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Abstract

This paper investigates the well-posedness of the 3D Boussinesq system with vertical dissipation and
thermal damping in a strip domain. The present work is the first to address the case where the Boussinesq
velocity equation contains dissipation in only one spatial direction. Two main challenges arise in estab-
lishing small-data global well-posedness: the lack of horizontal dissipation and the imposition of Dirichlet
boundary conditions on the velocity. As a consequence, direct approach of energy estimates on the Sobolev
norms of (u, 6) fails. To overcome these difficulties, we decompose the Sobolev estimates into two com-
ponents: one focusing on horizontal derivatives and the other on vertical ones. The vertical derivatives are
controlled using Stokes estimates in combination with bounds on the time derivatives of (u, 0). In addition,
we take advantage of the structural feature of the spatial domain and make extensive use of anisotropic
Sobolev inequalities.
© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction

Attention here is focused on global well-posedness and long-time behavior of solutions for
the 3D incompressible Boussinesq system with only vertical dissipation and thermal damping in
a strip domain = R? x [0, 1],
oru+ (u-V)Yu+Vp=vd3u-+-bes, xe, t>0,
00+ (u-V)0+no=0, xeQ, t>0,

V.u=0, xe,t>0, (1.1)
u=0, 6=0, x€0d, >0,
u(x,0) =ug(x), 6(x,0)=06(x), x €.

Here, u(x,t) = (uy(x, ), uz(x, ), us(x, t)) denotes the fluid velocity, while 6 (x, t) and p(x, t)
represent the buoyancy field and the total pressure, respectively. The parameters v > 0 and n > 0
denote the viscosity coefficient and damping coefficient, respectively, and ez = (0,0, 1)7 is the
unit vector in the vertical direction.

The Boussinesq equations model large scale atmospheric and oceanic flows that are respon-
sible for cold front and the jet stream (see, e.g., [12,22,24]). Mathematically the Boussinesq
equations retain some key features of Euler and Navier-Stokes equations such as the vortex
stretching mechanism. Research on the Boussinesq system has provided significant insights into
its mathematical behavior under different conditions, particularly focusing on global existence,
stability, and decay properties.

The Boussinesq system (1.1) models the case with vertical dissipation only, which is phys-
ically relevant in geophysical fluid dynamics. In geophysical fluid dynamics, particularly in
mesoscale and large-scale regimes, vertical dissipation often dominates horizontal dissipation
due to the anisotropic structure of stratified and rotating fluids in the atmosphere and oceans.
These flows typically exhibit strong stable stratification in the vertical direction and relatively
weak horizontal turbulence. In the Boussinesq equations, temperature evolves according to an
advection-diffusion equation, where the diffusion (or damping) term originates from Fourier’s
law of heat conduction. Temperature damping is also physically justified in many scenarios,
including subgrid-scale mixing processes in the atmosphere and ocean (see, e.g., [12,24]). More-
over, from a mathematical perspective, anisotropic or partially dissipative systems pose substan-
tial challenges. Analyzing such equations requires the development of sophisticated mathemati-
cal tools and can also help us better understand the core difficulties of fully dissipative or inviscid
systems. By selectively “turning off” certain dissipative mechanisms, we can more clearly dis-
cern the role of remaining dissipation and identify the potential pathological behaviors induced
by nonlinearities in the absence of sufficient regularization. This perspective not only deepens our
understanding of the anisotropic Boussinesq system but also provides important progress toward
the broader goal of understanding the Boussinesq equations with minimal or no dissipation.

The goal of this paper is to investigate the global well-posedness and large-time behavior of
(1.1) in the domain R2 x [0, 1]. These results form part of our broader effort to understand the
global dynamics of the Boussinesq system under minimal dissipation. In addition, we aim to
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develop new techniques for establishing well-posedness and decay estimates for fluid equations
with partial dissipation in domains with boundaries.

The global well-posedness problem on (1.1) is not trivial. There are several main difficulties.
The first is the absence of velocity dissipation in two directions. The dissipation in only one di-
rection is simply not enough to control the nonlinearity directly. This is the reason why the global
well-posedness problem on the 3D Navier-Stokes equations remains open when the spatial do-
main is the whole space R> or the periodic domain T 3. This paper exploits the special properties
of the fact that our spatial domain is bounded in the direction of dissipation together with the
Dirichlet boundary condition.

The second main difficulty stems from the presence of Dirichlet boundary conditions. Stan-
dard energy estimates and integration by parts cannot be directly applied, as boundary terms
would arise. To overcome this, we separate the estimates for horizontal and vertical derivatives.
The horizontal derivatives of # and 0 inherit the same boundary conditions as u and 6 themselves,
allowing us to derive uniform bounds for both the horizontal and time derivatives. In contrast,
the vertical derivatives cannot be directly controlled via energy methods. Instead, we estimate
them indirectly by rewriting the velocity equations in terms of the Stokes operator and applying
known bounds for that operator.

The third difficulty arises from the presence of the buoyancy forcing term 6e3 in the veloc-
ity equation, which can cause the Sobolev norms of the velocity in (1.1) to grow over time.
In fact, Brandolese and Schonbek [5] demonstrated that even with full viscous dissipation and
thermal diffusion, the LZ-norm of the velocity in the Boussinesq system may grow in time for
smooth initial data. In our setting, we overcome this difficulty by exploiting the thermal damping
mechanism. Specifically, the Poincaré-type inequality (2.1) allows us to effectively control the
buoyancy forcing term and prevent unbounded growth of the velocity.

It is natural to investigate the large-time behavior of these globally stable solutions. However,
this problem is highly nontrivial due to the anisotropic dissipation and the geometry of the spatial
domain. The dissipation acts only in the vertical direction, and the presence of Dirichlet boundary
conditions leads to the formation of boundary layers. To address these challenges, we carefully
combine and analyze a collection of energy functionals developed in the existence proof. This
strategy enables us to derive exponential decay estimates for high-order horizontal derivatives of
the velocity, all derivatives of the temperature, as well as the time derivatives of u and 6. These
results are particularly remarkable given the limited dissipation in the system.

To state our main result precisely, we clarify that the constant C in inequalities of the form
A < CB may vary from line to line. We also introduce the following notation and norms

o=, ), Vaf =@ f,0f), Anf=0f+33f, df=fio &fs=fo,

1

P 1

_ _ q q 14

xp = (x1, x2), ”f”L;’c}LZh(Q) = (/ (/ [fl dxh) dx3) s
R2

0

2 2
2 2 2 K 2
1 oy =D D 108 Flliaigy 1 W3moggy = DI FlI72 )0
i=10<a<s i=1

I sy = 1 sy + 18035y 10 @) Fm00) = 1 Ips0qy + 181300

With this notation at our disposal, we now state our main result.
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Theorem 1.1. Assume that the initial data (ug, 6) € H> () satisfies the incompressibility con-
dition V - ug = 0 in Q and the boundary conditions ug = 6y = 0 on 92. Then there exists a
constant § > 0 such that if

luoll g3y + 160l g3 ) <3,

the 3D Boussinesq system (1.1) admits a unique global solution (u, 0) satisfying, for all t > 0,

1), 8 @D ) + 1@t (@), 3O @)1 g

t

+ f (V3 () 1300, + 10O g ) T
0
t

- / (vnasuf(r)ni,l,o(m + e (72 + ||ef(r)||§,3(9)) dt <C$+8%),
0

for some constant C > 0 depending on v and 1.
Moreover, the solution satisfies the exponential decay estimate:

1), 6@l g3 () + 1 @rae(t), 30 @)l g1 () < Ce™

for some constants C > 0 and C* > 0 depending on v and n.

