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Abstract

The global well-posedness problem on the 2D resistive MHD equations without kinematic dissipation is
still open. This is a critical problem and its solution relies crucially on the control of the vorticity. Due to
the ill-posedness of the vorticity formulation in the L°°-setting, standard global type vorticity or velocity
gradient criteria have no hope to be validated. By exploiting the coupling and interaction of the MHD sys-
tem, this paper presents several localized non blow-up criteria that are weaker than their global counterparts
and more likely to be verified. One of them is in terms of the vorticity in L (—=p,0; BMO(B(p))) and the

other in terms of the velocity gradient in L% (—p,0; L°(B(p))). In addition, a criterion in weighted L*°
space is also presented to weaken the classical ones. Besides their theoretical importance, these criteria also
serve as practical diagnostics in the numerical search of potential MHD singularities.
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1. Introduction

Whether or not classical solutions to the 2D resistive MHD equations

up+u-Vu=—-Vp+b-Vb, xeR? >0,
by+u-Vb—Ab=b-Vu, (1.1)
Vu=V-b=0

are always global in time remains a prominent open problem. Here u = u (x, ¢) is the fluid veloc-
ity, b = b (x, t) is the magnetic field, p = p (x, t) is the pressure. The MHD system (1.1) models
various physical phenomena such as magnetic reconnection and magnetic turbulence for which
the role of resistivity is important while the fluid viscosity can be ignored (see [28]). Studies on
fundamental issues such as the global existence of classical solutions and the uniqueness of weak
solutions help understand many spectacular events triggered by magnetic reconnection such as
solar flares and northern lights. General background information on the MHD equations can be
found in many references (see, e.g., [3,0,15,28]). There are substantial recent mathematical de-
velopments on (1.1) and related equations (see, e.g., [1,5,8-10,13,14,20,21,24,26,30-32,35,37]).

Global weak solutions for the 2D resistive MHD equations were first obtained in [24] in
1989. More recently, global small solutions have been established on the 2D periodic domain
in [32,37]. In the 3D case, global well-posedness was proved in [20] for specially structured
axially symmetric initial data. However, the global well-posedness problem on the 2D whole
space remains open. Mathematically, the global regularity problem on (1.1) is a critical problem.
If the Laplacian dissipation Ab in (1.1) is replaced by the hyper-dissipation —(—A)#b with any
B > 1, then the resulting system is globally well-posedness ([11,23]). If we keep Ab in (1.1)
but add fractional dissipation —(—A)%u or even logarithmic dissipation —log(2 — A)u, then the
slightly dissipated MHD system always possesses a unique global classical solution ([19,34]).
In addition, the bounds obtained in [22] on the vorticity w = V x u also reveal the criticality.
Applying the maximal regularity of the heat operator, [22] shows that any L?-norm of w with
1 < g < oo is bounded,

lo@lLe = C(g,1).

However the upper bound C(q, ) depends on ¢, the initial data and ¢. In fact, C(q, t) appears
to grow at least exponentially in g. This fast growth rate shuts out any potential approach of
bounding the L°°-norm in terms of the L7-norm and the logarithmic type inequalities. Whether
llw ()|l L can blow up in a finite time remains open.

Of course, if we knew the vorticity is bounded, say

T
/Ilw(t)llLoodt < 00, (1.2)
0

then it is a simple matter to establish the regularity of the solution on [0, T']. But verifying (1.2)
is no simple matter. The aforementioned L? approach fails. More importantly, the MHD system
(1.1) has a very special structure that promotes the vorticity growth. The vorticity formulation of

(1.1)
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0w+ u-Vo=biAby — by Ab;

can be rewritten as

orw+u-Vo=L—b1b-Vur+byb-Vuy, (1.3)

where L = b1 (Aby + b - Vuy) — bay(Aby + b - Vuy) and L is globally regular (see [36]). More
precisely, L is globally bounded in the following spaces

LeL®(0,T); LYR?) and VL e L ((0,T); L*(R?)

forany2 < g <00,2<r,s <ooand T > 0. By the Biot-Savart law, Vu| and Vu, can be written
in terms of w by

Vui=-VorA  \w, Vury=V Al

The operators —Vd, A~ and V3; A~! are Riesz transform type singular integral operators and
are thus not bounded on L°°. By exploiting this fact, [33] established the mild ill-posedness
of the vorticity formulation by constructing a suitable sequence of vorticities that have normal
inflation in L°°. The concept “mild ill-posedness” was proposed by Elgindi and Masmoudi for
the 2D Euler vorticity like equations [16].

The impossibility of confirming (1.2) has prompted us to search for weaker criteria that can be
potentially verified. Inspired by the work of Chae and Wolf on the 3D Euler equations [12], our
paper derives localized regularity criteria relevant for the MHD system. These classes of criteria
conclude the regularity by making only local in space and local in time assumptions. They are
not only weaker and more likely to be verified, but also provide substantial advantage over the
global criteria in the computational test of the blow-up (see, e.g. [12,17]). The localized criteria
requires only computed values in a small neighborhood instead of all points in the whole domain.

Our first main result states that localized BMO-norm of the vorticity controls the regularity
of the concerned MHD system (1.1). No assumption on the magnetic field is needed. In order to
provide a precise statement, we recall several spaces. The notation below refers to the average of

u over 2 C R”
uQ:][udx.

Q

We have the following standard space BM O (R") (see [29])
sl saroe =sup f u(x) = wpld.
B
B

where the supremum is taken over all balls B in R”.
We also use local BMO space (see [12]). Denote B(x,r) ={y € R" ||[x —y| <r}and B(r) =
B(0, r) for r > 0 and x € R”. Let BM O(B(r)) denote the space of all u € L' (B(r)) such that

3
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lu|pmoBr) = sup ][ lu — up(z,s)nB(r)ldy < +00.
zZ€B(r)
0<s<2rB(z,s)NB(r)

The space BM O (B(r)) will be equipped with the norm

lullmosery = lulmosey) +r " lullpi(pey)-

In addition, W2* (B(p)) denotes the standard Sobolev space.

We remark that, for « > 2, the Cauchy problem of (1.1) with any initial data (ug, bo) €
L2 RO NWE(R2) and V -ug=V - by =0 always has a unique local solution (u, b) satis-
fying, for some T > 0 and 1 < g < o0,

(u,b) € C([0, T); L*(R*) N W>*(R?)), (u,b) € L>®(0,T; H (R?))

and the corresponding pressure p € L>(0, T'; L9 (RR?)). For simplicity we assume that the possi-
ble blow-up occurs at the space-time origin (0, 0), and consider equations (1.1) in the local space
time domain B(p) x (—p, 0) in Theorem 1.1 and Theorem 1.2. For this shifted time interval, the
corresponding local solution (u, ) is in the setting

(u,b) € C([—p,0); W (B(p))) N L®(—p,0; L*(B(p))), peL>®(—p,0; L*(B(p))).

The precise statement on localized non blow-up criterion of the Beale-Kato-Majda type for
(1.1) is provided in the following theorem.

Theorem 1.1. Let (u, p, b) be a solution to (1.1) such that (u,b) € C([—p,0); WQ’K(B(p))) N
L*®(—p, 0; L4(B(,0)))f0r some k > 2 and p € L*(—p, 0; LZ(B(p))). If w satisfies

0

/Iw(T)IBMO(B(p))dr < 400, (1.4)
—p

then there exists no blow-up in B(p) x {0}, namely

tim sup [} (0), b0y gy < 00 (1.5)

t—0~

Jor any r € (0, p). Since | (t)|pmoBp) < 2w (T)llLo(B(p)), a special consequence is that
(1.4) can be replaced by

0
/llw(f)llLoo(B(p))dT < +00.
—p
This assumption is appropriate. In fact, one can establish local existence and uniqueness
of solutions (u, b) € C([0, T); L*(R%) N W2X(R?)) satisfying the a priori estimates (u, b) €
L®(0,T; H'(R?)) and p € L>°(0, T; L1(R?)) for some 1 < g < oo and T > 0. This follows

4
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from a standard local well-posedness procedure for initial data (o, bg) € L>(R%) N W2 (R?)
with V- ug=V-by=0.

Clearly Theorem 1.1 weakens the global criterion (1.2). It makes no assumptions on the mag-
netic field. Furthermore, the local criterion of Theorem 1.1 can be much more easily checked
numerically and serve as a better guidance.

The proof of this theorem is highly nontrivial. We draw some ideas from [12], but the MHD
system (1.1) consists of coupled equations of two different types, the hyperbolic and parabolic
types. This complex situation makes our proof different from the 3D Euler case. As we can see
in Section 4, in order to avoid transforming both the velocity field and magnetic field equations
into new ones and localizing the resulting equations, we will exploit the special structure of (1.3).
More technical details can be found in Sections 3 and 4.

When there is no magnetic diffusion in (1.1), a nonlocal Beale-Kato-Majda-type blow-up
criterion was established in [8] for the ideal MHD equations. Specifically, if

T
/(Ilw(f)lle + 1/ (DllL>) dr < o0,
0

then smooth solutions do not blow up at time 7', where j = V X b. For the non-resistive MHD
equations, where viscosity is present only in the velocity equation, a Beale-Kato-Majda-type
blow-up criterion for smooth solutions was proved in [13], namely

T
Sup/ | Ak (7)o dT < 00,
keZ 0

where Ay denotes the Littlewood-Paley frequency localization operator. Furthermore, local ver-
sions of the Beale-Kato-Majda-type criterion for both the ideal and non-resistive MHD systems
have been investigated in [12].

Our second main result establishes a localized version of Agélas’ global criterion [2]. Based
on [36] (or see [34]), Agélas proved that if (u,b) € C([0,T); H" (R?)) for r > 2 and

T
1
/||Vu(r)||zw(R2)dr < +00, (1.6)
0

then there is no blow-up for the solutions of (1.1) at 7'. Clearly (1.6) greatly improves the standard
criterion that requires the L!-norm in time, namely

T
/ IVu(@)ll o 2 dt < +oo.
0

Motivated by numerical simulations on the potential finite-time singularities of the MHD equa-
tions, we prove a localized and improved version of (1.6). Our localized regularity criterion can
be stated as follows.
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Theorem 1.2. Let (u, p, b) be a solution to (1.1) such that
(u,b) € C([—p,0); W**(B(p))) N L®(—p, 0; L*(B(p)))

for some k > 2 and p € L*°(—p, 0; L2(B(p))). If u satisfies

0
1
/ IVU(D) [ ooy dT < H00, (1.7)

—p

then there exists no blow-up in B(p) x {0}, namely

lim sup | (), b [l y2r gy < 0 (1.8)

t—0~
foranyr € (0, p).

This regularity criterion reveals the potential finite-time blowup difference between the 3D
Euler and the 2D MHD system concerned here. Recent breakthrough results in [17] by Elgindi
and [18] by Elgindi, Ghoul and Masmoudi show that the Beale-Kato-Majda criterion for the 3D
incompressible Euler equations cannot be improved in the class of C!'®. That is, the L!-time
integral in the criterion condition

T
/||Vu(r)||LOO(R3)dr < 400
0

cannot also be weakened. Theorem 1.2 for the MHD equations requires only the L? time inte-
grability.

This localized regularity criterion offers a convenient and easily checkable diagnostics in nu-
merical search of MHD singularities. One crucial index used in determining the singularities of
numerical solutions at ¢t = T is the growth rate of ||Vu(#)| L~ near T. Numerical simulations on
the ideal MHD equations suggest that || Vu(f)||z~ blow up at the rate of the form (7 — t)~# for
1 < B <2 (see,e.g., [7]). If we use the standard criterion fOT (IVu(t)|| L dt, we would falsely
conclude the finite-time singularity. But our new criterion in Theorem 1.2 would rule out the
blowup at t = T. Furthermore, the localized criterion only requires computed values of Vu in a
small space-time neighborhood.

The proof of Theorem 1.2 is very elaborated and much more complex than its global counter-
part. A detailed proof is given in Section 5.

