul| 12 |O1us || {2 [|07us|| £ 21|01 02us|| } 2|07 Oous]| £2 |07 ul| 7 2 | 0307 ul|  »

+ C ([102ull =V Ooul L2 |05 ul| L2 + [|05u| o< [ VFul L2 |05 ul| 12) + Haz
< Cllullgs (102ullFr2 + |9sull3s) + Hasa,

(3.10)
where

H231 £ —3/811“(9?’& . afu dx.

(3.7)
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Note that ||01u1||pe < C||O1ur] gz < C||(O2uz, O3us)| g2, due to the divergence-free
condition V - u = 0 and the Sobolev embedding inequality. So, integrating by parts and
using Lemma 2.1, we obtain

H231 = —3/6111;18%1116?1“ dr — 3/81U18?U;28?U2 dr — 3/81’&16?1@8%113 dx

—3/31u18fu18§’u1 dzx + 3/821128?@&28%’(1,2 dr — 6/uS8§u2838fu2 dzx

+ 3/82U26?U38:13U,3 dx — 6/1@,8?@63636?1@, dx
< Clldvur g |0Fus |22 + DT + D3

1 1 1 1 1 1
+ C|0s0Ful| L2 [us| 2 |01us]| £z | Oaus]| £ 2|01 O2us | 2 |07 ul 72 || O30T ul| 3.

< Cllullgs (192ul|F2 + 105ul|Fs) + DT + Ds, (3.11)

where

D% £ 3/82U2 (8;’1@)2 dx, Ds £ 3/82U2 (8fu3)2 dx.

Now, plugging (3.11) into (3.10), we arrive at
Haz < Cllullgs (|02ullF2 + |05ullFs) + DT + Ds,

which, together with (3.8) and (3.9), gives

Ha < Clulls (|92ullye + [1sulliys) + D1 + Da + D, (3.12)
Here, the quantities Dy, D3 are the same ones as above and

D, 2 D] +D? = 2/82U2 (6fu2)2dx.

The treatments of D1, Ds and Ds are postponed to the next step. We proceed to
estimate H3, Hy and Hg term by term. For H3, we have

3 3
Hs = 3Z/aib-va§b-a§u dx+3Z/8i2b~V8ib-8f’u dx
i=1 =1

3 3
+Z/a§b.w-afu dv £ " H;. (3.13)
i=1 j=1

To estimate the terms on the right-hand side, we first observe that

10101l g < N|O2bal i + [|03bsl| g < 1026 v + [|Osbl| ey ke =1,2,...,  (3.14)
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due to the divergence-free condition V - b = 0. This, together with Lemma 2.1, yields
that (keeping in mind that 9% = (95, 0%) with k = 1,2,3)

Hs = 3/albla§b - Ou dx + 3/011)2528%17 - O3u dx
+ 3/81b383812b 0w dr + 3/81,13 Vb 03u dx
< C||01b 172110701 (172110701 221102070 22 107 | £ 10307 ]| £
+ C|01b2]| 72110201 b2 2 9207 bl| 721102070 22 07 ull 2 19307 w .2

1 1 91 O T 3 1
+ C|01b3]| 2 [10201b3]| £ (10307 0] 21| 0397 0| 72 107 wl| 22 | 19507 ull £ 2

+ C|02b]| 2 [|VO30] 12| 03wl 2 + C|93b]| L= [ VO3] 2 |95 ul 12
< Cll(u, b)llzs (11(93b; 05u) |5 + [102b]I%)

(3.15)
Analogously to the derivations of (3.9) and (3.10), we deduce

22 13 1931 113 |92k 3 20115 193,113 3%
Hzz < C|011]| 721107011172 1076l 721020701 £ 2 1|07 u| £ 21| 0307 ul| f »
o, L 0, 1 1 R 5 1
+ C|07b2| 72 10207021 72102016 £ 2 [| 02076 || £ |07 ul | 2 [ 0307 ull 7 -
1 1 1 1 1 1
+ C||07b3]| 2. 1|0207bs]| 3. [| 0301 b]| 22 [| 0307 b| 7. |07 ]| 32 | 0307 ]| .
+ Cl|03b]| Lo [V 0| 13 || 05wl L2 + C||03b]| s |V Dsbl| 13 || 05w 12
< C[(u,b)| g» (||(33b, dsu)||7s + ||32b\\%13),

and

(3.16)

N 1 11 5 1
Hzz < C|0701||72110701 1721010172 [|0201| 7 2 |07 w| £ 2| 0307wl »

+C|07bs]| 72 0207 b2 22110201 2210201611 2 |07 2 1007w £

+ C|07bs]| 72 102070 12110501 2103016l 2 |07 2 10307 £
+ Cl193b]| 2 | Vbl L= 95 ull 2 + Cl195b] L2 [ VBl| v |05 2

< Oll(u,0) || = (11930, Bzu) | Fra + (1020|772 )

(3.17)
Thus, putting (3.15), (3.16) and (3.17) into (3.13), we get

Hy < O|/(u, )] = (1930, 3) || Frs + (1020l ) - (3.18)

In order to estimate Hy, we rewrite it in the form:

5 3
Hy = 732/3iu.va§b.6§”b dxf?)Z/@fwvaib'a?b dx
i=1 =1
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3 3
—Z/B?qu-@fb de £ " Hy;.
i=1 j=1
Using (3.6) and Lemma 2.1, we find

H41 = *3/61U18§b . 3f’b dr — 3/81112328%1) . 8f’b dx
— 3/81u3838126 03 dx — 3/81,u -VO2b - 02b da

< C|0vus || 2, 102ua ||, |76 24 182076 2. 1|0%D]| 2, | 050%b| 2
< CllOvur| 22107 ua || 7211076 72 |0207 0] 12|07 | £ 2 [| 9307 b 7 2
1 1 2 1 3 1 3 1 3 1
+ C|O1uzl| 72 [|0301uz]| 72 [|0207b| 12 [| 0207 ]| 1 2|97 b 72 || 02070 »

+ C||01us]| 321|030 us| 7. 10507 b]| 3. 1| 0505 b]| 22 |07 22 1110207 7.
+ C||0zul| Lo | VO3b|| 12 | 03b]| 12 + C||Osul| o< || VO5D|| 12| 05D 2
< O (u,b) || s (||(D31, Dab, D3b) (| %s + [|Doul|%2) -

In a similar manner,

Hyy < Cl102us |2, 10501 ||2, 925 2. 10202b]| 2., 1| 83D| 2, | 0507b| 2
42 < Cl|o7ur|| 721107 ur || 7211070} 21102070 7 2 (10701 2 || 03070 ; -
5 1 5 1 1 S P 51
+ C||07uz|| 2110307 u2l| } 2 [|0201b| 7 21| 0207 b| 2|07 B|| 21| 0207B|| [ »

+ C|0Fus| 7210307 usl| 32 0301012 05076 72 0761 72102070 7.5
+ Cll05ull Lo [ V02| L2 030 L2 + C||05ul| o[V O5b]| £ | 95D 2
< ClI(w, b)llzz= (1| (D5, D2b, 03b) 135 + [|02ull2)

and
43 > ” 1U1HL2H 1 ||L2|| 1 ||L2|| 201 ”[2” 201 ||L2|| 1 H[2|| 3U1 ||[2

3l 5 1 1 1L S
+ C|07ual|}21|0307 ua || 72 [|02b]| 72| 0201]| 72 (|07 ]|} 21| 0207 bl 7 2

+ C0Fus]| 2. 10507 us | £.1|05b] 22 95011 72 1070 2. 0207 b 7
+ Cl103ull 2 | Vbl Lo 93b]| 2 + Cll05ul L2 | Vbl| o< 050 2
< C)l(w, 0) = (11(951, B, 3b) |75 + [|02ull2) -

Thus, substituting (3.20), (3.21) and (3.22) into (3.19) gives

Hy < C|(u, b)llzz2 (1|8, 020, 05b) |5 + |02l 72) -

23

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Next, we estimate the term Hy, which can be written as follows:

3 3
Hs = 3Z/a¢b.va§u.a§b d:c+32/812b'vai“'a?b dx
i=1 i=1

3 3
+Z/a§b~w-a§b dr £ Hs;.
i=1 j=1

Similarly to the proof of (3.15), we deduce from (3.14) and Lemma 2.1 that
Hs = 3/81bla§u - 03 dx + 3/81b282812u - 03D dx
+ 3/31bgaga%u 03D dx + 3/8Vb -VO*u - 93b dx

L ST NP P 31
< Ol|Orba |22 10761 | 22 107wl 22 [| 9307 | 22 (|07l £ 21| 9207 b -

(3.24)

! 1 9, 1 ) 3,01 51
+ C|01ba]| 12|07 b2]| £ 21|0102b2]| £ 21| 0207 b2 || £ 2 [| 0207 || L2 |07 b] | 2 [| 9307 | »

3 3 2 113 313 119372 303
+ C”albi’)”L?||8281b3||L2||a381u”L2”8381“”L2H61b||L2||||a3aleL2
+ C||02b]| L [V O3l 12| 03b]| L2 + C||Osbl| o= | VO3 ul| 12| O5b]| .2
< C|l(u, )|l rs (195, Dab, Dsb) |35 + [|O2ull3y2)

and
Hyp < C||0201]12, 10301 || 2 | 02ul| 2, || 0002w 2, | 92b]| 2, || 05078 2
52 < C||oy 1||L2|| 1 1||L2H 1“||L2|| 2 1U||L2|| 1 HL2|| 3071 ||L2
0, 1 0 1 1 9 1L agend 3011
+ C[|07b2| 72110201 ba | 12 (| 0201 ul| £ |0207 ul| 72 [| 07D £ |03 07| 7 2

+ C||07bs]| 72110207 b3 22 (| 0301 ul| 72 || 0307 ul| 3. (|07 0] 7 [| 0507 b]| 7.
+ C||03b] 16 [V Ozul| 12|03 12 + C||03b]| 1o | VD5l 15 || 05| .2
< O (w, b) || s (1|(D3, Dab, D3b) (|35 + [|Ooul|%2) -

Let up, = (u1,us) and by, £ (by,by). By direct calculations, we have
Hgys = /afblalu -0 dx + /a?z)Qagulafbl daz+2/ (aszy Doug dx

— / (8?()2)28211,2 dx + 2/81?’19282%81?’[93 dx — /8?!)282’1138?1)3 dx

+ /afbgag’u,h . Of’bh dr — /6fb381u18fb3 dx — 4/8?()3821@8?()3 dx

13 / DbsOrusd®hs d + / O3b- V- 95b da + / Bb - Vu - 98b da,

(3.25)

(3.26)
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and hence, it follows from (3.6), (3.14) and Lemma 2.1 that
3 13 1194 (3 3 3 (19375 31013
Hss < CHalblnL?”alblHLZHalu“L?||a381u||L2||alb||L2||a2alb||L2
3 1 3 1 1 a1 3,01
+ C|07b2 |7 2110207 b2 || 72 |02ul| 72 [| 0201wl £ (|97 0] 72 103070 £ -
1 1 1 1 1 1
+ C|07631 72 11020703 22 105 721193010 £ 10701 - [| 93070 7.
3 3. (3 31 13 5 192, (|3
+ CH61bi’>||L"’||a281b3||L2||63(Q)1b3HLZH81Ul||1:2||‘91U1||L2

+ C| 0703 12110207 b3 72 [|0307 b | 2 | O w2 || £ |01 2wz || 7.
+ C||Vul|L=||05b]|F2 + C||Vul| L= ||05b]|32 + E1 + B2 + Es3
< C|l(u, b)|l s (||(Dsu, D2b, B3b)[|5s + [|O02ullF=) + By + Es + Es, (3.27)

where
B 22 / (02b5)° Daun duw, En 2 — / 93b205u303bs da,
Es 2 3/ (8fb3)232uQ dz.
Combining (3.25), (3.26), (3.27) with (3.24) gives
Hs < C||(u, )|l s ((dsu, D2b, 83b)|| 35 + [|02ul|F2) + By + Ez + Es. (3.28)

Therefore, inserting (3.4), (3.12), (3.18), (3.23) and (3.28) into (3.3), we immediately
obtain the following preliminary bound of H3-norms:

1d
5 I (Vo T3 + 05V ullfe + 1 (10:9%0)32 + 957 3-)
3 3
< Cll(u, )15 (1@, 02D, 05b) [ + |00l ) + D Di+ D Eie (3:29)

i=1 i=1

Step III. The estimates of Dy, D> and D3

Clearly, to close the a priori estimates stated in (3.29), we still need to deal with D;
and F; with ¢ = 1,2,3, based on the special structure of (1.2).

Step III-1. The estimates of D, and Dj
We start with the estimate of D;. First, it follows from (1.2) that

Oottg = Opbgy — 776%1)2 — T]&gbg +u-Vby —b-Vusg, (330)
Oouz = Otbs — T]B%bgg — 77(93%[)3 +u-Vbs —b-Vug, (331)
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Ooby = Orug — ,ua%uQ +u-Vuy —b-Vby + dop, (3.32)
Oob3 = Qyuz — ,U,ag’u;g +u-Vuz —b-Vbs + Jsp. (333)

Plugging (3.30)—(3.31) into (3.32)—(3.33) gives

Dotz = Oy (by — ndauz) — NO3ba + pNd203us

—nag(u-VuQ —b'ng—l—agp)—i-U'ng —b-Vus,
(3.34)
82u3 = 3t (bg — 7782113) — n8§b3 + ,U77823§U3

—nda (u-Vuz —b-Vbz + 03p) + u-Vbs — b Vus.

Recalling the definition of Dy, by virtue of (3.34), we obtain after integrating by parts
that

D, = 2/ (af’ug)zﬁt(bg — ndausg) dx — 217/ (8?1@)2 ngg dx
+ 2,“7/ (83us)” 02030y da: + 2/ (D3us)? (u- Vby — b- Vuy) da
- 2n/ (83u3)” 0y (u- Vg — b - Vby + op) dz
_ 2% (8%us)? (b — ndauz) do — 4 / O30 Dyus (bs — ndouz) da
+ / D59 s us0sby dx — A / 5032050y da

— 27]/ (8?uz)282 (U . VUQ —b- ng + 82p) dzx

+2/(3fu2)2u~Vb2 dx72/(8qu)2b.VuQ dx

6
d 2

j=1
The terms on the right-hand side of (3.35) will be treated one by one. First, thanks
to (3.32), it holds that

D11 = —4/8?’&28%82()2(()2 - 77(92U2) dx + 4#/838?’&2836%1@(1)2 - 7782U2) dx

+ 4#/8%112838?’“283[)2 dr — 4#77/6?’“2836%U28382U2 dx

5
+ 4/6:13(’11, -Vug —b-Vby + 82]))8?112(1)2 — T]aQU/Q) dx & Z Dl].j7 (336)

j=1
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where the first four terms can be bounded as follows, using Lemma 2.1, Holder’s and

Sobolev’s inequalities.

4
1 1 1 1
> " Diyj < C||0Dzboll 2|07 w2 22 9507 ua | 22 [1b2 ] 71 1|02b2| 7

j=1
+ C|0Fus| 12 10207bs | L2 || O2usl| Lo
+ C|0307uz| 12118307 us | L2 ([|b2]| L + [|Oaus || L)
+ Ol us| 1210307 uz|| 2 ([|93b2]| L + [|0302us]| L)
< Ol (u, b) | s ([|02ull 72 + (185w Fs + [1920]1F2).- (3.37)

To deal with the term associated with the pressure, we observe that
p=(-A)"'V-(u-Vu—0b-Vb) = (—A)" (9u;0;u; — 0ib;0;b;), (3.38)
and hence
Dqi5 = 4/(819’11 -Vug + 3(9%11 - Voius + 301u - V@qu)afug(bg — ndaug) dx
= 4/(81% - Vby + 3070 - VO1by + 301b - VO7Tb2)Diua(by — ndausz) dz (3.39)

+ 2/u . V(a%UQ)Q(bQ — nOaus) dx — /b valealuQ(bg — ndqus) dx

5
+4/aza3 1 (Oiu;05u; — 0;b;0;b;)0Fua (by — ndaus) da £ Fj.
j=1

Using (3.6), Lemma 2.2 and Sobolev’s embedding inequality, one has
F = 4/ (OFu - Vug + 301w - VOFus)dius(by — ndous) da

+ 12 /(312u18fu2 + 8%7123281%@ + 01211,38361’11,2)6?11,2 (b2 — 778211,2) dx

C (107, Fuz)[|72 + [|(Vuz, b, Bous)||71)

x (/19307 u, 0307 us) || 72 + [[(92Vuz, Dab, Dus)||7)
+C ([(VOuz, 8ius)|[ 72 + [|(D1u, ba, Gous)|[7)

x (|[(05VOFuz, 0307us)|| 12 + || (2011, Daba, D3us)|| 71

1 1 1 1

+ (b2, Bpuz) e (10717103 | £ 0 uzl| 020 u0a) 7.
9 1 2 1 1 9 1 3 1 3 1
+ ||81uy|\22|\8281u1,||22II&,aﬂmllizII&,@lugIIzz) [0y uzl| 720307 uz | 7

< Cll(w,0) 175 (102ullze + 105ullZrs + [[02b1s) - (3.40)
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and analogously, by (3.14) one gets
Fy < Oll(u,0)7s (I102ull7> + 10sullFrs + 10200175 + 1105013 - (3.41)

Since the Riesz operator ai(—A)_% with ¢ = 1,2, 3 is bounded in L" for any 1 < r <
00, we see that

0205 (—A) "1 (03w 0ju; — 0;b;0;b)|| 2
< C||028; (85u;0ju; — B;b;0;bi) || 12
< C[0200Vul| 2 [|Vull L + C[|02Vul| s [|01 Vul| s
+ C||0201 V0| 12[| VD] L + C||02Vb]| 1|01 VD] 1.2
< Cl(u, b)|[ 2 ([|O2ul[ 2 + (|02l =) (3.42)

from which, (2.5) and Lemma 2.1 it follows that

F5 = 4/828?(—A)_1(81u]@u1 - 811)]((“)][)2)8?11,2“)2 — ’r]ag’U,Q) dx
< 1020 (—=A)"H(Diu;Oju; — 9ib;;by)|| 2

x |0Fuzll L2 12, e (Hb2||Lg<;L;;L§3 + ||32U2||Lg°1L;°2L§3)

S C’||6281 (8qu8jul — 611)]8]1)1) ||L2
3 1 3 1 1 1 1 2 1
X |0V uz|| 720507 uzl| 2 (||52||131||32b2||1§1 + ||82u2||131\|32u2||131)

< C1l(u,b) s (100l + [Bsulls + 192]32) (3.43)
Thus, inserting (3.40), (3.41) and (3.43) into (3.39) shows