We now provide a more detailed outline of the main ideas involved in the proof of Theo-
rem 1.1. Naturally, the argument is divided into two primary components: the first establishes
global well-posedness, and the second derives the large-time decay estimates.

To obtain the global bounds for the well-posedness part, a key step is to isolate the horizon-
tal derivatives by estimating ||u|| 3.0 from the full Sobolev norm |lu|| 3. Since the horizontal
derivatives of u vanish on the boundary (due to the Dirichlet condition), this separation avoids
the appearance of boundary terms during integration by parts.

Another critical observation is that certain Poincaré-type inequalities hold for functions van-
ishing on the boundary. Specifically, for such functions f, we have

1£ 12 < CIs fll 2y 1 L@y < ClI3s £l o).

where the bounds involve only vertical derivatives. This property plays a crucial role throughout
the analysis. In particular, the anisotropic inequalities established in Lemma 2.2 rely on this struc-
ture and help resolve difficulties posed by the buoyancy term as well as the lack of dissipation in
the horizontal directions.

To illustrate this idea, consider the term

I :=/9u3dx.

Using the Poincaré inequality [lull;2q) < Cll03ull 2 (q), together with Holder’s and Young’s
inequalities, we obtain
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I :=/eu3dx < Cllull 216112 < gnasuniz + G017,
for some constant C,, > 0 depending on v. The first term can be absorbed by the available vertical
dissipation in the velocity equation, while the second term can be controlled via the thermal
damping in the temperature equation, after multiplying the energy identity by a suitably small
constant.

We define the energy functional

e(t) :=¢eo(t) +£1(2),

where

t
cot) = sup (1@ o+ 1001) + [ (ol + 16O dr. (1.2
0

0<t<t

and

t

e1(t) = sup [[(ur (1), 0 (D)3 + / (vuagur(r)n%,l,o + e (O + 162 (2) ||§,3) dr.
0<t<t 0
(1.3)
We now provide a brief explanation of the intuition behind the decomposition of the energy
functional £(¢). Our goal is to establish the global well-posedness of (1.1) in the Sobolev setting
H3. &(t) is divided into two parts, go(¢) and €1 (). The first part, £9(¢), involves the norms of the
horizontal derivatives and their corresponding time-integrated contributions due to dissipation
or damping, while &1 () captures the vertical derivatives. As aforementioned, due to the lack of
boundary conditions for the vertical derivatives of (u, 6), integration by parts cannot be directly
applied in the energy estimates. In particular, we can not directly establish high-order regularity
estimates for the vertical derivatives of the velocity field. Therefore, our strategy is to exploit the
fact that the horizontal derivative is zero on the boundary to first establish an estimate concerning
||| 3.0, which ultimately leads to the energy inequality (3.1) for eo(¢). For the vertical deriva-
tives of u, we employ Stokes estimates, which require a norm estimate of the time derivative of
the velocity. Furthermore, as can be seen from (3.1), the upper bound of ¢¢(¢) depends on &1 (%).
This leads us to define ¢ (¢) and a careful estimate of it, yielding inequality (4.1). By combining
the estimates for £o(¢) and €1 (¢), we obtain the inequality

£() = CGe(0) + Cf (6720 + 82 () + £3() )

for some constants Cj > 0, CT > 0. A standard bootstrapping argument then yields the uniform
bound in (5.2), namely

t
el 350 4+ 101175 + e 60172 + / Wl83u(0) 1330 + 10 (D) 7,3) dT < Cll (o, bo) 13, < €82,
0

provided the initial norm || (xo, 6o)|| 3 is sufficiently small.

5
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Note that in &o(¢), only the horizontal regularity of u is obtained. Vertical derivatives cannot
be directly estimated via standard energy methods. To address this, we employ the Stokes system
estimates. Specifically, Lemma 2.4 yields

IVullgz +1IVpllgr =C (IIZWIIHl + [ Apullgro + 103 Anull 2 + 1101 g1 + ||33”||%12,0>
+ Cllull o (18:ull L2 + 183ull 2o + Nuell 3o 830l 20 + 1611 2) -

With the established bound on gp, we can derive inequality (5.5) and subsequently control
[Vul| 2. Note that the H 2_norm of Vu is controlled through the time-derivative norms, high-
lighting the necessity of including time-derivative terms in the energy &1 (¢).

Furthermore, when estimating the third-order derivatives of the temperature, especially in
handling the nonlinear term J3, control over ||Vu| 52 becomes essential. This further justifies
the introduction of &1(¢), and the careful treatment of time-derivative estimates is detailed in
Lemma 4.1.

The exponential decay estimate in Theorem 1.1 relies critically on the bounds obtained for
go(t) and g1(¢). As in the global well-posedness analysis, we cannot directly derive the decay
rate for ||Vu|| 2. Our approach is to first establish exponential decay for the combined quantity

llell 3o + 1101 g3 + Nl (e, O) [l g1 -

To this end, we incorporate the estimate for || (u;, 6;)|| ;1 from Lemma 4.1 and inequality (3.11)
into equation (3.10). This leads to the following differential inequality:

aX(t)+CX(t) <O,

for some constant C > 0, where

X (1) == [lull 3o + 1611 g3 + [ (s, 6) | g1 -

Applying Gronwall’s inequality, we deduce

@)l g0 + 10O g3 + 1@ (1), 6: @) g1 < Ce™ " (1.4)

With the decay estimate in (1.4), we can further deduce the exponential decay of [|Vul| 52 by
employing the Stokes estimates established in Lemma 2.4.

To place our main result in a broader context, we briefly review some related work on the
Boussinesq equations. Due to their wide range of applications in geophysical fluid dynamics
and their mathematical richness, Boussinesq systems for buoyancy-driven flows have attracted
considerable attention. In particular, the 2D Boussinesq equations with various types of partial or
fractional dissipation have been extensively studied, leading to substantial progress on the global
existence and regularity problem (see, e.g., [1-4,6,8,11,13,14,16,17,19,21,29-31,34,35]). The
study of stability and long-time behavior near hydrostatic balance is a more recent but equally
important direction, where significant results have also been obtained (see, e.g., [5,7,9,10,18,20,
27)).