Based on Theorem 1.2, our next result provides a pointwise critical growth rate of ||Vu(#)|| o
for which the solutions of the MHD equations remain regular. It states that ||Vu(¢)| L~ has to
grow at least like 72 in order for the solution to blow up at = 0.

Theorem 1.3. Let (u, p, b) be a solution to (1.1) such that (u, b) € C([—p, 0); W>¥(B(p))) for
some k > 2 and

G, DY oo~ p,0: L4 By <€

6
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and

||p||L°°(—,0,0;L2(B(,0))) <c.

Then there exists a small positive constant ¢ depending on ¢, p, ||(u(—p), b(_p)”H'(B(p)) and
I6(—p) |l Lo (B(p)) such that, if u satisfies

limsup(—1)?(|Vu(t) | Lo (B(p)) < & (1.9)

t—0~

then there exists no blow-up in B(%,o) x {0}, namely

limsup [[(u(2), b(2) | w2 gy < 00
t—0~

foranyr € (0, %p).

As aforementioned, due to the norm inflation of w in the L* space, directly checking the
global criteria such as (1.2) is impossible. The next theorem presents another approach and proves
a non-local regularity criterion for Vu in weighted L°° space. It weakens the integrability in
space variables and makes it potentially checkable.

Theorem 1.4. Let h(x) be defined on R?* such that |V'h(x)| < c|h(x)| with |h(x)| having a
positive bound from below for i = 1,2. Let initial data (ug, by) € L>*(R?) N WX (R?) sat-
isfying V-ug =V -byg =0 for «k > 2. Let T > 0 such that there exists a unique solution
(u,b) € L*®(0, T; L2(R?)) N C([0, T); W>*(R?)) of equations (1.1). Set 0 < € < 1. Assume
1boh|l Lo (r2) < +00. If

1
/IIVM(T)IILOO(Rz) /II VM(T)IILOC(Rz)dT<+OO, (1.10)

then there exists no blow-up for the solution (u,b) in W2K(R2) at time T, that is, (u,b) €
L>®(0, T; W>*(R?)). In particular, assume bo € Cé’o(Rz), if

/||Vu(t)||Loo(R2) /mf camlle e o >2w( )||Lw(R2)dr <400 (L11)

for some 0 < R < 0o, then there exists no blow-up for the solution (u, b) in W2*(R2) at time T.

1
Some special examples of h(x) are h(x) = (1 + |x|2)k for k > 0 or h(x) = eCU+I D2 g0y

¢ > 0. In addition, if € = 2 in (1.10), namely fo IVu(r)||
blow-up criterion in [2].

Finally, we prove the following non-local regularity criterion for solutions in the Holder
space setting C1%(R?). We remark that, for initial data (1o, bo) € L*(R?) N C1*(R?) with

LO@(Rz)dT < 400, we obtain the non

7
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V -up =V -by =0, we can actually obtain the local existence and uniqueness of solution
(u,b) € L®(0, T; L>(R?)) N C([0, T); C*(R?)) for some T > 0 via a standard procedure.

Theorem 1.5. Let initial data (ug, bg) € L>(R?) N CY*(R?) for 0 < a < 1 satisfying V - ug =
V -bg=0. Let T > 0 such that there exists a unique solution (u,b) € L*°(0, T} L*(R?) N
C([0, T); CH*(R?)) of equations (1.1). If

T 3
/ log(e + [[Vu(t) [l Lo (r2))

dr < +o0, (1.12)

then there exists no blow-up for the solution (u,b) in cle (]Rz) at time T, that is, (u,b) €
L>®(0, T; C1*(R?)).

The rest of this paper is divided into seven sections. Section 2 recalls a list of facts, proves
some multiplicative inequalities on BMO space and local BMO space used in the proofs of
the theorems. In Section 3 we prove local estimates of equations (1.1) under the assumption of
Theorem 1.1 by using the structure of MHD equations and standard iteration inequalities. Here
we also obtain local estimates of a special combined quantities by exploiting the special structure
of 2D resistive MHD equations and obtain good high order local estimates for magnetic field.
In Section 4 we use the special structure of (1.1) to prove Theorem 1.1 by using the arguments
n [12]. Section 5 proves Theorem 1.2 by using the special structure of (1.1). Here we obtain
new iteration inequalities to lead to the conclusion. Section 6, Section 7 and Section 8 prove
Theorem 1.3, Theorem 1.4 and Theorem 1.5, respectively.

2. Preparations

In this section, we review some facts about the inhomogeneous Littlewood-Paley decompo-
sition, Bernstein-type lemma, maximal L”(L%) estimates for the heat kernel, local version of
logarithmic Sobolev’s inequality and iteration lemma. In addition, we prove some multiplicative
inequalities on BM O space and local BM O space.

2.1. Littlewood-Paley decomposition

The definition of the inhomogeneous Littlewood-Paley decomposition relies on the following
dyadic partition of unity.

Lemma 2.1. ([4,27]) There exist two radial functions x (§) € C®°(R") and ¢ € C*°[R") sup-
ported in {£ e R", |&] < ‘3—‘} and {€ e R", 3< ] < %}, respectively, satisfying

XE+Y @78 =1, VEeR"

j=20

We use for F(f) to denotes the Fourier transform of f, and F~!(f) to denote the inverse
Fourier transform of f. We set
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) =F ' (x®), ha)=F ' (¢©)
and define the dyadic blocks as follows
A_ju=x(D)u= /h](y)u(x — y)dy,
Rn

Aju= @2~ Dyu =27 / ha (27 yyu(x = y)dy, Vj > 0.
]Rn

Then the inhomogeneous Littlewood-Paley decomposition is defined as

u= Z Aju  for ueS'. (2.1
jz-1

Let us recall the definition of inhomogeneous Besov spaces.

Definition 2.1. For s € R and 1 < p, r < oo, the inhomogeneous Besov space B? , is defined as

A
p.r

B;,r £ {u e S, ||Lt||3;r < 00},
where the inhomogeneous Besov norm is given by

as 1
luellgs, 2 (Y 27 1A ully)r
j=-1
The following is Bernstein-type lemma.

Lemma 2.2. ([4,27]) Let k > 0. Let 1 < p < g < +00.
(1) Let j € Z and m > 0. If f satisfies

suppf C (£ € R", €] <m 2/},

then, for some constant C independent of f and j,
ikt in(l_1
IV* FllLany < €270 Fll ooy,
(2) Let j € Z and ny,no > 0. If f satisfies
suppf C (£ € R", mi2/ <J&| <np2/},

then, for two constants C1 and C; independent of f and j,

; kj+jn(L-1
C129| fll o < sup 197 flla@n < C229 "7 fll 1o o).
ly|=k
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Especially, Lemma 2.2 holds for the dyadic blocks, namely for f = A ;u.
We also will use the following lemma which describe the action of the semigroup of the heat
kernel on distributions with Fourier transforms supported in an annulus.

Lemma 2.3. ([4,27]) Let C be annulus, then there exist c and C such that for any p € [1, oo] and
any positive constants t and ) we have

o~ a2
suppf CAC = [le'® fllLo@wny < Ce™ ™ || fll Lo ®r)-

Let Sx denote the identity approximation operator,

Sk = Z Ag.

—1<k <k—1

In addition, we write

Ry = (Sk—1v - V)Aru — A (v - Vu).

Lemma 2.4. (see [27]) Let u, v be two vector functions with V - v = 0. Assume 1 < p < p1 < 00,
1<g<oo, p=(1- %)—1 and s > —1 —min(%, %). Then,

25\ Rell Lo raty < chill Vol 4 lullgy ®ay, s <1+ %’
Bl RONLORY 7

2Rl o ety < chi V0l gt g Il gy ey, i s> 1+ or s =14 g =1,
where c = c(d, p, p1,s,q), and Z(hZ)é =1.
2.2. Maximal LP(LY) estimates

Recalled the following maximal L”(LY) regularity theorem for the heat kernel.
Lemma 2.5. ([25]) Assume f € LP((0,T), L1(R"))(1 < p,q < 00). Let

t

Avi> Af(x, 1) = /e“—”AAf(., s)ds,
0

then

IAf I Lr 0,1y, La@®my) < C IS lLr0,7),L9®R?Y)
forevery T € (0, oo] and some positive constants C (independent of T ).

10
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2.3. Properties of local BM O space
We recall the following local version of logarithmic Sobolev inequality (see [12]).

Lemma 2.6. Let B(r) be a ball in R" with the radius r > 0. For every u € wWLa(B(r), n < q<
400, the following inequality holds true

sy < e+ lull wos) log (e + el Vullaaay +er ™48 ull2p))
with a constant ¢ > 0 depending only on n and q.
The following result of embedding of BM O (B(r)) into L? (B(r)) is well known (see [12]).

Lemma 2.7. Let u € BMO(B(r)). Then u € Ni<g<0oL9(B(r)), and it holds

lullLasery < crilulpmoey +crt " lullpipey = crillulzmome)-
From the definition of local BM O space, we obtain the following two lemmas.
Lemma 2.8. For r| <y, we have |u|gyo(B(r)) < ClUlBMO(B(r))-

Proof. Using the definition of BM O (B(r)), we obtain

lulgmoB))

= sup lu — up.snBldy
Z€B(r1)
0<s<2rB(z,5)NB(r1)

<2 sup ][ | — uB(z,5)NB(ry)dy
z€B(ry)
0<s<2rB(z,s)NB(r1)

|B(z,s) N B(r)|
<2 sup ——mF——7—— lu — uB.sNB@ry)|dy

<eB(r) |B(z,5) N B(r1)|
0<s<2r; B(z,5)NB(r2)

<c¢ sup |t — uB(z,5)NB(ry)Idy
zeB(ry)
0<s<2rB(z,s)NB(r2)

<clulpmoBr)). O

Lemma 2.9. Assume u € BMO(B(Ir)). If u(-) =v(;) for | > 0, we have |v|gpmoB(r) =
lu| B o(B(Ir))-

Proof. From the definition of BM O(B(r)), we have

11
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[vIBMOBGY)

= sup ][ [v — vB(5HnBe)|dY
zeB(r)
0<s<2rB(z,5)NB(r)

= sup 7Z lu — upsnsanldy. O
z€B(Ir)
0<s<2IrB(z,5)NB(Ir)

Similar to [12], we can prove the following three multiplicative inequalities on BM O space
and local BM O space in R?.

Lemma 2.10. Let € C°(B(r)) with 0 < < 1. For every u € WL Y(B(r)) such that V-u=0
it holds

IVuvlippmome) < cll(Vxw¥lipyuome) +cllVEIiLelullL=Be))-
Proof. Thanks to V - u =0, it holds
—AV(u) =VV x (VX (uy)) — VV(u - V).
Using Calderén-Zygmund’s inequality [29], we find that

IVuyllgmor2y < cllV x Gllgpomz) + clluVvilgpom?)
Scll(Vxw¥llipmomre) +cllVYllL=lullLeser). O

Lemma 2.11. Let u € W' '(B(r)) with V x u € BM O (B(r)). Then for all ¥ € C2*(B(*71))
with k is a large positive integer and 0 < Y < 1 we get

IOV x 0¥l aro@e < c®)(1+rIVY I ) (Y x ulzmoey
+V_1 ||V Xu ||L2(B(r)) + r_2||u||L2(B(r)))>
where c(k) depends on k.

Proof. Assume r = 1. Let n € CZ°(B(1)) such that |[Vy| < ¢ and fB(l) ndx > ¢, where ¢ > 0
stands for a constant depending only on n. For f € L'(B(1)) we define the mean

~ 1
fBoy= 7" / fndx.
ndx
fB(l) B0
First, using triangle inequality and applying integration by parts, we see that
IV xullpigay =1V xu—=V xupmllpipay + 1V X upml

<clV xulpmomay + cllullpipay-

12
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For p > 21_k and xg € R2, we obtain

IV xu)y = ((V X 1) ¥) B(xp. p) |dx
B(x0,p)

<cllV xullpigay
<

clV xulpmosy +cllullpigay)-
In case p < 21_k and B(xg, p) N B(%) # @, we see that B(xg, p) C B(1) and
IV xu)f — ((V X u)¥) B, p) ldx
B(x0,p)

<c|V xulpmoay + ¢ ][ ][ [(V xu)(@)|[¥(x) — ¢ (y)ldxdy.