Dits < Cll(u, )l (192ul%e + |9sul%s + 9:6]%2) + F + Fu,

which, combined with (3.37) and (3.36), yields
Das < C (D)l + 11D %s) (1000l + 1B, ) o) + Fi+ Fr. (3.44)
For D15, D13 and D14, we infer from Lemmas 2.1 and 2.2 that
D12 + D13 + D1
= 477/838?1123%1@831)2 dr — 4un/338§’uQafu28332u2 dx

- 2/8{’1;28?1;2(1) -Vug) dz
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3 3 3 3 1%
< C|0307uz|| L2 (|07 uz| 72 10307 uz 7 -

1 1 1 1
% (105Dl 5 1920502l 1 + 10501 | 1 9505wz 71 )

+C (107 u2]|Z2 + (b, Vua) 7)) (/1050 u2|Z2 + [[(82b, 02Vu2) [ 1)
< C (1w, D)l s + 1, )75 ) (10204l Fr2 + 1(D514, D2b, Bsb) 175

(3.45)
In order to estimate D4, we first deal with the pressure term. Indeed, similarly to
the derivation of (3.42), it is easily seen from (3.38) that

x1,T277x3

2 2 1 3 1 2 1 3 1
105p|lLee . r2. < Cll03p| 12 105pll 1 21|0103pl| 2 [10105p| £ 2

S C||82(u -Vu — b- Vb)||§2||82(81ujajul - &bﬁjbl)”;
X ||8§(8zuj<9]uz — &bj@jbz)ﬂgg

(3.46)
By (2.1), (2.2) and (2.4), we have

102 (w - V)| L2102 (D51 O5us) | 72105 (Dyu;05u3) || £

1
=C (Ha?“”Lisziii, IVullpee  r2 + 102Vul| 2

1
sl is,)
x C (HaQwHLg”

x],x0 T3
3
et 1Vl ez, )
x C (11089ullzz, s I Vullrag

1

= o1, + 102Vl 102Vl 1o )
1 1 1 1

< C (11920l 2195020l 3. |l s 027l

1
1 1 1 1 1
+ (102 Vull 2 19502Vl 3o [l s 020l )

x € (102Vul 19502V ul 1 | Full 102Vl 7. )

1
4

1 1 1 1

x C (1108 ull 7210508Vl 12Vl |92Vl s + 1025wl )
1 11 1

< Clful 25 02| 3z | Dsull s -

(3.47)
The other terms in (3.46) admit similar bounds. Hence, we deduce

x1,x2" T3

105pllLee . 12 < Cll(w, )] 3s || (D2w, O2b)|| 2 || (D31, Db)|| -

(3.48)
In view of (3.48), Lemmas 2.1 and 2.2, we find

D14 = —2’[7/ (8?U2)2 (82u . VUQ - 82[) . ng —b- vagbg) dx
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— 217/ (6{’112)2 c')%p dx — 27]/ (8?1@)2 u - VOouo dr

< C (||03uall32 + [|(O2u, Vg, dob, Vba, b, Vabo) |31
X (||836fU2H%2 + H(c’?%u, 82VU2, 8%1), 82Vb2, 62(), 622Vb2)|@11)

+ Cll0Fus| 2|0l L2, | oo 195pllee . 12, + 0

wp,wp a3 @1,wp Mg

< Cll(u,0)1Zrs (102ullre + 1| (D5, 02b, dsb)|[3ys) + Ex

+ C|0Fuall 7210307 ua 22 | (u, b1 7ya | (D21, D) | 72 | (D5, D) | s
< Cll(w,0)17s (102ullF= + [ (D5, 02b, 05b)|I3s) + 1, (3.49)

where
=2 —27]/ (8?1@)211 -VOous dz.
A key and amazing consequence of the above estimates is that
Dis+ F3 + 51 = 2/ (03us)® w- Vb, do + 2/u -V (03uz)2(by — ndous) dz
— 2 / (03us)” u - Voyuy da =0, (3.50)

and consequently, it follows from (3.35), (3.44), (3.45), (3.49) and (3.50) that

d
D1 S 2@ / (8?1&2)2 (bg - 7782U2) dx

+ Cll(w, )17 (102l 2 + [1(D51, D2b, Dsb)|I375) + Fo, (3.51)
where

F4 = 74/1) . V@f’bg@f’m(bg - 7]8211,2) dx.

It remains to estimate F), which will be tackled with the term F; in Hgs. To do this,
we use (3.34); to get that

B = 2/ (92b3)° 0y (by — ndyus) da — 277/ (07b5)° 92by dx
+ Qun/ (8%192)2 828§UQ dx + 2/ (3?()2)2 (u-Vby —b-Vug) dx
— 2’[7/ (8:131)2)2 o)) (u -Vug —b-Vby + ng) dx
d

= 2% (8fb2)2 (b2 — 7782’&2) dr — 4/8:138#)28{)()2 (bg — 778211/2) dx
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= zn/ (93s)” 030y da + 2,m/ (03b)° 0,02us d
— 277/ (8f’b2)2 Oa (u -Vug —b-Vby + 32p) dx

+ 2/ (8302)% (u- Vby — b+ V) da

d 5
2 ZE / (8?()2)2 (b2 — 7782U2) dz + Z FEy;. (352)

i=1
In view of (3.30), we have
_ 3 2 2 3
Fy1=-4 / 81 (82U2 + n82b2 + 7783b2) 81 bo (bg — 77(92’LL2) dx

+ 4/8? (u . ng) 8?()2 (bg - 7762U2> dx

3
— 4/8? (b- Vug) b (by — ndaup) dx £ > Eyy;. (3.53)

i=1

Based upon integration by parts, we have
Ei = 4/8f (ug + ndabs) 828?1)2 (by — nO2us) dx
+ 4/8? (ug + naby) B3y (D2bg — nd3us) dx
+4n / (930302 (by — ndaus) da
+4n / 03030203 by (93by — 1O302us) de,
so that, by Lemma 2.1 we deduce

Bunt < Cl|03us)| 22 110:08uz 211020301 12 | (ba, Buz) | 219 (b2, Bauz) || 4
+ C0us 22119503 us | 3 103bal £ 020l £ 922 | 721101 Baba 2
+ )0 us | 2 19503 un | 2 103bol £ 1020 | £ 03 s | 22 1013 ua | £
+ 02030 | 21185 bl| 22 1920302 |22 | 03us | s 19505 uz | 2
+ C (| 0303ba|[22 + (1020721 22) | (ba, Dauia) || 1
+ C (1020762 > + |0307b2 | =) |07b2 | L2 || (D2ba, Dba, DzDausz) || e
< Ol (u,B)ll s (192l + 1| (B, D2, Db 1 35) - (3.54)
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By straightforward calculation, we have
Eq12 + Euis
=4 / (O3 - Vbg 4 30%u - VO1by + 3011 - VOIby)93by(ba — n0aus) dx
— 4/(5;’% Vg + 302b - VOiug + 301b - VOiug)d3ba(by — ndauy) dx

- 2/(8;’b2)2u . V(bg - 1’]8211,2) dr — 4/b . vanQa%bg (bg - 7782U2) dx
4
23R, (3.55)
j=1

In terms of Lemmas 2.1 and 2.2, we obtain in a similar manner as the derivation of
(3.40) that

Ry < O ([[(87u, 37ba, V)72 + [|(Vba, ba, Baug, d1u) || F1)
X (||63(8fu, 6?1)2, 612Vb)||%2 + Hag(ng, bQ, 82’&2, 81u)||%{1)
+ O (b2, Dusz) || L~ (Ilan1IIEzII5fU1IIEz||012b2||iz||823fb2||22

2 1 2 1 1 2 1 3 1 3 1
+ ||31uu\|izH3251uu||iz||3u5152||22||3u0152|\22) 1076272110307 b2 | -

< Oll(u, b)llzgs (102ullr= + 105ull7gs + [1026]7:) - (3.56)
Analogously,
Ry < C|(u, b)l[3s (102ullre + 105ull3s + 102617 + 195bl7s) - (3.57)

and

Ry < C (|(85b2, 87b2)|72 + || (u, Vba, VOous)|| 1)
X ([102(07b2, 07b2) |72 + [|05(w, Vba, VOaus)||71)
< Ol (u, D)1 (1020132 + 1026175 + 11031715 ) - (3.58)

It follows from (3.53), (3.54), (3.55), (3.56), (3.57) and (3.58), we have
vt < C (1Bl + 1(0,6) %) (10003 + | (@, b, Dsb)l3s) + Ray (3.59)
where

R4 = —4/b . VanQa?bg(bQ - 7782U2)dl‘.



S. Lai et al. / Advances in Mathematics 486 (2026) 110747 33

For E15, E13 and E15, an application of Lemmas 2.1 and 2.2 yields

Eis + FEi13+ Eq5
< C0%bl| 2 19203bs ] £, 11050205 | . 10205112, 1010321 2
+ O30 12 920305 | 2, 1960302 | 2. 110203 uz | 2. 101 8205wz
+C (1935202 + [1(u, Vbo)[3) (195030232 + 192 (u. Tba) [3)
+C (108ball3a + (b, Vuz) [3) (195032132 + 11025, Vuz) [311)
< O () a5 + 11w 0) %) (102l %s + (1O, Db, 350 [%) . (3.60)

We proceed to estimate F14. Similarly to the estimate of (3.49), we infer from (3.48)
and Lemma 2.2 that

By < C (10762172 + (82w, Vuo)[131) (|0303b2|72 + [|02(02u, Vus)||F1)

+ C||07b2| 12| 0207 ba| 7. [|0307 b2 | 72 (| V Dz 72|01 VD | 7. || oo
+ C (10762172 + 11825, Vb2)[131) (10507b2172 + [102(92b, Vo) [[371)
+ C ([10702]172 + (b, VO2b2)[171) (10507b2|72 + 1|02(b, 92V b2) ||31)

+ C107ba| 2[107b2l L2 12 Lo 105P] e Lo 12

r] T3 r] T3

< Cll(w,0)7s (102ullFy> + [[(D5u, 020, 05b) 1 3)

3 1 1 11 1
+ C|07b| 22110307 ba | 22 [l (w, b) | 5 [| (D2, D2b) || 2| (D5, D3b) || 5y
< Cl(u, b)[| 55 (102ull3> + [|(93u, D2b, 83b)[13ys) - (3.61)

Thus, plugging (3.59), (3.60), (3.61) into (3.52), we have
d 3, 12
E1 S 25 (81b2) (bg — 7782’11,2) dx
+C (I(u; b)llzz2 + 1 (w, 0)7s) ([102ullrz + [|(Ds, Db, Dsb) 345 ) + Ra

which, combined with (3.51), yields

Dy +E, < 2—/ (9%u2)” + (05b,) ) (by — dauz) da
+ C (1w, 0)Lzs + [[(w, D) 17 ) ([192ullFr2 + [[(D5w, Dab, Bb) [ Fs) ,  (3.62)

since it follows from Lemmas 2.1 and 2.2 that
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Ry, + Fy = —4/b . V(anQasz)(bQ — 7782U2)d.13 = 4/8%“26%[)2() . V(bQ — 7762U2)dl‘
< O (|[(8Fuz, 07ba) |12 + [|(b, Vb2)l[711) (1105(8Fuz, 87b2) 172 + [102(b, Vb2) |71

1 1 1 1 1 1
+ C|0Fuz | 2210507 us || 22 107b2 || 22110207 b2 || 221|102 Vua|| 22|01 02 Vs || 2. |||
< Cl(u, b)[|Fs (102ull32 + |05ull7rs + [|02b]|Fs + [10sb]1Fs) -

In the exactly same way as the treatments of D; and F;, we have

d
D3+ FE3 < 3@/ ((8?1143)2 + (6%[)3)2) (b2 — 1’]82’[1,2) dzx

+C (1w, b) |2 + (e, 0)7gs) ([102ullzz + [|(D5, Db, Dsb)[3ys) - (3.63)

Step III-2. The estimate of Do

Based upon (3.34), and integration by parts, we see that

Dy = —% /8?@3?113(1)3 — ndaug) dx + /8?1123?&%(1)3 —ndaug) dz
+ /8?8¢U28?U3(b3 —noqus) dx — 77/838?U26§U383b3 dx
— n/&fugﬁgafugﬁgbg dx + un/ﬁgaquafu38382U3 dz
+un/8§uz838fu;38382u3 dx — /8?u26i”u3u - Vbs dz

+ /afugafuﬂ) -Vuz dr +n / D}ug03uz0y (u - Vug — b - Vbz + 03p) dx

9
d
= - /afmafw(bs —ndauz) dx + ZD2J‘~ (3.64)

Jj=1

In view of (3.32) and (3.33), one has
Doy + Doy = / D3ua030us(bs — ndous) dr + / 07 0yun03uz(by — ndauz) dx
:/afuzafagbg(bg —noqus) dx — p/@gaf’wagafu;;(bg — ndqus) dx
- u/afugc’?g@:fu?,agbg dx + Mn/@fugagafugag,@gug dx
- /ﬁf(u - Vuz — b - Vbz + 93p)03uz(bs — ndaus) dx

+ /afagbgafu?,(bg — 778211,3) dx — M/@g@%UQagaf’ILg(bg — 7782’&3) d.’L‘
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— ,U,/agaf’MQaf’u;;@gbg dx + M??/aga:f’lma?u?,agagu?, dx

10
— /8?(u -Vug —b-Vby + 62]))6%113(1)3 — 7782@63) dx £ Z Lj. (365)

j=1

Similarly to the estimate of (3.37) and (3.39), we have

iLi + ZQ:Li < Cll(u, b)llzzs (102ullr2 + [1(95u, D3b, 82b)l[3s) (3.66)
i=1 i=6
and
Ls + Lio < C||(u, b)|| s (/102ull 32 + | (B3, Bab, Dsb) [|3s) + S1 + Sa, (3.67)
where
S1 = —/u -V (0Puzdiug)(bs — ndaus)de,
Sy = / (b- VO b305us + b - VO beOPusz) (bs — ndaus)da.
Plugging (3.66) and (3.67) into (3.65) gives
Doy + Do < C ([[(u, b) ]| 115 + | (u, ) |[77)
(3.68)

x (|02ull32 + || (D3, O2b, D3b)||375) + S1 + So.
Analogously to the estimates of Dis, D13, D16 in (3.45) and D14 in (3.49), we have

Dos + Doy + Das + Dog 4 Dog

< C (I, 0) 1= + 11 (w, )1 35) (102ullFz2 + 113, D20, 3b)l|775) (3.69)
and
Dag < O (u, 0) |75 (10201 F2 + [|(B31, Db, 93b)||7ra) + Ea, (3.70)
where
Zo = n/@f’uQafuyu - Vosus dx.
Similarly to that in (3.50), it is easily checked that
(3.71)

Do7 4+ 51+ 22 =0.
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Thanks to (3.68), (3.69), (3.70) and (3.71), we conclude from (3.64) that

d
Dg < 7% / (8{’@@3?@) (b3 - 7782U3) dx + SQ
+ (I, B)lls + 11 (w, 0)375) (I02ullfyz + (95, O2b, O3b) [745) - (3.72)

The treatment of Sy strongly relies on the estimate of Es in (3.27). Similarly to the
derivation of (3.52), we have by (3.34); that

d
Eg = _E /8?[)28?1)3(()3 — 77(92U3) dx + /8?&5[)28?()3 (b3 — 7762U3) dx
+ /8?[)28%815()3 (b3 — T]agu?,) dx + 7]/8?()28?()38%[)3 dx
— un/afbﬁfbg@gagug dx — /8%[)28?()3 (u . Vb3 —b- VU3) dx

+ n/afbga?bg,ag (’LL -Vuz —b-Vbs + 83p) dx

6
d
L - / 0F0207b3(bs — oyuz) dw + Y Ey;. (3.73)

i=1

By (3.30) and (3.31), we have

Eoy + By = / 07 04ba07b3 (by — ndauz) dr + / D3byd30;b3 (bs — ndaus) da
= /a{’ (D2us + nd3by + nd3bs) O7bs (bs — ndaus) dx
+ / 3% (Dous + nd3bs + nd3bs) O7bs (bs — ndaus) d
- / [0 (u- Vby) 87bs 4 0 (u - Vbs) 97ba] (bs — ndous) dx

lI>

4
Z Esy;. (3.74)
i1

Analogously to the estimate of Fy1; in (3.54), by Lemma 2.1 we obtain after integrat-
ing by parts and

E211 + E212 SC”(U, b)HH3 (||62u\|§{2 + ||(83u, 82b, 83())”%_[3) . (375)
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Note that
FEsi3+ Eo1qs = — /(8?11 -Vby + 3812u -VOoi1by + 301u - V@fbg)afbg(bg — ndaus) dx
— /((‘ffu -Vbs + 38%11 -VOo1bs + 301u - V@%bg)@fbg(bg — ndaus) dx
- /(a{’b - Vg + 302 - Vyug + 301b - VO?us)d3bs (b — ndaus) da
+ /(ai”b - Vuz + 307b - VOyug + 301b - VOiuz)03ba (b — ndausz) da
- / (u- VITb07bs + u - VOTb307bs) (bs — ndousz)da
+ / (b- VO u07bs + b - VOjuzdibs) (bs — ndous)da
6
23" M (3.76)

1=1

In a similar manner as that used in the derivation of (3.56), we find

4
> M; < O (u.b) s (102ullFr + (D1, D2b, 3b) 135 ) - (3.77)

i=1

Integrating by parts and using the divergence-free condition V - u = 0, we infer from
Lemma 2.2 that

M5 = /6?()28?()3’& . V(bg - 7762%3) dx

< C (I1(83b2, 03b3) 172 + | (u, Vbs, VOaus)|| 1)
% ([|02(03b2, 93b3) (172 + (|05 (u, Vbs, VOaus)||F1)
< C|l(u, ) |I3s (102ullFr2 + (193, D2b, O3b) |37 - (3.78)

Based on (3.75), (3.76), (3.77) and (3.78), we know from (3.74) that

Es1 + Eos < C(||(u,b)|| s + [|(w, b) || 373)
X ([|O2ull3r2 + [|(D5u, 2b, B3b)[|Fs) + M, (3.79)

where

Mg = / (b . V@fuﬁf’bg +b- V@fu?,(‘)fbg) (bg — 7782%3) dx.