In comparison with the 2D Boussinesq equations, the 3D case is substantially more difficult.
Even with full dissipation, it is still unknown whether classical solutions of the 3D Boussinesq

6
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system exist globally in time. The anisotropic setting is even more challenging: in 3D, the pres-
ence of dissipation in only one direction among three is considerably harder to handle than the
corresponding 2D case, where one direction among two is dissipated. Indeed, for the 3D Navier-
Stokes or Boussinesq equations with dissipation in a single direction, even small-data global
well-posedness remains open, while in 2D the global existence of solutions to the Navier-Stokes
equations is well established.

Because of these difficulties, relatively few results are available on the existence and long-
time behavior of solutions to 3D systems with anisotropic dissipation. Some regularity criteria
for global solutions have been obtained in [25,28]. Using Littlewood-Paley theory and Bony’s
paradifferential calculus, Qiu, Du, and Yao [25] derived a blow-up criterion for the 3D Boussi-
nesq equations with full dissipation and thermal diffusion. In a different direction, [34] studied
the 3D Boussinesq equations with fractional partial dissipation and proved global well-posedness
for any initial data in H'. Under the assumption of axisymmetric initial data without swirl, [23]
established global well-posedness for the 3D Boussinesq equations with horizontal dissipation.

There have also been several recent advances concerning the stability and long-time behavior
of solutions to the 3D Boussinesq equations. In particular, [15] established global stability and
precisely characterized the large-time behavior of perturbations near hydrostatic balance for the
3D Boussinesq equations with only horizontal dissipation. Furthermore, under certain symme-
try assumptions, [32] proved global stability for the 3D Boussinesq equations with horizontal
dissipation and vertical thermal diffusion in the domain Q2 = R% x T, where T = [—%, %] isa
one-dimensional periodic interval. We also refer the reader to [26] for results on the stability of
stationary solutions under partial dissipation.

To the best of our knowledge, the present work is the first to address the case where the ve-
locity equation contains dissipation in only one spatial direction. This setting introduces new
analytical challenges and requires the development of novel energy methods tailored to the
anisotropic structure of the system.

The remainder of this paper is organized as follows. In Section 2, we present several key in-
equalities that will be used throughout the proof of Theorem 1.1. Section 3 is devoted to deriving
estimates for eo(¢) and is further divided into two subsections. The bounds for € () are estab-
lished in Section 4. Section 5 addresses the global well-posedness component of Theorem 1.1,
while Section 6 is devoted to proving the exponential decay estimate stated in Theorem 1.1.

2. Preliminary

This section begins by presenting several inequalities that are essential for the subsequent
analysis. These include the Poincaré-type inequalities and anisotropic inequalities, stated in
Lemma 2.1 and Lemma 2.2, respectively. These tools are instrumental in fully utilizing the
anisotropic dissipation and are key to establishing time-integrable upper bounds for the non-
linear terms. In addition, Lemma 2.4, which follows from Lemma 2.3, plays an equally crucial
role in effectively controlling the nonlinear terms.

We now state the first lemma that involves several Poincaré-type inequalities.

Lemma 2.1. Let Q = R2 x [0, 1]. Assume flag =0, f € HY(Q) and if e H%%Q) and g€
HY(Q) N H>%(). Then for some constants C > 0, we have

I f 12y < ClO3 fllL2(q), 2.1
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I fllzoe(@) < Cllo3 fll g20(q)

1 1 1

1 1 1 1 1
1 lzsq < CIE a0 2o 190 s ) < ClIAs F1 2y 19 F 12y

178ll2) < CNOs fllL2) gl g2ow),
178gllz2) < Clfllp2o)lgllL2e) + 1103811 2(q))-

2.2)

2.3)
2.4)
@2.5)

Proof of Lemma 2.1. The first inequality is straightforward to obtain, we will focus on present-
ing the other four inequalities in detail. By Minkowski’s inequality, interpolation inequality and

the Sobolev imbedding inequality,

£ = 171z

<l =l
S LY B [CH

2
LX3

=cis

n = Cll33.f I gr2o0-

Similarly,

1 1
|, zclun |, <cloo
e = ries [, =iy wiri |, =clusii

nILY,

1 | 1 1 1
4 2 1 7 2
= |1z 10 1z, 1 Ve < CU N 135 £ AV 1

1 1
< Clsfl NV f I

1 1
4 2
L IVRFIZ,
Lxh

For (2.4) and (2.5), by Minkowski’s inequality, Sobolev inequality and Holder inequality, we

have
<
I fgllz2 = ||f||L§hL;§ ||8'||L;>7:L§3
Y L et
= C| 1713, o g, 1V7sl
L2, L2, 2, L3, e le, L2,
b o ek pod oo d
< CIFIL I3 1 181 V7817 < Cllds fll 2l o
and

14822 < 1 egerz Igloz, oss

1 1
L,
=clinz, 1visiz,

h

1 1
2 ll9sgll?, + 2
N st paseny vz |,

1 1 1 1
< CIFIZIVELIZ gl o 183807, + gl 2)
< CllfllgzoCllgl + 1838l 2).

This completes the proof of Lemma 2.1. O

*h
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The second lemma presents several anisotropic inequalities for triple products. When ap-
plying anisotropic inequalities to triple products, the goal is often to manage terms involving
derivatives in different directions in systems with anisotropic dissipation or scaling. These in-
equalities help control the interactions between terms and ensure the estimates remain bounded
in Sobolev spaces. The proof of this lemma follows the approach in [33].

Lemma 2.2. Let Q = R? x [0, 1]. Assume flag = 0. Then for some pure constants C > 0, we
have

1
f | Fahldx < Cls 12y 18122 g 1018 1 2o 11123 g 192512 2.6)
f [ Fahldx < CI3s £11 220 191 £l 2 o 1013 1 s g N ooy 10281 22 g Wil 2y 22T)
/ | fghldx < cnfan(Q)||asf||L2(Q)||g||Lz(Q)||alg||L2(Q)||azguLz(Q) 101028 2,0 1l 20

The following lemma shows the Stokes estimates. It provides essential tools for controlling
velocity, pressure, and their derivatives, especially in the construction of energy estimates. Their
combination with nonlinear techniques is what enables deeper exploration of regularity. And it
plays a key role in establishing the estimates in the last lemma.

Lemma 2.3 (Stokes estimates). Let Q = R? x [0, 1] be the strip domain. Let f € H*(Q) with
k > 0 being an integer. Assume ii € H' () is the weak solution of the Stokes equations

Q, 2.9

Then (2.9) has a unique strong solution (u, ﬁ) € Hk+2(52) X Hk'H(Q) and the following esti-
mate

IVitll st gy + 1Pl k() < CILf L ke (2.10)
holds for some positive constant C.

