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Preface

This book is intended as an introduction to complex analysis in one vari-
able and Riemann surfaces. The main feature of this book is the systematic
treatment of complex analysis from the point of view of partial differen-
tial equations. Our goal is to study complex analysis in one variable using
modern mathematics with emphasis on its deep connections to other branches
of mathematics, especially on the tremendous development of partial differ-
ential equations in the twentieth century. The book can also be used as a
topics book for students and researchers interested in modern concepts and
techniques in one and several complex variables, partial differential equations,
complex geometry and geometric analysis.

This book begins at an elementary level. The prerequisite for the first
five chapters is only familiarity with multivariable calculus and elementary
analysis. Starting from Chapter 6, we give a comprehensive discussion of the
roles that partial differential equations play in complex analysis. In particular,
we focus on the Cauchy-Riemann equation, which is of fundamental impor-
tance in complex analysis. We have a thorough treatment of the Laplace and
Poisson equations with both classical methods and the more recent Hilbert
space approach.

We also have the goals of making the book reasonably self-contained so
that only rudimentary knowledge in real analysis is required. These goals
are achieved by providing much background material in appendices and by
making a judicious selection of topics from classical complex analysis. Rather,
we have taken advantage of the development of Hilbert space methods in
partial differential equations. These methods allow a more elementary treat-
ment of the inhomogeneous Cauchy-Riemann equation and Poisson’s equa-
tion. These results are applied to obtain function theory on Riemann surfaces
in Chapters 10 and 11, including the de Rham-Hodge theorem and the
uniformization theorem.
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In Chapter 1, we introduce some background material in complex analysis
of one variable. This includes the definition of holomorphic functions as solu-
tions to the homogenous Cauchy-Riemann equation. We give a quick intro-
duction to differential forms and complex notations for the Cauchy-Riemann
equations. We also discuss mapping properties of holomorphic functions.

In Chapter 2, we discuss complex integration, including Cauchy’s theorem
and integral formula in one variable with its many applications. Cauchy’s
theorem and integral formula are obtained most efficiently by using complex
notation and Stokes’s theorem. In Chapter 3, we further investigate the zeros
and poles of meromorphic functions and use it to evaluate some real integrals.

In Chapter 4, we study function theory on simply connected domains and
the Riemann mapping theorem. The Riemann mapping theorem will be re-
examined in Chapter 8 using Riemann’s original idea. In Chapter 5 we discuss
two classical topics of prescribing zeros and poles. The influence of Ahlfors’s
book Complex Analysis is evident everywhere in these first five chapters. Our
contribution is to emphasize the Cauchy-Riemann equation using complex
notation and differential forms.

The remaining part of the book is devoted to studying complex analysis
using partial differential equations. Chapter 6 is devoted to the solvability and
regularity of the inhomogeneous Cauchy-Riemann equation using the Cauchy
integral formula. This method provides a more modern approach to the clas-
sical problems in one and several complex variables. The Cauchy kernel is
not only important as a fundamental solution of the Cauchy-Riemann oper-
ator, it also serves as a prototype for modern theory of singular integrals and
harmonic analysis.

In Chapter 7, we introduce Riemann surfaces and their basic proper-
ties. Riemann surfaces arise naturally from analytic continuation and play
an important role in modern mathematics. The study of Riemann surfaces
has led to important developments in complex analysis in several variables,
algebraic and differential topology and geometry. Our goal here is only
to familiarize the reader with the most basic knowledge of this important
subject. Deeper results on Riemann surfaces, including function theory of
compact Riemann surfaces and the uniformization theorem, will be discussed
in Chapters 10 and 11.

We solve the Dirichlet problem using the Perron method in Chapter 8 and
prove the Riemann mapping theorem following Riemann’s idea. In Chapter 9,
we introduce the L?-method to solve the Dirichlet problem and the Cauchy-
Riemann equation. The Hilbert space method is also used in Chapter 10 to
study function theory on compact Riemann surfaces, including the Hodge
theorem and the Riemann-Roch theorem. In Chapter 11, we prove the
uniformization theorem. Chapter 12 is an introduction to several complex
variables. Function theory in one and several complex variables are very
different, though the central problems are the same. Both involve solving
the inhomogeneous Cauchy-Riemann equations. One advantage of our book
is to bridge the gap between one and several complex variables.
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The theory of partial differential equations provides a powerful tool in
studying modern mathematics. Our choice of topics and proofs certainly
reflect the authors’ own interests. One purpose of this book is to provide our
readers with basic knowledge to study complex analysis in several variables,
geometric analysis and complex geometry. The book is based on a first-year
graduate course in complex analysis the first author taught over the years at
the University of Notre Dame. It is very often necessary to make a selection
of topics among the last chapters, depending on the audience, in the one year
course. Many exercises are included in the book and they form an important
part of learning the subject. The more difficult exercises are starred.

It gives us great pleasure to thank all the students and colleagues whose
enthusiasm and input motivated us to write this book. We are especially
indebted to Debraj Chakrabarti, Jeff Diller, Luan Doan, Siqi Fu, Sourav
Ghosh, Qing Han, Phillip Harrington, Sulin Hu, Christine Laurent-Thiébaut,
Liberty Jones, Sonmez Sahutoglu and Julie Tzu-Yueh Wang, who have read
parts of the manuscript and provided many valuable suggestions and improve-
ments. We would like to thank them all. Mei-Chi Shaw also gratefully
acknowledges NSF support for this effort.

Notre Dame, IN, USA Mei-Chi Shaw
Charles M. Stanton
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