B(xo,p) B(xo,p)

<c|V xulpmomay + IVYiLe ][ ][ [(V xu)(x)|lx — yldxdy
B(x0,p) B(x0,p)

<V xulpmodmy) +cllVE L=V xullp2p¢y) -
Therefore, we get
IV xw)¥lpmomrey < c(L+ IV L)V xulpmosay + IV X ull2piy) + el L2080y
This completes the proof of the lemma by using a standard scaling argument. O
Combining Lemma 2.10 and Lemma 2.11, we have

Corollary 2.12. Letu € W' (B(r)) with V xu € BM O(B(r)). Then for all yr € C°(B(*=10))
with k is a large positive integer and 0 < ¥ < 1, we get

IOVi¥ lsmoee < e® (1+ IVl ) (A x ulzmomen +r IV % ull a0
+V72||M||L2(B(r)))) +cllVYilLee llull L=y,
where c(k) depends on k.
2.4. Iteration lemma
Finally, we review the following lemma (see [12]).

Lemma 2.13. Let Yy, : [t0, t1] — R, m € N U {0} be a sequences of bounded functions. Assume
there exists 0 < M = M (t) < 400 for each t € [ty, t1) such that

13
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Y ()] < M()™ Vi ety 1), Ym e N. 2.2)

Suppose that the following recursive integral inequality holds true

t
V(@) <Cm+ /a(s)Ym+1(s)ds, m € N U {0},

0]

where C is a positive constant and a € Ll(to, 1) with a(t) > 0 for almost every t € [ty, t1]. Then
forall t € [ty, t1], we have the following inequality

t
t
Yo(r) < C / a(s)ds o 1%

fo

3. Local estimates for MHD equations

Lemma 3.1. Assume (u,b) € L®(—p,0; L*(B(p))) and p € L®(—p,0; L*>(B(p))), then for
any 0 <r < p, we have Vb € Lz(—,o, 0; LZ(B(r))).

Proof. Let ¢ € CX°(B(p)) be a cut off function such that 0 < ¢ < 1 and ¢ = 1 on B(r). Multi-
plying equations (1.1) by ¢, we have

(@) +ut - Vug = —V pg +b - Vb, G.1)
and
(b@); +u-Vbp — Abp =b - Vugp. (3.2)

Multiplying equations (3.1) and (3.2) by u¢ and b respectively, and integrating the result equa-
tions on B(r), we get

Ll¢ u ; u (,0 d-x —_- ; Pu(p d.x + b Cb d
al’ld
2 ] || || [2 2 . | | X . C u (p X.

Adding the two equations above, and applying integration by parts, we obtain

d

a<||ugo||iz+||bw||iz>+/|Vb|2<p2dx
1

/u-Vg02|u|2dx+§/u-V<p2|b|2dx

14
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+ / pu - V2dx + / VbbVg?dx — / b - Vg (bu)dx
3 2
g C||u||L4(B(,O)) + C”””L“(B(p)) ||b||L4(B(p)) + C||”||L4(B(p)) ||p||L2(B(p))

1 2 2 2
+§/|Vb| 92dx + cllbla )

by using V- u =V - b = 0. Absorbing % Ik |Vb|?@*dx on the right side of the inequality above
and integrating the resulting differential inequality in time on (—p, 0), we prove this lemma. 0O

Let w = d1up — druy and j = 01b2 — d2b1. Applying Vi to equations (1.1), we have

{Btw—i—u'Va):th, (3.3)

oj+u-Vi—Aj=b-Vo+ Q(Vu,Vb),
where Q(Vu, Vb) =201b1(0u1 + 01u2) — 201u1(d2b1 + 91b3).

Lemma 3.2. Under the assumption of Theorem 1.1, for any 0 <r < p, we have (w, j) €
L¥(=p.0; L*(B(r))) and V j € L*(=p.0: L*(B(r))).

Remark 3.3. From Lemma 3.1 and Lemma 3.2, we obtain (Vu, Vb) € L®(—p, 0; L>(B(r))),
V2b e L2(—p,0; L2(B(r))) and (u, b) € L>®(—p,0; LP(B(r))) forr < p and 2 < p < oo.

Remark 3.4. Let y = max(§ + ﬁ, ﬁ) > % From the estimates of I; and I4, we can

choose 6 small enough and ¢, g large enough so that y close to % Here Lemma 3.2 holds just
. 0 y

asking for f_p (O ga10(B(pydT < +00-

Proof of Lemma 3.2. Let 0 <r <o < p be arbitrary chosen. Let 0 <r <ry <rp <o < p. Let
@ € CX(B(r2)) be a cut off function such that 0 <9 <l and ¢ =1 on B(@) and |Vg| <
c(ra — r1)~!'. Multiplying equations (3.3) by ¢, we have

(wp)+u-Vop=>b-Vjp (3.4

and

(o) +u-Vjo—Ajo=>b-Vop + Q(Vu, Vb)e. (3.5

We multiply equations (3.4) and (3.5) by wg and j¢ respectively, integrate the equations on
B(r2) x (—p,0) and add the results together. This yields

t

Hlo@®el2, + 1 Oel?) +2 / / IVj|*p*dxdr
—p

t
= (o (-)g 2, + 1 (—p)pl) - / / u - Violpidrdr
—p

15
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t t
+//M-V|j|2<p2dxdr+2//ijVgozdxdt
—p —p
t t
+2//b-V(ja))(p2dxdr+2//Q(Vu,Vb)j<p2dxdt
—p -p

5
= (lo(=p)¢l72 + 1 (—=p)ell7) + Y 1. (3.6)

Let § be a small enough positive constant. We estimate

t t
=1 [ vt <c [ 10l g, lpls 1 Tolimdr
~p

< C(r2 - r])—l sup ”a)(s)”Lz(B(r )) / ”w(s)”(ZZ(B(rz))“u”LOO(B(Vz))dT (37)
s€(—p,0)
—p

Let ¢ € C2°(B(0)) be a cut off function such that 0 < ¢ < 1 and ¢ =1 on B(r;). By virtue of
Gagliardo-Nirenberg’s inequality, for some large enough positive constant g, we have

lull oo By < Ny d oo < clluy |I IIV( Iﬁz)ll

c||mpz||2q 2(||v v +||uw*1||” VYl d). (3.8)

Recalling that V - u = 0, we obtain —A(uy™) =V x V x (uy™) — V(u - Vy™) for m > 1.
Using Calderén-Zygmund’s inequality [29], we have

IVuy™ (e < IV @Y™ e + Vil luy™ e
<V x @™z + V| oo lluy™ 1
<clloy™ e + el Voo luy™ L. (3.9)

Let m = 4. We get

41 29 ig—2q L z g 1-2
luy 2™ e = lulluy 2| "dx)4 §C||M||L2(B(p))||mﬂz||mo . (3.10)

Inserting (3.9) and (3.10) into (3.8) and using Young’s inequality, we have

9=2 9
el By < Nt 2l < el g 101 ooy + €l 2o

2 _4q
< C(P" lollBmospy)) 2 +c¢ 3.1

16
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by taking advantage of Lemma 2.7. We also obtain
||60||L2(3(r2)) < cllollBmMoBp)) (3.12)
by applying Lemma 2.7. Here we have used the assumption u € L>(—p, 0; L*(B(p))) in The-

orem 1.1, which implies that [lull;2(p(,)) is bounded. Inserting (3.11) and (3.12) into (3.7) and
applying for Young’s inequality, we are led to

t

1 5 2 8+ﬁ 2

|Il| < _SG(SEE()) ”a)(S)HLZ(B(rZ))+c(r2_rl) 8( (”LUHBIWO(B(/O))"'C)dr)(S
' —p

1 _2
<7 s No®)72 g, T2 =78
4s6(fp,0)

by using Remark 3.4.
I, is estimated as follows:

t t
|12|=|//u-vu|2<o2dxdr|<c/||u||L4||vJ'<p||Lz||j<o||L4dr
~p ~p
<c/||VJ¢||L2||Jgo||zz(||ngo||zz+||quzz)dr
—p
1 t t
. 2 . 2 .2 2
< Z/||V]§0||def+c/(||1€0||Lz+||]||L2(B(,2))||V<P||Loc>)df
—p —p

t
1 . )
<Z/||ngo||izdr+c<r2—r1> 24,
-p

where we use Lemma 3.1.
It is easy to estimate I3 by using Young’s inequality and Lemma 3.1:

t t
|13|=2|//VJJV<p2dxdr|<c/||VJ¢||L2||jV¢||der
-p -p

t
1 ) -2
<7 [ 1Vildr +ctra =)
—p

For some large enough positive constant g1, we see that

13
|I4|=4|//b~V<pja)<pdxd7:|
—p

17
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¢ / il 2 Il e 1Bl Lt s IVl LoodT
—p

q1—4

— . 2(q1-2 2(q1-2)
<ctr—r)™! / P iR R

1
< Z Ae(su})) 0)(||w(s)”L2(B(r2)) + ”.] (S)”L2(B(r2)))

_ 4912 2(‘11 o)) 4(g1-2)
+c(rp —r1) n (/” ”BMO(B(p)) T) U

_ 4412

1
g Z sup (”w(s)”LZ(B(rz)) + ||J(S)||L2(B(r2))) + c(r2 ) i )
s€(—p,0)

where we use Young’s inequality, Lemma 2.7 and Remark 3.4.

t t
s <cf / / O(u, VVb) jgPdrdr| + | / / O, VBV jdxd|

t
+c|//Q(u,Vb)ng02dxdt|

—p

¢ / lull ooy V200l 2 @l LodT + / il 2oy I VDO 41V ol 2dT
—p —p

+e / el 5oy IVOV @I 2 1Ll ad.
—p
Recalling that V - b = 0, we obtain —A(9;bp) =V x V x (3;bp) — V(9;b - V). Using Calderén-
Zygmund’s inequality [29], we have

IV2boll 2 < clIVVBO) 12 + €l VDI 125 I V@Il 0
2

<c Y NIV x @b@) 12 + el Vbl 2¢p(ryy | Vol L
i=1

<cllVjgl2 + cllVbl 2(pgp I Vol

Thanks to Gagliardo-Nirenberg’s inequality, we obtain

1 1 1 1
lils <clliel Vil + 11321Vl )

18
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and
IVbollps < cllV@) g4 + clibllpapppn IVellLe
Sclljellips +cllbliaepy IVelLe.

Combining the above estimates and using Young’s inequality, we see that

t 13
1 : _ _3 .
1< 5 [ 19500 +e+ 2 =) =07 17
o —p

t
1 _ _3
<Z/||W<p||izdr+c(1+(rz—m "+ (ra—r)72)
—p

by the aid of Lemma 3.1.
Inserting the estimates of I; — I5 into the right side of (3.6), we get

ess supye (.0 1072501y + 17 O 17250,
< Less sup o (lo)17, F 1732500 F D=7 500 F 17 (=325,
2 s€(=p.0) L2(B(r2)) L2(B(r2)) L2(B(p)) L2(B(p))
2
+c+c@ra—r1)7 5.
Thanks to the assumption in Theorem 1.1, we have (u, b) € C([—p, 0); WZ’K(B(,O))) and thus

(w, j) e C([—p, 0); wl« (B(p))). By the continuity of (w, j) in time and an iteration argument,
we deduce that

ess supse(—p.0) (10 ()72 5y, + 17 172050,
_2 .
<@ =73 U0 P72 + 17 P32 5, +©)-

Therefore, for any 0 < r < p, we have (w, j) € L*(—p, 0; L?(B(r))). Furthermore, in virtue of
(3.6), we obtain Vj € L%(—p,0; L2(B(r))) for anyO<r<p. O

Lemma 3.5. Under the assumption of Theorem 1.1, for any 0 <r < p, we have b €
L®(—p,0; L*°(B(r))) and Vb € L>®(—p,0; L1(B(r))) for2 < q < oo.