The final lemma will use Stokes estimates to establish the regularity estimates for the velocity
field. Due to the characteristics of the domain under consideration, it is challenging to directly
establish the vertical regularity of the velocity field through energy estimates. Our approach
is to transform the vertical derivatives into estimates involving horizontal derivatives and time
derivatives by utilizing the following estimates and the established existence theory of solutions.
Furthermore, this lemma plays a crucial role in nonlinear estimates, allowing us to convert higher-
order vertical derivatives of the velocity field to achieve a closed energy framework.
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Lemma 2.4. Let Q@ = R? x [0, 1] be the strip domain. Assume (u, ) is the solution of the Boussi-
nesq system (1.1). Then we can get the following estimates

IVullgr + 1Vplig2 < CUlOiull 2 4 103ull g2o + llull g3olld3ullgro + 1101 22) .11

and

IVull g2 + IVpllg = Clull gzo + DIl g1 + 1101 g1 + 1830l 3.0 + |I33u||§13.o) (2.12)
for some positive constant C > 0 depending on v.
Proof of Lemma 2.4. Firstly, we can rewrite the velocity equation of (1.1) as

—VvAu+Vp=f, xeQ, t>0,
ulx,t)=0, xe€0L, t>0,
V-u=0, xe, t>0,

with
fi=—0u—(u-Vu—vAu+0es.
By Holder’s inequality, (2.2), (2.3) and Sobolev’s imbedding inequality,

llu - Vullp2 < Cllupll sl Vaullps + llusllLo || 030l 2

1 1 1 1
: L :
< Cl\Vaunll 2, 1330n )25 19507, 1183 Va2,
+ Cllasusll 20 |d3ull 2

= Cllull gaolldzull 1o

Then it follows from the Stokes estimates (2.10) that

VIIVullgr + 1Vl < CUISull 2 + 11 - Viull 2 4 | Apuli 2 101 .2)
= CUdrull 2 + 1 Anull L2 1101l 2 + llull g3.0 10301l f1.0)
= ClI9ullz2 + 103l g20 + llull g3.o 1030l 1o + (6] £2)-

Thus, we conclude the proof of (2.11).
Similar to the discussion of |u - Vu||;2, by means of Lemma 2.1, the previously established
upper bound for ||u - Vu||;2 and || Vu|| g1, we can deduce that
1= Vyull gt < 01Ge- a2+ VG- Vyuel 2+ 103G - Vul 2
< Cllullgsollozull gro + ClIVaup - Vpull 2 + ClIVaus - 03ull 2
+ Clllun - Viull 2 + llusll Lo 193 Viaull 2 + 1930 - Vaull 2 + [103u3 d3u 12)

10
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+ Cllup | oo 1193 Vil 2 + Nusll oo (1032l 12)
< Cllull g0 1331l o + ClIVaun |l 2o | Vadsull 12 + Cl193Vaus | 2 1931 20
+ C(llunll 20133V 3ull 2 + 19303 2.0 183 Vil 12)
+ Cl103unll 20103 Vaull 2 + Clldzusll 2o (193ull 12 + [[05ull 2)
+ Cl1d3us ]l 2oll93ul 12
< Cllull g0 lld3ull 2.0 + 1932]132.0)
+ Cllull o (I19rull 12 + 103l 2.0 + luell g0 B30 o + 1611 2)
< Cllull o (I8l 12 + 1930ll 20 + lull g0 1836l 1.0 + 1011 12) + Cl1d3u1%,5.0-

Also, applying the Stokes estimates (2.10) yields
ViVl g2 =1V el
< Cloeull g + 11 - Vull gy + | Apull gy + 101 1)
< CUIdull g + 1 Anull o + 183 Apull 2 + 101 1 + 1831]1712.0)

+ Cllull ol 2 + N[93ull 2.0 + llull gaolldull y2.o + 101 L2) (2.13)
< C(llull 30 + DUBuell g1 + 101 g1 + 1032l 30 + 10361 5;3.0)-

Thus,

IVull g2 + 1Vl g < Cllull gao + DBl g1+ 101 g1 + 131l 3.0 + 1932130,

where C > 0 depends on v.
This completes the proof of Lemma 2.4. O

3. Estimates for ¢ (1)

This section establishes the bound for &y. As highlighted in the introduction, the focus is on
estimating |lu|| 3.0 and |0 g3. For clarity, the results are organized into a proposition, which
provides an inequality for &g, and two lemmas. Lemma 3.2 details the estimate for ||u]| 3.0,

while Lemma 3.3 establishes the bound for ||0]| g3.

Proposition 3.1. Assume (ug, 6p) € HO1 N H3 and let (u,0) be the corresponding solution to
(1.1). Then eo(t) be defined as in (1.2) satisfies

3 3
e0(r) < Cen(0) + Cel (t) + Cel (1) + Cei (1) + Ced (1) + Ced (1) (3.1)
for some constant C > 0 depending on v and 1.

Proof of Proposition 3.1. Multiplying (3.3) by a suitably small constant §; with §; < 267—f and
adding it to (3.11), we obtain

11
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C*6
Vv

t t
Sillullso + 101173 +61v/||83u<r>||§,3,odr+(2n— )/ 16(x)13,5 d
0 0

3 3
< Cen(0) + Cel (1) + Cef (1) + Ce1 (1) + Cej (1) + Cel (t).

Thus,

t t
lull0 + 10135 +v / 133U (T) 13,50 dT + [ 16(0)13, d
0 0

1 3 3
< =(Ce0(0) + Cel (1) + Cel (1) + Cet(t) + Ced(t) + Cej (1))
< Cep(0) + Csé )+ Ce? () + Cet (1) + Ced(t) + Cel (1),

where C = min{3;, 1, 2y — %)}.
This completes the proof of Proposition 3.1. O

3.1. Estimates for ||u]| g3.0

To make the following proof clear, we first emphasize the following boundary conditions
resulting from u|yq =0y =0,

M ulsg =050laa =0

for i = 1,2 and k = 1, 2, 3. Furthermore, from (2.1) we can derive the following inequalities
which will be used frequently in the subsequent proof.

195 ull 12y < ClO30 Ul 2. 195012y < ClIO30fONl 20y i = 1.2,k =1,2,3.  (3.2)

Lemma 3.2. Assume (ug, 6p) € HO1 N H3>0 and let (u, 0) be the corresponding solution to (1.1).
Then we have

t t
3 Cc*
lull?50 + v / l85(0) 730 d7 < Ce0(0) + Ceg (1) + — f 16 350dr  (3.3)
0 0

for some constants C > 0 and C* > 0.