38 S. Lai et al. / Advances in Mathematics 486 (2026) 110747

Analogously to the derivation of (3.60), we have by Lemmas 2.1 and 2.2 that

Es3 + By + Eys < C ([[(u, b)lgs + [ (w,b)[137s)
% ([102ullF2 + [|(9su, 82b, D3b)||Fs) - (3.80)

It remains to bound Fag. Indeed, it follows from (3.38) and the L"-estimates (1 < r <
o0) of Riesz operator that

1 1 1 1
10205pll L ,, 12, < Cll9203pll 21050l 211010205p]| 12110105 03p] 2

S C||62(u -Vu-—-5b- Vb)H[Z/Q ||82(81U](9]uZ — 8ijajbz)||22
% |02 (Bru;0u; — Db 0;b1) |1

so that, by (3.48) we see that

1 1 1
1020spl e, r2, < Cll(u, b)|| Fall (G2, O20)|| 721 (D, Osb) || 77

Hence, similarly to the estimate of (3.61), we find

Ens < C||(u,b)l3gs (102ull72 + 1195w, 020, 05b) [ Fys) -

(3.81)
Now, putting (3.79), (3.80), (3.81) into (3.73) gives
Ey < —% /3%25‘?})3(573 —ndaug) dx + Ms
€ (I B) s + 1 ) rs) (10032 + [(Dsrs, B2, 258) )
which, combining with (3.72), yields
Dy + E; < 7% / (O}u20fus + 07b207b3) (bs — ndaus) da
+C (I, 0)llrs + 1w, 0)IFrs) (102ullFrz + [1(D5u, D2b, D) |I3) ,  (3.82)

since it is easily deduced in a similar manner as the treatment of Ry + Fj that
M6 + Sz = /b -V (8§’u28fb3 + an3a?b2) (bg - T]@QUg)dJC

= —/ (8?11;28?1)3 + 6?1@,8%()2) b- V(bg - 7782U3)d$

< Cll(u. b)lls (102ullrz + 10sullizs + 192635 + 195bl3s)
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Step IV. The estimate of &;(¢)

Now, inserting (3.62), (3.63) and (3.82) into (3.29), we conclude that

1d

5 71V Vo072 + pll 05 VPul7z +n (102V 7172 + 1057781 72)

d
< 2@ ((3?1@)2 + (6?52)2) (be — ndausg) dx

— E (af’uQaf’ud + 8?1)28;’()3) (bg — 7782U3) dx

d
+ 3% ((0%U3)2 + (afbg)Q) (bg — 7782U2) d.’£

+C (1(w, b)[lars + [l (w, 0) 135 (102wl Fr= + [|(D3u, 92D, 930) | )
which, added to (3.2) and integrated over (0,t), we obtain

&t) < (&(0)+ & 0) + gl (1) +C (& 1) + &) (&) + &),

which, combined with Cauchy-Schwarz’s inequality, gives rise to (3.1). The proof of
Lemma 3.1 is therefore complete. O

3.2. A priori estimates (1I)

In the subsection, we study the dissipation generated by the background magnetic
field and prove the estimate of ().

Lemma 3.2. For any t > 0, it holds that
Ex(t) < CEL(0) + CE (1) + CEE (1) + CEL (1). (3.83)

Proof. It suffices to establish the estimates of the following two items:

t t
/||02u(7)||2L2d7 and /Hv262u(7)||%2d7,
0 0

which will be achieved by using the special structure of equation (1.2),,

Dou = O;b +u - Vb — ndab —nd3b —b - Vu. (3.84)
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Step I. The estimate of ||Oxu(t)]| L2
Multiplying (3.84) by deu in L? and integrating by parts, we get
|O2u|22 = /82u - O dx + /u - Vb - dou dx
—n/(@%b—i—agb) - Ol dm—/b'Vu~82u dx
£+ Jo+ s+ o (3.85)

In terms of (1.2); and the fact that V - b = 0, we deduce after integrating by parts
that

d
Ji= E/aw-bdx+/82b- (82b+ pd3u+b-Vb—u- Vu) dx
d
< /azu b dx 4 C||0:b||%s + C||03ul%s
+ C| 0201122 101026 721161 £ 10261 £ [| VIl £ 105 VO £
+ C|020]| 12 []01020| 22 [[ul| 72 [| 02l 22 [ V]| 221103 V|
< % /aw b da + C| (D, 950) e
+Cll(u,0) | s ([|102ullFr2 + [|(D3u, D20, 93b) [ 32) (3.86)
and similarly,
J2 + Ji < C|0zull £2[10102ull 72 |ul| 72 |02l 72 [ VOI| 221105 VO 7.2

+ Cll02ul| L2 0102 ull L2 [l 22119261 £2 [ Vel £2 |05Vl -
< Cll(w,0)[ s (102ullZ= + [|(B5u, 020, 05b)|3) - (3.87)

Finally, it is easily seen that
1
Js < 3 l02ulfs + C1 (335, 050) s,
from which, (3.86), (3.87) and (3.85), we know

d
|0l < 2 /azu b dz + C||(Dsu, Dab, 95b)||4s

+Cll(w,0)ll s (|02ullZ> + [[(95u, 020, 05b) ) - (3.88)
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Step II. The estimate of ||VZ0qu(t)]| 12

In order to estimate || V20ul|z2, we apply V? to (3.84) and multiply it by VZdeu in
L? to get that

V20oul|2, = /VQazu.atv% dx+/V2(u~Vb) - V20ou dx
— n/v2 (95b + 93b) - V2Oou dz — /VQ(b -Vu) - V2oou da
£ W1 + W2 + W3 =+ W4. (389)

Owing to (1.2); and V - b = 0, we see that (3.89)
W1 = % /V282u . V2b dx + / V282b . VZ (82[) + ,u@%u) dx

+/V282b~v2(b~Vb—u-Vu)dm

A d

=2 V20yu - V2b da + Wiy + Wia, (3.90)

where the second term on the right-hand side can be easily bounded by
Wiy < C||02b|3s + C||03ul| 3. (3.91)
Integrating by parts and Lemma 2.1, we have
Wip = /V262b- (V2b; - 0;b + 2Vb; - 0;Vb + b;0;V?b) da
— /V282b . (VQU,l . 81'1,6 + QVUZ' . GZVU + ulalVQU) dx
9 2 9 ik 1 1t 9 3
< Cll9VbI| L2 10102V 70| £ [ VI £2 1102 VOl £2 V78I £ 105V 70| £
2,113 2115 |p13 ERVEINE 37112
+ Cl|02V70[| 721010 V7| 72 [1b]] 7219201 72 V70l 72|05 V7| .
21113 27113 3 3 10212 2,112
+ Cll0aV7b] 121010V 70| Lo [Vl £2 10Vl 221 Vul £211 05V ul| £ »

1 1 1 1 1 1
+ Cl10:2V20]1 221010920 22 [[ull 22 102ull 72 | VP 0] 22105V P .
< C)l(w,0) s (102ullZr2 + 1| (D5, O2b, 35b)II3s) ,

which, together with (3.91) and (3.90), implies that
d
W< o /v?azu V2 da + C|92b|%a + Cl9sul%e

+Cll(u, )l s (102ullZy> + [[(8u, 020, 05b) | Fy) - (3.92)
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Analogously, we deduce from Lemma 2.1 that
Wy + Wy = /v%‘)gu - (V2u; - 0ib + 2V - 0;Vb + u;0;V?b) dx
< C|82V?ull 12|Vl 711 102 Vbl 571 [V 2ul| 721105V u| 72
+ Cll02V2ull L2 [ Vul 7 02 V| 712 [ V2B1 721105 V2D 7.
+ Cl|02V ?ul| 2 full 1 192l 72 [IV20 22 105 V20] 72

+ Cl02V2ull L2 [1Bll 771 10211 7 [V P 72 105 VPl 72
< Cll(w,0)[ e (102ullZ= + 1| (D5, 02b, 35b) I35 , (3.93)

and finally,
Wi < 510292l + O] (Oub, ) [ s (3.94)
Hence, inserting (3.92), (3.93) and (3.94) into (3.89), we arrive at
102 2 < 2% /V282u Vb da + O] (9b, Db, D) | %e
+ Cllw, O)lzs (10zullzze + [1(Bs, 020, 050)[3s) (3.95)

Step III. The estimate of &5(t)

Now, adding up (3.88) and (3.95), we obtain after integrating it over (0,t) that
¢
[ 10sulfdr < CE(0) + CEv(0) + O 1) (1) + £2(0)
0

which, together with Cauchy-Schwarz’s inequality, leads to the desired estimate (3.83)
immediately. O

3.8. Proof of Theorem 1.1

With Lemmas 3.1 and 3.2 at hand, we can now prove the global stability result stated
in Theorem 1.1 by applying the bootstrapping argument (see, e.g. [37]).

Proof of Theorem 1.1. Since the local well-posedness of smooth solutions to the problem
(1.2) can be established by the standard approach (see, e.g. [26]), it suffices to establish
the global bounds of the solutions.
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Indeed, since it holds that £(0) = &£1(0) = ||(uo, bo)||%s for E(t) = E1(t) + Ea(t), we
easily deduce from (3.1) and (3.83) that

gt < (5(0) n 5(0)%) L OEM)E + C5E()>. (3.96)

Then, based upon (3.96), an application of the bootstrap argument leads to the stability
result established in Theorem 1.1, provided the initial data ||(uo, bo)||%s is chosen to be
sufficiently small such that

01 (£0) +£0)F) < %min {161—0% 4—é3} . (3.97)

In fact, if we make the ansatz that for 0 < ¢ < oo,

1 1
<mind —, — .
S(t)_mm{160227 403}, (3.98)

then (3.96) implies
£ < &1 (£0) +£0)F) + 5600,

which, together with (3.97), yields

3 1 1 1
E(t) <2C (5(0) +5(0)§) < §min{m7 @}'
2

The bootstrapping argument then asserts that (3.98) actually holds for all time. The
proof of Theorem 1.1 is therefore complete. O

4. Decay rates and proof of Theorem 1.2
4.1. Estimates of nonlinear terms

This section aims to prove the decay rates of the global solutions, based on Proposi-
tion 2.1. To do this, we first deal with the nonlinear term Ny,

Ni=P(b-Vb—u-Vau) = (N1, Ni2, Ni3). (4.1)

In the following, we only consider the estimate of ]P’ﬁb), since the other term

—

P (u - Vu) can be treated in the same way. In fact,

3 3
P(b-Vb) =Y igbib+ > i€le|2icnicibiby

k=1 k=1
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- (P B . ).

where

3

3
Pj(b-Vb) £ Y i&biby + Y ikl %igri&bib,

k=1 k,l=1

= (b-Vb;) — ;A TV - (b-Vb), j=1,23.

(4.2)

Next, we present a more concise expression of Plﬁb). Let &, = (£2,&3) and [€]? =

€2 +|€,]%. Then, by direct calculations we have
3

3
Py (b-Vb) =Y i&kbrby + > i&1|€| ikki&brby

k=1 k,l=1

= Zz&cbkbl Z i€ |72 brby

ki=1
= Zlfkbkbl Zi£%|£‘72fkbkbl - Z Zi§1|£|72£k€lbkbl
k=1 k=11=2
3 3 3 -
= ELIE T2 brby — > Y i€l EkGibrbr-
k=1 k=1 1=2

(4.3)

The proof of decay rates is based on the bootstrapping argument and the following

ansatz with k =0,1,i=2,3and | =1,2:

105 (u,0)(B)][ 22 < Coe(L+1)72,  [|0i(u, b)(t)[|z> < Cos(1+1) 7,
I(ur, b)) ()22 < Cos(1+8)7%, [[0i(ur, by)(#)]| 2 < Coe(1+1)77,
10:05(u, b)) |12 < Cos(L+1)"%,  [[0102(u, b)(#)]| > < Cos(1+1)" 12
10105 (u, b) ()| 2 < Coe(L+ )71, (93 (u,b)|| L2 < Coe(1+)7F,

7

)

19:03(ur, b1) ()22 < Coe(L+8)77, |95 (ur, br)(t)[z2 < Coe(1+1)~
(
)

»M@

1010205 (u, b)(£)[| 2 < Coe(1+ )12, [|0305(u, b) (1) 22 < Cos(1+1)~

10103 (w, b)(£) |2 < Coe(L+8)7%, (0203 (u, b)(t)]| 2 < Coe(l +t>—%
183 (u, b) (8) || 12 < Coe(1+ 1)~ 12,

wl»—-

where Cj is an absolutely positive constant to be determined later.

(4.4)

By exploiting the integral expression of the solutions and the upper bound of the
kernel function, we can show that the half upper bounds of the solutions in (4.4) can be
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halved, provided Cj is chosen to be large enough and € is chosen to be suitably small.
Then the half upper bounds in (4.4) are indeed justifiable by applying the bootstrapping
argument. The verification is a long and tedious process involving repeated applications
of various anisotropic inequalities and the upper bounds on the kernel functions. To
begin, we first derive the decay rates of the nonlinear terms, which plays a key role in
the proof of Theorem 1.2.

Lemma 4.1. Assume that (u,b) is a smooth solution of the problem (1.2), satisfying (4.4).
Then, there exists an absolute positive constant C > 0, such that

[1o-9les, ||, <ccita+n, (4.5)
[0 @0 lea, |, <cCB21407F, (4.6)
181 (b~ Vb) ||z < CC2e2 (1 +1) 2, (4.7)
195 (b-Vb) |2 < CC2e> (1+14)7 %, (4.8)
195 (b-Vb) |12 < CC22 (1 +1) %, (4.9)
Hua% (b-VO) s, .. ‘Lz < CCoe (L +1)7 % [0l g2 + CCoe2 (1 + )%, (4.10)
10180 (b - Vb)||z2 < CCoe® (1 +4)" =, VI he{l,2}, (4.11)
18105(b - Vb)|| 2 < CC2e2 (1 +1)" 3, (4.12)
18205(b - Vb)|| 2 < CC2e2 (1 +1) 5, (4.13)
102(b - Vb)||re < CO2e2(1+1) 12 . (4.14)

Proof. Using the Minkowski inequality (2.2) and the ansatz in (4.4), we have

Ji6- vl

IA

[161010]| L1

2 2,23
Lzl ’

+ 18,0,

r2,T3

1
z2,23 L2

2
] Lml

< || 162101022,

Lo 160,112, .

xg,r3 xg,r3

< || Ioallzgs lIOnbllza,

S oo P
Lmz.mg z9,r3

< Clba]| 2210101122101 2 + Clby || 2210160 || E2 10, b]| 2
<COC22(1+41)7% +CC2%2(14+1) 3

1

<CC22(1+1)%

ol

where we have used the fact that V - b = 0 to infer from (4.4) that



46 S. Lai et al. / Advances in Mathematics 486 (2026) 110747

||81b1||L2 < ||82b2||L2 + ||83b3||L2 < CCue(1+ t)_l. (4.15)
In a similar manner,

1161 b ¥b) I

r2,T3

L%l
< Cl0ub| 21016y || 2211076y (|22 + C10,01b]| 2 16 || 221|010, | 2
+ C|1b1 ]| 2 [|016]1 2210701172 + CllOFI 211611122 10101 1 7

<CC22(1+1)7 1. (4.16)

To proceed, we first estimate ||b|| L. It is easy to derive from the anisotropic Sobolev
embedding inequality and (4.4) that

1l < CblI72[1010] 72 [|020]1 - 103D 2

1 1 1 1
% [[01020]| 1 2]|0105b|| 1 2[|0205b]| 2|01 92050 ]| 7 »

-

1

< CChe(1+1)7 12, (4.17)
Using the similar inequalities as that in (4.15), we have by (4.4) that
1 1 1 1
[b1llzoe < Cllb1l 720101172 10261 72 [l Osb1 || 2
1 1 1 1
X [|0102b1]| 7 (|0103b1]| 2 (020361 2 [| 01020361 |} »
< CChe(1+14)7%. (4.18)
With the help of (4.4), (4.17) and (4.18), we obtain
b+ Fbllz2 < Cllballze 91l 22 + Cllb = 0,5l
<CC22(1+1)7 %, (4.19)
and
101 (b~ V0) ||z < [[b1]| o= |070] L2 + [[bul| 2= 010, b]| 12 + 1|01 - V| 2
<CC32 (1+14) % + |0z, 1o 1000 nss 12,
+ 101bullrge , r2 11000l L2, res
_e7
<CCZe* (1+1t) 2, (4.20)

where we have used the following anisotropic Sobolev inequalities for i, j, k € {1,2,3}
and i # j # k:
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1 1
1flz . oz < CIAILIOS N o,

zi,T;

I llegs . £z, < CUFIL N0 F L2105 F11 £ 10:0; £l o (4.21)

ST

Similarly to the derivation of (4.20), we have

02 (b Vb) ||z < [[b1]| Lo [|01020] 12 + [|by || Lo | 020, 12
+ 102b1 Lo | z2 1010]lL2 | Lo

z1,e3 @y z1,w3 @

+||82bu|‘Lil L2 ||avaL,°° L2

w3 ey z1,23 T2

<CC22(1+1)7

and

[05(b - Vb)||L2 < [|b1]|e<[|0105b]| L2 + [|bu || <[]0, O3b]| L2
+ 193b1llLgs , 22 1010l[12 . o

s T3 T2 T1,T3T T2

+||03by||pee 2 10ubllL2.  Lee

zg,x3 T a] z2,x3 7T]

<CC22(14+1)77 .

Using the divergence-free condition V-b = 0 and (4.15) again, we deduce from Holder
inequality and (4.4) that

126 - V)1

r9,T3

Lz,
< C|10,b]| 210701172 107 72 + C||01b]| 12110, 01] 7210, 07 0| 7.
+ C|9,07b| L2]|by || 72 |01, || 22 + C|07b]| L2 [|b1 || 7210161 |2
< CCoe (1+1) "2 |9,b]l g2 + CCoe? (1 + )75 . (4.22)

For [, h € {1,2}, by (4.15) one infers from (4.4) and (4.17) in a similar manner as the
derivation of (4.20) that

10101 (b - VO)[|L2 < [|bl|Loo [[bll 3 + 1010122 . roo 1010 Lee | L2

z1,w0 Has x1,x2 w3

+ |000nby |2 poe ||00b]|Loe 12

xo,x3 7wy xg,x3 7wy

+l0brllLes 22 100010l L2, | Lo

xo,x3 7wy

+ 100yl Lo . 12 1000l L2 . Lee

x1,r T3 x1,r2" T3

F 10nbrllLgs , 2 100000z, | Lo

xo,x3 7wy

+110nby || s

x],r9

£z, 100002z, | e

1,27 T3
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-
-

¥

< CCE® (1+1) 2.