Proof. Let 0 <r < r; < p be arbitrary chosen. Let ¢ € CZ°(B(r1)) be a cut off function such
that 0 < ¢ < 1 and ¢ =1 on B(r). We rewrite (3.2) as

(bp)r — A(bp) =b -Vug —u - Vbp —2VbVe — bAg. (3.13)
Writing this equation under its integral form, for t € [—p, 0), we have

19



J. Wu, J. Zhao and D. Zhou Journal of Differential Equations 453 (2026) 113835

t
bty =" (b(=p)p) + / 17O ((b- V) (D)g — (- Vh)()g
P

—2Vh(t)Ve — b(r)Aw)dt. (3.14)
Then we estimate

6@l e

t
<lb(=p)plle + / =% (b -V (@)p — (- VB)(D)g

—p

_OVb(1)Ve — b(r)A(p> [ LodT

t
< Nb(=p) L= +C/(t - T)_% (b Vu)(t)p — (u-Vb)(T)p
—p
—2Vb(1)Ve —b(1)Ag] yd

t
2
<cte / (t = 3 UBO) | s 5oy IV @l 12
—p
I oy I VO N2 + IVBEVel 3 + 16l 3de.

Similar to inequality (3.9), we have
IVupli2 < cllogllp2 +cllull 2 gy lIVellLe,
IVboli 2 <clljelizz +clbllp2gop I Vel

and

VbV <cljol : b - V2p|| 0.
IVBVell, 3 <clljell 3 +elbl 3 1Vl

As a consequence, for any 0 < ¢ < p, we obtain

161l Loo(—p,0; L (B(o))) < €

by making use of Remark 3.3.
By virtue of (3.14), for ¢t € [—p, 0), we have

t
V(b(1)p) =TIV (b(—p)g) + / Ve~ (b Vi (0 — (- V) (D)9
P

_OVh(1)Ve — b(t)Ago)dt.

20
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Let 24 <5 < 2. Then we have
q+2

IV(B@O)@)llLa

1
<IVO(=p)p) Lo + / 1Ve“"4 (b Vuy(®)g — (- Vb)()g

—p

—2Vb(t)Vy — b(‘L’)A(P) | Ledt

1

t
<c+c/(r — ) T (b Vu)(t)g — (- V) (D)
—p

—2Vb(1)Ve — b(t)Ag| LsdT

t

11

<c+c t—1) 274 s(|b(z 5 Vu(t o0

< /( ) WOz 192 ol
—p

Hlu @Il 2
L2-s

Vb T o) + Vb T V s
(B(rl))H Ol2@eylele VB 2B )l </)||L227_S

HIB@ 2801 1801 2 )dT

<c.
Therefore, we prove Vb € L®(—p,0; LY(B(r))) forany0 <r <pand2 <g <oco. O

In order to obtain better estimates for w and V2b, we borrow some arguments used in [19]
and then use iteration inequalities to prove the following lemma.

Lemma 3.6. Under the assumption of Theorem 1.1, then for any 0 < r < p, we have
w € L®(—p,0: LY(B(r))), Vu € L®(—p,0; L1(B(r))), u € L®(—p,0; L*(B(r))), V?b €
LPY(=p,0; LI(B(r))) N LP2(=p,0; L*(B(r))) and (p,Vp) € L®(—p,0; L1(B(r))) for any
l<pi<2and?2< py,q < oo.

= e
Remark 3.7. Let y =46 + T > 0. Here y can be chosen close to 0. From the (3.17),

we can choose § small enough and g1, ¢ large enough so that y close to 0. Here Lemma 3.6
. . 0 y
holds just asking for f_p |w(f)|BM0(B(p))dT < 400.

Proof of Lemma 3.6. Let 0 <7 <r| <rp <o < p. Let ¢ € C2°(B(r2)) be a cut off function

such that 0 < ¢ < 1and ¢ =1 on B(“F2) and |Ve| <c(ra —r1) ! and [V2g| < c(rp —r1) 72
By virtue of Lemma 2.5 and (3.13), we obtain

t t
/ IAMB@E)IThdT < cIVb(=p)@) Ty + ¢ / (b - V)@l 7y + (- Vh) (el
—p —p

V() Voll7 + I1b(T) Agll7)dT. (3.15)

21



J. Wu, J. Zhao and D. Zhou Journal of Differential Equations 453 (2026) 113835

We rewrite (3.4) as follows:
(wp); +u-V(wp)=b-Vjp+u-Voo. (3.16)
Multiplying equation (3.16) by wg|we|?~2, and integrating on B(r;), we have
1d g . g—1 g-1
;allwwllm <Nb-Vjelrlloplp, + llu-VeollLdlloell,
Then,

d p1—1 pi—1
Ellwwll <cllb-Vielwallopllys  +cllu- Vool Lalloell; 4

Integrating in time on [—p, 0) and applying Young’s inequality, we have

lo®ellyy < lo(—p)ellhs +c / D175 (5o IV 0114 + Nl
e 5oy IVOITS 0117 5y AT
Thanks to

IVuglle < clloglire + cllull Loz | Vol L,
IVjele < cllVZB@)| e + VbV La + c|bV3¢]| La
< clABP) L + Vbl LaIV@llL + cliblla Vel Lo,

and ||b|| Loo(—p,0;L(B(o))) < ¢, for some small enough positive constant §, we have

lo@®ellh
<lo(=p)elll} +c+c/(||<b V) (D)l + [l - V) (T)ell7)
—p

+HIVB(@)VelTs + Ib(T) Aplfy)dT

e / (o174 + 115 oy | V@15 NN LD (500
<cte / 1ol by (1 + Nl 3y | VRl )T

+/<||wni +IV2l7h)dr

22
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<cHcera—r) P 4ery—r) 2P

t
=5 _
+oswp oI e, / 1) gy (1 + (2 = 7Pl P )7
s€(=p,0) N
1 _ _
<5 sup ||w(s)||ili(3(r2)) +ctclr—r) P +c(ra—ry) 2

2 s€(—p,0)

t
+( [ o]’ A+ (ry = 1) P || P oy )AT) T
@) BpmoB(p)) r2—r1 Ull Loo(B(o))) AT
—p

by using Lemma 3.5, Lemma 2.7 and Young’s inequality. Let 0 < 0 < p. Let ¢ € CZ°(B(0)) be

a cut off function such that 0 < ¢ < 1,4 =1 on B(o). For some large enough positive constant
q1,q2, we have

_n92-21 gy
||u||LOO(B(r2)) § ”ulﬁ”Loo < C||uw||21qfiz+2(flz—ln) ||V(M1ﬂ)||zquZ+2(qz_ql)
2g) 295 200
<elloy 7™ 4 lull i e IVl

919242092 -91) 2y
<clp 2 ||C0||BMO(B(p)))qwerZ(qz*q]) +c

by virtue of Lemma 2.7. Thus,
llo el 4

< 3 sup ||a)(s)||{l,(B(r2)) +ctclrr—r) P+l — ,,1)—2171
s€(=p,0)

t
2
_h il
He(l+ (=) 7 )( / o) 1541 0(8(p)dT)

—p
2 2p192
_h S+ e PL
tera =)0 ([ lo®) | pyoises " d0) 7. (3.17)

—p
Using Remark 3.7, we see that
ess suPse(—p.0) 0174 5
i i
< Eess SuPsE(—p,O)||w(s)||Lq(B(r2)) +c+c(rp—r)™ 3.
By using a standard iteration argument, we deduce that
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€8S SUPse(—p, 0l (s) ”ilq(B(r))
2

_h
<clo—r)y 7.

Therefore, we obtain || (s) || 100 (- p,0;L4(B(r))) forany 0 < r < p. Furthermore, by virtue of (3.15)
and Lemma 3.5, if 1 < p; < 2,2 < g < 00, we can prove V2B (s) || Lr (—p,0;La(B(r))) Tor any
O<r<op.

By virtue of Lemma 2.5 and (3.13), we also obtain

t
/ IAGE@|72dr

—p
t

< cllAG(—p)) 17 + C/(Il(b V) (©)ellT% + - VB (D)l Tx
—p

+HIVB(@) Vel + 1Ib(T) Apl77)dT

<c.

As a consequence, we have ||V2b(s) lLr2(=p,0;L%(B(ry)) for any O < r < p and for any 2 < pp <
0o. Now we estimate the pressure p. Applying V- to (1.1);, we have

Ap=V-(b-Vb—u-Vu). (3.18)

Multiplying (3.18) by pv/2, integrating in x and applying integration by parts, we obtain

/|Vp|2w2dx+2/Vp-prwdxzf(b-Vh—wVu)~(Vp¢+pV1p)dx.

Then,

1
IVPY Iz < SIVPU G + el VI +clb- Vb —u - Vulls g, .

Therefore, for any 0 <r < p, [IVpllpo—p.0:L2(B(r))) < ¢- By interpolation inequality, we have

Il oo (—p.0: L (B S €
Multiplying (3.18) by , it yields

A(pY) =2V - (pVY) = pAY +V - ((b- Vb —u-Vu)y) — (b- Vb —u - Vu) - Vij.

Using Calderén-Zygmund’s inequality [29] and the following Hardy-Littlewood-Sobolev in-
equality

_ 1 1 s
I(=A) " flliLawny S I fllLr@ny, Where it 0<s<n

for any 2 < g3 < 0o, we have
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IVprllLes
<cllpVylLs +cllpAvll %JrCII(be—u'VMWIIqu
L9
+cll(b-Vb—u-Vu)Vyr|| 245
Lq3+2
<c.

This completes the proof of the lemma. O
Using the similar argument in [36], we have

Lemma 3.8. Under the assumption of Theorem 1.1, for any 0 <r < p, we have Ab €
L>®(—p,0; L“(B(r))) and V(Ab+b-Vu) € LP(—p,0; L“(B(r))) for 1 < p <2.

Proof. Applying -V and A to (1.1); and (1.1), respectively, and multiplying (1.1), by Vu,
then adding the resulting equations together, it yields
(Ab+b-Vu); — A(Ab+b-Vu)
=—b-Vu-Vu)+b-Vb-Vb)— (u-Vb)-Vu+(b-Vu)-Vu
+Ab-Vu—b-V(Vp)—A(u-Vb). (3.19)
Let0 <r <ry < p.Letp € C°(B(r1)) be a cut off function such that 0 <o <1 and ¢ =1 on
B(r). Multiplying (3.19) by ¢, we obtain
((Ab+b-Vu)p), — A(Ab+b - Vu)g)
=2V - ((Ab+b-Vu)Ve)+ (Ab+b-Vu)Ap —b - V(- Vu)p) + (b- Vo) (u - Vu)
+b-V(b-Vb)p —(u-Vb)-Vup+ (b-Vu)-Vug
+Ab-Vup —b-V(Vpp)+b-Vo(Vp) -V - (V(u . Vb)(p) + V(u-Vb)Ve.

We write this equation in its integral form, for ¢t € [—p, 0) we have

(Ab+b-Vu) (1)

t
=ePTA(Ab+b - Vu)(—p)g) + / =N ( —2V - ((Ab+b - Vu)(r)Vg)
—-p
+(Ab+b - Vu)(t)Ap — b(t) - V((u - Vu)(1)g) + (b - V) (T)(u - Vu) (1)
+b(t) - V(b -Vb)(t)p — (u-Vb)(t) - Vu(t)p + (b - Vu)(t) - Vu(r)e
+Ab(7) - Vu(r)p — b(7) - V(Vp(r)) + b(7) - Vo(V p(T))
-V. (V(u . Vb)(t)go) +V(u- Vb)(r)Vgo)dt.