Proof of Lemma 3.2. Taking the L2-inner product of (1.1); with u, integrating by parts and
applying V - u = 0 and the boundary conditions, we find

2 g 14l + vlldsully, = Ouzdx :=1y. (3.4

12
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Applying 8? (i =1,2) to (1.1), and taking L?-inner product of the resulting equations with 8? u,
we obtain

2 2

1d

527 2Nz + Y vlaiosulzy =1 + Iy, (3-5)
i=1 i=1

where

2
—Z/B?(u-Vu)ﬂ?u dx,
i=1
2
h:Z/aﬁe 3usz dx.
i=1

Here we have used the fact

/ E)lsu . 81-3Vp dx =0,
which can be obtained by integration by parts, divergence-free condition for u and the boundary
conditions 8?u|ag =0.

The estimates for /1 and /3 are straightforward. Using Holder’s inequality, Young’s inequality
and (3.2), we get

v Cy
I+ I3 < S (193l + 187 03ull32) + == (U612 + 1970172)- (3.6)

To fully utilize the limited dissipation of the equations, we handle I, by decomposing u - Vu into
uyp - Viyu and us d3u, allowing I to be expanded into two terms for separate analysis,

2 2
—Z/a?(uh ~th)-8i3udx—2/8i3(u3 d3u) - B udx
i=1 i=1
=ha+ o

Further, we use Leibniz’s formula and integration by parts to decompose I | into three terms
based on the order k of the derivative,

2 3
ni=-33 [ ka2 S uas

[\S}

= Z/ iU - 8 Viu - 83udx—32/82uh Vyoiu - 83udx
iz

[ ]

Z/ “up - Vau - 83udx

13
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By Holder’s inequality, (2.2), (2.3) and (3.2) with the Dirichlet boundary condition, we get

2 2
Ly < CY IVaunlliLe I Vaull 217 ull 2+ C D 107unll 14l Vadiul pall0]ull 2

i=1 i=1

= Cl93Vpun|l g2oll03ull gaollull g3.0

2
1 1 1 1
+C D 107 Vaull 2,197 03ull 2,110 Viul) 2, 11039, Vauell 2, 1107 93| .2

i=1

< Cllull gaolld3ul3s.0- 3.7)

For I, », we firstly split it into two parts. Applying the anisotropic inequalities (2.6) and (2.8),
we have

2 2 2
Iz,zz—Zchfam 8?_k83u-8i3udx—2f8i3u3 dyu - O udx
i=1 k=1 i=1
N LN ANUv SR SRR S
<CY N 10fusl 2 19 0vusl 21197  dzull 2, 1197 20301 2,110 Bsul 2
i=1 k=1
2

1 1 1 1
3 i i i i 3
+C Y 103usll 2 lldsul 5 193910l 2, 1 93daull 5 030120l 167 B3l .2

i=1

< Cllull gaolld3ull3.0- (3.8)

Combining (3.7) and (3.8) yields
I < Cllull 3ol 031l 3,0- (3.9)
By substituting (3.9) and (3.6) into the equation obtained from the summation of (3.4) and

(3.5), we derive

2 2

d C

S (el + > 107ullz) + v(ldzulls + > 18703ul2,) < Cllul gaolldsullzso + — 1161 320-
i=1 i=1

(3.10)

Taking the time integral of equation (3.10) yields

t

t
Il a0 +v [ 183u(0)13,50 dT < ClluolZz0 +C sup llull 0 / 1931 (T) 1330 dT
0

0<t<t
0

t
C*
+ = f 16(T) 1250 dT
0

14
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t
s C )
< Ceo(0) + Cef )+ < / 16012 00 d.
0

where we also use the fact that
2 2 12 3 3,03 393,03
19;ully2 + 107l < Cllull 21107 wll 5 + Null ;2 1107wl )
2 312
< Clluliz> + 107 ull72)-

This completes the proof of Lemma 3.2. O
3.2. Estimates for ||0|| g3

This subsection presents the estimates for |0l z3. Unlike the velocity field, due to the struc-
tural characteristics of the equation for 6, we will establish its regularity in all directions. Fur-
thermore, the upcoming estimates for ||0 ||i2 + | 8i3 0 ||i2 will play a crucial role in addressing the

challenges posed by the buoyancy term.

Lemma 3.3. Let (u, 0) be the solution to the system (1.1). Then we have

t
3 3
1617, + 2n/ 10(x) 13,5 dT < Ceo(0) + Cel (1) + Cef (1) + Cef(t) + Cej(t) + Ceg(8).
0
(3.11)

Proof of Lemma 3.3. Taking the L?-inner product of (1.1), with 6, and then applying 81.3 (i=
1,2) to (1.1),, followed by taking L?-inner product of the resulting equations with 81.39, we obtain

2 2 2

1d

Ea(nenizﬂ 170172) +nClol7. + > 187017 =—) fa?(u-ve)a?edx =1
i=1 i=1 i=1

The discussion regarding J; is similar to that of /. We begin by expanding it using Leibniz’s
formula, and then, by utilizing Holder’s inequality, (2.2), (2.7) and (2.8), we can derive the fol-
lowing estimate

2 3

I = —ZZCQ‘]@{‘M -337%v0 930 dx

i=1 k=1
2
=-3 Z(/ diu - 97V 9360 dx + / O%u - 3;V60 830dx)
i=1

2

- Z/afu - V03360 dx
i=1

15
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2
<CY Nl L= 107 VO 21107011 2
i=1

2 1 1 1 1 1 1
+C Y 07Ul 0700wl 5 107030131107 93, 119: VO 2,110: V0112, 1187011 2
i=1
2 1 1 1 1 1 1
7 7 7 7 3 2 3 2 3
+CY VOV IVR0 IVl 107wl 251197 dsull 2, 110701 2
i=1

2
< C Y N1sull 30| VOl 20110701 12 < CLON 3 (19321 35,0 + 1011730)-

i=1
From the above estimates for Ji, it is sufficient to obtain

2 2
d
(0N, + D 107017 + 2010172 + Y 18701172) < CllON 3 (1036l 350 + 1011 713.0)-

i=1 i=1

(3.12)

Applying 9; 332 and 8; to (1.1),, respectively, and then taking the L>-inner product of the resulting
equations with 332 0;0 and 8339, respectively, we have

2 2
1d
52 Q30615 +1930172) +n(Y_ 1300112 + 193601172
i=1 i=1
2
_ 24. 24, 3 3
_—2/833,(14-V9)838,0dx—/33(u-V9)339dx
i=1
=Jr+ Ja.