Using (4.17), (4.18), the anisotropic inequalities (4.21) and the analogous inequality
as that in (4.15), we infer from (4.4) that

[0105(b - Vb)|| 2
< |61 Lo |07 03| L2 + [|by || Lo [|01030,,b]| .2
+10105b1([z2, | reo |01bllLes | 12 +[[0103bullr2, | ree 000l Le | 12

z2,23 7] z2,23 7T z2,x3 T x2,x3 7T

Hl0billeg . 22, 10005l L2, | Lo + 100bu ey, 22 103000]L2, , L

r1,T3 »T3 T x2,Tr3°"x]

+10sb1ll e , 2 1070ll22 1o + 105bulliee , r2 10100bll22 | ree

<CC2>(1+1)77,
10205 (b - Vb) | 2
< (|61l [|019203bl| L2 + [[bu || o< [| 02050, b]| 2
+ 1102050l L2 12 [VOlLee | 12 + 1102 e

xo,x3 7wy xo,x3 "X ,T

12,1105Vl L2 e

z1,23 7T

+ 110sbll g , 12 [102V0][ L2 re

»T2T X3 T1,T2°7T3

<CC22(141)7 ¢,
and

1056 - V0)| 2
< |Iballz 101056 2 + [1b || o< 950, bl 2

+ 1030102, , 1o [010llnzs | r2 + 10300122, , re 00l r2

2,3 "] x2,%T3 xr2,r3 "] z2,r3 " x]
+2(|03b1[|gs , r2 103010l L2 | 1o +2(103bullLes  r2 03000llL2 , Lo

< CC22(1+1) 12
Thus, collecting the above estimates together ends the proof of Lemma 4.1. O
4.2. Decay rates of (u,b)

With Lemma 4.1 at hand, we are now ready to justify the decay estimate of the
solution (u,b). For brevity, we will focus on the decay rates of u, since the same decay
rates of b can be achieved in a similar manner due to the resemblance between (2.7)
and (2.8). The proof will be divided into several steps by considering the different-order
derivatives of the solutions. We only focus on the large-time behavior on the interval
t > 1, since the short-time boundedness of the solutions on 0 < t < 1 is trivial, due to
Theorem 1.1. To begin, we first observe from Proposition 2.1 that



S. Lai et al. / Advances in Mathematics 486 (2026) 110747 49

K|, [Ka| < Ce™6t, if €€ Qy U Qg UQ, (4.23)

K|, | Ko < C (e_Ct + e—cﬁit) i € e Qs (4.24)

Step I. The decay estimates of |lul| 2

It follows from Plancherel’s Theorem and (2.7) that

lullee = Nl < |Kias| |+ | Rab|

L
t
+/ﬂﬁa—ﬂﬁvﬂmm
0
t 4
- T A
+ O/ HKQ(t - r)NQ(T)‘ L2 mZ:lIm. (4.25)

First, using Corollary 2.1 and Plancherel’s theorem, we see that for any ¢ > 1,

2, 0~ —c —
L+ < CH(—;’ng”t(’UJO,bQ)HLz + Ce t”(uOybO)”LQ

< C+)7F (o bo)llzz, 1z, ., + I (u0sbo)llzz ) - (4.26)

xr1 T T2,T3

Keeping the definitions of Ny and Ny in mind, by (4.23) and (4.24) we have

t t
I+ 1, < C/He—cﬁf(f—ﬂb/-v\bHLz d¢+c/He—053<t—T>mHL2 dr
0 0

t t
+c/ e’c(t’T)mHm dT+C’/

0 0
t t

+ C’/ efcgi(tfﬂb/-v\u” dr + C/ Hefcgg(tfﬂmu dr
L2 L2
0 0

efc(t*T)mH dr
L2

vo [ eeom T ar o [ [T o
0

=S ETE S (4.27)

where we have used the fact that the Leray projection operator P is bounded in L? (see
[35]). In the next, we only deal with I3, and I3,, since the other terms can be treated in
a similar manner, due to their analogous structures.
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By Corollary 2.1 with « = 0 and Lemmas 2.4-2.5, we infer from (4.5) and (4.19) that

| R o = I
0 t—1

t
+ C/e_c(t_T) b Vbl L2dr
0

i t
< C/(Ht—T)—% ||b.vb||Li2,13HL2 dT—l—C/e—C(t—T)Hb.Vb||L2dT
0 o 0

t t
< CCge? / (1+t— T)_% (1+ 7')_17‘1 dr 4+ CC3e? / et (1 4 T)_% dr
0 0

<SOC22 (14172, Vix1, (4.28)
where we have used the simple facts that t — 7 > 1 for 7 € [0,¢ — 1] with ¢ > 1 and
1<efe™tD <Ceet=7) VYrelt—1,t], t>1.

Analogously, the other terms in (4.27) admit the same decay rates. Thus, in view of
(4.28), we deduce from (4.27) that

N[

L+, <CC*(1+1)"2, Vi1 (4.29)
Collecting (4.25), (4.26) and (4.29) together yields
u(t)|| 2 < Cre(l+)77 + CoC23(1+ )73, (4.30)
Now, if Cy and € are chosen to be such that
Cop>4C; and 0<e < (4C,Co)7 1,

then it readily follows from (4.30) that

C L
u)le < Le(t+07, Yoz 1,

Step II. The decay estimates of ||0;ul| > with i € {1,2,3}

For i € {1,2, 3}, we have by Plancherel’s Theorem and (2.7) that

[0sullp2 = |0:ul| L2 = [||&:]wl| L2
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< i, +

&R (b|,

2

*/W&ﬁuwwﬂﬁﬁwpdT
0

Step II-1. The decay estimate of ||0ru/ 2

|§Z|K2 t—7 NQ ‘

dr & Z 1L . (4.31)

Similarly to the derivation of (4.26) for I; and I in Step I-1, by Plancherel’s Theorem
and Corollary 2.1 we infer from (4.31) that for ¢ = 1,

I +1I 2 < HKl(t)aluoHL2 + HKz(t)81bOHL2

S CHe_cE’z’t(alUOy a/1-b\0)||[,2 + Ce_Ct ‘(aluo,éib\o)HH

< O+ 174 (1(@ro, b0z, 11, ., + 1| @10, Oubo)12)

Tl TTE2,T3

1

<Ce(l+1)%. (4.32)

From now on, analogously to treatment of (4.27) in Step I-1, for simplicity we only
consider the terms associated with b- Vb in N; and Na. So, to deal with II; 3 and II; 4,
by (4.23) and (4.24) we deduce from Plancherel’s Theorem, Corollary 2.1, (4.6) and (4.7)
that

Iy 3 +11 4

é/”&l/(\l(t—T)b/-%HLz dT—|—/H§1I/(\2(t—7')b/-%HL2 dr
0 0

t t
g/HI/(\l(th)al(/bEb)HLz dT+/HI/(\2(tfr)81(/bEb)HLz dr
0 0

t t
<C / He*cﬁ(t*ﬂalﬁb)HLZ dr +C / e=c(t=") ]alﬁb)HLQ dr
0

e—c(t—T) ||31(b . Vb)HLQ] dr

2,3

t
/ [+t =) 3o OBz,
0

t
SCCSEZ/ |:(1+t—7’)_% (1—‘,—7-)_% +e—c(t—7') (1_"_7_)—%} dr
0
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< CC23(1+1)73. (4.33)

In view of (4.32) and (4.33), by choosing Cj large enough and ¢ suitably small, we

know

e 1
e+,

[01u(t)|| 2 < (Ce+CCGe?) (1+1t) 2 <

Step II-2. The decay estimates of ||0;ul| ;> with i € {2,3}

Analogously to the treatment of (4.27) in Step I-1, we focus our attention on the
estimates of the terms involving b- Vb. Using Corollary 2.1 with v = 1, Lemmas 2.4 and
2.5, we deduce from (4.31), (4.5), (4.8) and (4.9) that for i € {2, 3},

' ‘|(aiu078ibO)HL2

t

2 — ~ p—
8l 2 < Cll&e " (4, bo)|[z2 + Ce™*

T ey e Mo T
0

0

< O+ (o, bo)llzz, 1, ., + 1 (@reto, Dibo)lz2 )

+C/[(1+t77) Ib-Vbllea 1, . +e*6<t77>||ai(b.vz>)||p} dr

t
< Ce(1+1t)~' +CCge? / (I4+t—7) " (1 +7) % dr
0

1

t
+CC§ Q/e_c(t 7) 1+T)_%d’7'

0

)+ CCiE (1+)7

<Ce(l+t
from which it follows that
CO -1 .
l0:u(t)]| L2 < 76(1 +t)7, Vie{2,3},
provided Cj is chosen to be large enough and € is chosen to be suitably small
Step III. The decay estimates of |0;0;ul| > with ¢,j € {1,2,3}
In terms of (2.7), we see that for 4,5 € {1,2,3},

10:0ul| 2 = [|0ijull L2 = [|&:&;ull 2

< |ssRiwm|| , + ||asRemi]| ,
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i

0

0

Step III-1. The decay estimates of ||J30;u| > with j € {2,3}

sGKit—TN)| ar

51.5]1(2 (t — ) Na(r H dr 2 Z 1L, . (4.34)

Since [£3¢;] < €2 for j € {2,3}, using (4.23), (4.24) and Corollary 2.1 with a = 2, we
deduce from (4.34) with ¢ = 3 and j € {2,3} that

I35, + 1350 < C\|§3§j€_c€3t(ﬁ3, b/E))HLQ + Ce™

'(u07 bO)HL2

<O +0)7F ([l (o, bo)l 2,

1
xq 12 3

+ 1030 (Uo,bo)HLZ)

3
2

< Ce(1+14)" (4.35)

Thanks to (2.10) and (2.12)—(2.14), to bound IIl3; 3 and IIIs; 4, it suffices to consider
the following two items with j € {2, 3}:

t
T L
0

t
11134 é/Hgs&‘e_c(yrgg)( -
0

It is worth mentioning here that the factor e85 is taken into account (see (2.14)), which
is different from the previous one in (4.24). However, this is of particular importance for
the decay estimates involving the zs-direction. Using Corollary 2.1 and Lemmas 2.4-2.5,
we can make use of (4.5) and (4.9) to bound IIl3; 3 as follows,

%
III3; 3 < C/ (I+t-— 7')7% b Vb”LilL;%Ing
t

+ C/ (t —7)7 2 ||95(b - Vb)|| 2dr

t
2

o+

11

< 00352/(1 +t— T)_% (1+7) & dr
0
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N

t
+ccgs2/(t—7)* (1+7)" ¢ dr

_3
2

<CC*(1+t)72, Vje{23}. (4.36)

Due to (4.8), (4.9) and the fact that |&5]e=$3¢ < Ct~1/2, we see that for j € {2,3},

t
;4 < C / |§3|e*05§<t*7>e*6<t*7>|\aj(b.Vb)||L2dT

t

< 00262 / et (t— 1) E (14 7)7 % dr

0
<CC22(1+1)" ¢, (4.37)
since Lemma 2.5, together with Holder inequality, shows that for m; € (1,2), m—1+— =1

and ¢ > 0,

t

/t—T 3, (t*T)(l_‘_T)—da

0
‘ mroft ma
< /(t — T)_% e~ 0T gr /6_%@_7) (1+7) "dr
0 0
<C(1+t) 7. (4.38)

Thus, collecting (4.35), (4.36) and (4.37) together implies that for V j € {2, 3},

Ol < (00300 £ Lo,

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.
Step III-2. The decay estimates of ||020ul/p2 with | = 1,2

In view of (4.23), (4.24) and Corollary 2.1 with @ = 1, we infer from (4.34) with i = 2
and j = 1 that

ot ’5251@\071;))”

Iy 1 + 1y 5 < C||&a&1e™ S (g, bo)| 12 + Ce™ L

< CU+ 07 (1101 (wosbo) 2, 12, ., + 19201 (o, bo) |12

2,3

<Ce(1+t)". (4.39)
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For Ill3; 3 and Ill2; 4, we can deal with the terms involving b - Vb as follows:

1 TT2,T3

t
1112173 + 1112174 S C/ (1 +t— T)_l H@l(b . Vb)||L2 Lt dr
0

t
+ c/e%(f*ﬂnagal(b - V)| 2dr
0
t

< CC3e? / A+t—7) " 1+ tdr
0

t
+ 00352/6_C(t_T) (1+ T)_% dr
0

-
—

)

<CC22(14+t) 12, (4.40)

where we have used (4.6), (4.11) Lemmas 2.4 and 2.5. So, combining (4.39) with (4.40)
gives

—
-

¥

[0201u(t)|z2 < Ce(l+t) ' +CCFe* (1+1t)" 12, Vi>1.

The decay estimate of ||03ul|z2 can be achieved in a similar manner by applying Corol-
lary 2.1 with a = 2, and the decay rate is of the same order (i.e. 11/12), since it is
completely determined by the estimate of ||03(b- Vb)||z2 in (4.11). As a result, by choos-
ing Cy large enough and € suitably small, we arrive at

C _11
1020yu(t) || 2 < 7%(1+t) 2 v e{1,2}.

Step III-3. The decay estimate of ||0301u/| L2

Similarly to that in Step I1I-2, by (4.23), (4.24) and (4.12) we deduce from (4.34) with
i =3 and j =1 that

1830102 < C(L+1)7" (Hal(u(),bo)lnglLl .t Halas(UOabo)HL?)

To,x

x,r3

t
+C/(1+t77)*1 |10 (b~ Vb) 2 r1 , dr
0

t
+ C / e_c(t_T) ||8381 (b . Vb)HL2dT
0



56 S. Lai et al. / Advances in Mathematics 486 (2026) 110747

t
< Ce(l+1)7 +CC§52/(1+t—7)71(1+7)*%d7
0

t
+ CngQ/e_c(t_T) (1+ T)_% dr
0

<Ce(14+t)7 1+ CC22(1+1) ' < %5 (1+6)7",

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.

Step I11-4. The decay estimate of ||0%?u) 2

In order to estimate ||03ul|z2, by (4.23), (4.24) and Corollary 2.1 with a = 0 we first
infer from (4.34) with ¢ = j = 1 that

24 p —
Iy 1 + Ty o < C||&7e™ v (g, bo)|| 2 + Ce™ || &5 (o, bo) || 12

< C+ 67 (193 (wo,bo) 2, 13, ., + 1103 (o, bo)ll 22 )

1
xq wgaf

=

<Ce(l+1t)” (4.41)

Similarly to the derivation of (4.28), it follows from (4.23), (4.24), (4.10), (4.11),
Corollary 2.1 and Lemma 2.4 that for any § € (0, 1),

x] Hxg,x3

11111,3 +IHH’4 < C/(]. +t—7)_%||812(b Vb)HLz i dr
t
—&-C’/e_c(t_T)Haz(b-Vb)||de7'
/1+t—7' )E(14+7)"5dr
0

t
+ CC’oa/(l +t—1) (14 7)72||0,b|| gadr
0

t
+ CCye? /e_c(t_T)(l + T)_%d’r
0

Nf=

t
§00052(1+t)_%+00052 /1+t—7' (1+T)_1d7'
0
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OO (1+1) % +CC2(1+1) 2 +CCe2(1+1) 1. (4.42)
Thus, by choosing § € (0,1/4], we conclude from (4.41)—(4.42) that
10%u(t)|| > < Cae (1+18) 7% + CaCoe (1+1) 75, Vi>1.

So, if Cy and € are chosen to be such that

Cop>4C3 and O0<e< (404)71,
then it holds that
C _3
Jofu(t)oe < Sre(1+8)7F, VixL.
Step IV. The decay estimates of ||0;0;0,u| L2 with ¢, 5,k € {1,2,3}

For i,j,k € {1,2,3}, it readily follows from (2.7) that

1800l 12 = 105l > = |1€:€;60a] 12

< |asaRiwm| |+ |ecaRamn|
t
+ 0/ 656K (t — T)]/V\l(T)HLZ dr
t
/ &6 Rt —T)No(r)| |, dr 2 fj IV, om. (4.43)
0 m=1

Step IV-1. The decay estimates of ||0;0205ul| 2> with [ € {1,2}

Taking i = 1,7 = 2 and k = 3 in (4.43), by (4.23), (4.24) and Corollary 2.1 with o = 2
we derive from (4.6) that

IVia3,1 +IVigg2 < C||§1€2€3€_C£3t(55, bo)||L2 + Ce™°

515253(%71;))” )
SC(1+t) 2”61(U0,b0)||L2 L +C€ Ct|\818283(u0,b0)||L2

x1 Hxo,:3

<Ce(1+1)72. (4.44)

Using (2.14), (4.23) and (4.38), we deduce from (4.6), (4.11) and Corollary 2.1 in a
similar manner as the derivation of (4.37) that
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¢
IVi233 +1Via34 < C/ Hflfzfse_céz(t_ﬂb/-%’ L dr
)

+C/tH§1§2§36_C(Hf§)(t_T)b/-%HL2 dr
0

Tl TE2,x3

t
< c/<1+t—f>‘% 1016 Vo) 22 1o dr
0
t

e / e~ (1 — )% (|9,05(b - V)| p2dlr
0

t
< 00362/(1 ttoT) P () tdr
0

t
+ CCye? / e (t— 1) E (14 1) 1t dr
0

<OC22(1+1) % +CCu2 (1+1) 12

which, together with (4.44), gives

-
—

)

1810205u(t)|| 12 < Ce (1+1)"2 + CO22(1+ )" + CCoe® (1 +1) 1

I

1

+CC22(1+1)" 1 < %5(1 +t)7 =, (4.45)

_3
2

< Ce(1+1)

)

provided Cj is chosen to be large enough and € is chosen to be suitably small.

Analogously, applying Corollary 2.1 with @ = 3 to the terms H|§2£2§3|e_053tﬂ6||L2
and |||§2§2£3\e’653(t’7)m\|m, we can make use of (4.5) and (4.11) to obtain the same
estimate as that in (4.45) for ||020203u(t)|| 2. Hence,

C 11
10102050 (t)]|| 2 < 7%(1 +1)7 1, Vie{1,2}.

Step IV-2. The decay estimate of ||0703ul| 2

To derive the decay estimate of ||070sul| 2, we first infer from (2.14) and (4.23) and
Corollary 2.1 with « = 1 that

|0305ul < €O+ 1) (103 (o, bo) 2, 13, ., + 19305 (0, bo)ll22 )

xo,r3

o | e semTi| o
0
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dr

L2

+C j Hffgge-0<l+€§><t-f>b/.v\bm]
0

<Ce(l+t)"' +1Vizz + Vi a. (4.46)

Noting that

/ 19,b]Zdr < Ce2

due to Theorem 1.1, by (4.10), (4.11), (4.38), Corollary 2.1 with & = 1 and Lemma 2.4,
we obtain in a manner similar to the derivation of (4.28) that

IViizs +1Viiza < C/(l +t—1) 02 (b-Vb) ||z 1 dT

Tl TTE2,x3

t
+ c/e*c@*ﬂ (t— ) [02(b- Vb)| podr

<CC’05/ A+t—7) " (1 +7)7% [|0,b]| godr
0

t

+ CCye? / Q+t—7) " A+7) 5dr

0
t
+ CCpe? /e_c(t_T) (t— 7')_% (1+ 7)_% dr
0

<CCuEe2(1+1) 34 4 CCe2 (1 +1) 12

¢ 3
+ CCpe? /(1+t—7)_2 (147)""dr
0
< CCyE(1+1) %, (4.47)

provided § is chosen to be such that 0 < § < 2. Combining with (4.46) and (4.47) gives
rise to

—

10205u(t)|| 2 < Ce(1+t)"  + CCoe2 (1+1¢)" % < % (1+1)"2,

provided Cj is chosen to be large enough and € is chosen to be suitably small.
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Step IV-3. The decay estimate of ||0;93ul| 2

Similarly to the arguments in Step IV-2, choosing Cj large enough and e suitably
small, we deduce from (4.6) and (4.12) that

10103l > < C(L+1)7% (||31(U0,190)||L2 L, .t ||8la§(u07b0)”L2>

t
+ c/(1 +t =) % [|Ou(b- Vb) |12, 1t dT
0
t

e / e=t=1) (1 — )72 (|9,05(b - V)| p2ddr

0

l\:\u.

i
§05(1+t)*%+00352/(1+t—7) (1+7) %dr
0

t
+CC2e? / e (t— ) TE (L4 7) S dr
0
9 9 - O _s
< (Ce+CCEe?) (1+1t) + < 5 € e(l+1t)" 7.