We estimate
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(AL +b-Vu) )| L«

t
<IBb+b-Vu=pplis + [ = 07F (186 +b- T (@) Vs

—-p

HIo(@) W - Vu)(Delle + [V - VD) (©)gllLe + ||b(f)vp(f)§0”L’<)dT

t
+/ [(Ab+b-Vu)(t)Agp + (b-Ve)(T)u - Vu)(t)+b(t) - V(b -Vb)(T)p
—-p
—(u-Vb)(t) - Vu(t)p + (b - Vu)(z) - Vu(t)p + Ab(t) - Vu(t)e
+b(7) - Vo(Vp(r)) + V(u - Vb)(1)Ve| 1cdT
<ec.
As a consequence, Ab + b - Vu € L®°(—p,0; L“(B(r))). By Lemma 3.6, we have Ab €
L>(=p,0; L“(B(r))).
Furthermore, we estimate
V(AL +b - Vu)p)llLr(—p.0;L%)
Scl(Ab+b-Vu)(=p)llLe + 1(Ab+b - Vu)VollLr(—p.0;1%)
H1b - Vu)pllLr(—p,0.0¢) + IV - VD)ol Lr(—p,0:1¢) + 1BV p@llLr(—p,0.1¢)
+(Ab+Db-Vu)Ap+ (b-Vo)(u-Vu)+b-V(©b-Vb)yp — (u-Vb) - Vugp
<c,

where we use Lemma 2.5.
This completes the proof of this lemma. O

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. In order to prove (1.5), we need to estimate high order
local estimates of (u, b) or (w, j). Here we can use the special structure of 2D resistive MHD
equations to deal only with the vorticity equation. Due to the localization of (1.1), it seems diffi-
cult to estimate directly the convection term u - Vw. We borrow the arguments [12] to transform
equations (1.1) into new equations to avoid this difficulty and use a iteration scheme of the Gron-
wall type to prove the conclusion.

Proof of Theorem 1.1. Let 0 < r < p be arbitrarily chosen. Let us choose —p <t < 0 such
that

1 2 n—1
P (=172 — 4 > 0. “.1
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Let t' < tp < 0. Consider the transformation of (u, p) — (v, P) defined by v(y, ) = u((1 +

(—f)%)yvf) = u(x,t) or v(y,t) = v(——,1) = u(x,t) and P(y,1) = ——p((1 +
1+(—1)2 1+(—1)2
1
(=1)2)y,1). Let g := —2—— > 5. Using Lemma 3.6, for 7 € [19, 0), we have
(1+(=10)2)
lv(®) - yllLo(B (o)) < Co. 4.2)

Here we can choose |ty| small such that o > r > % is arbitrarily chosen.
I (v.0) € (B@)\ B(p/2)) x (10, 0), we have

2

P 4000y 2 20 v -y

2 2 4

> (50207 —ae0) > (5217~ deo) >0,
4\2 41\2

by using (4.1) and (4.2). As a consequence, for (y, ) € (B(Q) \ B(p/2)> X (tg, 0), we see that

307 Py +un
1+ (=02

y > 0. 4.3)

Using the chain rule and noting that x = (1 + (—t)%) v, equation (1.1); turns into the following
equation

1
1 -2

Lt 1
ov(y, 1)+ 2(7)1y “Vyu(y, 1) + ———v(y, 1) - Vyu(y, 1) + Vy P(y, 1)
1+ (—1)2 1+ (—1)2

=b(x,t) - Vyb(x,1),

which hold for (y, t) € B(p) x (fg, 0). Denote Q(y, ) = Vylv(y, t). Thankstox = (1+ (—t)%)y,
we have

L2 L_p—4
&Q(y,t)_,_ﬂ—t)iy.vyg(y,t)

32y, 1) + 1
14+ (—1)2 1+ (=02

1
+——v(, 1)V, Q(y, 1)
14 (=1)2

= (1+ (=0 D)b(x.1) - Vs j(x. 1))
=1+ (=09 (b1 (5, DA (x, 1) = ba(x, DA (x,1)

= (14 (=) (b1, D (Aaba(e, 1) + b, 1) - Vaana (,1) ) )
—(+ (—r)%)(bz(x, t)(Axbl(x, 1) +b(x.1) - Vyouy (x, r)))
1+ (—t)%)(bl(x, Db, 1) - Vour (X, 1) — by(x. 1)b(x. 1) - Viuy (x., r)). (4.4)
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Applying the operator 9, to (4.4), it yields

(-3
atay[Q(y7 t) + —lay,‘Q(ya t)
1+ (—1)2

1 _1

=3
+ 2 -V, Q(y, 1)
1+ (—1)2

1
+———v(y, 1) - V,8y,Q(y, 1)
14 (—1)2

1
=) Vy Q0. 1)
1+ (=1)2

(1 (=020 (b1 (e, D (A2 (6, 1)+ bx, 1) - Vata (1) ) )

—(1+ (=01)28,, (bz(x, t)(Axln(x, 1)+ b(x. 1) - Ve (x, t)))

(0 + (—t)%)z(ax, (b1(x, Ob(x, 1)) - Veta (x, 1) + by (x, b (x, 1) - VO ua (x, z))

(14 (—z)%)z(ax,. (b2(x. B(x, 1)) - Vetty (x, 1) + bo(x, )b (x. 1) - Vg1 (x, r)).
4.5)

Let

fiiGea0) = (L4 (=)0, (r (v, Asba(r, 1) + b0, 1) - Vaa (1)) ),
faitra1) = =1+ (=0 )20y (b2 ) (Acbr (6, + b, 1) - Vi (x,1)) ),
faitra1) = =1+ (=020, (b1, Db, 1)) - Vata (. 1),

fuir, 1) = (14 (=002, (bar, DB (x 1) - Vi (x,),

gl(xv t) - _bl(xvt)b(x7 t), 82()6’ t) :bZ(xs t)b(xv t),

and Fji(y.1) = f3i((1 + (=1)2)y.0). Gi(y.1) = gi((1 + (—1)2)y. ). Then (4.5) turns into the
following equation

1 _1
(-1)"2 I1(=n"2

80y, Q(y. 1) + ——— 0, Q. 1) + Ty Vydy, Q. 1)
14+ (—1)2 14 (—1)2

1
+———v(y, 1) - Vydy, Q(y, 1)
1+ (=1)2
4

1
=) TR > Fji(y1) + Gi(y.1) - Vydy, v2(y. 1)
—t)2 P
j=1

+G2(yvt) . Vyay,-vl()’at)~ (46)
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Seto = HTQ, and define
Fmi=r+ (@ —r)(1-0™), meNUJ|0},
for some 0 < 6 < 1. Itis easy to see that ro =r,
Fmal —Im = (6 —r)0™(1 —0),

andr, /0.

Let ¢, € C*°([0, 400)) denote a cut off function such that 0 < ¢, < 1 on [0, +00), {, =1
on [0, 7], &m =0in (ry41, +00),and 0 < —¢,, < rm+127r,,, - (Gir)z(lig) (é)m. For convenience,
we omit subscript y. Let ¢, (y) = & (|y]). Multiplying both side of (4.6) by 09; S2|VQ|"_2<,0;,‘1 and
integrating on B(7y,+1), then summing over i = 1, 2, it yields

1
1d 1. (=12
——[IVQ®O @l + (1 = =) ———— / V()| g dy
K dt K14+ (—1)2

B(rm+1)

L4 -3 + v(t 1
2D VO L G amre e (yhdy

1
1+ (=1)2 [¥]
B(rm+1)\B(rm) +( )2
2 4
1
- Z(_glaiv(l)'VQ(t)+ E Fji(t) + G1(t) - Vjua (1)
i=1 1+ (=12 —
B(rm+1) J

+G2(1) - V1 (0) 9 20|V gl dy

4 2

< elVUIL2 B IVl +¢ YD I Fjigmll e I VR 5!
j=li=1

+e| V2ol e IV Qe 171! 4.7)
by applying the integration by parts and using Lemma 3.5. Noting that B(r;4+1)\B(rm) C

B(Q)\B(%) and ¢,, < 0, the third term on the left side of (4.7) is nonnegative by using (4.3).
As a consequence, we obtain

4 2

d
3 IVl <Vl IV0nlls +¢ 33 IFjiomlis
j=li=1

+clI V0@ |l k. (4.8)

Integrating on (g, t) for fo < ¢ < 0, we find that

t
IVQ@ @mllLe < IVE(H0)@mllLe +C/ V(D% (B V(D)@ [l e dT

fo
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+e / ZZ 1Fji (@)l edT + ¢ / 1V20(0) g | o d.

tojlll

Similar to inequality (3.9), we have

IV20(O)@mllLe < clIVRO@mILe + VU e By 1 VOmllLo-

Combining the two inequalities above, we see that

V20 ()@ |l ¢

c L.,
<cllVQE)emllLe +c + m(g)

+C/(HVU(T)HLO"(B(rmH)) + DIVZ0(D)@mllLedr

fo

C
< (5)'" +C/(||Vv(f)”L°°(B(rm+1)) + DIIVZ0(D)@nlledr (4.9)

fo
by using Lemma 3.6 and Lemma 3.8. Here we have used the following bound

t

4 2
/ S IF i (D gmlle dr <c,
i=1i=1

t()]

where 1 <1+ (=2 < c(p) and c(p) depends only on p. This bound can be obtained by a
change of variables and applying Lemmas 3.6 and 3.8. For instance,

/”Flz(f)§0m||L" dr </||3x, (b1(x, )(Axba(x, 1) +b(x, 1) - Viua(x, 1)) g By dt
—p

for some 0 < r < p. Lemma 3.8 ensures that V(Ab+b-Vu) € L?(—p,0; L“(B(r))) for1 < p <
2, from which the desired estimate follows. By virtue of Lemma 2.6, Lemma 2.8 and Lemma 3.6,
we find that

IVU(T) Il Lo (B(rpir))
< (14 Vo) Bmosoy) logle + ||V u(T) 2% By T IVVO 2B 1))
Sc(L+ IVl gy + V(D BMOB(0))) logle + V20 (T) @1 | 16).- (4.10)

Now we estimate |Vv(7)|pmo(B())- Let n € C*([0, +00)) be a cut off function such that 0 <
n < 1in [0, +00), n=1on [0, ZID7] =0 in (*T7 1 00), and |n/] < L. Let y(y) =
n(ly]). By means of Jensen’s inequallty we get
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sup ][ [Vu(t) — (Vu(T)) B(o)nB(z,0) 1Ay
z€B(o)
0<s<20B(0)NB(z,s)

< sup ][ ][ [Vu(y, 7) = Vou(y', ©)|dydy’
z€B(0)
0<s<20B(0)NB(z,s) B(6)NB(z,s)

< sup ][ ][ IVu(y, ) — Vou(y', 7)|dydy’
z€B(0)
s> ﬁGB((r)ﬂB(z,s) B(0)NB(z,s)

+ sup ][ IVu(y, 1) — Vu(y', r)|dydy’
z€B(0)

0<s< iGB(a)ﬂB(z,s) B(o)NB(z,s)

<c®IVo@liLipey +¢  sup ][ [(Vv(@) ¥ — (Vu(T)¥) Bz,s)[dy.
z€B(o)
O<s<21—kUB(Z’”")

Choosing k large enough so that (’%1)20 < 0, it yields

IVv(T)|BMO(B©0))

S c®NIVVDL1(Bey T V(@Y I pyor?)

<eMIVVO 13y + ¢ ®) (14 IV ) (1R gar o0t o)

-1 -2

+o |V x U(T)”L2(B((%)Zg)) +o ”U(T)”LZ(B((k%I)ZU))))
el VYL 10 o k2

< @IV aie + @ (1+0 199 = ) (1RO Broo)

+0 Y X 0O 2ttty +0 IO 205000
+C||V¢ ||L°° “v(f) ”LOC(B((I‘](L])ZJ)))

< eIV L1 30y + ¢ ® (0@l BM0B)

+o IV x u(@)]| +072||u(f)||L2(B<<p)>))

LZ(B((1+(—I)%)(I%1)20))

+e(k)o ur 1
) € )”LOO(B(((1+(—1)7)(%)2U)))
<c(lw(@)BMo®Bp) + D, 4.1D)

where we use Corollary 2.12, Lemma 2.8, Lemma 2.9, Remark 3.3 and Lemma 3.6. Combining
(4.10) and (4.11), we have

V(@) Lo By < C{l + Iw(f)lBMO(B(p»}lOg(e + V2@t [l 10).-
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This together with (4.9) yields
e+ V2009l e

t
c
< (5)’” +c/(1 +lo @ BmoBE)) (€ + V0@l L) logle + [ V20(T) @41l )dT
fo

= X, (2). 4.12)

As a consequence, we have the following differential inequality

X5 (1) < c(1+ 00 8M0B(0)) Xm () 10g(Xm41(1)).