Now, we proceed to estimate J>. To do this, we decompose it into five terms. By applying
(2.2), (2.8), and utilizing the divergence-free condition and Young’s inequality, we deduce that

2
Jp = _Z/ag(aiu -V +ud;V6)338;0 dx
i=1

2
=—Z(/aiu-va329 8328,~9dx+2/838iu-V830 agaiedx+/a§a,-u-ve 939;6 dx)
i=1

2
—Z(zfagu-a3aive 8328,-9dx+/832u~8,-V9 939;0 dx)
i=1

< C(IIVull o IV*330 1l 2 + 185Vl 14 V2011 14) 1838;61l 2
+ Cl1830;ull 2 VO 1o 1339;01l .2

16
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< ClIVull 2101133
< Cl01 ;s (lull 30 + D(USsuell g1 + 1036l g0 + 19301 55,0 + 101171
< ClOI,s llull ol dsull g1 + 11830l g0 + 1932l17,5.0 + 1011 1)
+ CLON5 Ndeull g1 + 1330l o + 18311350 + 101 1)
< CIONZa Ul 30 + 19:l3,0) + CUON T + Hel35.0/1932l17;5.0)
+ Cllsul 35010155 + lluell35.0) + CUON Tz + Nl 0110117,
+ CUBull g1 + 1932l 5p50 + 101 10175 + ClO g3 (10175 + 1932]173.0)
< CUdullgr + 101 g3 + 10l 0 + luell 350 + 10175 + 10115,) (10175 + 1932]173.0)-

A similar argument to J, we can get the following bounds for J3,

— /(33314 V330 +303u - V30 + d3u - VO) 9360 dx

< C(103ull L= V301l 2 + 193ull L4 | VO30 L4 + 1931l 211 VO L) 1930 .2

< ClIVull 210133

< CION7 Ul o + DUl g1 + 1830 30 + 1332l13,50 + 1011 11)

< CUBullgr + 101 g3 + 10l 0 + Nuell 50 + 10155 + 10115 U015 + 183101 73.0)-

From the above, we can sufficiently conclude that

—(Z 1823:0112, + 11936112,) +2n<Z 1020:611,2 + 1336112.)
i=1

< C(Idgull 1 + 101173 + 132 2y1 + Nl Zps0 + 1012, + 101400135 + 1332]13,3.0).
(3.13)

Finally, summing (3.12) and (3.13), we conclude

2
yr (AP +Z||<ae 330:0) 17, + 1030172) +2n(101172 + Y _ 1130, 839:0) 1 2 + 11930117 )
i=1 i=1

< CUduull gy + 101 g3 + 10l 30 + Nuellys0 + 10075 + 10115) (0155 + 183101730
(3.14)

and then integrating (3.14) over [0, ¢] for any ¢ > 0,

t
1613, +2n/ 10(0)13,5 dT
0

< Cl6ol1%s + € sup (13:u(®) g1 + 10 1 g3 + 181 (@ + 11D 50 + 10115

O<t<t

17
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0 4
+ 161

t
x / U0 135 + 183u(T)[133.0) dT
0

1 3
< Cep(0) + Ce} (D)eg(t) + Ceg (1) + Cer(Deo(t) + Ced(t) + Ced (1)
3 3
< Ce(0) + Ceg () + Ce (1) + Ce1(t) + Cef(t) + Ceg (1),
where we use the fact that
1
1959761172 < 5 (1030:017 + 19701172)
and
16125 < CUIONZ > + I1VOIl7, + V2017, + 1V30113,)
<CU01Z, + 1V012,)

2 1 1 2
+ CUIONIV00, + 11011,.2)* + CUONL IV, + 110112)°

2 2
<CUONZ +IV3O12) < CUIONT. + Y 187017, + > 1950:0117, + 183017.).
i=1 i=1
(3.15)
This completes the proof of Lemma 3.3. O

4. Estimates for &1

This section focuses on proving the bound for ¢1. In the third section, we established an energy
inequality for ||u|| g3.0 4 ||| 3. Notably, the velocity estimates from the previous section involve
only horizontal derivatives. To establish the well-posedness in H 3 we also need to construct
bounds for ||Vul| 2. Unfortunately, || Vu|| g2 cannot be directly estimated due to the absence of
boundary conditions for the vertical derivatives of (u, 6). Moreover, in the process of estimating
16| 773, the upper bounds of J> and J3 depend on ||u;|| ;1. Thus, it becomes necessary to establish
an upper bound for |[(¢;, b;)|| 1, which is achieved in Proposition 4.1. For brevity, we sometimes
denote f; as 9; f in the following sections.

Proposition 4.1. Assume (ug, 6p) € HO1 N H3 and let (u,0) be the corresponding solution to
(1.1). Then &1(t) be defined as in (1.3) satisfies,

3 3
e1(t) < Ce1(0) + Cel (1) + Cef (1) + Cel (1) + Cel(t) + Cei (1) (4.1)
for some constant C > 0 depending on v and 1.

18
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Proof of Proposition 4.1. Applying o; to the system (1.1) yields

Opru + ((u - VIu)r + Vpr =v033u; + (Be3);,
0110 +n0; + ((u - V)0), =0,
V. Uy = 0,

“4.2)
urlpo =0.

Taking the L2-inner product of (4.2); with u;, us;;, Apuy, respectively, by integration by parts
and applying the boundary conditions u; |3 = 0, we have

1d
S (e 4 w3300 3 4+ WV ) + (V3310032 4+ e 12 4+ 105 Ve 3 )

= —/(u -Vu), - udx +/91 uzrdx — /(u -Vu) - uydx + /(063), “Uppdx

+ /(u -Vu): - Apusdx — /(063), - Apusdx

=K1+ + Kg, 4.3)

where we have used the fact that
/Vp,-utdx=0, /th~u,,dx=0 and /Vp,~Ahu,dx=0.

By Holder’s inequality and the inequalities (2.2) and (2.8),

Ky = —/3tuh -Vyu - udx — / Oru3 03u - usdx

1 1 1 1
2 3 1 1 1
< IVhullpeellusll;2 + Cllozusll 2 103ull 2 10103ull 2 10203ull ;21101 0203ul ;2 llus |l 12

< CllosViull gaolluell 2 103u:ll 2 + CllO3ue |l 211030 2o el 2

< Cllasul gaolluell 2 1931l 2 < Cllue |2 (19321250 + 1932 12.2). (4.4)

With a minor modification of the estimate for K, we get

K3 = —/Btuh -Vyu - upydx — f U3 03U - uyrdx — / u-Vuy - ugydx

1 1 1 1
i 7 7 i
< IVhullpoo lugll g2 w2 + Cllosusll 2 1030l 2101830l ;2 192030l 211919203l ;2 [lutse || 2

+llulle IVugll g2 luzell 2
< CUIB3Vpullgrollurllp2 + 103u;ll 2 1031l 2o + 1030l 2o IVl p2) s |l 2

< Cllsull o Vurll 2 el 2 < ClIVue 2 (10sull 350 + luell2)- 4.5

19
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For the term K5, we firstly split it into three parts. Then using Holder’s inequality and (2.2), (2.6)
and (3.2) yields

K5 = —/u, -Vu - Apuidx —/u -Vu; - Apurdx
= / Vuuy - Vu - Vyurdx —l—/u, -VVau - Vyurdx + / Vyu - Vuy - Viudx
1 1 1 1
= (IVatell 2 IVl IV Bl I ul o I Vol