Step IV-4. The decay estimate of ||205u| 2
In view of (4.5), (4.9), (4.14), (4.38) and Corollary 2.1 with a = 3, we have from
(4.43), (4.23) and (4.24) that

|0203ul| 2 < Ce(1 +t) 2+c/ (14+t—7)"%|b- Vbllzz 11, dr
0
t
+c/(t—7)—% 162(b - Vb)|| p=dr

t
e / e (¢ — 1) (920 (b Vb) | 2dr

t

< Ce(1+1)7%+ CCge? / (I+t—7)2(147) % dr
0
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(NI

t
+cc§s2/(t—7)* (1+7) 2 dr

t
+CC3e? / e (¢ —7) 2 (L+7) 7 dr
0

2 2 2 -1
<Ce(l+1t)"+CCe“(1+1t)" © ,
from which we obtain after choosing Cj large and e suitably small that

_u _ Cy 1
6 —_ 6
2

0205u(t)||z2 < Ce(1+1) 2 +CC2? (1+1)" ¢ < —e(1+1)

Step IV-5. The decay estimate of ||95ul| 2

Analogously to that in Step IV-4, by (4.5) and (4.14) we have

ry]TTT2,T3

03ul| g2 < Ce(1+1t) 2—I—C'/l—l—t—r Y2b- Vb2 1 dr
0

t
+C/(t77)*%\|8§(b'Vb)HdeT

t
+c/e—C<f—T>(t—T)—%||a§(b-Vb)||L2dT

0

t

< Ce(1+1)7% + CCGe? /(1 Ft—7) A1+ 7) S dr
0

t
recgs [(e-nhasn Har

t
+ CCS&Q/efc(th)(t - 7)7%(1 + 7)7%d7'
0

<Ce(144) 1 +CC22(1+1)" T + CC22(1+ ) 12,

so that, choosing C large enough and ¢ suitably small, we find

m\u

Co
[05u(t) L2 < 75(1 F1)7H, V>

61
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4.3. Enhanced decay rates of (u1,b1)

In this subsection, we aim to improve the decay rates of (uy,b1) by applying Corol-
laries 2.1 and 2.2.

Part I. Improved decay rate of |luy| 2

We start with the improved decay estimate of |lui||p2. First, it follows from

Plancherel’s Theorem and (2.7) that

luallzs = I@illee < | Ky , + || Kabu)

L2

t
+/ Hf?l(t _ T)NE(T)HLZ dr

/HK2 (t — 7)Nox (7 H dr 2 Z Atm (4.48)

Since V -ug = V - by = 0, by (4.23) and (4.24) we can make use of Corollary 2.2 with
B = 0 and Plancherel’s Theorem to bound the first two terms on the right-hand side of
(4.48) as follows,

Ary + Aro < Clle S (@50, bio)l| 22 + Ce™| (0, bro)| 2
< C(1+ )77 (|[(uo, bo)l| 21 + | (o, bo) | 2)
< Ce(l4t)7 4. (4.49)

Since N3 = Py(b- Vb) + Py (u - Vu), it holds that
¢

Avrs g/HI/(\l(t—T)IP’l (b-Vb)HL2 dr
0

+ / Hk\l(t —7)Py (/U\VU)HL2 dr £ Ay g1 4 Ay 3. (4.50)

Clearly, it suffices to consider the first term A; 3;, since the second one can be treated
in the same manner due to their mathematical resemblance. To do this, we first infer
from (4.3) that

v Z& €17 2€kbibs | dr

L2
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t

+C/ et T>ZZ§1|§| ka&bkbl dr
A k=11=2 12
t 3
e [l Sl 2ond)| dar
0 k=1 L2
t 3 - 4
+C / e UIN NG IE TG bbb | dT 2 Ay sim. (4.51)
0 k=1 1=2 L2

Due to (4.4), (4.17), (4.18) and the fact that V - b = 0, one has

16~ Vbrl[L2 < [|brl[L=l|O1ba] L2 + [1by || L]0y b1 | 22
< b1l l|0vbll 2 + [|by [ Lo |0y b1 ]| L2

<COC22(1+1)7 % . (4.52)
Thus, using Corollary 2.1 with o = 1, (4.52) and Lemma 2.4, we see that for any ¢t > 1,
t

Aizin < C/ (1+t—7)"" H”beHLl

2,3
0

dr
L2,

t
+ c/e—dt—ﬂ b Vi || 2dr

0

t
11

< CC2e? / (I4+t—7)""A+7) % dr
0

t
+CCge? / e (14 1) ¢ dr

0

<OC22(1+1) 1 <CC22(1+1)°1, (4.53)

where we have used (2.1), (2.2) and the divergence-free condition V - b = 0 to get from
(4.4) that

2,3

(P

< [[1obulizz,

., Sl o0

1
Lageg

<c Huangl 1)1z Norbill7s

1 1
| < Clblalbal o

3,23
11

< Cllell e 01172 10,b 2 < CC3e2 (1+1)" ¥ . (4.54)
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Similarly, since it follows from (4.4) that

1 _
[101ss,.. |, < WMz Onbl 22 < CCB @ 4-0) (4.55)

z2,23 || 12
and
1(82(bb2), 85 (bb3)) | 2 < ClIb]| < ,b] 2 < CC* (1 +1) 12, (4.56)

by choosing 0 < § < 1/4, we can bound A; 312 as follows,

dr
L2,

To,T3

t
Arsis < c/ (1+t—7)" H||(bb2,bb3)||L1
0
t
N c/e*dt*ﬂ (119(bbo) | 2 + (105 (bbs) | 2) dr

/1—|—t—7 "+ tdr
0

t
+ CngQ/e_c(t_T) (1+ T)_% dr
0

o

<SOCR2(1+t) " <CC32(1+1) 7. (4.57)

Next, by Lemma 2.5, (4.52) and (4.56) we have

t
A1 g13 + A1 314 < C/B_C(t_T) (I[6- Vbil[12 + [[02(bb2)| 2 + |03 (bb3)][2) dT

)

i
< CCie? /e—c(t—ﬂ (1+7) Bdr <CC22(1+1) 1. (4.58)
0

Thus, based upon (4.53), (4.57) and (4.58), we conclude from (4.51) that

0o

A3 <CCZ?(1+t)7 %, Vix>1.

The same estimate also holds for Ay 3o. Thus, it follows from (4.50) that

3

A3 <CCE2(1+1)7%, Vix>1. (4.59)
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We proceed to estimate A; 4. Noting that

N21 :qu1 —’U,-Vbl :V(bu1 —ubl)
= ag(bgul — ’ILle) + 83(()311,1 — U3b1>, (460)

we have from (4.23) and (4.24) that

t t
Mg [ [N gham) , ar+ / e eruapi )|, ar
0
t
+/ e b f:sbzﬂtl dT+/H o= T)§3u3b1( )HL2 dr

¢ [leremol o [l e o
0

t

0
t

+/ e—c(t—7)53b3u1(7)HL2 dT+/He—c(t—r)gsugbl(T)HL2 dr
0

0

£ A+ .0+ Aqas. (4.61)

It is easily checked that the estimates (4.54) and (4.52) hold for bu; and 9, (b,u1),
respectively. So, analogously to the derivations of (4.53) and (4.58), we have

Ay g +Aias + Ay as + A ar

1 TE2,T3

t
/ L+t —7) " byl 2, 1 +e_c(t_T)H8”(b”u1)||L2] ar
0

t

< 00352/ (4 t=n) 1 +n) ¥ e+ 7) 8 ar
0
<CCR2(141) . (4.62)

The terms involving usb; and ugb; can be treated similarly and admit the same decay

estimate as that in (4.62). Consequently,
Ay SOCEE2(14+0)7Y, Vix1,
which, together with (4.48), (4.49) and (4.59), yields

3

lur(t)||re < Cse(1+1)"7 + CeCRe® (1+4)"%, V> 1. (4.63)
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Thus, if Cy and € are chosen to be such that
OO > 405 and 0<e< (40600)717

then one infers from (4.63) that

C
lur (t)|| L2 < 705(1 +6)78, V>l

Part II. Improved decay rates of ||0,u1||z2 with v € {2,3}

Let &, = (&,€3) and €2 = €2 + £2. This step aims to improve the decay estimate of
[[O,u1]| L2 by applying Corollaries 2.1, 2.2 and (4.3). First, it is easy to see that

—_—
lOvurllpe = [|Ovuil Lz = [|€ur]| L2

&K (Wim|| , + |6 Kb

&Rt —)Nu()| | dr

& Ralt = 1)Nar(r)| a7 2 Z Agm. (4.64)

|
|

Since V - ug = V - by = 0, it follows from Corollary 2.2 with § =1 that

Aoy + Aga < Cll]e 4 (@70, bio)l| 12 + Ce™ |8, (@70, bio)|| 2
< C+ )3 (||(uo, bo)| L1 + 18w (w0, bo)|[ 22)
< Ce(l+1t)7%. (4.65)

To estimate Aj 3, similarly to the treatment of (4.50) in Part I, we only deal with the

term associated with Plﬁb) in ]ﬁ, which is still denoted by As 3 for simplicity. By
(4.23) and (4.24), we infer from (4.3) that

dr
L2

3
2 —
e U 21 T2 ki
k=1

t

+O/ et T>ZZ§1|§| 26&ibibi|  dr
) k=1 1=2 L2
t 3

e [ee Yo 2abd o
0 k=1 L2
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t

e

0

4
d’T é E Agygm.
m=1

3 3
e~ NN gl T2 brby
L2

k=11=2

67

(4.66)

Using Corollary 2.1 with « = 2, Lemmas 2.4-2.5, (4.8), (4.9), and (4.54), we obtain

dr
L2,

1601 ] 1

2,3

t

_s

Aoz1+ Aoz3 + Nosa < C’/(l +t—7)" 2
0

t

—l—C’/e*C(t*T)
/ 14+t—7)"
0

t
+CCge? / et (14 7)7% dr
0

<CC22(1+1)7%, Vi1

‘a /b-\Vb)HL2 dr

l\)\w

(1+ 7')_17‘1 dr

The treatment of Ay 32 is slightly different. Indeed, noting that

dr
L2

k=1 1=2

3t 3 3
Ao <C /+/ Hﬁue_cif(tq)ZZfﬂﬂ_szflbkbl
o

% t
< C/Hfgefcﬁi(tfr)lﬁ)\uHLQ dT‘i’C/ngeicgi(tiT)a@) B

we infer from Corollary 2.1, (4.55) and (4.56) that for any 0 < § < 1,

dr
L2,

_3
2 ||116by || Ly

r2,T3

A2732§0/(1+t—7)
0

t
+C / Hgye%i(t*ﬂ 10,0 |z2dr

o+

SCCSEQ/(l-Ft—T) %(1—&-7') Ydr
0

dr,
2

(4.67)
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=

_23
(1+7) 2dr

t
olor / (t—1)~

<022 (1+1t) 2%

<

¥

+OC22 (14 7)1

)

and hence, we easily deduce by choosing 0 < § < 1/4 that

_5
1

Ap 3o < CCZE* (1 + 1)

(4.68)
Thus, substituting (4.67) and (4.68) into (4.66) gives

Aoy < CC2e2(1+1)7 1.

(4.69)

For Aj 4, analogously to treatment of (4.61) in Part I, we only deal with the terms
associated with b2u1 and bsu in Ngl By (4.60) we have

t t
Aoy S/nye—céf(t—ﬂ&b;\m”m dT—’_/HgVe_Cés(t_T)'EBbg\UlH dr
0 0

t t
e I e e
0 0

The estimate of Ag 4 is based on the estimates of ||0;02(bau1)] 2 and ||0;05(bsur)| L2
with ¢ = 2, 3. Noting that (4.4), together with (4.21), implies

10.0]122. . 15 < Cl0, bl 2.]1028,b 22 < CCoe(1 + t)~ (4.70)
and
10vurllzes . 22, < Cl0, wr]| 12000y s 12 95Dy | 2101050, |
< CCoe(1 + )3 (4.71)

Thus, it follows from (4.70), (4.71), (4.17), (4.18) and (4.4) that for v € {2,3}

1020, (bau1) || L2 + (1030, (bsuy) || L2

< bl (188,012 + 9581l 12)
+ Cllurllz (19020,b]122 + 59,1 2)
+Cllovunllzzs sz, 19,b22

Lo
1,23 L2

< CC22(1+1)° . (4.72)
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With the help of (4.54) and (4.72), similarly to the derivation of (4.62), we deduce

t
Aoa < c/(1 tt-r) <H|b2u1|L ; > dr
0 51

t

+ C/e_c(t_ﬂ (||8,,62 (bgul) ||L2 + ||6V83 (b3u1) ||L2) dr
0

T2,T3

[l

T2,T3

t
2.2 -3 - t -
ele / (4i-m e ™ re D 1) ¥ ar
0
2 2 -
<OC22(1+1)7% . (4.73)
Plugging (4.65), (4.69) and (4.73) into (4.64), choosing Cy large enough and e suitably
small, we get that for v € {2, 3},

_s _Cy _5
|0, w1 ()] L2 < (C’5+C’Cg€2) 1+t 1< ? e(l+1t) 1.

Part ITI. Improved decay rates of ||030;u1 |2 with i € {2,3}

This step aims to improve the decay estimates of ||030;u1l||p2 with i = 2,3. First of
all, we have by (2.7) that

—_—
H838iul||L2 = H836iu1HL2 = ||€3€iu1HL2

< Jes R, + |acRwm)

+ / |es (e = N ar
0

- [locRe -] e S nm

0
For i € {2,3}, we can apply (4.23), (4.24) and Corollary 2.2 with 8 = 2 to get

2, _ _—
Mg+ Aso < C|||&Pe™ S g 2 + Ce|[€s&utol| 2

<C+8)77 (Juollr + ||0305u0 | 12) < Ce(1 + )7 5. (4.75)

Analogously to that in Part II, to deal with Ag 3 and As 4, it suffices to consider the

terms associated with leb) in NE and bQ/Jl, b;\ul in ]Tf; (still denoted by As 3 and
A3 4). First, it follows from (4.3) and Proposition 2.1 that

69
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t
Ass = / Hf?.fif/{\l(t - T)Plﬁb)HLz dr
0

¢
<c/
0

dr
L2

3
E3¢,e” S0 () Z Eo1EI 2 Erbrb

3 3
+ C/ €367 (T YO el bbb dr
0 k=1 1=2 L2
t 3
€ [ faage 180 S e 20 0h| dr
k=1 L2
t . 3 3 -
+ C/ Ea&ie  HRIETTIN TN " | 2 &ibrbu||  dr
0 k=1 1=2 L2
£ Ag31 + Az 30+ Az a3 + Ag aa. (4.76)

To bound Az 31, we first observe from (4.21) and (4.4) that

103(b - Vb1)||L2 < [[b]| Lo |03VD1 || L2 + C||03D]| 2 [|0203D] 7 »

X V01| 22101V 01 | 12105V 01 || 1210103V D1 || £

~

<CC3*(1+1)73, (4.77)

which, together with (4.54) and Corollary 2.1, shows that

o
As 31 < /+/
o4

2
<0 [|lepe o] o
L2
0

dr

3
&6~ ST €21¢| 7264y by
k=1

L2

t
+ C/ Hé—l/efcgg(t*‘l')ag(b/.Ebl)HL2 dr

xq Hxo,x

/1+t—7_ Ibb 22, 11, . dr
0
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t
+C/H§l,e_°53(t_7) 11056+ Vbu) | 2dr

< 00362/(1 +t—-7)72(1 —1—7')_17‘1 dr
0

t

+ CC2e? / (t—71)"

=

(1+ 7')_% dr

[NEY

<CC22(1+14)7%. (4.78)

In a similar manner, by choosing 0 < § < 1/4 we deduce that for i € {2, 3},

t

2
Ay < C/(1+t—7)_2||bbu||L2 L dr
0

Tl TE2,xT3

t

+ C/(t ) 41850, (bby) || 2

t

2

gccgez/(lﬂ—f)*z (147)" " dr
0

t

+00362/(t—7)*

Nf=

(1+ 7')7% dr

[SEY

<CC22(1+1)71, (4.79)

where we have used (4.55) and the following inequality (due to (4.4)):
1039, (bby )| 2 < Cbl| L= [|050,,b]| L2 + C||103b],,b]| L2

1 1

< C|bl[[030,b 2 + C||05b]|2[|0205b]| .-

1 1 1 1
% (10,011 31010, 121950, £ 101050, b -
2.2 -z
<CCie“(141t) 5.