Let Y, (1) =log(X,, (¢)). Then

Y, () <c(1+|o®)|BmoBp)) Yme1(1).
Integrating the both sides over (¢, t) with fp <t < 0, we arrive at

t

C
Volt) <mlog & + / c(1+ [0 8305 Y1 (D).

]

We now verify that the sequence Y, (¢) satisfy the condition (2.2) in Lemma 2.13. In fact, from
(4.12), we have

Yo (1) =1og(X (1))

5]

C
<mlog 5 + log </C(1 + |a)(T)|3M0(B(p)))d‘[)

]

X sup log{<e+||v2v<r)¢m||mlog(e+||v2v<r)<om+1||m}>+1

fo<s<t
<ml ¢
<mlog —

0

1

+clog (/(1 + 10 (T)BMO(B(p)))dT) log{ sup [|V20(s) ||z« (B(o)) + 6’}) +1
1

0<s<t
0]
<M@®)" < +o0,

forallm e N and 1 € [tg, 1).
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Using Lemma 2.13, one has

log(e + sup IVZ0(D)llLx(B(o))
Te(—p,1)

< Yo@)

t

¢ "4 d
<log§/c(1 + |w(T)|BM0(B(p)))dTef’0( lo@lsmo@Ende

fo

This yields

sup  [IV2u(® e sy < sup V200 k(g < +00-
te(—p,0) te(—p,0)

This together with Lemma 3.8 completes the proof of Theorem 1.1. O

5. Proof of Theorem 1.2

In this section, we prove localized version of non blow up criterion in [2], namely Theo-
rem 1.2. Similar to the proof of Theorem 1.1, in order to prove (1.8), we need to estimate high
order local estimates of u or w, namely ||w ()|~ and ||Vw (t)¥ ||« . Consequently, we obtain
new iteration inequalities to get the conclusion where the iterated integration balls are depend on
time.

Proposition 5.1. Under the assumption of Theorem 1.2, it still holds for Lemma 3.1, Lemma 3.2,
Remark 3.3, Lemma 3.5, Lemma 3.6 and Lemma 3.8.

Proof. Noting that |w(t)|amo(B(p)) < cllVu(t)llz>(B(p)). According to Remark 3.4 and Re-
mark 3.7, we need only to re-estimate /; and I4 in Lemma 3.2.
Similar to (3.8), for some large positive constant g, we have

2q9—4

q
il ooy < a2l < cluy 2104 1V @y >||3" -
<c<||ww>||3‘f fs ||mﬂ‘1||3" 4||V1/f||3‘1 D)
<e(|Vul 2‘2023(,,)) ATl o,

where we use (3.10). Applying Young’s inequality, we obtain

q -
lwll Lo (Bryyy < Ut 2 [l zoe < el Vul] Z%O(B<p)) +ec.
Therefore, we have
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1
1< s BoOI g+ etz =) i / AVal 2T+ eydn)i

s€(—p,0
—p

1 _2
<7 S 0O, + o2 =) (5.1
s€(—p,0)

by using (3.7), (5.1) and the assumption (1.7). Here we can choose g large enough such that

1) + 3 4 < ;
Thanks to (1.7), we estimate I as

t
|I4|:4|//b-Vg0jw<pdxdt|
—p

¢ / il ||CU||L4(B(r2)) ||b||L4(B(r2)) Vel redt
—p

1
<= / 150 2101 2 1V i 0T
—p

1
g Z ge(suf: 0)(”0)(5) ||L2(B(r2)) + ”.I (S) ||L2(B(r2)))

1
+c(ry — I‘])_4(/ ||Vu||iw(3(p))dt)4
—p

1 _
<3 50 (M0 F2g0)) 1O F2pgy)) +e2 =™
s€(=p,0)

Once these two bounds for I; and I are established, a complete proof then follows from Sec-
tion3. O

By means of Sobolev’s embedding theorem, we deduce from Lemma 3.8 and Proposition 5.1
the following corollary.

Corollary 5.2. Under the assumption of Theorem 1.2, for any 0 <r < p, we have Ab+b -Vu €
LP(—p,0; L®(B(r))) for1 < p <?2.

We now prove Theorem 1.2.

Proof of Theorem 1.2. For simplicity, we use all notations from (4.1) to (4.6). Let 0 <r < o

be arbitrarily chosen. Let % <r < ri<r<p <o LetpeCP(r)and0<p <1, p(x)=1

for z € B(ry). Set ¥ (x,t) = go( ). Thanks to V - u =0, we see that —A(uyy) =V x V x
t)

(uyr) — V(u - Vif). This combmed with (2.1) and Lemma 2.2 yields
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IV @) L
N—-1
<NA V@)l +c Y 1AV x )| Lo
j=0
N—-1 00

e Y NA @V lie + Y IIA; V@) e

=0 j=N
N-1

<clla i@l +¢ ) 1A @)L

j=0
N—-1 00
+e 3 2E A V@ V)l + 3 26 AV ) e
j=0 =N
<clluy iz + Nyl + c(IVuVylize + [uv>y iz
2OV V2 e

Choosing 2G=DN (o 4 V2ur|e) = 1, we get

V|| oo
<cdclluyllp +c(luVy | e + IVuVy e 4 V2|10
+ellwy || log(e + V2uy || 1)

Cc C
<c+ + >+ cl|Qpll L log(e + ¢[| V2vel| r) (5.2)
rp—ry (r—rp)

by taking advantage of Proposition 5.1 and Lemma 3.6. Thanks to (4.4), we have

L2 1_p—1%
z(it)zlﬂ(y,t)—i-z(;t)zly-vyﬁ(y,t)
1+ (—1)2 1+ (=12

aZQ(y3 t) +

1
(¥, 1) - V,Q(y, 1)
1+ (=1)2

= 1+ (=0 (b1 0 D (Aaba(e, 1) + b, 1) - Vana (.1 ) )
~(1+ (=02 (b2, ) (Achi (x,0) 4 bx, 1) - Vaanr (x,1)))
—(+ (=0 (b1, Db, 1) - Vaata (8,1) = ba, Db, 1) - Vet (5,1))
Let
fon 0 = (1 + (=0 (b1 0,0 Ao (e, 1) + e, 1) - Vatia(x,1) ) )
1
—(1+ (=02 (b2x, ) (Acb1 (6,1 +b(x, 1) - Vo (x,1)))
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1
and F(y,1) = f((1+ (=1)?)y, ). Then,

Jn (=

1
W, D+ Q)+ Ty Vy Q)+ ————v(0, 1) - VyQ(y, 1)
1+ (=1)2 1+ (-0)2 1+ (-1)2
=F(y, 1)+ Gi1(y,H)Vyva(y, 1) + Ga2(y, HVyv1 (¥, 1). (5.3)

Let n € C*°([0, +00)) denote a cut off function such that 0 < n < 1 on [0,+00), n =1 on
[0,71], n =0 in (r3, +00), and 0 < —1’ < r2 = . For convenience, we omit subscript y. Let

©(y) = n(ly|). Multiplying both side of (5.3) by Q|Q|q_2(pq for g > 2 and integrating on B(r2),
then summing over i = 1, 2 and applying the integration by parts, we find that

1d —t) 2
——lIR@)el], +(1——)7( ) /lQ(l)lq dy
q dt 14 (—1)2

L=t~y +(t 1
_ M y—|Q(1) |99~ ln’(lyl)dy

I+t Dl
B(r)\B(r1) + (=02
= [ (FO+ 6107020 + Gatt)- Vo) 20120012y
<l FolualQolfy' +clVopliiIRell; ",

where we use Proposition 5.1 and Lemma 3.5. Since B(r2)\B(r1) C B(Q)\B(%) and n’ <0, the
third term on the left side of the inequality above is nonnegative by using (4.3). Consequently,
we obtain

d
3 190elle S clFolla +clVogliLa. (5.4

Integrating on (¢, t) for #p <t < 0 and letting ¢ — 0o, we have

I2(D¢llLe < [1S2(f0)¢ |l Lo +c/(||Fg0||Loo + IVvgllLe)dz. (5.5)

Similar to (4.8), we have
4 2

d
3 IVROPILs <ellVVllemen VR0l +¢D 0D I Fjiglus
j=1i=1

+cll Vvl e
Integrating over (f, t) for o <t < 0, it yields
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IVl < [VQ(0)¢] e +C/ V(D) LB IIVR(D)@| LedT

fo

/ ZZHF,Z(r)gonudwc / IV20(0)p|| e d. (5.6)

tn J= 1i=1
Similar to inequality (3.9), we have
IV2u()elle < cllVRO@llLe + VU@ | x B | VOl oo (5.7)

Combining the two inequalities (5.6) and (5.7), we see that

C
IV2u(t)gllx < c+ i / VOOl (B()) + DIV ()@l pedr,

to

by virtue of Proposition 5.1, Lemma 3.6 and Lemma 3.8. Using Gronwall’s inequality, we have

c - ! 0
IV2u(®)ellLe < (c+ H)e‘ﬁo(”v”(”‘“ By tHAT (5.9

This combined with (5.2) and (5.5) yields

Vuyr|iLe

Cc

t
c
<et Sy eIl + [AFplL

rn—ri (rn—r)?

1
C
HITplldr) (logle + )+ ¢ [AVUO iy + i)
1

C
<ot et =) [IVu@ i de
rp —ri

(ra—r1)?

+c( / IVU(T) || L0 (B(rp)) dT)>

c c
<c+ + (c+ / Vu(r 1 dr
h (ra —r1)? ( r —rl) IVut )||L°°(B((l+(—r)2)r2))
Iy

t
+C(/ Vu()|l

1 dr
L®(B((1+(=71)2)r2))
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Letty < Ty < 0, where Tj is a constant determined later. Thanks to Sobolev’s embedding theorem
and the assumption u € C([—p, 0); WK (B(p))), then

IVui| =
Ty

C C
<c+ + (c+ (/ Vu(r 1 dr
h (ra—r1)? ( ”2_r1) IVa )||L°°<B<(1+(fr>5)r2>>
fo

t Ty
+ [ IVu(r 1 d‘C>+C/ Vu(r y do)?
/” ()||L°°(B((l+(—r)2)r2)) (1l ()||L°°(B((1+(—T)2)"2)) )
fo

To
t
+c( / Vu(t) 1 do)?
| ( ”L°°(B((l+(—f)2)r2)) )
To
c(Ty)
<)+ ———=
(ra—rp)?
t
c i 1
+(c+ )ess sup;ez,.0) | Vi (s) |l | (IIVu(t) || L B(py)) 2dt
r—r L°°(B((1+(—S)7)r2))T
0

ess sup, \Y
+c pAE(TO>O)|| M(S)”LOO(B((1+(7s)%)r2))

t 1 5
(/(||V”(T)||L°O(B(p)))7df) ,
Ty

where ¢(Tp) is a constant depending on Ty. By virtue of (1.7), we can choose Ty such that

t
1 1
cg/XMVu<rnup«Bg»»zdr)2< 7
To

Consequently, using Young’s inequality and (1.7), we have the following new iteration inequali-
ties

€ss su Vu(s
Pse(ry,0) I Vil )||LOO(B((1+(_X)%)“))

Cc

+tct+t——. 5.9
Lo (B(14+(—)2)ra)) (ra—r1)? 69

1
< Eess SUPse(7y.0) IVu(s)||
Consider the sequence &; such that &y = r and
v —& = —u'(p' =1)
with 0 < u < 1. From (5.9) by induction we obtain
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e85 SUPse (0 IVH O e 514 oy

m—1

1 1 : c
< —ess su Vu(s +c+ — 2y
S om Psery,0) I Vel )||L°°(B((1+(—s)%)ém)) ;(2#« )

(1= )2 —r)?