1 1 1 L
7 2 2 2
+ el 101wl 5 1V Vaull IIVVhazulle) I Vaozuell g2
F+ IVhullpo IVull g2 | Viugll g2
< CUIVhurll g2 1103ull ga.o + lluell gl 0zull ga.o + 11036 ll ga.o | Vgl 12) 103 Vi | 12

2 2
= Clldsullgzolluell 11103 Vauyll 2 < Cllugll g1 (193ully5.0 + 183 Vauell72).-

A similar argument to I + I3, the following inequalities for K>, K4 and K¢ can be showed as

y é
Ky = / O < 5 13 2+ 1641 “.6)
_ | SR
Ki= [ Ousdx < 2l + 1012, 7
v 2 C 2
K= | 6; Apuzidx < 5”83thf”L2 + M VO 2 (4.8)

Substituting (4.4) through (4.8) into (4.3), it holds that

4 Nl 4+ vlldsucl2, + 1Vauell2 ) + (vIdsuell2 5 + a2, + v1183 Vau ||

df ILZ v 3“[ L2 /’lul LZ v 31"1 L2 ull L2 v 3 /’lul L2

< Cllull g (N133ul15,5.0 + 13321 1710 + lure[132) + Coll 01 ViDL 2. (4.9)
where C,, = max{%, 2C).

Now, taking the L?-inner product of (4.2), with 6,, 832@ and Ap0;, respectively, and applying
the boundary conditions for 6, we have

| =

1
5216032 + 185,132 + 1946, 172) + (161132 + 19561132 + V4117

QU

1t
= —/(u V), 6, dx + /(u - V6), 036, dx + /(u -VO); Anb, dx

= K74+ Kg + Ko. (4.10)
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Firstly, due to (3.2), K7 can be estimated as

K7 = —/ut~V99tdx
< Cl193us [l 2 VO oo 1611 .2 < CHON g N1B3e 117 2 + 1671172). (4.11)
Using the fact
(u-VO)lag = (us - VO +u-V0)|yo=0

and integration by parts, we obtain
Kg=— / 93 (u-V0); 30, dx

= — -/ 83“[ -Vo 839[ dx — / Uy + V839 839[ dx — / 83” . V@, 339[ dx
< Cl|93u |2 1V0 | oo 1836411 .2 + Cll932ell Lo [ V6, [ 2110364 .2
1 1 1 1 1 1
+ Cllug 3 10015 1030115 1013, 15 V360112, 1V 023011 2, 11036, .2
1 1
< CUI03ull 12 + 10301125103 Vau 12D N0 1 3110361l 2 + ClIVull 2| V6; 11211936 | .2
< C1101| 73118314 1| 1011336, 1| .2
+ Cllull 30 + D (I8l g1 + 1830l 3o + 183011350 + 101 1) 1 V61 121136; ] .2
< Clluellgr + 101 g3 + N 31+ 10070 (3011500 + V6117 2)
+ (VO 2 + llullZa0 + IVOAT 2 + 1V 1) (130750 + VO ), (4.12)
where we also used Holder inequality, (2.7) and (2.12).
Similar to Kg, we have
Kl) :/ut VOAhetdx+/u . V@t Ahetdx

= — / Vhlxlt - Vo - Vhetd.x — / U - VVhG . Vhetd.x — / Vhl/i . V@t . VhG,dx

1 1 1 1
< Cl103Vusll 2 [VOl 2 IV 010112 V320112 V12012 Vb |l 2

el 1oy 13su 1 o |, 19 V4012 1V 98201519602
+ ClIVul| oo VO, | 2 Vi 2
< C1O1 g 1193us | 101 Vil 2
+ C(llull g0 + D (10wl g1 + 1930l 3o + 133l1 3,30 + 1611 51) 1 VO 2 V46 ] 12
< Clluell g + 1013 + el 30 + 10070 U3 1150.0 + 1V6: 117 2)
+ (VO 2 + lull a0 + V072 + VO ;) (13ull3,50 + V6 172)- (4.13)
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Substituting (4.11) through (4.13) into (4.10), we infer

i92 330,12 Vabi112,) + 20 (116112 336,117 YA
77 (16122 + 10301 172 + Va6, 172) + 20 (16172 + 10361 172 + 1 Va6 1
< Clluellgr 4 1013 + Nue 3 + 1017, D31 115,0.0 + 1617,

+ (VO 2 + el 350 + VO 2 + VO ) U1032l175.0 + V6117 2). (4.14)

Multiplying (4.9) by a suitably small constant §; > 0, and combining with (4.14) yield

i5|| 2 o vsalldsusll?, + 116: 113
di 2 ut”Hl.O véo || 3ut||L2 l ’”Hl
+ (9821l @t 93V I3 + Ballue 132 + @ = 46:C) 1161121 )
< Clllullgr 4+ 1013 + N 130+ 1007, U301 500 + 10150+ Natse | 12)
+ CUIVO N 2 + el g+ Nuelln0 + 1V 72 + IVOANT D U03u]15,50 + V6 172). (4.15)

By taking the time integral of (4.15) and performing simplifications, we readily obtain

t

e 1%+ 1613, +/ (vn(asuf(r), BVitte ()72 + lluer (DI + ||9f(r>||’i,l) dr
0

< Cll;(0). 0,011 + C sup ([uz (D)l g1 + 10| g3 + luz (O 7,0 + 10 13,1)

0<t<t

t
x [ (1831 () 13,10 + 102 (13,1 + luee (D32) dT
0

+ sup (V0 (Dl g2 + lur (@)l g1 + 4@ 350 + V0 (D172 + 1V0: (D1 72)

0<t<t

t
x [ (N183u(D)I35.0 + 1 VO (D7) dT
0

1 1 3 3
< Ce1(0) + Cej (t)eo(r) + Ce (1)e1(r) 4+ Ceo(t)e1(t) + Ceyy (1) + Cef (1)
+ Ced(1) + Ce3 (1) + Cei (1)

3 3
< Ce1(0) + Ceg (1) + Cef (1) + Cel (1) + Cet (1) + Cei (1)

for some constant C > 0 depending on v and 7.
This completes the proof of Proposition 4.1. O
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5. The global well-posedness
5.1. Proof of the global well-posedness part of Theorem 1.1

This subsection completes the proof of the global well-posedness part of Theorem 1.1 by
combining the energy estimates obtained in the previous two subsections.

Proof of the global well-posedness. First, we apply the bootstrapping argument to establish a
global bound for (¢) := go(¢) + €1 (¢), assuming a sufficiently small initial solution.

Recalling the inequalities (3.1) and (4.1) in Proposition 3.1 and Proposition 4.1, we can show
* . 2 3
g(t) <Cae(0) + Ci(e2(t) +e°(t) +£7(1)).
Making the ansatz

1

1
6CH?’ J6CT

&(t) < C; := min{

}. G.D
Then it implies

£(t) <2C5e(0).