Similarly to that in (4.37), by (4.8), (4.9) and (4.38) we obtain

t
A3 33+ Az 34 < C/e_c(t_ﬂ (t— T)_% 10:(b - V)| p2dr
0



72 S. Lai et al. / Advances in Mathematics 486 (2026) 110747

t
< 00352/6—C<t—f>(t—7)—%(1+T )% dr
0

<CC22(1+1)7%, Vie{23) (4.80)

Dragging (4.78), (4.79) and (4.80) into (4.76), we see that for ¢ € {2, 3},

[

A3z <CC22(1+1)” (4.81)

Next, we deal with Ag 4. First, we make use of (4.4), (4.17), (4.18) and the divergence-
free condition V - u = 0 in a manner as that in (4.15) to get

(0203 (bawr ) || 12 + 1|05 (bgus) | 22
< |bl| oo [0, Ozus || 2 + [Jur][ Lo |0 O3b]| 12

+ 102unllzz, Lo 10sballLes , r2, + 10suallLes |, r2 [102b2]lL2 | Lo

+2)0sunllLgs , 12 19sbsliz2, | 12

<OC22(1+1) % . (4.82)

Analogously to the derivations of (4.36) and (4.37), using (4.54), (4.72), (4.82), Propo-

p——

sition 2.1 and Corollary 2.1, we infer from the definition of No; in (4.60) that

t

2
Az < C/ (Q+t—7)"7 HH(b2U17b3U1)HL1 dr
0

2
LI1

T2T3

t

+ C/(t — ) H | (205(baun), D2 (b)) [ pedr

t
2

t
+ C/e_c(t_T) (t — T)_% || ((91‘(92(1)21“), 8l83(b3u1)) ||L2d7'
0

< CCge? / (L+t—7)2(1+7)" % dr
0

t

4 00352/@ )

[SIE

_12s
(14+7)" % dr

5
t
+ CC§€2 /e_c(t_T) (t— 7')_% (1+ 7’)_% dr
0
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~

<CC3*(1+1)7 1. (4.83)
Thus, plugging (4.75), (4.81) and (4.83) into (4.74), we see that for i € {2, 3},

103051 (B)] 2 < (Ce+ CC2%) (1 4% < %

_17

(L+¢) %,

provided Cj is chosen to be large enough and € is chosen to be suitably small.
Part IV. Improved decay rate of ||03u; | 12

The enhanced decay rate of ||d3u1]|z2 needs more subtle analysis. To do so, we first
infer from (2.7) that

3 —_— 3/\
[05u1][z2 = [|03ua |2 = [|€50x] L2

< |[@Ri@a|| , +|@Ra0b|

-
+/H§§l/(\1(t—T)ZVH(T)HL2 dr
/ L ERLETE D o WA

where the first two terms can be easily bounded by Corollary 2.2 with 8 = 3,

2, — o~
Mgy + Ay < O|€3e 5 i || 12 + Ce ||3ano |

9

<O +6)75 (Juollzr + 9ol r2) < Ce(1+1)77. (4.85)

Next, we consider the term ]P’lmb) in Kf;, which is still denoted by A4 3 for nota-
tional convenience. It follows from (4.3), (4.23) and (2.14) that

t

Ay3 < C/

0

dr

3
2 —
eSS "2 [e T2 rbrby
k=1

L2
t

3 3
+C/ &e —eE (=T ZZ&Krszﬁbkbz dr
5 k=1 1=2 12
t 3
+C / g5e= ) =D N e21e|=2b5by || dr
0 k=1

L2
t

3 3
+C / eI+ NN ey e 2k &abiby

3 k=11=2

dr

L2
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74
2 Agz1+Agzo+ Assz + Agsa. (4.86)
Similarly to the derivation of (4.68), by (4.54) we have
%
Ag31 < C/(l +t—7)73 1001 lz2 L1, ., d7
0
t
+ C’/(t — 1) 2|92 (b - Vby)(7)|| p2dr
%
t
2
2.2 -3 -%
< CCge /(1—|—t—7’) 2(1+7) 8dr
0
t
1 _u
+ccgg2/(t—7) F( 4 ) Har
%
7 (4.87)

<CCZ(1+1t)*,
since it follows from (4.4) and the divergence-free condition V - b = 0 that
103 (b~ Vo) |22 < [1Bl| L= [ VO301[| 2 + 1030l 22, 122 V1]l 2ee 12,

+1VOsbillze . poe 10sbll s . z2.

xq,x0 T3

<OC22(1+1) 7.

In a similar manner, applying Corollary 2.1 with o = 4, by (4.55) we have
5
s
Ay32 < C/(l +t—7) 2 |[(bba,bbs)l| 2 1, dT
0

_11(85(bba), 05 (bbs) )| 2 d

t
oo
L
%

<0022 [ (M+t—7) "2 (1+7) tdr

o
[N

t
17

+ CC2e2 / (t—71)"F(1+7)% dr

N+
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<OC22(1+4) 3 4 0C22 (14 17)73
<CC22(1+1)71, (4.88)
provided 0 < § < 1/4. Here, we have used (4.17) and (4.4) to get that

105 (bb2) || 12 + (|03 (bbs) |12
< Olbllp= 1930l 22 + C105b 2, , 1o [03blless |, 12,
1 1
< O] = |05b]| > + C||950]| 3. |01 05b]| 7.
1 1oL N
x ||03b]| 12102030 12 [|030]| £ - [|02050]| >
_ 17
<CC22(1+1t) ° .

Due to (4.14) and (4.38), it is easily seen that

¢
Agss+Agzq < C/C_c(t_T) (t— T>_% H6§ (b- Vb)HLz dr
0

t
< CC3e? /efc(tfﬂ (t—71)"
0

=

1+7) B dr

2

<CCZ*(1+1) 12

©

)

which, together with (4.87), (4.88) and (5.36), yields

o

A3 <CCEe*(1+t)" 1, Vix>1. (4.89)

Analogously to that in Part II, we only deal with the terms b;\uh b;\ul in A4 4, which
are still marked by A4 4. Due to (4.4), (4.17) and (4.18), one has

195 (bour) || 2 + 1105 (b3ur) |22

< Cllbllze< 105urll 2 + CllOsurll s, r2 1036l 22, 1o

2 ey L2, 2 ey L35
+ Cllur || o< 036 L2 + CllOFurllz, |, res 10sbllres |, 2.

_ 37
<CC22(14t) 12
and

10205 (baua) || 2 + 1|03 (bsur) || 2
< bl e ([10205uall L2 + [|05uallL2) + [lullzee (102030212 + 103bs]|12)
+ C||03ba]| 2

2 b lO2uallree | r2 + ClOsurllpes | 12 1020sballL2 | Lo

x1,r3 xq],x xq,x0 " x3
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+Cl020surlls, 1o 1032l | r2 + CllOSuallrs, |, 1o [l02bollzes | 22,

+Cll0surllpes |, 12 1105bsll2, | re + ClOFurllce, |, rox 10sbsllres 12,

<OC22(14+1)" 1,

which, together with (4.54), (4.38) and (4.72), yields

t
2

A4,4§C’/(1+t77)7%
0

dr
Lz,

[(bous, bua)Ly, .

t
e / (t =) || (28 (bawr), B8 (bswn)) | . dm

t

+ C’/e_c(t_T) (t—7)"2

0

(9203 (baur ), 05 (bur)) || . dT

o+

300362/(1+t—r) %(14-7) 5 dr
0

t

+C’C’0262/(t7 )~

m\»—A

(1+71)" %dT

Nler

t

+ CC2e? / e~ (t— 1)~

0

M\»—l

37
(1+7) 2dr

(4.90)

©

<CC32(1+1t) 1.

Thus, inserting (4.85), (4.89) and (4.90) into (4.84), we obtain by choosing Cy large

enough and ¢ suitably small that
3 2_2 —2 _ Go -
[03u1(t)]|2 < (Ce+ CCGe?) (1+1)" % < € e(14+1t)71.

) and all the estimates established in Subsections

Proof of Theorem 1.2. Based on (4.4
4.2 and 4.3, we immediately arrive at the desired decay rates of the solutions stated in

Theorem 1.2 by applying the bootstrapping arguments. O
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5. Improved decay rates and proof of Theorem 1.3
5.1. Estimates of nonlinear terms

This section is devoted to the proof of Theorem 1.3. It is worth pointing out that the
following decay rates of (u,b) stated in Theorem 1.2 are optimal and cannot be improved

any more,
0% (u, b)(t)l| 22 < Coe(L+ )72, [[9:(u,b)(t) ]| 2 < Coe(L +1)7Y,
(1, b1)(t)]| 22 < Cos(L +4)71, 18; (ur, b)) (8) ]| 2 < Coe(1+ )71,
18:05 (w1, b1)(t)]|z2 < Cos(L+ )75, (|03 (ur,b1)(t)]|z2 < Coc(L+1)7%,  (5.1)

where k € {0,1} and 7 € {2,3}. Moreover, under the conditions of Theorem 1.3 it has
been shown in [24] that for any ¢t > 0,

T

1€, ) ()]s + / (I1(951, 02b, 3sb) |74 + [|O2ullfys) dt < £, (5.2)
0

provided ¢ > 0 is sufficiently small. In addition to (5.1), to prove Theorem 1.3, we make
the following further ansatz:
10105 (u, B)(#) |2 < Cos(1+1) 7, (10,05 (u,b)(£)] 22 < Coe(1 +1)~2,
103 (u, b) || 2 < Coe(1+1)72, 1010: 05 (u, b)(£) ]| L2 < Coe(1 + )77,
18103 (u, b) (#) | 2 < Coe(L+1)7",  [|878i(u, b)(1)]| 12 < Coe(1 +1)7H,
10,0;05(u, b)) | 12 < Coe(1+1)7%, (|07 (w, b)(1)][ 12 < Coe(1+1)7%,
10805 (. b) ()| 2 < Coe(1+1)"%, 19705 (u,b)[12 < Cos(1+1)" %,
10100205 (u, b)|| 12 < Coe(1+1)"1,  [|0105 (u,b)||12 < Coe(1 +1)72,
000202 (u,b)|| 12 < Coc(L+ )72, [|8;03 (u, b)|| 12 < Coe(1+1t)"2 (5.3)

and

T
1

19:0; (ur, b1)[12 < Cos(1+4)77, 110,05 (ur, b)l| 2 < Cos(1+14) 71,

10:03 (uy, b1) || 2 < Coe(1+1)" 7, (5.4)
where k € {0,1}, 4,7 € {2,3} and [, h € {1,2} and Cj will be specified later. By means

of the method of spectral analysis, we can show that the bounds in the ansatz are indeed
halved, provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.
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Then the bootstrapping argument asserts that the half upper bounds in the ansatz indeed
hold for all time.

We begin with the following estimates of nonlinear terms, which are mathematically
crucial for the entire analysis.

Lemma 5.1. Assume that (u,b) is a smooth solution of the problem (1.2), satisfying (5.1)
and (5.3). Then, there exists an absolute positive constant C, such that

[1o-9eles, ||, <cci2a+n, (5.5)
[102 @0 s, |, < cCB2a407¥, (5.6)
181 (b~ Vb) |12 < CC22(1+1)" %, (5.7)
10 (b~ Vb) |12 < CC22(1+1)" %, Vie{23} (5.8)
[163 - V)l .|, <cciera+ot, (5.9)

102(b- Vb)|| 12 < CC2e% (1+1)7 %, (5.10)
0105(b - Vb)||L2 < CC2e2 (1+1)"2, Vie{l,2}, (5.11)
18105(b - Vb)|| 2 < CC22 (1 +1)% (5.12)
18:05(b - Vb)|| 12 < CC22(1+1)" 5, Vie{23} (5.13)
Hnaf (b-0) |z, .. e S CCoe (L 4+ )77 |0,b]|l s + CCoe2 (L+1)"5,  (5.14)
1010401 (b - Vb)| 12 < C’Coe2 (1+8)7", Vighe{1,2}, (5.15)
10205(b - Vb)|| 12 < CC22(1+18)" %, (5.16)
018205(b - Vb)|| > < CC2e2(14+1)7%, Vie{l,2}, (5.17)
10102(b - Vb)|| 2 < CC2e (141)" % (5.18)
18203(b - V)| < CCR2 (1 +1)° (5.19)
183(b- Vb)|| 12 < CCZe (1 + t)*% . (5.20)

Proof. The estimates of (5.5) and (5.6) can be shown in the same way as that used for
(4.5) and (4.6), using the decay rate of ||07(u,b)| 2 < C(1 +t)~/2 stated in (5.3). To
proceed, we need to improve the estimates of ||b||~ and ||b1||fe. Similarly to that in
Lemma 4.1, by (5.1) and (5.3) we have

1 1 1 1
[l oo < CIBI| L2 [1910]| L2 1820| £ 193] >

X [|0102b]| ;2 [|0105b]| £ [|0205]| £2 |01 02030 } 2
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< CCoe(1+1)7", (5.21)
and

1 1 1 1
01/l < Clbr][F2 (101011} 210261 720301 |}

X [|0102b1 |2 [10105b1]| £2 [|0203b1 | £ 2 [| 01020361 || 2

< CChe(141)"5 . (5.22)

With the help of (5.21), (5.22) and the anisotropic Sobolev inequalities (4.21), we
infer from (5.1) and (5.3) that
101(0 - Vb)llz2 < [Iballz= 107Dl L2 + [[bu ]| o< 010, b L2 + (01D - VB[ 2
_1
< OCFe? (1+)" % +[1Owbillnge 2, [1910llz2 res

+ [|01bu L2 Lo . 1100D] Lo 2

x1 Hxo,x3 x1 Pz, 3
<CC22(1+1)7%, (5.23)
due to the divergence-free condition V - b = 0 and the fact that 0:by = —3d,b, with

0, = (02,03) and b, = (ba, b3). Analogously,

102(b - Vb)|| 2 + [|85(b - VO)| 2
< (11l Lo [[(92016, 9301b) [ L2 + [|bul| o< [[(D20,b, D30,,b) | L2
+ (8201, 03b1) lLgs 22, ,, 1010 L2 Lo

®g,r3 z) Hwg,®3
+ ||(a2bV783bV)||L;<iL§2,z3 Haub”LglL;‘;,ma
2.2 -5
<CCEe”(141t) = . (5.24)
Based on the Holder inequality and (4.21) that, by (5.1) and (5.3) we have

162 b ¥) 10

r2,T3

2
Lm1

< H 197 (6,0,) [l ..

S [EACL DI

< |Wo3buizs, ., N0l 2, ., P [l01bullss,  I0u0nl 22,
+ blze, 10,030 2, ot 102011122, lowbllsz,
+2[l0nbu iz, 19300z, ot [11llsz, 1030022,

< Cl107by L2 10,0122 1018,0 72 + €110, 01b]| 2|01 by |1 21|05 b || 72
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1 1 1 1

+ C10,07b] L2 |bu || 7210100 || 72 + Cll 010l L2 1|0701 | 2 107011 2
9 15 1 3 1 1

+ C||07b]| 2[|01b1(| 21107 b1 (| f2 + C[107b]| 2 b1 || 72 10161117 2

< CC22(1+14)7 7. (5.25)
Using the divergence-free condition V- b =0, (5.1) and (5.3), we deduce

107 (b Vb) [|L> < Cllby]| o< |87b]| L2 + C|lby || 110, 7D L2
+C||a%b1”L?

z1,72

L 101blles | 2.

+C||afbu||Lg<iL2 0ubll 2z, Lo

T9,r3 xq Hxo,x3

+Cl107bllL2. . L llOwbrllLee | r2

x1,x9 w3 x1,x0 w3

+ Cll010ubllLgs 2, , N01bulL2 Lo

r2,T3 1 TT2,T3

<OC22(1+14)7 7. (5.26)
By the same token, we have

10102 (b- VD) |12 < C||b1]|L<[[010201D] 12 + Cl|by || o< |01020,,0] 1.2
+ Cl|0102b1 (|22, poo 1016l L | L2

r1,r2 " T3 T1,T2°7T3
+ Cll0i02by || Lo 12, , 100l Lo

+ Cl(01010,010:0) 12, £e [1(02b1, Oib1) Lz 12

» T2 X3 s T2 X3

(O, 02bu) |2, Lo

2,3

+ C||(200b, 20b) | 15 12, I
<CCi” (1+1)77, Vie{1,2},
0405 (b~ 9) 2 < Clbal 137050l + by 11191250, b]

+ C|0103b1 || 2. . poe 01D Lo 12

T1,T2 T L3 r1,r2 T L3
+Cll010sbullpee r2, , 1000l r2 pes

+C0103bl| 2, o= 0101|1212

oy Ty z1,wp Ty

+ Cll0s0,b] 15 22, 110wy 22, L2

2,73

+C||8%b||L§1 Lo [103b1][ Lo 12

»T2 X3 r1,T277T3

+Cl010.b) s 12, , N0sbull L2, ey

T TT2,T3 T TT2,T3

<CC22(1+1)7 %,

and
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[0:03 (b~ Vb) ||z < Cb1|| Lo [|010:03b][ L2 + C||by || L= [|0:030,,0]| 12

+ Cl|0i0sbrllLz, , L 1016l e

L2
, T 9,23 11

+ C||(9i33bu||L2 L 10,0l Lo

r2,T3 Il

+ C(8:0:b,0105b) | L2, L35 (D31, 0ib1 )| Lee

xy,xT3 1‘2
+ Cl(9, 04, 5u83b)||ng3L;; 193, 0ib)l| s ., 12,

<CC22(1+1)7%, Vie{23).

Analogously to the derivations of (5.25) and (5.26), using the fact that V -b =0, we
obtain

T9,T3

163 - 98) |1

Lz,

< |17 ,0,0) s, .,

ot 162 (1610) s, ., v

< C[10,b]| 2 0301122 |928]1 22 + C110, 01D 121103b] 7. 1070 .
+ )10, 30l 2 0:8]| 22193811 22 + C110,0b 12 1by 2210160 | 2
+ 08l 2 122 191012

< CCoe® (1+1)72 |9,bll s +CCoc® (1 +1)"*

and

167 (b~ Vb) |2 < ClIbll Lo [VOTl| 12 + Clld1bl e, 22 IVO?bIlL2, , e

e ym3l

+C bl . 2 [VOblse, 1o

r2,T3 7T 3 »Ul

+ 0110902z, re IV Lo

xg,x3 " w] T9,T3 Tl

<CCu?(1+1)7". (5.27)
In a similar manner as that used for (5.27), we conclude from (5.1) and (5.3) that
10:0,0n (b-Vb) |12 < CCoe2 (1+)"", Y i,g,he{l,2}.
For (5.16) and (5.17), by (5.1), (5.3) and direct calculations we have

10705 (b~ Vb) || 2
< Cllbal| = [10705bll L2 + Cllby || L [107 930, b]| 2
+Cll9sbi L ,, 22, 1107bl 22, Lo + Cllsb Ly

1,27 T3 r1,T2

12, 10,0902 | 12

;T x1,T9 z3
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+ CllOblng, 12, 10105lIrz, , 155 + CllOwblleg, ., r2, 10,0105bllrz, . 1o

x @]

+Cll0,01bl|ngs , 12 1101030] 22, , re + ClOFO| e 12 10,05bll22_ 1o

x x xo,x3 T

<CC22(1+1) %,
and analogously,

[|0:0205 (b - V) || 2
< C|\ba|Lee [|01020301b]| 12 4 C|[by || Lo~ ||0102030,,]| L2
+ Cl10sbllLgs 22 IVOD2bl L2 | 1o +CllOabllgs 12 IVODsbllLz | e

,xo T ,xo

+ Cllobllrgs , 12 VO20sbllLz | 1o + CllOi02bLes | 12 [IVOsblL2, | o

To,x3 T

+ Cll00sbl| e , 12 IVObllLz, , 1o + Cll0203bllse 12 [[VOblL2 | ree

T3 »T3 T2 xy],x0 w3

+C010203bl 12, 122 IVl |, 22,

<CC32(1+1)7%, Vie{1,2}.