2

Choosing u such that %,u’ < 1 and letting m — oo, we have

ess Supye(r,,0) VU ()l Lo (B(r))
< ess su Vu(s
Pse(To,())” ( )||L°°(B((1+(—s)%)r))
n c
=7

<c

for any 0 < r < p’. This combined with the assumption u € C([—p, 0); W“(B(p))) yields
Vu e L®(—p,0; L*°(B(p))) for any 0 < r < p. Furthermore, by (5.8), we have

sup  [[V2u(t) |l e By < +00.
te(—p,0)

This combined with Proposition 5.1 and Lemma 3.8 completes the proof of Theorem 1.2. O

6. Proof of Theorem 1.3
In this section, we will prove Theorem 1.3. First we give the following proposition.

Proposition 6.1. Under the assumption of Theorem 1.2, it holds similarly for Lemma 3.1,
Lemma 3.2, Remark 3.3, Lemma 3.5, Lemma 3.6, Lemma 3.8 and Corollary 5.2. In particular,
we have

“(ua b)”Hl(—p,O;LOO(B(gp))) < C(E), ”b”LOO(_p’O;LOO(B(gp))) < 6(5)7
IVull oo —p.0:L088 1) < € WVl oo 0: 1085 1) < €

1845 Vutll 1oy o 1ooqppyy < € IVAb 4DV 1o pepsopy <€ (6:1)

Jor 1 <p <2andany?2<q < o0, where c¢(¢) is dependent on ¢, p, ||(u(—p), b(—p)l g1 (p(py)
and ||b(—p)|lL=(B(p)) and c is a constant depending on ||(u, b)(—p) w2 (p(p)) and c.

Proof. Similar to the proof of Proposition 5.1, we need only to re-estimate I; and Iy in
Lemma 3.2. Thanks to (1.9), it is easy to prove (5.1) namely the estimates for ;.
Now we re-estimate I4 in Lemma 3.2. Thanks to Lemma 3.1,

t
|I4|=4|//b'V¢ng0dxdt|
—p
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t
<C/ liellLallol 2By 181l L4 (B I V@Il LodT
~p

t
_ - . . 1
<ce(rp—r11) 1/IIJ(pllzz(IIVﬂplleJrIIJV<P||L2)2Ilele(B(rz))dT
—p

t
<1/||V'||2d 4 I
— jelldr+ = sup [w()[7,
S7 L 2,0 L2(B(r»))
-p

t
+e(r—rp™ / (@125 + 17 VP72 5,47
-p

t
I . I . .
<5 / IVj@l7adt + 5 sup (017250, + 117 7250, + €2 =D O
4 45e-p.0)
—p

We now prove Theorem 1.3.

Proof of Theorem 1.3. For simplicity, we use all notations in the proof of Theorem 1.2. Let C be
a positive independent constant. Let rq = % pand rp = %,0. Multiplying (5.4) by —¢, integrating
on (fo, t) for typ <t < 0 and letting ¢ — oo, we have

t
—tIIQ(t)<p||Loo+/|IQ(I)¢Iledr
fo

t t
< —0llR@0)ell L= +5/(—I)IIF§0||L°°dT +C(5)/(—T)||Vv<p||L°°df (6.2)
to fo

by using (6.1). Similar to (5.2) and (5.6), we get by Proposition 6.1

IVvell Lo
<C+Cllvgl2 + CvVeliLe + VoVl e + vV gl L)

+C (|19l logle + [ Vvel| <)
<c+Cl2¢| = logle + Vvl Lr) (6.3)

and

t
V@Ol < IVQ1)ellLs + é/ VO oo g3 pyy I VS2(D @l dT

]
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I 4 2 t
+C / Y D IFi(@¢lledr + c(@) / IV(@)gledr.  (6.4)
: J

i J=li=1
Using (5.7) and (6.4), we obtain by Proposition 6.1
IV2u ()@l

A )

<IVQ0)gllzr +C / 2D IEi@glledr + CIVOO e g3 ) I VOl
1o j=1li=1

t

- / (CIVVO e 3y + @IV 1T

0]
t
< IVQUto)gllLs +c + / (CIVO@) e g3 + €@V V(D@ rd.
fo
Then we have

tC (&
Sy @VV@ s 3 @i

IV2u@)elle < (IVR0)¢ll e + e (6.5)

by using Gronwall’s inequality. (6.5) combined with (6.3) yields
Vvl

t
<c+ ClIQel [ log(lVR0)¢llLe + ) + / (CIVVO oo 3 py) @)

fo

This together with (6.2) yields

t
—t|Q@)¢llL~ + / 1@l LedT
fo
t
< —0lIQE0)¢llL> + ¢ +c(6) /(—T)IIQ(I)wlle log([[VQ(t0)¢ |l e + c)dt
fo

t T
JrC(E)/(—T)IIQ(T)qJIILoo /IIVU(S)IILOO(B(gp))ds dr
fo 10

by using Proposition 6.1. Let #y < #; < t. By the assumption (1.9), we choose 7y so that
supry<t<0(—1)2 | Vu @)l Lo (B(py) < €, then
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1 t
Qe + / 12000l ~dr + / 120)¢]l L~dr
1 1
1
< 10| Qx0)¢ll L + ¢+ (@ / (Il L~ log (| VQ(0) 1+ + )de
fo
t t
@ / (Ol log(IVA)¢ 1 + )t + (@ / 1200)¢ll edr
1 0]

t t
1
<C(to,t1)+C(E)C(lo)/(—I)IIQ(T)wllLoodf + Z/IIQ(f)fplledf
n to

by taking advantage of u € C([—p, 0); WZ’K(B(,O))) for some k > 2. Here c(#y) is dependent on
lu(to) || W25 (B(p)) and ¢ and c(#, t1) is dependent on u € C ([tg, t11]; W2x (B(p))) and c. Choosing

t1 close enough to 0 so that ¢(¢)c(fg)(—7) < % for 11 <t <0, then

t
—1|Q(0)¢llL>~ + / Q@)@ Ledr <c.
fo

Then by the expressions of @ and €2 we complete the proof of Theorem 1.3. O
7. Proof of Theorem 1.4
In this section we will prove Theorem 1.4 by using special structure of 2D resistive MHD
equations which improves partially the nonlocal non blow-up criterion in [2].
Due to H!(R?) — L2(R2)N WK (R2), similar to the a priori estimates in [36] (or see [2,34]),
we have the following a priori estimates.
Lemma 7.1. If (ug, bo) € L>(R?) N W2 (R?) for k > 2, then for any 2 < g < 00 we have
(u,b) € L¥(0,T; H'(R?), Vbe L*(0,T; H'(R?),
be L®0,T; L [R?), Vbe L™, T; L1(R?)).

Similar to Lemma 3.6, we borrow some arguments used in [19] to prove the following lemma.

Lemma 7.2. If (ug, by) € L2(R%) N W2K(R?) for k > 2, then for any 1 < p; <2 and 2 <
P2,q < 00 we have

we L™, T; L1(R?), Vb e L (0, T; LY(R?) N LP2(0, T; L*(R?)).
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Proof. By virtue of Lemma 2.5 and (1.1),, we have
t t
l/HAb@)MZdrécnvhmié+C/ka-Vuerfé+Hw-Vbthfbdt (7.1)
0 0

Multiplying equation (3.3); by w|w|?~2, and integrating over R2, we have

. —1
—allwll}iq b Vjlalleolis
Then,

d 1
— |7t <cllb-Vj | P,
o loll?s l JlLallollzq

Thanks to (7.1), integrating in time on [0, #) and applying Young’s inequality, we have

lo@7s < llwoli +C/(||b|| %IV jll7s + loll7g)de

2
c+c/(|lb|| SNVl 7y +1bI7 % N VEITG ) f s + loll7)de

<c+c/ﬂw§wn

where we use Lemma 7.1 and the following Gagliardo-Nirenberg inequality

lullLe < cllullgz +cllVullLa.
By Gronwall’s inequality, we obtain w € L*(0, T'; LY (R?)). Then, by virtue of (7.1), we have

V2b e LP1(0, T; L1(R?)).
Furthermore, using Lemma 2.5 and (1.1),, we see that

/IIAb(T)IIPzdr CllAbollLHrC/(ll(b Vi) (OlI7% + I - Vb)(0)ll77)dT

<ec.
This completes the proof of this lemma. O

Exploiting the special structure of 2D resistive MHD equations, we have the following a priori
estimates.
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Lemma 7.3. If (ug, by) € L2(R?) N W>*(R?) for k > 2, we have Ab € L®(0, T; L*(R?)),
Ab+b-VueLP(0,T; L*(R?)) and V(Ab+b-Vu) € LP(0,T; L“(R?)) for 1 < p <2.

Proof. We write (3.19) in its integral form, for # € [0, T) we have

(Ab+b-Vu)(t)

t

= e'2((Abg + bo - Vug)) + /e“—fm( —b(1) - V((u- Vu)(v))

0
+b(z) - V(b-Vb)(t) — (u-Vb)(7) - Vu(r) + (b Vu)(t) - Vu(r)
+Ab(7) - Vu(t) —b(r) - V(Vp(r) = V- V(u - Vb)(r))dr. (7.2)

We estimate

(AL +b - Vu)(@)| L«

t
< I(Abo +bo - Vug) |+ + / (t =072 (IO @ Vi) @)l + [V VD)@ 5
0

t
+||b(T)VP(T)||LK)dT + / 6(z) - V(b-Vb)(T) — (u- Vb)(7) - Vu(r)
0

4+ - Vu)(t) - Vu(t) + Ab(t) - Vu(t)|| prdt

<c.

As a consequence, Ab + b - Vu € L*(0,T; L* (Rz)). By Lemma 7.2, we have Ab €
L>(0, T; L*(R?)).
Furthermore, using Lemma 2.5, Lemma 7.1 and Lemma 7.2, we estimate
IV((AD+b - Vu))llLro,1;L°)
< cll(Abg + bo - Vug)llpe + 16 - Vu)lleo,7;0¢) + 1V - VD)l Lro, ;1)
+IbV pllLr©,1;0¢) + (b - V(b - Vb) — (- Vb) - Vu
+(b . VM) -Vu+ Ab - VMHLP(O’T;LK)

<c.

Consequently, we have V(Ab + b - Vu) € L?(0, T, L¥(R?)) for 1 < p < 2. By Sobolev’s em-
bedding theorem, we arrive at Ab+b - Vu € L?(0, T L®R*)) forl<p<2. O

Lemma 7.4. If (1o, bo) € L*(R*) N W>*(R?) for i > 2, for any 0 <t < T we have
IV @) || e < ceJo IVu@lreodr
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Proof. Noting that 91 j = Aby and d,j = —Abj, equation (3.3) is changed into the following
form

0w +u-Vw=b1(Aby+b-Vur) —by(Aby +b-Vuy) —bib-Vuy+byb-Vu,
=L —bib-Vuy+byb-Vuy, (7.3)

where L = b1 (Aby + b - Vuy) — ba(Aby + b - Vuy). Applying V to (7.3), it yields

Vo+u-V(Vo)=—-Vu-Vo+ VL —V(b1b) - Vuy + V(byb) - Vuy
—b1b - V(Vuz) +brb - V(Vuy).
Multiplying the above equation by Vw|Vw|*~2, and integrating over R?, we have

1d « K k—1
;EIIVwIILK ScllVulle Vol + VL e [ Vol 7«
+cllbll VD Lo [ Vull e Vol 5t + cllblf oI Vel ..

By Lemma 7.1, Lemma 7.2 and Lemma 7.3, we obtain

d
g Vel < ciVulix + DIVol e + el VL] e +c.

Using Gronwall’s inequality, we arrive at
t

IVo i < e(IVaols + / (VL@ e + Dde e ATl
0

This combined with Lemma 7.3 completes the proof of this lemma. O
Now we start to prove Theorem 1.4.