Therefore, if we take [luoll 3.0 + |60l g3 + || (410, 6:0) || 1 sufficiently small such that

*

) < €2
Yo

then we will get a smaller bound of ¢(¢) than the ansatz (5.1). By bootstrapping argument, for
any ¢ > 0 and some constant C > 0 depending on v and 7, it holds that
t
Nl 350 + 10175 + e, 01172 + / W33u(T) 1350 + 10(D)[133) dT < Cll(uo, bo) I35 < C82,
0
(5.2)

where we have used the fact that

11 (0), 6:(0)[| g1 =< Cll(uo, 6ol g3

which follows from

du(0) = —ug - Vug — V po + vdjuo + 6pes,
0,0(0) = —up - Voo + 6o,

with the pressure determined by the elliptic equations
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—Apo=V - (ug-Vug+6pez), x € Q, Vp0~n=332u0-n, x € 012.

Next we combine (5.2) with the energy estimate in Lemma 2.4 to establish a global bound for
lue|| ;3. Firstly, by integration by parts, Holder’s inequality and Young’s inequality,

1

] 1 1
sl = ( [ B9 Vidpudr) < CLO3Tial I 9ul

N —

< 103 Vaull ;2 + C|IViull 2 (5.3)

and

83111320 < C(U13ull 7, + 183 Vaull?, + 183 V5ull3,)
< C(llull 2183ull 2 + 1Vauell 21183 Vil 12 + V5 ull 2193 Vaull 2)
< Cllull 3ol Vel 2. (5.4)

Then it follows from (5.3), (5.4) and (2.13) that
IVull g2 + 1V pll gt < C(10ull g1 + 1 Apull gro + 1103 Apuell 2 + 1161l g1 + ||83M||i,2.0)

+ Cllull o (19:ull L2 + 1030l 2o + llull 3ol 931l 20 + 1611 2)
< C(I3ull gy + lull 3o + 101 g1+ Neell o 19l 2 + Nluell 30 1611 2)

1
+ Cllull 3o + Mull35.0) IVl g2 + 1831l y20) + §||332V11M||L2
< C(I1ull g1 + Nlull .o + 101 g1 + Nuell gaolldeuell 12 + lull gaollOll 2)
1
i (C(a +8)+ E) IVl

for a uniform constant C (independent of §). Taking § sufficiently small, we have

IVullgz + 1Vl < C>I8ull g1 + lleell gzo + 101 g1 + lleell o3l 2 + lleell 30 1611 2 )
<C(5+4%). (5.5)

This completes the proof of the global well-posedness part in Theorem 1.1. O
6. The decay estimates

This section is devoted to proving precise exponential decay estimate in Theorem 1.1. To
derive the decay estimate for [|(u, 0)| 53, the three key inequalities (3.10), (3.14) and (4.15)
established earlier are closely interconnected and indispensable. Through straightforward cal-
culations, we will combine these inequalities to form a refined inequality. Next, leveraging the
results from the existence part and applying the Poincaré inequality, we simplify this into an
inequality of the form
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X)) +CX(() <0,

from which exponential decay follows.

Our proof is divided into two steps. In the first step, the combined inequality does not directly
yield estimates for the vertical derivatives of the velocity field. Therefore, in the final step, we
must derive the H?-estimate for Vu based on the inequality in (5.5).

Next we prove the decay rate in Theorem 1.1.

Proof of the decay estimate in Theorem 1.1. As mentioned earlier, the proof of the decay es-
timates is divided into two main steps. The first step establishes the exponential decay of
lleell 3.0 + 1161l g3 and |[(us, 6;)|| 1 by making use of the estimates provided in Lemma 3.2,
Lemma 3.3 and Proposition 4.1.

Multiplying (3.10) by a suitably small constant §3 with §3 < ZC”—:’ and adding it to (3.14) and
(4.15). Invoking the global bound in (5.2), we obtain

2
d
E(Ssuuniz 110, 30)172 + > G310 ull7, + 1370, 350:0)1172) + allues 17710
i=1

10,12 + vs2lasu 2, )

2 2

C183

+ (83v103ul7 + D 8301197 daull, + 20 — — )0l + > 1970172))
i=1 i=1

2
+ (D 2nl930:0117, + 21110301172 + S2lluee 172 + v82 1931, 3710 + 21 — 4azcv>||9t||3,1)
i=1

< Cllull g0+ 100 gz + 1930 + Nl 350 + 10175 + 1015 UIO117,5 + 1830]173.0)
+ Cllurllgr + 101 g + luellz 4 1011701830 113,1.0 + 10150 + el 2)
+ CUIVO N 12 + el gr + Nuell350 + V017 2 + V615D 10301550 + V6117 2)
<CE+ 82+ 8NU03ul 50 + 10075 + 10071 + 18301300 + sl 12)-

2

Based on the equivalence relationship between || f ||%13‘0 and || f ||i2 + Ziz=1 ||8i3 fll 12>

with (3.15), we can directly obtain

together
d 2
E(sgnuuiz 110, 30)172 + > (63110 ull7, + 170, 850:0)1172) + allues 1310
i=1
101+ v 952112, )

C1(33
+ (Cad3vlldsulls0 + C2Qn = = 01173 + Sl 72 + v82 132410

+ (20 —48,C)[16:117,1)
< CE+8+8MU0sull350 + 10175 + 16150 + 1301310 + sl 12).
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Now we select 8 to be sufficiently small such that C(8 + 8% 4+ 8%) < min {CZ 530, Ca(21 —
%)v 82, 80v, 21 — 432CU)}, then

2
d
E(aznuuiz 10, 30012, + Y G31187ull?, + 176, 030,0)1122) + Sallus 110
i=1
1013+ v 05212, )
+ C3(103ull3,5.0 + 101155 + 1931, 17,10 + 16:113,1) <O,

where the constant C3 depends on 43, 63, v and 7.
Due to u|yq = us|sq = 0, by virtues of (3.2), we have
2
Il 3o + D 07022 + w0 < CUB3UITs0 + 103u1131.0)-
i=1

Then, for some constant C4 > 0 related to 87, 83, v and 7, we have

d
— Xt C4X (1) <0,
R )+ CsX(t) <

where

2
X ()= llulj2 + 10, 5307, + D187 ull72 + 11376, 030:0)117 ) + llus 500 + 16: 1171
i=1

+ 193117
Therefore,
X(1) <e X (0)
or
el 3.0 + 1011 g3 + 1l e, )l g1 < Ce™ S [[(uo, 60) |l -

The last step of the proof is to derive the exponential decay rate for || Vu|| g2 via the decay rates
above. Invoking the estimate (5.5) yields

IVull g2 + 1V pll g < C(18ull i + llull o + 16011 g1 + Nl gaolldull 2 + Nl gaoll01 22)

S Ce—Cl‘

for some constant C depending on v and 7.
This completes the proof of the decay estimate in Theorem 1.1. O
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