Finally, it is easily deduced from (4.21), (5.1), (5.3) and the divergence-free condition
V -b =0 that

10105 (b~ Vb) || 2
< Clb1 || = 1803] 2 + Cllby || L1013 8,b]| 2
+CllObllngs ,, r2 101030]l22, 1o + Cllowbyllg , 12 10,03bll22, 1o

w3z ey z2,23 7T

+ C||0sb1||p 12 ||0703D| L2

T1,T2°7T3 T1,T2

Lo+ CllOsbullrs 12 [0,0105b]| | re

T1,T2 xr1,r2 X3

+ Cl|0103b[|Lgs , 12 110103b[L2 | 1o + Cll010sbyles | 12 10,05bllL2 , L

2
xo,x3 T xo,x3 T xo,x3 7wy

+ C\|832,b1||L;<; 1z, 1920] 2

LI z1,®

iz F 01050l 12 10,0102z, 1

»T2T X3 x1,T27x3

+ 010361112, | poe 1010l nes 2, + ClOWEb L2, e [O0bllss , r2

xo,x3 T xo,x3 T ,x3 xq xo,x3 T

M

1

<CC*(1+1t) %,
10205 (b - V) || 2
< C||b||Loo ||V828§b||Lz + C||8Ub1 ”L?i,wLig ||613V83b||L211 L

wg Mg

|

x T EY

+Cl|OblLes 2 107030ll22 , ree + Cll0203b1l| 1z , 12 [0105bll22 |, 1o

x1,r3 T E

+Cl|0205by g, 12 10003bllrs, , pee + CllOSblLes | r2 IVOblL2, . ra

yT3 T ’ 1,273 1,273

+ C|0203b]| 2

2,3

<CC22(1+1)72,

L IVOllLes | 12
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and analogously,

105 (b Vb) || 2
< Cllby | 1o 10195b]| 2 + Cllby || L |8, O5b]| 12
+ Cl|0sbrllLes , 2, 1810301l 12 oL+ ClOsbyllLes 12 [0y bl 2 . L,

+ C||03b1 ]| 2 L 1010sbl| e | 12 +C||03b, s ., 22, 10008bll L2 | Lo

xo,x3 7T xo,x3 7wy xo,x3 7wy xo,r3 11

2, +Cl03bullzz, , rex 1000 o

2,x3 T r9,T3 Tl

+ 11830 12, , rex [1010] 1o

2,x3 T T9,T3

2 2 -2r
<CCie”(14+1t) 5.
Now, collecting the above estimates together finishes the proof of Lemma 5.1. O
5.2. The decay rates of (u,b)

In this subsection, we prove the decay estimates of (u,b) stated in Theorem 1.3.
Analogously to the proof of Theorem 1.2, we only consider the large-time behavior for
t > 1. Moreover, it suffices to deal with the decay estimates of u, since those of b can be
achieved similarly.

Step I. The decay rates of ||0;0;ul| > with ¢,j € {1,2,3}

We start with the decay rates of the second-order derivatives. It follows from (2.7)
that for V i,5 € {1,2, 3},

0:0;ul[ L2 = [|0ijull L2 = [|&:& ull 2

< s K|, + |l6s Kb

t

.|
'

Step I-1. The decay rates of ||0;0;u| 2 with ¢,j € {2,3}.

&Kt - TN

&G Kalt =N ()| dr. (5.28)

Similarly the treatment of Step ITI-1 in Section 4, we only deal with the terms asso-
ciated with b- Vb. By (4.23), (4.24) and Corollary 2.1, we infer from (5.5), (5.8), (5.11),
(5.13) and (5.28) that for 4,j € {2, 3},

10:0jullze < O+ 6)7F (o, bo)llzz, za, ., + 1950 (uo, bo) | =)

x1TTE2,T3
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+CO [ Q+t—7) 2 b Vb|pe 11 dr

x1TTE2,T3

+C [ et )9;0;(b- Vb)||p2dr

0/
t
+ C’/(t 1) 2|9;(b - Vb)| padr
t
0/

<Ce(l+1)°? +CC’0252/(1+15—7')_% (1+7)" % dr
0

t

+ CC3e? / (t—71)"

S

1+7) % dr

+0C22 [ et (14 7) % dr

o MG
~

N

_3 _C _3
<Ce(l+t)72 +CC22(1+1)72 < Se(l+1) :,
provided Cj is chosen to be large enough and € is chosen to be suitably small.

Step I-2. The decay rates of ||010;u||r> with i € {2,3}

For i € {2,3}, using (5.6), (5.11), (5.12) and Corollary 2.1 with o = 1, we deduce
from (5.28) by choosing Cj large enough and e suitably small that

1 dr

zg,x3

t
18105ul| e < Ce(1 + 1)~ + C/(l +t—7) " 010 V)|1e 1
0

t

e / e~ =)9,01(b - Vb)|| p2dr
0

t

<Ce(1+t)" +CC§52/(1+1€—T)_1 (1+T)_%d7‘
0

t
+CCge? / e—ct=7) 1+ T)_2 dr
0

<Ce(l+t) M+ 0C2(1+1)71 < %6(1 +6)7".
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Step I-3. The decay rate of ||07ul| 12
In view of (5.9), (5.10) and Corollary 2.1 with a = 0, we obtain by taking i = j =1

n (5.28) that

t
0l < C(14 )74+ C [ (1= m)7H 030 Tlag, oy,
0

t
+0/ e =03 (b Vb)|| p2dr

0
t

< Ce(l+1)2 + 022 / Q+t—7) " Q+7) " dr
0
t

+ CC2e? / et (14 7) T dr
0

<Ce(l141)7 2 +CC21+1)72 < e(1+14)72,

Co
2
provided Cj is chosen to be large enough and € is chosen to be suitably small.

Step II. The decay rates of ||0;0;0,u| > with ¢,j,k € {1,2,3}

It follows from (2.7) that for V i, 5,k € {1,2, 3},

10sxull Lz = |0ijrull L2 = [1€:&5600] L2
sGaR 0G| |+ |esaRam|

66Kt - N()| dr

&It —T)N(r)| | dr. (5.29)

o/
]

Step II-1. The decay rates of ||0,0;0su||2 with ¢ € {2,3}
Using (5.6), (5.11), (5.12) and Corollary 2.1 with o = 2, we deduce from (4.23), (4.24),
(4.38) and (5.29) that for ¢ € {2, 3},

t

1610:05ull = < Ce(1+ 1)~ +c/(1 =) O VOl 1, dr
0
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+C t—T 2 Halag(b Vb)”LZdT

t
+O/e e(t=7) (t — 1)”3 8;01 (b - Vb)||L2dr
0

t

<Ce(l+6)7F + 003 / (I+t—7)"2(1+7)" % dr
0

l\?\»—t

t
+cc§s2/(t— Q4T E dr

t

+ CC2e? / et (t — ) TE (14 7) 2dr
0

< Ce(l+1)2 +CC21+1)"2 < %

(1+1)72,

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.
Step II-2. The decay rates of ||0?0;u| = with i € {2,3}

Taking j = k = 1 in (5.29), using (5.9), (5.15), (5.16) and Corollary 2.1, we obtain by
choosing Cj large enough and ¢ suitably small that for ¢ € {2, 3},

t

162052 < Cg(l+t)_1+0/(1+t—7) 1626 Vb)l|p2 1 dr

xlTTE2,T3

0

t

e / e~ =||920;(b - Vb)| L2dr

0

t
<Ce(l+t)! +CC§sQ/(1+t—T)*1 (147) %dr
0

t
+ 00352 / e—ct=7) 1+ 7)71 dr
0

<Ce(l+t) ' +CC3*(1+1)7 < %5(1 +t)7 !



S. Lai et al. / Advances in Mathematics 486 (2026) 110747 87

Step II-3. The decay rates of ||0,05u||z> with [ € {1,2}

Fori=1and j =k =21in (5.29), by (5.6) and (5.15), we have

t

101030l 2 < Ce(1 +t)~% +c/(1+t—r)—% 10v(b- B2, 11, dr

0
t

¢ / e=*=7|0,03(b - Vb)| r2dr
0
t

<Ce(l+1t)°2 +ccge2/(1 St P (1) E dr
0

+CCEe? [ et (1 +7) dr

o—

<Ce(1+t) '+ C(Co+CH 2+t ", (5.30)

where we have used Corollary 2.1 with o = 2. Similarly, using (5.5), (5.15) and Corol-
lary 2.1 with a = 3, we get

t

03ul| e < Ce(l+t)*2+0/(1+t77)72 16~ Vbllzz 11, dr
0
t
e / =<t |93 (b - Vb)|| 2 dr
0
t

<Ce(141)7" +CC§sz/(1+t—T)*2 (1+7)"% dr

C _
lodFu(®) 2 < e (L4671, Vie{1,2},

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.
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Step II-4. The decay rates of ||0;0;05ul| 2 with i, j € {2,3}

Similarly to that in Step I-1, using (5.5), (5.11), (5.13), Corollary 2.1 with & = 3 and
(4.38), we infer from (5.29) that for 4,5 € {2, 3},

||8i8j83u||Lz S 06(1 + t)72 + C/ (1 +1— T)_2 Hb . Vb”LglLiz,mg dr
0

t
+ C/(t ) 10,05(b - V)| e dr
t

- C/e_c(t”) (t=7) "2 [10:0;(b - Vb)|| 2dr
0

<Ce(1+1)72 +OC§52/(1 tt—7) 214+ 7)" 5 dr
0

t
+ CC2e? / (t—7)"
t
+ CC2e? /efc(th) (t—7)"
0

_23
(1+7) 8dr

D=

N[

(1+ 7')_2 dr

<Ce(1+8)24+0C22(1+1)7° < %g (1+1)72,

provided Cj is chosen to be large enough and € is chosen to be suitably small.

Step II-5. The decay rate of ||95ul| 2
Taking ¢ = j = k = 1 in (5.29) and applying Corollary 2.1 with & = 0, by (5.14) and
(5.15) we deduce that for any 0 < § < 1,

t
|3ul|p> < Ce(1+1t)"2 +c/(1+t—r)‘% 1070 Vo)£2, 11, dr
0
t
e / =<t D3(b . Vb)|| 2 dr

0
t

<Ce(1 +t)_% + CC()EZ/(l +t— 7')_% (1 +T)_% dr
0
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t
+ C’C’os/(l Ft—7) 2 (1+7) 72 ||O,b]| gadr
0

t
+ CCye? / et (147 Hdr
0
<Ce(141)7 P4+ CCE2(1+1) 75 + 00052 1+t~

2

t
+ CCoe /(1+t4)*1(1+7)*1d7 /||a b||%sdr
0

<Ce(1 40P 101+ 1001+,

where we have also used (5.2). So, if we choose Cy large enough and ¢ suitably small,
then we have by taking ¢ € (0,1/4] that

o

C _3
|\6§’u(t)\|m§7%<1+t) SVl

Step III. The decay rates of ||0;0;0,0;u|| L2 with 4,5, k,1 € {1,2,3}

For any 4,4, k,1 € {1,2,3}, we infer from (2.7) that

—_—
10ijmul L2 = |0ijmul L2 = ||&:&; &l L2

< |&gea Kt H fiijék&@(ﬂ&)“ﬂ

t

i

]

Step III-1. The decay rate of ||9705ul| 2

§&E8 K (1 — 7')1/\7\1(7')HL2 dr

666 Ka(t — T)Na(r >HL2 dr. (5.31)

Taking i = j =k =1and [ = 3 in (5.31), using (4.38) and Corollary 2.1 with a = 1,
by (5.14) and (5.15) we see that for any 0 < ¢ < 1,

t
j0fosulz < Cot 407 4 € [ (1t )7 08 09 1z, dr

xq Hxg,x

0
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t
+ c/e-c@—ﬂ (t— 1) 03D Vb)| podr
0

<Ce(141) +caﬁ/1+¢—7 (147)7% |9,b]| adr
0

t
+CCo€2/(1+t—T)_1(1+T)_%d7
0
t
+ CCye? / e =) (t— 1)
0

Mh—‘

(1+7)" Lar

<O+t +CC2 (1 +1) 3 102 (1+1) 7"

2

t
+ CCye /(1+t77)*2 (14+7) " dr /||ayb|\i13dT
0 0

1 1
2§ (]__|_t) 2,

< Ce(1+41)77 +CCue® (14 1) %

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.
Step III-2. The decay rates of ||9,0,020sul| 2 with [, h € {1,2}

Based upon (5.6), (5.15), (4.38) and Corollary 2.1, it follows from (5.31) that

t

1010205012 < Ce(1+t)_2+0/(1+t—7-) 10, (b- V) 12 11 dr

Ty TT2,T3

0

t
+C/éﬂ“”@—TY%WﬁﬁbvwhmT
0

t
< 05(1+t)‘2+CO§s2/(1+t—r)‘2 (1+7)"%dr
0

t
+ 00052/6_0”_7) (t— T)_% (1+ 7')_1 dr
0

<SCe(1+ )24+ C(Co+C2(1+1)".
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In a similar manner, we have by (5.6), (5.9) and (5.15) that

t
1828595ul| 12 < Ce(1 +1) %+c/ (L+t—7) 2|03 (b V) |22, 12, dr
0

t
+€ [0 (¢ )7 01080 VO padr

0
t

and

ry]TTT2,T3

t
10305u|| 12 < Ce(1 + 1) %—&—C’/ 1+t—7__ |b- V|2 2 dr
0

t
+0/e*C<H> (t—7)°2 185 (b- Vb)||L2dr
0

<Ce(l+1)" 3+ CC2 [ (L+t—7)"% (1+7) Tdr

o .

11

t
+00352/(1 bt—T) B (1+7) Fdr
0

t
+CC062/6_C(t_T) (t—7)"2(1+7) dr
0

1

<Ce(14+4)72 +C(Co+C2) e (1+1)7",
which, together with (5.32), give rise to

||818h8283u(t)||m < %6(1 -l—t)_l, A l, h e {1,2},
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provided Cj is chosen to be large enough and € is chosen to be suitably small.

Step III-3. The decay rate of ||0703u|| 12

Using (5.9), (5.16) and (4.38), from (5.31) we obtain after choosing Cy large enough
and ¢ suitably small that

t

2

19262u]| 12 < Ce(1+ )~ —|—C/(1+t—r)_5 102 (b-Vb) 12 1n dr

Tl TTE2,T3

0

+C [ (t—71) ~3 ||3183(b Vb)|| pz2dr

t
+ C’/e t— )77 ||0205(b - Vb)| p2dr
0

o+

3
2

<Ce(1+1)°? +00352/(1+t—r)‘ (1+7)"1dr
0

15

(I+7) s dr

=

t
+0C2e2 / (t—7)

t

+ 0022 / e (t— 1) TE (14 7)F dr
0

—

<Ce(l+1)2 +0C22(1+1) % < % (14175

Step III-4. The decay rates of ||0503ul|1z, |010;05u| 1> with i € {2,3}

Using (2.10), (2.12)—(2.14) of Proposition 2.1 and Corollary 2.1 with o = 3, we infer
from (1.6), (5.6), (5.17) and (5.18) that for ¢ € {2,3},

xq Lm2,z3

1008:02u| 12 < Ce(1+t)’2—|—0/(1+t—r)_2 10y (b-Vb) ||z 11 dr
0

¢
—I-O/(t—T)_% 0105(b - Vb)||p2dT
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t
+ C/e_c(t_T) (t—7) "% |000:05(b - Vb)|| 2dr

0

< Ce(141) 2+ CC2? / (14+t—7)"2(1+ T)—% dr
0

t
21

+CC§€2/(t—T)_%(1+T)_? dr

e+

t
+CC2e? / et (t— 1) F (14 7) 2dr
0
<Ce(1+46)724CC22(1+1)7, (5.33)
where we have also used (4.38). Analogously,

t

2

10202ul| ;> < Ce(1+ 1)~ + c/(1 =) b Vbl dr
0

(t—71)77 |0202(b - Vb)| podr

e eU=T) (£ — 1) ||9285(b - Vb)| p2dT

11

<Ce(l+0)7 7 +0C2 [ (1+t—1)" 3 (1+7) % dr

O\MH

t
+CC§E2/(1+t—r)*

1
2

N

(1+ 7')73 dr

t
+ 00352 / e~ ct=7) (t— 7’)_% (1+ 7')_2 dr
0

<Ce(l44)73 +CC22(1+1) 2,
which, combined with (5.33), yields

C
|0305u(t) |22 + |010:03u(D)]lz2 < el +6)72, Vi€ {23},
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provided Cj is chosen to be large enough and € is chosen to be suitably small.

Step I11-5. The decay rates of ||9;03ul| > with i € {2,3}

In terms of Proposition 2.1 and Corollary 2.1 with a = 4, by choosing Cj large enough
and ¢ suitably small we infer from (5.19) and (5.20) that for i € {2, 3},

t

2
j0:35ulz < Ce(1+ )7 F 40 [t =) E o Tollag oy, dr
0

Tl TTT2,T3

t

+ C’/(t — )2 |B3(b- Vb)|| padr

[NEY

t

e / e (¢ —7)7F (9,030 V)| edr
0

<Ce(1 +t)_% +CC2* [ (1+1t— 7)_% (1 +T)_%1 dr

o\w\»

t

+CC2e? / (t—71)"

NJ=

_o7
(1+7) 8dr

[SE

+0C22 [ et (t— 1) (1 +7) 2 dr

o

S
2

<Ce(1+4) 5 +CC22(1+1)7% < %5 (141¢)"

5.3. Enhanced decay rates of (uq,by)
In this subsection, we aim to improve the decay rates of (u1,b1), based on (4.3), (4.60)

and Corollary 2.2. Note that the decay estimates of (u1,b1), 9;(u1,b1), 9;05(u1,by) with
i € {2,3} and 03 (uy,by) stated in (5.1) have been achieved in Theorem 1.2.