Proof of Theorem 1.4. Let ¢ € CZ°(B(2)) be a cut off function such that 0 < ¢ <1, 9 =1 on
B(1) and |Ve| < 1. Let ¢ (x) = (p(%). Multiplying (1.1), by h(x)¢s (x) for o > 1, then
(h(x)¢s (x)D)r — A(h(x)@o (x)b)
= =2V (h(x)¢s (x))VD — A(h(x)@o (x))b — u - VDh(x)@g (x) + b - Vuh(x)@o (x).
7.4

We can write (7.4) under its following integral form,

t

h(x)@o (X)b(x, 1) = e'® (hebo) + / U2V (hee)Vb(T) — A(hgs)b(T)
0
—(u - Vb)()hgs + (b - Vu)(T)hg, )dr.
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Taking the L°°-norm, it follows that

7@ b ()]l Lo r2) < [1hoboll oo (R2) +C/ le"D2 (A (he )b(T)l| 0 r2)dT
0

+e / IVe""D2(V (hgo)b(T) || w2y dT + ¢ / Ve~ (hge (ub)(T)) || oo g2y dT

te / 1€~V (o ) ub) (1)) | g2y d.

By virtue of assumption for 4 in Theorem 1.4, we obtain

1
1h@ab(t) o2 < Ilhboll g2y + ¢ / (1+ (t = ) Db o2 dT
_1
te [ (L4 =07 D))l o gy 105D [ oo 2y dT

1
<ot el [ DO o ).

Let 0 — 400, this yields

”hb(t)”Loo(]RZ) C+C/ ||hb(T)”Loo(R2)

Using Gronwall’s inequality, we see that

1B e < €

In virtue of (7.3), we have

d
3 lollx < cllb?*Vu| oo + || Ll .

Thanks to Lemma 7.1 and Lemma 7.3, we deduce that

lo@llLe < llwollzee +C/(|I(172Vu)(f)||mo + IL(2) [l Lee)dT
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t
<c+ c/ |(B2Vu)(7)|| Lo dr. (7.6)
0

Taking advantage of the following Sobolev’s embedding theorem

Vulize <c+cllullz +cllolizelogle + | Vol| <),

and using Lemma 7.1 and Lemma 7.4, we infer that

t
IVu ()|l oo <C+Cllw(t)I|L<>O(1+/I|Vu(f)llLoodf)-
0

This combined with (7.6) yields

t t
[Vu ()l oo <C+C(1+/|I(b2Vu)(f)|IL°°df)/IIVu(t)IILoodf
0 0
t | t
<C+C(1+/IIb(T)hII%ocIIh—z(VM)(T)IILoodI)/IIVu(f)IILoodf
0 0

t t
1
<cte(l+ / I3 (Vi) (@)l dr) / IVu()l|pde (1.7)
0 0

by making use of Lemma 7.1 and (7.5).
If € = 0, thanks to the following assumption (1.10) in Theorem 1.4

T
1
/”ﬁ(vu)(f)”LwdT < +o00,
0
we can obtain Vu € L*(0, T; L°°(R?)) by Gronwall’s inequality.
Consider 0 < € < % Let Tp <t < T, where Ty is a constant determined later. Then

Vu(r)|| Lo

T() t
1 1
<C+C(1+/||ﬁ(VM)(T)||L°°dT+/||ﬁ(vu)(f)||m°df) «
0 To

To t
(/ ||VM(T)||L°0dT+/||VM(T)||L°°dT)
0

To
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0 0
<C+C(/ IIVM(T)IILoodT)2+C(1+/II(Vu)(T)IILwdT)/IIVM(T)IILoodT
0 0

t t
1
+C/IIﬁ(VM)(f)IILwdf/IIVM(T)IILoodT- (7.8)
Tt

Owing to Sobolev’s embedding theorem and the assumption u € C([0, T); w2« (Rz)) in Theo-
rem 1.4, we deduce that

Vu ()| Lo

< ¢(To) +c(Tp) sup IIVM(S)II /IlVM(T)IILoodT
s€(To,T) 5
0

t
I )
+ osup [ Vu(s)l / V(D) 1§ de / 55 (Vi) ()l dr.

s€(To,T)

where c¢(Tp) is a constant depending on Tj. Noting that the assumption (1.10) in Theorem 1.4,
we can choose Ty such that

1
/”VM(I)HLOO(RZ) /” VM(T)”LOO(RZ)

Applying Young’s inequality, we see that

sup [|Vu(s)|[e
se(Ty,T)

1 1
<z osup [[Vuls)llze + ¢(To) +C(T0)(/ [Vu(r)||godr)e.
s€(Tp,T) 7
0

Then, it is easy to obtain Vu € L (0, T'; L (R?)).
As a consequence, we prove (u,b) € L*°(0,T; w2 (Rz)) by using Lemma 7.3 and
Lemma 7.4.

1
If by € C2(R?), replacing h(x) by ec1+=Y17 in (7.4), then we have
¢ placing y

1
[[ec(Hlo=y)2

¢ob (Dl Lo ®2)
o3 _1 )i
e b | Lo g2y + ¢ / (L4 = O D)% p(0) | oo 2y do
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t
_1 (It le—y[2)3
+e / (14 =)~ D[u@)ll @) le D2 b(T) || oo 2y dT
0

t
: 2% 1
<t bo) + < [ sup, e 1D B0 g )
0

for y € B(R), where c(R, by) is a constant depends only on R and by. Let 0 — +00, we arrive
at

t
1 I
1+]e—y|*)2 3 1+[e—y[*)2 3
SupyeB(R)”eC( +lo—yI) b(t)“LOC(]RZ) < c(R, by) +C/SupyeB(R)”eC( +lo—yI%) b(r)”Lm(RZ)dr'
0

Applying for Gronwall’s inequality, we see that

1
o— 2y2
sup, ey le T ()1l o m2) < (R, bo)e.

Similar to (7.7), we obtain

Vu(r)]| o

t

1
<cte(l+ / sup, g 10D (1) 12, gy
0

t
. —e(ltle—v[2)3
xinf, gz lle c(l+le—yl )2(Vu)(r)”Loodr)/||Vu(r)||Loodr
0

t

t

1

<c+c(1+/infy€m||e—cﬂ+"—y'2)2(Vu)(r)”mdr)/||Vu(f)||Loodr.
0 0

Furthermore, by virtue of the assumption (1.11), we can also prove (u, b) € L (0, T; W>* (R?)),
which concludes the proof of Theorem 1.4. O

8. Proof of Theorem 1.5
In this section we will prove Theorem 1.5 by using special structure of 2D resistive MHD
equations.
Due to H'! (]Rz) — LZ(IRZ) ncle (IRQ), similar to Lemma 7.1, we have the following a priori
estimates.
Lemma 8.1. If (ug, bo) € L2RH N CleRY, then for any 2 < q < 0o we have
(u,b) € L™(0.T; H'(R?)), Vb e L*0,T: H'(R?)),
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be L0, T; L°(R?), Vbe L¥(0, T; L1(R?)).

Thanks to L4 (R?) — L?(R?)NC1¥(R?) forany 2 < ¢ < 00, similar to Lemma 7.2, we have
the following lemma.

Lemma 8.2. If (ug, by) € L>(R?) N C%(R?2), then for any 1 < p <2 and 2 < g < 0o we have
we L®0,T; L1(R?), V?b e LP(0, T; LY(R?)).

Exploiting the special structure of 2D resistive MHD equations, we have the following a priori
estimates.

Lemma 8.3. If (g, bo) € L>(R?) N CY*(R?), we have b € L>®(0, T; C1*(R?)) and Ab+ b -
Vu e L0, T; C%¥(R?)).

Proof. Here we often use the equivalent norms between C%¢ and BY

0,00 _ pa
50,000 Namely C™% = B, .

Choosing g large enough such that « + % < 1. Thanks to (7.2), we have

” (Ab +b- VM) ||L1 0,T;C%« (R2))
t

< elle (Abo + bo - VuoD I 0.7, Ry +¢| / 1A= b(@) - V(- Vi) (D))
0
1b(t) - V(b -Vb)(T) — (u - Vb)(T) - Vu(t) + (b - Vu)(z) - Vu(r)

+Ab(T) - Vu(r) —b(r) - V(Vp(r)) = V- V(u - Vb)(r))dr(

L1(0,T;B%, 00 (R?))

T
< c/(||A,1Vbo||Loo + sup2k(l+“)e_022ktIIAkaollLoo)df +cllbo - Vuoll 1o, 7:c0.«R2))
0 k=0
t
#] [ (1321 6@ e T+ 1809 95 @),
0
A1 (b)Y )ae|
HIALG@VpE: )z,

t
+H/HA_I(b(t)~V(b-Vb)(r)—(u-Vb)(T)'VM(T)
0

+(b - Vu)(7) - Vu(t) + Ab(t) - Vu(t))‘

dr)
L2 LYo, 1)

t
2y 2k
#] [ sup2t et e (@) - Vi)l + 184V TB) @) s
k>0
0
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Ak(b(t) V(b - Vb)(r)

t
2
+||Ak(b(r)Vp(1:))||Lq)drH 1 +H/supzk(a-i-a)e*cﬁk(tfr)
L'(0,T) k=0
0

(- VB)(T) - V() + (b - Vu)(T) - Vu(t) + Ab() - Vu(t)) H”dr)

L1(0,T)
<c

by taking advantage of Lemma 2.2, Lemma 2.3, Lemma 8.1 and Lemma 8.2. Here we also use
the following inequality

Ak fllze <cllfllLe

for any k > —1.

Recall C1¢ = Bég: % - Similarly, from equation (1.1),, we have

6@l cre

t
<l bollcre +e [ 168 Vb= b Vi)l g 0o
0

t
< lbolicre +C/(||A—1(bt Vb —b-Vu)(T))l 2
0

2
4 sup 28D =2 T A - Vb — b - Vi) (1))]| 20 )dT
k>0
<c. O

Lemma 8.4. If (uo, bo) € L*(R*) N C"*(R?), for any 0 <t < T we have
lw ()l coe < cecf(; IVu(@)llpoedr

Proof. Applying A to equation (7.3), yields

0t Arw + (Sp—1u - VIArw = (Sg—1u - V)Arw — Ap(u - Vo) + Ay L
—Ag(b1b - Vuz) + Ap(bab - Vuy), (8.1)

where L = b1(Aby +b-Vuy) — by(Aby + b - Vuy). Taking the L°-norm of w in (8.1), we have

t
[Arwllze < | Akwollze + / [ (Sk—11 - V) A — Ag(u - Vo) Ldt
0

t t
+/||AkL||L°°dT+/I|Ak(b1b-Vu2)—Ak(bzb-Vul)llLocdf-
0 0
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By Lemma 2.4 and Lemma 8.3, we obtain

lolloe < cllolse
t t t
<clolsg, ¢ [ 1Vulislol, dr+c [ 1Lleads+e [ 102Vullcoude
0 0 0
t
<c+c/<||Vu||Loo + 1ol cnade.
0

By Gronwall’s inequality, we complete the proof of this lemma. O

Now we start to prove Theorem 1.5.

Proof of Theorem 1.5. Thanks to Lemma 8.1 and Lemma 8.3, from equation (7.3) it is easy to

obtain

t
lo@llLe < lloollzee +0/(II(b2Vu)(T)||Loo + IL(D) [l Le)dT
0

'
<c —i—c/ IVu(r)|| poedr.
0

By taking advantage of the following Sobolev’s embedding theorem

[VullLee < ¢ +cllullp2 + cllollLeloge + o]l coa),

and using Lemma 8.1 and Lemma 8.4, we deduce that
t
Vu(@®)llLe < c+cllo@)]lp(1+ / IVu(t)||Ledr).
0
By (8.2), we get
t
1
Va0l <C+C/|IVM(T)||L°°dT
0

1
IVu(o)|l 7o de

t
1 1
<c+c/IIVu(r)IIZoo log(e + [ Vu(T) [ ) T
0 log(e + [|Vu(t)|| o)
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Therefore, by Gronwall’s inequality and (1.12), we prove |Vu(t) || oo (o, 7 100R2)) < +00. Thus,
we obtain [ (#) [l o, 7:c00r2)y) < +00 by (8.2). This combined with Lemma 8.3 yields

(u,b) € L0, T; L>(R?)) N L>®(0, T; CH*(R?). O
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