Part I. Improved decay rate of ||05u | 12

It follows from (2.7) and Plancherel’s theorem that

2 2 2~
|03u1]| > = |05ur |2 = [|€50x]| L2

< |[gRima|| , +||gRa0b
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t
9= —
+/H52K1(t—T)NH(T)HL2 dr

/H€2K2 t—7)Nar (7 H dr & Z Q. (5.34)

It is easily derived from (4.23), (4.24) and Corollary 2.2 with 5 = 2 that
Qua+ Qo < C(L+8) 77| (uo, bo) | 11 + Ce™ 03 (w0, bro) | 2
< Ce(l+1)75. (5.35)

Analogously to the treatment in Subsection 4.3, for simplicity we only deal with the
terms associated with Py (b- Vb) in N1; and bouq, bsuy in Nap, which are still denoted by
Q4 3 and Q4 4. First, by (4.3) and Proposition 2.1 we have

t
Qi3 SC/
0

dr

3
e =D N " e21e] "2, biby
k=1

L2
t

+ C/ —ebu(t=n) ZZ&M 26&ibibi|  dr
o k=1 1=2 2
t 3
+C [ g8 S e 2abh| ar
0 k=1 L2
t , 3 3 e
+ C/ ggeme(HE)t=) YO alél kbl dr
0 k=1 1=2 L2
2 Q11+ Q32+ Q133 + Q134 (5.36)

In terms of (4.54) and Corollary 2.1 with o = 3, we have

9131<C/ 1+t—7’7 be1||L2 1 dT

x] T2

+C/(t—T) 2 ||82(be1)‘|L2dT

t

2

o+

11

< 00352 / (1+t— 7')_2 (1+7)" =&dr
0
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t
+ CC2e? / (t—1)"

<CC22(1+1)72, (5.37)

=

_u
(1+7) *dr

where we have used (5.1), (5.3), (5.4), (5.21), (5.22) and the divergence-free condition
V -b=0 to get that (0, = (J2,03) and b, = (b, b3))

02(b - Vby)|| L2
1 2 1 1 1 1 1
< C|02by || 72110300 || 72110001 || £ 211010061 (| 12 [|030,b1 || £ 2| 01030, b1 | »

1 1 1 1 1 1
+ C||02b1[|7.1|0501 112|016y || £2 10561 || £21|0103b1 || 121107 Osby || ;.o
+ Cllb1|| o< [|0201b1 | L2 + C||by | Lo [|020, b1 || L2

<CC22(1+1)7 1.
Similarly, by choosing § € (0,1/4] we deduce from (4.55) that

2
91’32 S C/ (1 +t— T)_2 ||(bb2’bb3)”LilL1 dr
0

z2,23

1(03 (bbs), D205 (bbs))|| 2dT

Lo

t
ve e
3

< 00352/(1+t—7)*2(1+7)*1d7
0

t
+ccggz/(t—7)*

i3
2

[N

(1+ 7')7% dr

_T
1

<CCEE((L+1) 20+ (1+1)2) <OCE(1+1)7 1, (5.38)
since it follows from (5.3), (5.21) and (5.22) that
185 (bb2) || 2 + [|9205 (bbs) || 2
< C|bllLe<[|020,b 2 + C||02b] 72 |01 920 7 2

% [10,b] 21920, 12 1250b] £ 02250, b] £

<COC22(1+1)7 7.
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Thanks to (5.11), it is easily seen from Lemma 2.5 that

t
Q133+ D 3a < O/e’c(t’” 105 (b- V)|, dr
0

t
< cc2e / e=et=") (1 4 )2 dr < CC22 (14-4) 2. (5.39)
0

Plugging (5.37), (5.38) and (5.39) into (5.36), we obtain

Bl

Q3 <CCFe* (1+1)~ (5.40)

Recalling the definition of Ny in (4.60), by (2.10) and (2.12)—(2.14) of Proposition 2.1

we have

t t
= [ |ge e mm| ar+ [ |gee b o
L2 L2
0 0

t t
+ [ et ar+ [ et an
0 0

and hence, similarly the derivation of (4.83), we deduce from (4.38), (4.54) and Corol-
lary 2.1 with a = 3 that

t

2

9174 SC/(1—|—t—7’)_2‘(bgul,bg,ul)”LZ 1 dT

T TT2,T3

(t=7) "% (|03 (baur), B2a(bgur)) || 2dr
0 (103 (baun) |22 + (¢ = 1) 4105 (bgun) 12 )

< CC2e? / Q+t—1)2Q+7) % dr
0

t

+CCe? / (t—7)"

11

(14+7)" *dr

N

[SEY
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11

t
+0C2% [ et |(147) 24 (t—7)"2(14+7)" 7 |dr
0
0

<CC32(1+1)2.
Here, we have also used the following estimates due to (5.3), (5.21) and (5.22),

1020, (bur) ||z < C|bl| Lo [[020,ur | L2 + Cllua || Lo [|020,b]| 2
+Cllovbllrge ,, 12, 10vullze, | e

»T3 T3 T1,T3 T2

<OC22(1+1) 1,
and

13 (bur) ||z < ClIbll Lo l03us L2 + CllOabllLgs |, 22 103us Lz, Lo

T1,T2 T3 x1,T2T X3

+ Cllull L= 183b]| > + CllOzuallpee . 12 103bll2 1

r1,T277x3 L1,T2 ES

<CC22(1+1)72.

Thus, combining (5.35), (5.40) and (5.41) with (5.34), we have

-

03 ()2 < C=(1 +1)7F + 032 (14 0)7F < Pean

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.
Part II. Improved decay rate of ||0203u | 12

Clearly, from (2.7) and Plancherel’s theorem it follows that

—_—
10205us | 12 = [|0203us || 12 = [|&2€501 ]| L2

< |egRivim| |+ |egRamb| ,

+ [l nio] o

/H§2§3K2 (t— 1) Nox (7 H dr 2 Z Qo

Using (4.23), (4.24) and Corollary 2.2 with 8 = 3, we see that

Qo1+ Qoo < CO+ )77 (ot + [[0202u0] 12) < Ce(1+1)~ 1.

(5.41)

(5.42)

(5.43)

(5.44)
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Analogously to that in (5.36), by (4.3), (2.10) and (2.12)—(2.14) one has

t
/ &€5emct (=) Zf €72l || dr
0

LZ

A 3 3
+C/ 526%6*655“”)ZZ&I&I”&&bkbz dr
0 k=11=2 L2
! 3
c / &G D YTl by | dr
0

k=1 L2

¢ 3 3
C/ EagfeeHE) =T NN algl T akbibl|  dr
0 k=1 1=2 L2
£ Q231 + Q2,32 + Q2 33 + Q2 34. (5.45)

To deal with Qg 31, we first utilize (5.1), (5.3), (5.4), (5.21), (5.22) and the divergence-
free condition V - b = 0 to deduce
103 (b~ Vby) ||
2; 112 2, 113 I 1925 11 i (192 3
< C|03011 7211020301 (| 2210101 || 12|07 01 (| 12 1030101 || £ |07 D31 [ £ 2
1 1 1 1 1 1
+ C||03b, 13211020360 |32 100 b1 | £2[|010, b1 || 2 (| 030,01 || 2 101030, b1 || .2
1 1 1 1 1 1
+ C||03by || 12 1|0103b1 || £2 10561 || 211010361 | £2 [|0103b1 || 2.2 ]| 01 02051 || 2
1 1 1 1 1 1
+ C||03by || £2110105b, || 2110205, || 12 [| 010203, || £2 | D301 || 11050, b1 7.
+ Clb1|| o< 1810361 [| L2 + Cllby || o< 18, 051 || L2

<CC22(14t)" 1,

which, combined with (4.54) and Corollary 2.1 with o = 4, yields

L, deL ldT

Q1 < c/<1+t—r>" 118D 12
0

t
+0/ (t— 1) % |02(b- Vby)| pedr

t
2
t

11

SCCgEQ/(l—I—t—T) %(14—7') s dr
0
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t
+ccggz/(t—7)*

<CC22(1+1) 3. (5.46)

N|=

_13
(I+7) *+dr

Analogously, since
10,03 (bb,) | 2 < ClIbll o< [0, 03] L2 + €118, D30 1211020, 93b] ;-
X 10,61l £211010,b 1211030, b 11101050, b]| . »
<CC32(1+1)77,

due to (5.3) and (5.21), by choosing 0 < 6 < 1/4 we infer from (4.55) that

t

_5
Qo < c/(1+t—7) (bbabbo)ll 22 1, _dr
0

2,23

19285 (bba), 93 (bb3)) || L2 dr

oo

t
_‘_C/H&e*CEf(t*‘r)
%

< CC3e? / (I+t—7) 2 (1+7) " dr
0

t
+CC’§€2/(t—T)_% (1+T)_3d7'

<G (1+n H+(1+0)78) <ocga 44t (5.47)

Similarly to the treatment of Qy 4, by (5.13) and (4.38) we obtain

¢
Qo33 + Qo34 < C/e_c(t_T) (t— 7)7% 0203 (b- V)| 12 dr
0

¢
< CC@&Q/e—C(t—T) (t— 7')_% (1+ T)_%3 dr
0

<CC22(1+1)" % (5.48)
Thus, inserting (5.46), (5.47) and (5.48) into (5.45) gives
Qpy < CC22(1+1)7 7. (5.49)
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In view of (4.60), we observe that

t t
0= [ e enizal ars [ ot o
0 0
t t
N / \\63556’“(1+E§)(H)@HLz dr + / H@gge—c(usg)(M)@HL2 ir.
0 0

so that, similarly to the treatment of ; 4 in (5.41), we find

t

2
_5
Q2,4 < C/(l +t77—) 2 H(qulvb3u1)HL31L;2,m3dT
0

t
+C [ (8 —7)72 [|(9:202(bawn), 03 (bgwr)) | p2ddr

0
(5.50)

5
2

<CCZ2(1+1) 2,

where we have used (4.54), (4.38) and the following estimates due to (5.1), (5.3), (5.4),

(5.21), (5.22) and the divergence-free condition V - u = 0,

10,05 (bur) |2 < Cllurllze< 18, 05bl| 2 + Clbll o< [0, O5ua | 2

w2 [103ullrs, | e

+ Cll0u0]| Ly

1,3

+ Cl10sbllLgs 2 1000suallrs, , Lo

z1,m9

o155 10vunlles , n2,

+ €19, 03b]| .2

z1,T
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_13
4

<CC32(1+1)" 1,
and

10503 (bus)|| > < C||bl| o ||0505us || L2 + Cllua || o~ [|0503ba]| L2
+ ClovblLss , r2 10200un |z | 1o

x1,T2Tx3

+C||8382b||L2 Loo ||82u1||Loo L2

*1,T3TT2

+Cl03bll 2. . 1o |0susllLee . 12

T1,T277T3 T1,T27" T3

<CC22(1+1t)72.

Thus, inserting (5.44), (5.49) and (5.50) into (5.43), we obtain after choosing Cy large
enough and e suitably small that

_9 _o
1020801 (B)ll2 < Ce(l+ )% + CCRe (1 4+4) 7% < e (1+4)7F.
Part III. Improved decay rate of ||0205u | 12
Based on (2.7) and Plancherel’s theorem, one has
10205us || L2 = 0205w || 2 = ||]€265 [ 22
< |egRivm| |+ |egRawb|
t
+ / |egiRie - T)NM(T)HLQ dr
/H€2§3K2 (t = 7)Nox (7 H dr = Z Q3,m- (5.51)
It follows from (4.23), (4.24) and Corollary 2.2 with 5 = 4 that
Qa1+ Qa0 <CA+1)7 (luollr + [|8203u0]|12) < Ce(1+1) 7. (5.52)

Next, we deal with the term Q3 3, which can be written in terms of (2.10), (2.12)—(2.14)
and (4.3) as follows,

¢
Q33 SC/
0

dr
L2

3
263D N " €21¢|7261bby
k=1
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Ex€dem et

k=1

=2

3
E265e 1D N 21e| =2, by

k=1

k=11=2

£ Q331 + Q332 + V333 + N334

Using (5.1
have

3 3
™) ZZ&KV%!&Z@

L2

3 3
Ea€femclIres)(t=r ZZ&EV%I&[@

dr

L2

dr

L2

dr

15 (b~ Vb1) [|z2 < Cllbal|z~ 1010501l 2 + Clby || o< (10, D501 || 2

which, together with (4.5

Qya1 < C / (14— 1) [|[bba | 1
0

+ 0301 zz, 1 [0101]|Les 12,
+C103b |22 oL 10ubillLee | L2,
+ C||3§b1||Lg L3S ||3183b1||Loo L2
+ 03\ s , 12 10,03b1l22 12
+ 010301l e, 2 1010361 [|22 | 12
+C103bullnes 12 10,0301l ree

<OC22(1+1) 7,

4) and Corollary 2.1 with a = 5, yields

i
2
ToT3y

t
—I—C/(t—r)_% 103(b- Vby)||p2dr

x
2

< 002e? / (1+t—7) 1A +7)"
0

t

+CC3e? / (t—7)"

1

15
4 dr

N[

1+7)"

[NEY

||L§1d7—

11
8 dr

103

(5.53)

), (5.3), (5.4), (5.21), (5.22) and the divergence-free condition V -b = 0, we

(5.54)
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<CC22(1+1t)7%. (5.55)
Analogously, noting that
18,05 (bb) | 2 < Clbllz< [0, 05b] L2 + CllO30] s | ree [0ubllLes | r2

x1,x3 T2 r],r3° "I

+C030,b12, , ree 1030l 12

x1, T3

+C103bl| s, 12 100050l 22, ree

»T3 T x2,r3°"x]

z
2

<CC22(1+1)" 2, (5.56)

from which and (4.55), we obtain by choosing § € (0,1/4] that

t

2
Q50 < 0/(1+t—7)*3 I (bba, bbs) 2, s, dr
0

z3,73

(8203 (bb), 95 (bbs))|| 2dT

L°°‘

t
vo -
%

< 06’352/(1+t—7)_3 (14+7)""dr
0

t

+CC3e? / (t—7)"

N

(1 +7‘)7% dr

[SES

<CC2E 1+t o (1+7)°
<COC22(14+1)" 1. (5.57)

It is easily deduced from (5.19) and (4.38) that

¢
Q333 + Q334 < C/e_c(t_T) (t— 7)_% 0203 (b- Vb)HB dr

t

0
cC2e? / e =) (t — 1)~
(oers

W=

(1+7) dr

IA

0
e (1+1)7%. (5.58)

IN

Thus, by virtue of (5.55), (5.57) and (5.58), we infer from (5.53) that

Q33 < CC22(1+1)" 7. (5.59)
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Similarly to that for £ 4, we have from (2.10), (2.12)—(2.14) and (4.60) that

t t
T Y T
L2 L2
0 0

t t
+ / Hgggge—c(1+5§)<t—r>b;7lu dr + / Hfggge—C(lJr@)(t—T)lg\mH dr
L2 L2
0

0
and thus,

%
Q34 < c/(1 +1—=7) 7% |[(boun, bgun)ll 2, 1, d7
0

+C [ (t=7)72 [[(0:03(bown), 92 (bgwr)) | p2ddr

1O [ et (¢ — 1) ||(8202 (byun ), D202 (byur )| podr

O\H m\w\”\

t

300352/(1+t—7)—3(1+7>—% dr
0

15

(1+7) *dr

W=

t
+ CC3e? / (t—1)"

15

+ 0022 [ emet=) (t — )73 ((1 +7) P (1) ) ar

o _

<CC22(1+1)72, (5.60)

where we have used (5.1), (5.3), (5.4), (5.

V -u =0 to get that

21), (5.22) and the divergence-free condition

10205 (bua) || 2 + (|05 (bua) || 2 + 118205 (buy) || 2
< C|b]| |10, 03us 2 + Cllur || o< [|0, O3b| 1.2

+ 003 L2, pae 05ullLes , r2, +ClO5blLe, , pes Ovwllnes | 12,

1,22 1,2 1,3
+C|05bl|

z1,232

+ C||0sbl| Lo

2 0v0suslls , roe +110003blLes | 12, |\8§U1||L§1,z3L;;

iz 10205ullre | pee +CllOebllrz | 12 105uallre, |, e
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<CC22(1+1) T, (5.61)
and

10505 (byua) |2 < Cbll o ||0505ur || L2 + Cllua || Lo |0505b]| L2
+ CH6 6 83b\|L2 Loo ||8 u1HLoc L2

xq],T9 z1,x0 T3

+ Cl10,03bll s, 12 10200uallL2 | Lo

x1,x0 T3

+ 01030l e , 12 10Fuallze, , res

,x3 T xy x1,x3 Ty

1000l e 22 10:0;0suallL2 | ree

,xg xgy 1,T9

<CC22(1+1)7°

with 4, j € {2,3}. Thus, inserting (5.52), (5.59) and (5.60) into (5.51) gives rise to

-

1

(1487, (5.62)

=

H%%M@MﬂéKk+C%8MLHY%§%_

provided Cj is chosen to be large enough and € is chosen to be suitably small.
Part IV. Improved decay rate of ||03u; | z2

In terms of (2.7), we have

4 Y 41—~
[05u1lr2 = [|O5url|L2 = ||[§5[url| L2

< |lam |, + |aRobn| |

+/ |etRie - )| ar

/H53K2 (t = 7)Noa(r H dr = Z Q- (5.63)

It follows from Corollary 2.2 with 5 = 4 that
Qi+ Quo < OO+ 1)1 (Juollpr + [|83uol|2) < Ce(1+1)7 1. (5.64)

Due to (2.10), (2.12)—(2.14) and (4.3), we have

¢
Q3 SC/
0

dr
L2

3
e DN 21e 2, by
k=1
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t

3 3
[ lelte eSS e 2oghih| - dr
0 k=1 1=2 2
{ 3
+ C/ €5l te = MHEN D N 216|260y || dr
0 k=1 L2
¢ . 3 3 -
+ C/ |ga|te e HE) (=) ZZ§1|§|_25kflbkbl dr
0 k=1 1=2 L2
2 Qa1+ Qazo+ Qasz + Qg (5.65)

Similarly to the derivations of (5.55) and (5.57), by (4.54) and (5.54) we find

o+

z] Cwg,23

94)31 S C/(1+t—7')_3 be1”L2 Ll dr
0

t
+ c/u — ) 2 (|03(b - Vby)|| p2dr
<CC22(1+1)7°, (5.66)
and by (4.55) and (5.56) we obtain

t

2
Q4732 S C/(l‘i’t*’r)ig ||(bb2,bb3)HL§1L1 dr
0

zg,r3

t
€ [ it en] 1ot ladr
t
2

1

ol

<CC22(1+t)” (5.67)

Due to (5.20) and (4.38), we deduce

¢
Qg 33 + Q34 < C/e_c(t_T) (t— 7)7% 103 (b- Vb)HL2 dr
0

¢
< CCSEQ/e_C(t_T) (t— 7’)_% 1+ 7')_% dr
0

< CC22(1+1) % . (5.68)
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By (5.66), (5.67) and (5.68), we conclude from (5.65) that

&z

Qi3 <CC3*(1+1) (5.69)
Finally, analogously to the treatment of Q3 4 in (5.60), using (4.54), (5.56) and (5.61),
we obtain

t
2

9474 SC/(].-Ft—’T)iSH(bQUl,bg’ul)H[p Ll d’T

z1 Hxg,T3

e / (t— )% (|02 (byua ), 02 (baun) | 2l

t

e / =) (¢ — 1) (/0,08 (byus ), 02 (b )| 2
0

<CC22(1+1t)7%. (5.70)

Now, plugging (5.64), (5.69) and (5.70) into (5.63) gives rise to

(1+14)" 7%,

|04l 1e < (Ce+ CC22) (1414 < %

provided Cj is chosen to be large enough and ¢ is chosen to be suitably small.

Proof of Theorem 1.3. With all the estimates established in Subsections 5.2 and 5.3 at
hand, we immediately obtain the desired decay rates of the solutions stated in Theo-
rem 1.3, based on (5.1), (5.3), (5.4) and the bootstrapping arguments. 0O
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